MATH 385, Section D2, Answer of QUIZ for HW#&6

1. Set up the appropriate form of a particular solution y,, but do not determine the values
of the coefficients.
(a)(1pt) " —y' — 2y =3z + 4

Step 1: Find the solution of the corresponding homogenous equation:
y' —y —2y=0.
We look at its characteristic equation
r?—r—2=0.

Then r = 2, —1. So y, = c1€** + cpe™ 7.
Step 2: Find all terms in f = 3z + 4 and its derivatives: 1,x

Step 3: No term in step 2 appears in y., so the right form for g, is just the combination
of those terms: y, = A + Bu.

(b)(1pt) ¥ + 2y + by = e*sinx
Step 1: Find the solution of the corresponding homogenous equation: y”+2y'+5y = 0:

We look at its characteristic equation 7% +2r+5 = 0, then (r+1)2+4 = 0,r = —142i.
SO Y. = c1e” " cos 2x + coe”* sin 2.

Step 2: Find all terms in f = e”sinz and its derivatives:

e’sinx, e’ cos .

Step 3: No term in step 2 appears in y., so the right form for y, is just the combination
of those terms: y, = Ae”sinz + Be”sinx.

(c)(2pt) ¥ — 6y + 13y = xe3 sin 2.

Step 1: Find the solution of the corresponding homogenous equation: y” — 6y’ + 13y =
0: We look at its characteristic equation 72 — 6r + 13 = 0, then r = 3 +2i. So

Yo = €137 cOS 27 + €3 sin 27

Step 2: Find all terms in f = ze3® sin 2x and its derivatives:

3

ze’ sin 2z, we’

“ cos 2x, €3* cos 2, e” sin 2x.

Step 3: The combination of those terms has the form Pj(z)e3 cos 2x + Q1 (x)e*” sin 2z
(here Py(z),Q1(z) are polynomials of x with degree 1: Pi(x) = ag + ayz, Pi(x) =
bo + biz,). Since €3 cos 2z, €37 sin 2z appear in y., so by “Rule 2” we should put an
extra * in front of Py (z)e* cos 2z + Q1 (x)e®” sin 2z with s the smallest positive integer
such that no terms in x*[P;(z)e3* cos 2z + Q1 (x)e>” sin 2x] appears in y.. We can see
s=1. So y, = z[(Ag + A12)e’* cos 2z + (By + Byz)e? sin 2x].



2. (2 pts) Find a particular solution of y” 4+ 4y = 2sin2z.
Step 1: Find the solution of the corresponding homogenous equation: y” + 4y = 0: We
look at its characteristic equation r?4+4 = 0, then r = 04:2i. So y. = ¢; cos 2x+c, sin 2z.
Step 2: Find all terms of f = sin 2z and its derivatives: sin 2z, cos 2x.

Step 3: The combination of those terms has the form a cos 2x+bsin 2x. Since cos 2x, sin 2z
appear in y,., so by “Rule 2”7 we should put an extra z* in front of acos2x + bsin 2x
with s the smallest positive integer such that no terms in z°[a cos 2z + bsin 2x] appears
in y.. We can see s = 1. So y, = x[A cos 2z + B sin 2z].

Step 4: Put y, in step 3 into the differential equation to find A, B:

Note y;, = A cos 2x+ B sin 2z+x(—2A sin 20+2B cos 27), y, = —4Asin 2z+48 cos 2z+
r(—4Asin2x — 4B cos2x). Then y + 4y, = —4Asin 2z + 4B cos 2z. This is the left
side of the differential equation and the right side is 2sin 2z. So

—4Asin 2z 4+ 4B cos2x = 2sin2x. Thus 4B = 0,—4A = 2. Then B = 0,A = —1/2.
We conclude: y, = 5* cos 2.

3. For differential equation y” 4+ 100y = 225 cos 5t + 300 sin 5¢,
(a)(2pt) Find a particular solution y,.

Step 1: Find the solution of the corresponding homogenous equation: y” + 100y = 0:
We look at its characteristic equation 72 + 100 = 0, then r = 0 & 10i. So y. =
c1 cos 10z + c9 sin 102.

Step 2: Find all terms in f = 225 cos 5t + 300sin 5¢ and its derivatives: sin 5t, cos 5t.

Step 3: No term in step 2 appears in ¥, so y, is just the combination of those terms
yp, = [Acos5t + Bsin bt].

Step 4: Put y, of step 3 into the differential equation to find A, B:

Note y, = —25A cos 5t — 25Bsin5t. Then y; + 100y, = 75Asin 5t + 758 cos 5t. This
is the left side of the differential equation and the right side is 225 cos 5¢ + 300 sin 5¢.
So 75A sin 5t + 75B cos 5t = 225 cos 5t + 300 sin 5t. Thus 75A = 225,758 = 300. Then
A =3,B =4. We conclude y, = 3 cos 5t + 4 sin 5t.

(b)(1pt) Find the general solution y,.

The general solution of nonhomogenous equation is the sum of the general solution
of the corresponding homogenous equation (we found it in step 1) and the particular
solution y,. So Yy, = Y. + yp = ¢1 cos 10t + co sin 10t + 3 cos 5t + 4 sin 5Ht.

(c) (1pt) Find a solution satisfying the initial condition y(0) = 375,4'(0) = 0.
We put this initial condition into y,:
y(0) = 375 gives 375 = ¢, + 0+ 3 + 0, so ¢; = 372. Note y; = —10c; sin 10t +
10¢5 cos 10t — 15sin 5t + 20 cos 5t, so 3/ (0) = 0 gives
0=0+10cy — 0+ 20

so ¢ = —2. And the solution satisfying the initial condition is y = 372cos 10t —
2sin 10t 4 3 cos 5t + 4 sin 5t.



