MATH 385, Section D2, Answer of QUIZ for Hw#10

1. (3 pt)Consider the following partial differential equation (Heat conduction with insu-
lated end points).

3'th = Ugg, (10’)
uz(0,t) = ug(2,t) =0, (
u(z,0) = 2cos3mx — 3cosbrz, 0 <z <2,t>0; (le)

(i) Consider (1a) first. For a given integer n > 0, find constant A,, such that u,(z,t) =
exp(A,t) cos(%rw) satisfy (1a), (1b).

Answer: It is easy to see that u,(x,t) satisfies (1b). Note

n’m?

(un)e(z, 1) = Aptn(z, 1), (Un)ee(w,t) = ———

1 un (2, 1).

Let 3(up)e(z,t) = (un)ee(z, 1), we get

n?m?

——uy(z, t).

3A up(z,t) = — 1

2.2
Then A, = ="~

(ii) Find a solution satisfying the differential equation.

Answer: A combination of u,(x,t) satisfies (1a) and (1b) too. Therefore, we set

2,2
u(z,t) =Y ¢, exp(—%t) Cos(nzix).

We need to find appropriate ¢, such that u(x,t) satisfies (1c) also. Note
u(z,0) = ¢, cos(%x),

and 6 19
2cos3nxr — 3cosdnr = 2cos g — 3cos ;rx

If u(x,t) satisfies (1c), then ¢g = 2,15 = —3 and ¢, = 0 for other n’s. Thus

62> G 12272 127
T t) cos(7x)—SeXp(— 5 t) cos( 5

= 2exp(—372t) cos(3mx) — 3exp(—127%t) cos(67x).

u(z,t) = 2exp(— z)



2. (5 pt) Consider the following two partial differential equation (vibrating strings)

Yit = YWa, (2a) Yot = Yoz, (3a)
y<0’ t) = y<2’ t) =0, (26) y(07 t) - y(27 t) =0, (Sb)
y('% 0) =0, (26) yt($’ O) =0, (30)
y(2,0) =2,0 <z <2,t>0; (2d) y(x,0) =2,0<z<2,t>0; (3d)

(i)(1 pt) Consider (2a) first. For every integer n > 0, find coefficients A,, such that

Yn(z,t) = sin A, tsin ' satisfies (2a).

Answer: Note
2.2

n-mw

——yn(x, t).

(Yn)u(z,t) = = A2y, (2,1), (Yn)ae(w,t) = — .

Let (yn)u = 4(Yn )z, We get
2.2

n
Aiyn(x, t) = 4Tyn(x, t).

Then
A, = +nm.

(ii)(1 pt) Find the fourier sine series of the function f: f(z) = 2,0 < z < 2.
Answer: We have L = 2, then

9 2
b, = Z/o f(z)sin
2

= /xsin@dx
0 2
4 2nmx . nwx nTXx
= / sin d
0o 2 2 2
4

nm
= = 2/ u sin udu
n2mw? Jo
4

= 5[—ucosu +sinulg”

nmx
d
5 0%

n?m?

And

1
(iii) (1 pt) Find a solution satisfying (2a),(2b), (2c¢) and (2d) (verify your answer for
(2d)).

Answer: Let y(x,t) be a combination of y,(x,t)’s, that is

y(z,t) = > c,sinnntsin %x

n=1



It is easy to see that y(x,t) satisfies (2b), (2¢). From (i), we see y(z,t) satisfies (2a)
also. For (2d), note

y(x,0) Z C, N Sin %x
n=1
and o 4(_{yntl
€T ~ ,;1 (_mi sin n72rx
Then
4(_1)n+1
Cpnm = ———— |
nmw
Thus
4(_1)n+1
Cp = ———.
n2m?
Therefore
o] 1)n+1 T

E:

2 sin nmt sin 71‘
(iv)(2 pt) Find a solution satisfying (3a), (3b), (3c) and (3d) (Note that the y,(z,1)
given in (i) does not satisfy (3c). We need to consider different forms).

Answer: (This is a typical vibrating equation we discussed in class. In the text book,
it is listed as “Problem A” on page 623. We can find the solution by following the pro-
cedure (i),(ii), (iii) by considering different form of y,(z,t) : yn(z,t) = cos A,t sin 7=,
Another way is by the so called “separation variables” method we discussed in class.
However, these two ways will lead the same formula of the solution, that is (22) and
(23) on page 625 of the textbook. Note the book use a different notation A, instead

of b, to denote the fourier sine coefficients of f(z). )

This is a typical vibrating equation we discussed in class with a = 2, L = 2, f(z) =
x,0 <z < 2. From (ii), we know the fourier sine coefficients b,, of f(z) is

4(—1)n 1
p, = =D
nm
Then the solution is
nm
t) = by, 725 —
y(x,t) nz:l cos — sin Tt
> 4(—1)H . nw

- 3

cosnmtsin —x.
— 2
ni

nm



3. (2 pt) Consider the partial differential equation for the function u(r, @) (Dirichlet prob-
lem for a circular disk).

Uy + %ur + %2“99 =0, (4a)
u(r,0) = u(r,0 + 2mw), (4b)
ua,0) = (6), (40)

with a a known constant and f a known continuous function with period 2.
Assume the Fourier series of f is

f(0) ~ % + > a,cosnb + b, sinnb.  (4d)

n=1

If a = 1, in class, we found that the solution of the differential equation is
u(r,0) = % + > (A, cosnb + B, sinnb)r", (4e)
n=1

with A, = a,, B, = b,.
(i) For a # 1, verify that u(r,0) given above satisfies (4a) and (4b) for any A,, B,.
Find the value of A,,, B,, such that u(r, §) satisfies (4c).

Answer: It is easy to check that each term of u(r, ¢) : %, A, cosnf, B, sinnf)r" satisfies
(4a) and (4b), so u(r, ) satisfies (4a) and (4b). I ignore the procedure. You can do it
yourself. For (4c), let r = a in (4e) and let it equal to (4d) we get, for n > 1,

n n
A,ad" = a,, B,d" =0b,.
So
an an’

(ii) For a = 2, f(#) = —1 + 3sin460 + 6cos 26, find a solution u(r,#) satisfying the
differential equation.

Answer: For this particular f, we find its fourier coefficients
ag = —2,(12 :6,b4 = 3,

and other a,, b,’s equal to 0. Since a = 2, we get

So the solution

3 3
u(r,0) = -1+ T sin 46 + 5 cos 20.



