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M. JUNGE AND T. MEI

ABSTRACT. We study BMO spaces associated with semigroup of operators on noncommutative
function spaces (i.e. von Neumann algebras) and apply the results to boundedness of Fourier
multipliers on non-abelian discrete groups. We prove an interpolation theorem for BMO spaces
and prove the boundedness of a class of Fourier multipliers on noncommutative L, spaces for
all 1 < p < oo, with optimal constants in p.
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INTRODUCTION

The theory of semigroups provides a good framework of studying classical questions from
harmonic analysis in a more abstract setting. Our research is particularly motivated by E.
Steins’ results on Fourier multipliers on L, spaces and Littlewood-Paley theory for the Laplace-
Beltrami operators on compact groups. Our aim is to study BMO spaces which are intrinsically
defined by a (some kind of heat-) semigroup and prove fundamental interpolation results. In
particular, we want to give a positive answer to the following

Problem 0.1. Let (1}) be a standard semigroup of selfadjoint positive operators on an (abstract)
functions space Loo(S2). Let A be its infinitesimal generator. Is there a BMO space such that

(a) BMO serves as an endpoint of interpolation, i.e. [BMO, L1(Q)]1 = Ly(Q);
p

(b) The imaginary powers A, s € R extend to bounded operators from Ls(Q2) to BMO.
(¢) The estimates in (b) are universal. In particular, the constants involved are dimension
free for all the classical heat semigroups on ) = R™.

We should expect much more singular integral operators for abstract semigroups instead of
the imaginary powers mentioned in (b). However, it seems that even in the commutative theory
such a BM O space has not yet been identified. An advantage of such a theory is that it provides
a natural framework for good, or even optimal dimension free estimates, for Fourier multipliers.
Our results apply not only in the commutative, but also in the noncommutative setting (i.e.
replacing Lo (€2) by a von Neumann algebra).

Indeed, BMO spaces, once they can be appropriately defined, provide a very efficient tool in
proving results on Fourier-multipliers. BMO spaces associated with semigroups on commutative
functions spaces have been studied in [Var85], [Str74] and very recently in [DY05a], [DY05b].
Here ‘commutative function space’ means that the semigroups of operators under investigation
are defined on some Lo (2). Note that Ly (2) is the prototype of a commutative von Neumann
algebra. Even in this commutative setting a general theory of BMO spaces defined intrinsically
by the semigroup is far from established.

On the other hand, BMO spaces have been extended to noncommutative function spaces (i.e.
von Neumann algebras) in various cases. Let us refer to the seminal work on martingales in
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[PX97], [JX03], [JMO0T7], [Mus03] and [Pop00], and to [NPTV02], [Mei07] and [BP] for work on
operator- or matrix-valued functions. In [Mei08] a first approach towards a H; — BMO duality
associated with semigroups of operators on von Neumann algebras has been obtained, whereas
a duality theory for Averson’s subdiagonal algebras is studied in [MW98].

As in the commutative case, BMO boundedness and interpolation usually gives optimal or at
least very good estimates for singular integral operators on L,. The use of BMO spaces also turns
out to be crucial when reducing results on group von Neumann algebras to the semicommutative
setting, see [JMP]. Let us describe one of our main results. Let N/ be a von Neumann algebra
with a normal trace 7 satisfying 7(1) = 1, i.e. (N, 7) is a noncommuative probability space. Let
(T}) be semigroup of completely positive maps on N such that 7(T;(z)) = 7(z) and T;(1) = 1.
Then we define the BM O, column norm by

[zl Baro.cr) = Sl;plthlf'«“—Ttﬂb“IQIII/2

and ||z|| o) = max{||z|| ro.(7): |2*] Bro.(r) - The norm ||z prvo, () = 2" Bro. (1) 18
called the row BMO norm and the need of both such norms is well-known from martingale

theory.

Theorem 0.2. Assume that T; is a standard semigroup of completely positive maps on N and
(T}) admits a Markov dilation. Then

[BMO(T), Li(N)]1 = Lp(N)

1
P

forl <p< 0.

We investigate other possible intrinsic choices for BM O-norms and compare them. These re-
sults are applied to BMO-boundedness of Fourier multipliers on non-abelian discrete groups. We
obtain their corresponding L,-boundedness with optimal constants. Basic examples of Fourier
multipliers in this article are noncommutative analogues of E. Stein’s imaginary power (—A)"
(see Theorem 3.7 in Example 3.5) and noncommutative analogues of P. A. Meyer’s generalized
Riesz transforms (see Theorem 4.8). A further application of our results gives optimal constants
in Junge/Xu’s noncommutative maximal ergodic inequality (see [JX07]). Many of our results
are new even in the commutative setting. In particular, our constants of the L, bounds of Stein’s
universal Fourier multipliers are better than those obtained by Stein ([Ste]) and Cowling([Cow])
(see Remark 5.6).

1. PRELIMINARIES AND NOTATION

1.1. Noncommutative L, spaces. Let N be a von Neumann algebra equipped with a normal
semifinite faithful trace 7. Let S; be the set of all positive f € N such that 7(supp(f)) < oo,
where supp(z) denotes the support of f, i.e. the least projection e € N such that ef = f. Let
Sy be the linear span of Sy. Note that Sy is an involutive strongly dense ideal of N. For
0 < p < oo define

Ifl = (rUFP)Y?, @€ S,

where |f| = (f*f)'/?, the modulus of z. One can check that | - ||, is a norm or p-norm on Sy
according to p > 1 or p < 1. The corresponding completion is the noncommutative L,-space
associated with (N, 7) and is denoted by L,(N'). By convention, we set L>(N) = N equipped
with the operator norm || - ||. The elements of L,(N) can be also described as measurable
operators with respect to (N, 7). We refer to [PX03] for more information and for more historical
references on noncommutative L,-spaces. In the sequel, unless explicitly stated otherwise, N’
will denote a semifinite von Neumann algebra and 7 a normal semifinite faithful trace on N
We will simplify L,(N') as L, and the corresponding norms as || - ||,.
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We say an operator T on N is completely contractive if T'® I, is contractive on N ® M, for
each n. Here, M, is the algebra of n by n matrices and I, is the identity operator on M,. We
say an operator T' on M is completely positive if T'® I,, is positive on N’ ® M, for each n. We
will need the following Kadison-Schwarz inequality for unital completely positive contraction T'

on L,(N),
(1.1) IT(HIP<T(fP),  VfeLyWN).

1.2. Standard noncommutative semigroups. Throughout this article we will assume that
(T}) is a semigroup of completely positive maps on a semifinite von Neumann algebra N satisfying
the following standard assumptions

i) Every T} is a normal completely positive maps on A such that T3(1) = 1;
ii) Every T; is selfadjoint with respect to the trace 7, i.e. 7(T3(f)g) = 7(fT:(9));
iii) The family (7}) is strongly continuous, i.e. limy,o73f = f with respect to the strong
topology in NV for any f € N.

Let us note that (i) and (ii) imply that 7(Tiz) = 7(z) for all x, so T3’s are faithful and are
contractive on L1 (N). By interpolation, T3’s extend to contractions on L,(N),1 < p < co and
satisfy lim¢ 0Ty = x in Ly(N) for all x € L,(N). (see [JX07] for details). Some of these
conditions can be weakened, but this is beyond the scope of this article.

Let us recall that such a semigroup admits an infinitesimal (negative) generator A given as
Af =limot~1(f — T2(f)) defined on dom(A) = Uy<p<oo domy(A), where

domy(A) = {f € Lp(/\/);%i_%t_l(Tt(f) — f) converges in Ly(N)} .

It is easy to see that [ T}(f)dt € dom,(A) for any s > 0, f € L,(N), so domy(A) is dense in
L,(N). Denote by A, the restriction of A on domy,(A4). Under our assumptions (i)-(iii), A is a

positive (unbounded) operator. A,T; = T;A, = —% extend to a (same) bounded operator on

L,(N) for all t > 0,1 < p < co. Therefore, Ts(f) € domy(A) for any f € L,(N), 1 <p < .

For a standard semigroup T, (generated by A), we may consider the subordinated Poisson
semigroup P = (P;);>o defined by P, = exp(—tA%). (P;) is again a semigroup of operators
satisfying (i)-(iii) above. Note that P, satisfies (07 — A)P, = 0. By functional calculus and an
elementary identity, each P; can be written as (see e.g. [Ste70]),

L[> 2 3
(12) Pt = ﬁ o te 4w QTudU

The integral on the right hand side of the identity converges with respect to the operator norm
on Ly(N) for 1 < p < oco. Let us define the gradient form I' associated with T,

2U(f,9) = (A(f")g) + " (Alg)) — A(f79),
for f,g with f*, g, f*g € dom(A). For convenience, we assume that there exists a *-algebra A
which is weak* dense in A such that T5(A) C A C dom(A). This assumption is to guarantee
that T'(Tsf,Tsg) make senses for f,g € A, which is not easy to verify in general, although
the other form TiI'(Tsf,Tsg) is what we need essentially in this article and can be read as
Tt((ATsf*)ng) + Tt(Tsf*(Ang)) - ATt(Tsf*ng) for any f,g € Lp(N>7 1 <p<oos,t>0.
The semigroup (7;) generated by A is said to satisfy the I'? > 0 if

DT f, Tof) < IS, f)
for allv > 0, f € A. It is easy to see I'> > 0 also implies I'(P, f, P, f) < P,I'(f, f) for any v > 0.
Denote by the gradient form associated with (P;); by I

We will need the following Lemma proved in [Jun| and [JM10]. We add a short proof for the
convenience of the reader.
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Lemma 1.1. (i) For any f € L,(N),1 <p < oo,s >0, we have
T\ = |TfP = 2 /O T (T Tt
(ii) For any f € A, we have
Py = [CROELPd+ [T RIP PG
For any f € Ly(N),s,t >0, we have
BEy(PLPA) = [ Pl (Pusf Pt [ Prsul Pl P

Here and in the rest of the article, f{ means Cgtt

Proof. (i): For s fixed, let
Fy = Tso(ITf ).

Then
O, (T, f 2 3Ts oT, aT; ..
télt tfI°) t(|th| )+ To—i[( 8ttf )1+ Ts-e[ S att )
e — S_tF(th,th)'
Therefore
Ts|f|2 - |Tsf|2 = _Fs + FO - AS TsftF(th’ th)dt
(ii): Let
L Y T Y YL )
Then
oF 92p 2P, f* 8P OP,
877; - 8t2t(|Ptf!2)—Pt( attzf Bif) = BB S at;f) ~ 2R a;fﬁ)
0P f o

= —APR(|P.f]?) = Bl(=AP.f*)P:f] — B[P f*(—AP:f)] — 2P|

= —PI(Pf,Pf) - 2P(|P.f]?).
Note that Fy = FA% (f,f) and F; — 0 in N as t — oo because of Proposition 1.1. We get

5 )

rathh) = [-Sta = [T rrsnnaz [T P

We will use the following inequality from [Mei08].
Proposition 1.2. Let f € N be positive and 0 <t < s. Then

S
Psf S EPtf

$2 2
Proof. We use (1.2) and e” 4w < e~ for all u. This yields the assertion

P 1 2 3 3 P,
/ :/ e duy gTu( du < / e~ 4uu 2T (f)du = Lf
S 2ﬁ 0 2\/> t
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2. BMO NORMS ASSOCIATED WITH SEMIGROUPS OF OPERATORS

In this part we study several natural BMO-norms associated with a semigroup 7T} of completely
positive maps. The situation is particularly nice for subordinated semigroups so that the original
semigroup satisfies the I'? > 0.

Given a standard semigroup of operators T; on N and f € N U Ly(N), we define

1
(2.1) [ fllbmoc(ry = SlipHTt|f!2 — T.f P2,
1
(2.2) | fllBroecry = Sl;pHTtU_thFHQ :

Here and in what follows || f|| always denote the operator norm of f. The notations |- ||pmoec(p), || -
| Brroe(p) are used when T is replaced by the subordinated semigroup (F;) above. The definitions
steam from Garsia’s norm for the Poisson semigroup on the circle (see [Ko098]). The BMO(T)-
norm has been studied in [Mei08], motivated by the expression

Ifllsaro, = sup P(If = f(2)])

This definition appeared in the commutative case in particular in [Str74] , [Var85] and [DY05b].
Using the || || paro,-norm, it is easy to show that the conjugation operator is bounded from L,
to BMO;. Here f(z) gives the value of the harmonic extension in the interior of the circle (see
[Gar07]). In some sense f — P, f is similar to f — f(z), despite the fact that the Poisson integral
P, f still is a function, while f(z) is considered as a constant function in f — f(2).

Proposition 2.1. Let (T}) be a standard semigroup of operators. Then bmo®(T) and BMO(T)
are semi-norms on N.

Proof. Fix t > 0. Let L(N ®1, N) be the Hilbert C*-module over N' with N-valued inner
product

(a®b,c@d) = b'Ti(a"c)d .
This Hilbert C*-module is well-known from the GNS-construction for T3, see [Lan95]. Since T}
is unital, we have a *-homomorphism 7 : N' — L(N &1, N) such that

Ti(f) = eurn(f)en .
We then get

T(ff) = T(f)T(f) = eun(f)'n(flen — enn(f) enenn(f)en
=enn(f)* (1 —ewn)w(fler .
Therefore,
IZ1A1? = 1T P12 = 11 = en) 2 (et v a,
T f = Tof P22 = |I=(f - enm(f)er)enll civenn)-
This shows that || - [|ymee(7) and || - || Baroe(7) are semi-norms. [ ]

Remark 2.2. An alternative proof for bmo®(7) being a semi-norm can be derived from the
identity of Lemma 1.1 (i). Using the GNS construction for the positive form T;_sI" we can find
linear maps uts : N'— C(N) such that

t
TIf[2 - |Tf? = /O lugs(F)[2ds

This provides an embedding in L5([0, t]) ®min C(N).
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Proposition 2.3. Let (T3) be a standard semigroup and f € N U La(N). Then the following
conditions are equivalent'

( ) ”f”bmo° = 0.

(ii) HfHBMOc( 7 = 0.
(iii) f € ker(Aoo) Uker(Az) = {f € doms(A) Udomy(A), Af = 0}.

Proof. Note that (ii) and (iii) both equals to T;f = f for any ¢ since T} is faithful. Hence (ii)
is equivalent to (iii). Assume (iii), then 7(T3|f|* — |T;f|?) = 0 since Tyf = f for all t and T; is
trace preserving. Note Ti|f|?> — |Trf|> > 0 by (1.1), so Ty|f|*> — |Tif|*> = 0 for any ¢ > 0. We
get (i). Assume (i), we have 7(Ty|f|? — |T; f|?) = 0, so 7(|f|*> — |Tif|?) = 0 for any t > 0. So
(If = Tof|?) = 7(|f)? = 2|T3 f|* + | T2 f]?) = O for any ¢ > 0. So f = T;f for any t > 0. This

implies (iii). -
Proposition 2.4. Let (Tt) be a standard semigroup and f € N U Ly(N). Then
(i) HTSbemoC Hf”bmoc (T) fOT’ all s > 0

(ii) HfHBMOC(T < 2 I f lomoc () + supy | Tef — Tocf]].
(iii) If in addition T2 > 0, then

I £l Bazoecry = | fllomos (T +SupHth Toi f]]-

Proof. Let us start with i) and the pointwise estimate

0 < Tt‘TSf|2 - |Tt+5f|2 < Tt+8|f’2 - ‘Tt-i-sf|2
By definition of the bmo®(T) seminorm this implies

1 1
HTsbemoc(T) = Slzp ||Tt|Tsf‘2 - |Tt+sf|2|| 2 < Sl;p HTt-i-s’f‘Q - |Tt+5f|2|| 2 < Hf”bmoC(T)
For the proof of (ii), we fix t > 0 and use the triangle inequality (see Lemma 4.3):
1 1 1
Tl f = TfPll2 < TS = Tf P = |T(f = THPIE + |1T(f — Tef) P12

1
< f = Tefllomoecry + IIT(f = Te)IP)12
< W fllomoe(ry + T2 f Nlbmoe(ry + 1T (f = T2f)]
We apply (i) and obtain

1
I f = Tef P12 < 20 fllomoecry + I Te(f = Tef)]l-

Taking supremum over ¢ yields the assertion. To prove (iii), we apply Lemma 1.1 (i) and the
triangle inequality,

1 t
(Tf = ILFDE = ( /0 T, JI(T,f.T.f)ds)

D=

N

IN

( / T\ I(Tu(f — Tof), To(f — Tuf))ds)? + ( / Ty T(Tosef, Tosef)ds)?
0 0

1 t 1
(Lemma 1.1 () = (TIf — Tf? - [Tof — Touf )% + ( /0 Ty D(Tupaf, Tosef)ds)b

1 t 1
(I‘QZO) < (THf th| )5 (/0 1—‘215725F(TQS.]07T‘st)ds)5
L 1 2t 1
(v=25) < (GIf -Tfl)2 + (5 /0 To—oI(To f, T f)dv)

LTl - )

(Lemma 1.1 (1) = (T.|f — Tif[})% + %
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Taking the norm and the supremum over ¢ on both sides, we get
1 lbmoscry < (V2 + 2)[Ifll aroer)-
By Choi’s inequality (see [Cho74]) we find
Ty f — Touf|? < TWlf —Tof .
Together with (ii), we obtain (iii). [ ]
We now consider BMO-norms associated with the subordinated semigroup ().

Proposition 2.5. Let (T;) be a standard semigroup and (P;) be the associated Poisson semi-
group. Let f € N'ULg(N). Then

(1) Pb‘f|2 - |be|2 =2 fOOO frlrjlax{(),vfb} Pb—v+2tf(Pvfa Pvf)dtdvf
(i1) supy || f5° Py  PLf12 min(s, b)ds|| < 4 FII2,,00p):
(iii) If in addition T? > 0, then

o0

1 [ . . b
4/ PoysT(Psf, Pof) min(s,b)ds < Py|f|*—|Pof|* < 180/ Py T(P.f, Pf) min(g,s)ds.
0 0 3

Here f‘(fsafs) = F(fsvfs) + |fs,‘2
Proof. For the proof of (i) we apply Lemma 1.1 (i) to P; and get

b
RISE = RSP = 2 [ Rl 4 (PSP s

Using the formula for FA 3 (Psf, Psf) from Lemma 1.1 (ii), we obtain with the change of variable
(v=s+t) that

b 0o
BfI? = |Pof]? = 2/ / Py s 14U (Pt f, Psyo f )dtds
o Jo
0o b+t .
= 2/ / Pb—v+2tF(Pvf; Pvf)dvdt
o Ji

(2.3) = 2 / / Py_ i L(Pyf, Pyf)dtdv.
0 max{0,v—b}

This is (i). Note I'> > 0 implies 2 > 0. We apply monotonicity, Proposition 1.2 and split the
integral, and get

2 / / Py yioul'(Pyf, Py f)dudv
0 max{0,v—b}

22 Pyaul(Pay . Poo f)dudy
0 max{0,v—b}

= b b+ 2u .
2 du | PyyooI'(Poyf, Ponf)d
/0 </Inax{0,u—b} b+ 2v u> b+2 ( 2 f 2 f) v

B /OO 200 + 402 — 2bmax{0,v — b} — 4 max{0,v — b}?
—Jo 2(b + 20)

Y

Pb+2vf(P2vf7 P2vf)dv

v

b 9]
. 4bv A
/ Pb+2UF(P2Uf7 P2vf)vdv + / 2 Pb+2vF(P2vfa PQvf)dv
0 b

(b+ 2v)

Y

1 [t N 1. [ ~
5 / Pb+21)F(P2’Ufa ngf)2’Ud’U + 2b/ Pb+2vF(P2vf7 PQUf)dU
0 b
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1 [ -
> 5 / PbJrgvr(PQvf, ngf) min(2v, b)dv .
0

Without I'? > 0 we only obtain

1
2

00 , 1 [ .
BT = RS = 5 / Poyo| Pu f|” min(20,b)dv = - / Py PLf I min(v, b)dv
0 0

This is (ii) and the first inequality of (iii). To complete the proof of (iii) we start with (2.3) and

r2>o:

Pb’f‘Q_ ‘be‘Q = 2/ / c ) Pb7v+2uf‘(Pvfanf)dUdv
0 max{0,0—

<

2 / / Py_v 0, I(Py f, Po f)dudv
0 max{0,v—b} 3 3 3

b v [e's) v
2 / / Py ioul (Pyf, Py f)dudv + 2 / / Py vioul (Pof, Pyf)dudv = I+ 1T .
0 JO b v—b

For v > b we have

b+wv
3

< b—§+2u < g(b—l—v).

Thus monotonicity implies

o0 v o
IT < 2 / / Py v oy L(Po f, Po f)dudv < 10b / Pyiu D(Po f, Po f)dv
0 v—b 3 3 3 b 3 3 3

() R . b
= 904: P%HF(PSf, P, f) min(s, 3) ds .

In the range v < b and 0 < u < v we also have

b+wv v 5
<b+2u—- < =(b .
3 < + 2u 3 = 3( +v)
Again by monotonicity and with s = 5 we obtain

b b
I< 10/ PMP(ng, P%f) vdv = 90/3 PngSF(PSf, Psf) sds .
0 3 0 3

This yields

o . b
RUSE =P P <180 [Py BRSPS min(Gs)ds

In view of the classical Carleson-measure-characterization of BMO, we define, for f € N U

Ly(N),

(2.4)
(2.5)

(2.6)

t
1
o = lsuw P [ |PifEsds],
t
1
Iflarorey = supllPe [ P(PS. Pug)sds]
0

t
. 1
flsory = suwllP: [ P(PLPf)sds]

Theorem 2.6. Let (T}) be a standard semigroup. Then

(2.7)

I fllBaroc@y < cllfllBaroeepy < cllflBaoe(m
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Proof. To prove the first inequality, recall that Theorem 3.2 of [Mei08] states that

t 8Ps 1
supl|Pi [ |2 = PPl < 1 lmorcey

0s
Then
t
P 1
17 [ 155 s
t Ps t Ps
< IR [ 1520 = PORsdslE 1P [ 152 Psas
3 0P, t P, '
< Wllssosey + 17 [ GEPs s 4 Py 152 PupPocsl
t
(=2 < Wlavoe + 137 [ 152 P0dv+ P / PSP, fPsds))
t 1 [% 1 )
1
(u=25-3) < Wlmore +l3P [ IPfPodo+ 5Py [ 1PLfPudl
2

V3 ¢ 1
< Wfllmsronipy + 5 supllPe [P 2sds]
0

Taking supremum on both sides, we have,

taPS 2 1 1
1fBao(a) :Slgp”Pt/o 5, fI7sdsll? < _éHfHBMOC(P)'

To prove the second inequality, we apply (1.2) and (1.1),
PIF=PIE = [ onlf - [ o) fakd
= / gbs(u)Tu]/ bs(v)(f — Ty f)dv|*du
0 0
< [T oot T Paui

-2 —3
with ¢s(v) = se @ v2 . For v < u, we have

ITlf = Tof 2l = [T Tolf = Tof Pl < 1 Bsnsorry:
For v > u, let k be the biggest integer smaller than log2% , we have
I7lf = T f P
< Tulf = Tuf U2 + Tl T = Touf P12 41Tl Touf = Tau PII2 + - 4 | Tul Tyef = Tof )2
< e(ln = + 1) fllpyosr-
Therefore, we find that
IR = PP < ([ [ et [ [T o wsnwdedn] flaonry

< cllfllBrmoer-

Taking supremum over ¢ yields the second inequality. |
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Lemma 2.7. Let (T3) be a standard semigroup. Then

o . 1
(2:8) llmsor = supll [ Praal PP min(s, s
If in addition r? >0,
> ) 1
29 fllssiorey = Tsup [~ Puasl(Puf. Pof) mings, s
(2.10) HfHBMoc(f“) ~ Hsgp/o Ps+tf(Psf,Psf)min(s,t)dsH.

Proof. Let 0; = % and L2 (f, f) = \%\2 the gradient forms associated with T; = €/ which

satisfies 1%2 > 0. Then (2.8) follows from (2.9). Moreover, (2.10) follows from T'(f;, fi) =
t

L(f:, fr) + |f/|?. To prove (2.9), we apply the condition I'? > 0 and find

t t
I [ PIPPapyotel < [ Pesl(Pyf. Py fyud

t
b o0
:4||/ Ps T(Psf, Psf)sds|| < 4||/ P I (Ps f, Psf) min(s, t)ds]||.
0 0

For the reversed relation, we use a dyadic decomposition. Indeed, according to Proposition 1.2,

we have
2M Py

s+t

C(Psf, Psf) < PaniD'(Ps f, Psf)

for s > 2™t. This implies
1 (0.)
2/ P T'(Psf, Psf) min(s, t)ds
0

f f S
= s+t sJyds £

ontly QntPs—l—t
ng s+t

L(Psf, Psf)sds

2t st =1
= PI(Pf, Psf)——d —
0 t(sfa sf)s+t S+n§:12n/2

ontlg

2t o 1
< [ REELRDsds S o [ Pl (R P
0 n=1 2nt

2t © 1 g2t
< [ RIS Ppsds Y 0 [ Pl (PP )sds,
0 1 0

However, we can replace 2t by t using I'> > 0 and Lemma 1.2:

2t 2t t
PI(P,f, P, f)sds < Py sT(Psf, Ps f)sds = 4 / P T(Py f, Py f)vdv
0 0 0

¢
< 8/ PI(P,f, P,f)vdv .
0

Applying this argument for every 271t we deduce the assertion. |

Lemma 2.8. Leta > 1. Then
SliPHPtf—PatfH < V2(1 +logsa)||fll sroe()-
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Proof. For t fixed, we have the

|P3tf Pgtf|2 < PSt(’PStf Ptf| |/ Pfd5|
% 3t
< Py(t [ PP < 2Py / [PLfsds) < 2Py / [PLf2sds).
t 14 0
2 2
This implies in particular that
SliPHPtf—P%fH < V2| fllpmoc)-
For1<a< %, choose b > 0 such that ‘ll—:g = % Then we obtain
HPLf = Parf || < 1Poe| Pa—oye(f) = Paayye ()]
(2.11) < NPa=p(F) = Paaoe (NP < 2 1 Basocco) -
We deduce
(2.12) IPi(f) = Pue(HIl < V21 £l Broe o

for any 1 < a < % Consider now a > % Let n be the integer part of log% a. We may use a
telescopic sum

Ptf_Patf:(Ptf_P%f)"i_(P%f_P%%f)_‘_ ( %ntf Patf)'

We apply (2.12) for every summand. Then the triangle inequality implies the assertion. |

Theorem 2.9. Let (T}) be a standard semigroup satisfyingT? > 0. Then || || garoey, || lpmoe(®)
and || HBMOC(f) are all equivalent on N U La(N).

Proof. According to Proposition 2.5 we know that
o0
- : 1
Sup ||/ Py I'(Ps f, Ps f) min(s, t)ds||2 ~180 || flpmoc(p)
0

Then Lemma 2.7 implies that || |[pmee(py and || ”BMOC(I“) are equivalent. Proposition 2.4 (iii)

provides the upper estimate of || |[ymoc(p) against || ||garoepy. Conversely, we deduce from
Proposition 2.4 (ii), Lemma 2.8, Lemma 2.7 and Proposition 2.5 (i) that

| fllBrrocry < 211 flbmocp) +SupHPtf Py f|

< 2||f||bmoc(79) + f(l + IOg% 2)||f||BMOC(f‘)
< 2||f||bmoc(73) + 2\/§ 2\/6 ||f||bmoc(73) = (2 + 8\/§)||f||bmoc(73)
Thus all the norms are equivalent on N'U La(N). [ |

3. BOUNDED FOURIER MULTIPLIERS ON BMO

In this section we prove the BM O boundedness for certain singular integrals obtained as a
function of the generator for arbitrary semigroups. The ideas for the proof can be traced back
to E. Stein’s universal L,-bounded for Fourier multipliers.



12 M. JUNGE AND T. MEI

Lemma 3.1. Let I' be the gradient form associated with a standard semigroup S satisfying
I'2>0. Then

(3.1) I /Q fudu(), /Q fudpu(t)) < /Q d(t)| /Q D (fo, f2)ldpu(t))

for N-valued function f on a measure space {Q, u} such that U'(fy, fi) is weakly measurable. In
particular, Let P; be a Poisson semigroup subordinated to a standard semigroup Ty. Then,

L(vdP, f,vdP, f) < cPsT(f, f),

Proof. Let us recall the standard module construction for I'. We consider A @ N with inner

product
S Yo by = 36T, ah
J k J:k
It is easy to see that (2z,2) > 0. Indeed, by inequality (1.1), we see Ss(|S;_sf|?) is increasing
with respect to s for any s < . On the other hand, taking the derivative in s, we find
85’3(|Stfsf|2)
0s

This implies T'(f, f) > 0 for any f. Taking matrices we find similarly (z,z) > 0. Therefore
A ®r N is a (non-complete) Hilbert C*-module over N, and as such isomorphic to H® ®uin N
for some Hilbert space H ([Lan95]). Let w : A ® N — H® ®min N be the isomorphism. Then
we can define u(f) = w(f ® 1) and deduce

u(f)ulg) = (f@lgol) = T(f,g).
With the help of this map it is easy to conclude using the convexity of | -

_ u( f 2_ u( fy 2
r( /Q Judu(t), /Q Fdu(t)) = | /Q (Fdu()? < /Q du(t)| /Q ) Pldu(t)
— / du(t)] / T, foldu().
Q Q

The convergence of the integral here is in the weak sense, (i.e. considering the real-valued
function (h,T(ft, f¢)h)). By (1.2), we may write vdP, as [;° Trdu(r) with [° |du(7)] < ¢ and
Jo Trldp(r)| < cPy. We deduce from (3.1) and I'? > 0 that

= SSF(Stfsfv St*Sf) '

‘ 2

[e.e]

P(v@Pvf,vﬁpvf) < C/O P(TTf>TTf)|d:U’(T)| < C/() TTP(f’ f)’d:U’(T)’ < CP%F(f, f) . u

Recall that I'p2(f, g) = (0;f*)(0kg) is the gradient forms associated with T; = % and satisfies
1%2 > 0. According to Lemma 3.1, we know that
t

(3.2) 10, (VO Py f)? < cPs |00, P, f|2.
Since [ =T + Fa§7 we obtain
(3.3) L(wP)f,vP,f) < cPsT(P,f, P, f).

We now want to define singular integrals of the form F(A) where F' is a nice function. We
follows Stein’s idea and assume that F' is given by a Laplace transform. Let a be a scalar valued

function such that
[e’s) 2
s/ ]ai:;)\ dv < ¢q,
S
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for all s > 0 and some constant ¢,. Define M, as

M) = [ ato % ar

Lemma 3.2. Assume T} be a standard semigroup satisfying I'? > 0. We have

Mo ()l Brroery < ccall fll Brroe(r)-
Proof. Let

t
Si) = Pi [ ST(P.S.Pu)ds
0
We simplify the notation by using I'[f] = T'(f, f). Let us compute ||S¢(M.(f))]:

[1S:(Ma(f))]l = |Pt/ sU'[Ps Mo (f)]ds|| = ||/ sPI| P/ 7fdv]d5||
:||/0 sptr[/o a(v)%fdv]ds”

t o0 1 0P,
= ||/ sPtI‘[/S a(v—s);v 5 v]ds||

o0 2 8P
(first inequality of Lemma 3.1) < ||/ sPt</ ‘zL dv/ I 5 ]dv) dsl|

<al [ 2 [T 1S aw )as)

. 0P,
(change of variables) = 8c¢,|| / P, </ F[vavavf]dv> ds||
0 3

t o0
(inequality (3.1)) < cca| / Pt< / P[P, f]dv) ds|
0 s

2

t o0
< ceal| / / Py [P, f)dvds|
0 Js

o
(Integrate ds first ) = ccg| / Py ('[P, f]min(t, 2v)do||
0
(Lemma 2.7 ) < cca||f||QBMOc(F)
Taking the supremum over ¢, we obtain
1
| Mo (f)ll Baroery = sup [Se(Ma ()12 < ceall fll Baroe(ry-

Using (3.2), exactly the same proof shows that, without assuming I'? > 0,
(3.4) |M,, : BMO®(0) — BMO®(0)|| < ccq

Our main tool, the formula I'(v0, P, f,v0,P,f) < cI'(P,f,P,f) from Lemma 3.1 also holds
for higher order derivatives that I'(v"9)' P, f,v" 00 P, f) < ¢y I'(Pyf, Pyf). Therefore the same

technique allows us to obtain estimates for operators of the form

My, = / a(t)t"LorP(t)dt .
0

Here n € NU {0} and 9/ P(t) is the n-th derivative of P(t) with respect to ¢. Let us state this

explicitly.

13
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Theorem 3.3. Let Ty be a standard semigroup. Then
(3.5) | Man ()l BMoe(d) < cncallfll Brroc(a)-
If in addition, Ty satisfies T2 > 0, then
(3.6) | Man ()l Broery < cncall fll Brroer)-
Corollary 3.4. Let T} be a standard semigroup satisfying I'? > 0. Then
| Mo ()l Brroepy < ccall fllBrroep) -
Proof. By Theorem 2.9, we know
1l Broe )y = 1 f | garoery-
By the definition of T, we see that
11l paroe () = max{[|fll proery, [1f | Brio(o) }-
Therefore, Theorem 3.4 follows from Theorem 3.3. [ ]

Example 3.5. Let —¢ be a real valued, symmetric, conditionally negative function on a discrete
group G satisfying ¢(1) = 0. Let A be the unbounded operator defined on C[G] as

A(M9)) = o(9)A(g)-
Let Ty = exp(—tA), i.e
Ti(A(g)) = exp(—to(g))A(9)-
(T}): extends to a standard semigroup of operators with generator —A on the group von Neu-
mann algebra N' =V N(G) following Schoenberg’s theorem. T, satisfies T2 > 0 too. Therefore,

Theorem 3.3 and Corollary 3.4 applies in this setting. Here we note that M, is indeed a Fourier
multiplier. Indeed, assume that m is a complex valued function of the form

/ $2( —f¢2<9 a(t)dt .

Then Ma(A(g)) = m(g)A(g). For example we may consider a(t) = t=** with s a real number.
Then we deduce that m(g) = I'(1 —is)[¢(g)]" is a Fourier multiplier. Note the subordinated
semigroup in this case is given by

P(\g)) = e VP ON(g).
Therefore Corollary 3.4 imply that

(3.7) Mo ()l Brroecpy < ccallfllBrroep) -
for all f € La(VN(G)).

In the remaining part of this article, we will use probabilistic methods to prove an interpolation
theorem for semigroup BMO spaces. This in turn allows us to obtain L, bounds for Fourier
multipliers of the form above.

4. PROBABILISTIC MODELS FOR SEMIGROUP OF OPERATORS

In the section, we introduce BMO spaces for noncommutative martingales and P. A. Meyer’s
probabilistic model for semigroup of operators. We will apply them in the next section to an
interpolation theorem for BMO associated with semigroups.
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4.1. Noncommutative martingales.

Let (M, 7) be a semifinite von Neumann algebra equipped with a semifinite normal faithful
trace 7. We will say that an increasing family (M;): > ¢ is an increasing filtration if if s < t
implies M, C My, |J, M is weakly dense, and the restriction of the trace is semifinite and
faithful for every M;. We refer to [Tak79] for the fact that this implies the existence of a
uniquely determined trace preserving conditional expectations F; : M — M. By uniqueness
we have EsEy = Ep(s.0)- Right continuity, i.e. [),o, Ms = M, forallt > 0, will be part of the
assumption when we talk about increasing filtrations. Similarly, we will say that (M;); > o is a
decreasing filtration if s < t implies My D My, M is the weak closure of | J, M;, and we have
left continuity. Again we have a family of conditional expectations Fs; : M — M such that
EsEy = Erax(s)- We have Mo = M, Ey = id for decreasing filtration and set Moo = At My
as a convention. Set My, = M, Ey = id, My = NpM; for increasing filtration. A (reversed)
martingale adapted to (My),e[0,00) is a family (z;) € L' (M)+L>(M) such that Ey(zs—z;) =0
for any s > ¢ > 0 for increasing filtration ( for ¢ > s > 0 for decreasing filtration).

For z € L,(M),1 < p < oo, the family (x;) given by x; = Eyx is a martingale with respect to
M. For 2 < p < oo, we define

2] emory = Il sup)” Ee(|z — Eef?)]]

)

B[S DO

where || sup™ || ¢ should be understood in the sense of vector-valued noncommutative L, spaces,
see [Pis98], [Jun02], [JXO07]). Let

12| £ymo(my = max{[|@]| Lemo(m), |27 || Lemo(rt) }-

By Doob’s inequality, we know that

(4.1) 2| Lymory < epllzllz,m)-

Let L)(M),1 < p < oo, be the quotient space of L,(M) by {z,z = Ex}. Here £ is the projection
from M onto A M, which equals to Ej in the case of increasing filtration and equals to E, in
the case of decreasing filtration. For 2 < p < oo, let L)mo(M) (L;’;’Omo(/\/l)) be the completion
of M® = L (M) by [l - I, mor (Il - | Lgmo(my)-norm. For p = oo, we have to consider a
weak® completion and denote the completed spaces by bmo(M) (resp. bmo(M)). We refer
the interested readers to [JKPX] and [JP] for more information on noncommutative martingales
with continuous filtrations.

We now introduce martingale hg-space, which are preduals of L,mo’s. Let 0 = {0 = s9 <
$1,...8p—1 < 8, = 00} be a finite partition of [0,00]. For # € L'(M) + L®(M), define the
conditioned bracket (z,z)(c) (kK < n) as

n
(x,z)(0) = Z Es, |Esjzv — ES]._I:U|2.
j=1

The hg(0),1 < p < oo,-norm of z is defined as

|z llns = ({2, 2)()) |1,

Let U be an ultrafilter refining the natural order given by inclusion on the set of all partitions
of [0,00]. The h(U) and hy(U)-norms of x are defined as

. 1
2llng = lim[({z, 2)(0))2 )L, lelng = 27 [lng

9
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The hg(u )-norm of z is defined as
1
H'r”hg = L'HZEII(Z ”Esjw - ESj_leI[)/p)p‘
’ sje0o

It is proved in [JP] that these norms do not depend on the choice of & whenever U is containing
the filter base of tails. Let hg(M) (hy (M), hg(/\/l) ) be the collection of all z with finite hj (i)

(hiy(M), hd(U) )-norm. It is proved in [JP] that
1 1
(hy(M))* = Lgmo(M) = hg(M),1 < p <2, » + i 1
he(M) + hi (M) + hi(M) = Ly(M), 1 < p < 2.

Denote by hy(M) = hS(M) + b5 (M), Hy(M) = hy(M) + M), 1 < p < 2, hy(M) =
he(M) N hi(M) for 2 < p < oo, and BMO(M) = (Hi(M))* = bmo(M) N (h{(M))*, we have
[BMO(M), Ly(M)]s = Ly(M),

for all 1 < g < 0.

Recall that a martingale x = (x;); has a.u. continuous path provided that, for every T' >
0,e > 0 there exists a projection e with 7(1 — e) < ¢ such that the function f. : [0,7] — M
given by

fe(t) = xpee M

is continuous. The following observation will be crucial for us.

Lemma 4.1. Let 2 be a net of martingales in M N Ly(M) with a. u.  continuous path.
Suppose x* weakly converges in Ly(M) and the limit x is in bmo. Then x € BMO and

lellBro < cllz]lomo -
Moreover, let p > 2 and x € Ly(M) with a.u. continuous path. Then ||x||n, ~¢, %L, r1)-
Proof. We first prove that for martingales = € Lo(M) N M with a. u. continuous path, we have
(4.2) [/l (g (r))- = O-

By Doob’s inequality for noncommutative martingales, one can show that a. u. continuity
and x € La(M) N M imply that z; = f(t)a for some a € Ly(M) and a continuous function
f:10,T] - M for any ¢ > 2,T < oo. This implies that

lisn i, (@), ) = lim 1503 ey ()", (@)] 2 = 0.
for any ultrafilter U of [0, 7] containing the filter base of tails. Note that
(4.3) lde, ((2)) 1 2yes) < Nty @)y < e, @I (e Il e o)
for 0 = %. Thus we also find that

limn ||d; ()2, (ex) = O

We recall from [JP] that -,
defined such that the norm of x € Ly(M) N (hye)* is given by limgy [|dy; () Ly(te,)- Therefore,
x satisfies (4.2) if x is in M N La(M) and has a. u. continuous path. Now, let 2* be a net of

weakly Lo-converging martingales in MM Lg(M) with a. u. continuous path. Suppose its weak
Lo-limit x is in bmo. Recall from [JP] that, for any y € H{NLa(M) we may find a decomposition

Bh;)”rh;r C h¢ are dense in the unit ball of h¢. Here the hllf is
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such that y = y1 + yo with y1 € h§ N La(M),y2 € h{ N Lay(M) and [y [|ne + 12llpa < 2llyllag-
Then

Ty 2)| < I7(yia)l +[r(w2)| = |r(wiz)] + [limr(ysa®)| = [7(yio)] < cllzllomollyallng -
Since the unit ball of H{(M) N La(M) in dense in the unit ball of H{(M), we get

[ lomo < cllzllBrrO,-

From (4.3) we have already seen that for martingales z € Ly(M) with continuous path we have
limg, g4 Hxth(U) = 0 because Ha:th(U) = ||dt,; (z) |, (¢,)- Hence we have

[#lmg < Cllzlng
for ¢ > 2 because Hg:hgﬁhg for g > 2. |

In the previous argument we learned for continuous martingales with a.u. continuous path
we have ||$th = 0 (see also [JKPX]). In fact, in this paper we might simply take this as a
definition. We will need some more results in this direction and state them in the following
lemma.

Lemma 4.2. Let 1 < p < oco. We have
(4.4) (BMO(M), Ly (M)

% = Lp(M))
(4.5) (bmo®(M), L2(M))

2 = hp(M)
with equivalence constants ~ p. Suppose that x € Ly(M),2 < p < oo and (Eix); is a.u.
continuous. We have

(4.6) 12/l 2y mor) + [1€2] Lm0y = 12l 2, (A1),

with equivalence constants ~ p for p > 4.

We say that a standard semigroup (73) on a semifinite von Neumann algebra N admits
a standard Markov dilation if there exists a larger semifinite von Neumann algebra M, an
increasing filtration (M S]) s >0 and trace preserving *-homomorphism 74 such that

Es](ﬂ—t(x)) = 775(Tt—s-1') s<t,w eEN.

We say that (T;) admits a reversed Markov dilation if there exists a larger von Neumann algebra
M, a decreasing filtration (M(s)s > 9, and trace preserving *-homomorphisms 7 : N — M,
such that

Eig(mi(2)) = ms(Ts—yx) t<s,zeN.

We say that (T;) admits a Markov dilation if it admits either a standard dilation or a reversed
dilation. We refer to [Kiim88] for related questions. A glance at (1.2) shows that a Markov
dilation for (7;) implies that the P,’s are factorable (in the sense of [ADO06]). According to
[ADO06], we know that a Markov dilation for 7} (standard or reversed) yields a Markov dilation
(standard and reversed) for P;.

In the noncommutative setting the existence of a Markov dilation is no longer for free, as it is
in the commutative case. We refer the reader to [Ric08] for its existence for group von Neumann
algebra and to [JRS] for its existence for finite von Neumann algebra. However, the existence of
a Markov dilation allows us to use probabilistic tools for semigroups of operators. In particular,
given a a reversed Markov dilation we know that m(z) = (ms(x))s>0 with

(4.7) ms(z) = ms(Tsx),
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is a martingale with respect to the reversed filtration (M|,). A standard Markov dilation implies
that, for any v > 0, m(x) = (ms(x))y>s>0 with

(4.8) ms(z) = ms(Ty—sz)

is a martingale with respect to the standard filtration (My)).

Proposition 4.3. Let (T;) be a standard semigroup of operators on N with reversed Markov
dilation (m, My). Let x € Ly(N). Then Ei(mox) = msTsx and

OIS o[

(4.9) 170 (2) | Lmo(ay = Ilsupy me(T|zf* — [Tyl |

for 2 < p < oo. In particular,

)

(4.10) 170 (@) [bmoc (A1) = Nl lbmoc (7)-
Proof. To prove (4.9), we apply the reversed dilation condition and get Ej;mo(x) = mTix. Then
Ey|mo(x)? — | Bymo(2)|* = m(Tilx|* — |Tia?).

Taking the supremum over all ¢, we obtain the assertion. The equation (4.10) now follows
immediately from the definition. |

4.2. Meyer’s probabilistic model for semigroup of operators. Meyer’s probabilistic model
provides another way to connect semigroups of operators with martingales. Let us start with
an observation due to Meyer [Mey76].

Proposition 4.4. Let T; be a semigroup with a standard (resp. reversed) Markov dilation
(7, My). For x € dom(A), let n(z) = (ng(x))s>0 with

(4.11) ns(x) = mg(x) + /Os T (A(z))dv,

for standard Markov dilation and
(4.12) na(z) = mo(2) + / ro(A(z))do,

for reversed Markov dilation. Then n(x) is a (reversed) martingale with respect to the filtration

M.

Proof. Let us verify that Eing(x) = n(z) for ¢t > s in the reversed dilation case. The verification
for t < s in the standard dilation case is similar. Due to the dilation property we have

Et<7rs(a:)—|— / h WU(A(x))ch)) = m(Tos(@)) + / (T A))do + /t " o (A())dv
—m(Ties(o) + | (0T (@) + / T r(A@)do = m(@) + / " r(A())dv.

This means n(x) satisfies the martingale property Eing(x) = n(z) for ¢ > s. [ ]

The main ingredient in Meyer’s model is to use Lévy’s stopping time argument for the Brow-
nian motion (see however [Gun86|, [GV79] for more compact notation). Given a standard
semigroup 7} with generator A, assume (73) admits a standard Markov dilation (7s, My). We
consider a new generator

. d?
A= —+A.
dt? *
defined densely on

L*(R) @ L*(N).
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This leads to a new semigroup of operators T, = exp(—tfl) such that
- df*(t) dg(t)
L(f(t),9(t) = T(f(2),9()) +

dt  dt
Let (B;) be a classical one dimensional Brownian motion associated with d¢ (instead of the
usual %dt in the stochastic differential equation) such that By = a holds with probability 1. Let

M, = M B ® Mg with M2 the von Neumann algebra of the Brownian motion observed until
time s. The Markov dilation for the new semigroup 7; is given by M; and 7:(f(-)) = me.f(Be(+)).
For x € L,(N),1 < p < oo, denote by Pz for the L,(N')-valued function on [0, c0)

Px(t) = P(x) .

Recall that we write P’z for the functions %Ptx. Fix a real number ¢ > 0. Let t, be the
stopping time of By first hit 0, i.e.

t, = inf{t : B;(w) = 0}.
The following observation due to P. A. Meyer.
Proposition 4.5. For any x € Ly(N),1 < p < oo,
Ng(x) = (g ne PT)t
is a martingale with respect to the filtration

Mt,a = \/ Ttano(N @ L(R)).

v<t
Proof. Apply Proposition 4.4 to A,7;, we get 7¢(Px) is a martingale because fl(P:c) = 0.
Therefore, 7, A (Px) is a martingale too since t, is a stopping time. [ |
Let
~ ——=—wot ot

Mg =VisoMatr = VisisoMp .
Let Et be the conditional expectation from Ma onto M&t. Proposition 4.5 implies that
(413) Et(ﬂ'tal') :'ﬁ'ta/\tpl‘:ﬂ'ta/\tPBtaM$a
for any z € V.

Meyer’s model allows us to consider martingale spaces with respect to the time and space
filtrations simultaneously. Let L;’Omo(/\/la),Lgmo(./\/la),Q < p < oo be the martingale spaces

with respect to the filtration Ma,t. Recall that we have an orthogonal projection P, on the
subspace consisting of martingales x = (z;) with the form

tAtq
(414) Tt = / ysdBS
0

with ys adapted to Mg. By approximation, we see that (z:); has continuous path, i.e. z; is
continuous on ¢ with respect to the Ly-norm, provided sup; ||y.|| LMy < 0O

Denote Pr = I — P,,. Recall that it is our convention to write bmo instead of L,,mo and
BMO = bmon (h{)* .

Lemma 4.6. Let (13) be a standard semigroup admitting a Markov dilation, (P;): the semigroup
subordinated to (T}); and f € N'U Lay(N). Then

O 1 lomer ey = 170(F) et

.. A ~ 00 A . 1

) 1 Poia ) paroecter = 1 PoritalF) lpmoeriy = $UDb | 5 Possl 2222 2 min(s, b)ds|
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(iii) If in addition T? > 0, then
o
. . 1
HPFna(f)Hbmoc(Ma) = SUP | / PyysI'(Psf, Ps f) min(s, b)ds|| 2.

Proof. We recall that (74(f)): = Te,nt(Pf) = Teont(PBe, . (f)). So the end element 7y (f) =
Ttq (f)7 (ﬁa(f))o = WO(PBo(f)) ( ) ® mo Py f Hence we get

Et(|ﬁa(f)‘2) - ’Et(na(f))’2 = 71-13(1/\t(PBtaAt‘f|2 - |PBta/\zf’2) )

for tq(w) > t. Thus in any case we have

esssgpllEt(lﬁa(f)IQ)—IEt(ﬁa(f))lzll < SgpllﬂtaAt(PslfIQ—IPsf|2)|| < N lomosp) -

However, recall that By(w) = a almost everywhere. This means B; = a + Bt where Bt is a
centered Brownian motion. Since limsup, | B;|/v/2t1loglogt = 1, we know that with probability
1 the process |B;| exceeds a. Thus with probability 1 the process B; hits 0 or 2a. Hence
with probability % the process hits 2a before it hits 0. Let us assume that By,(w) = 2a and
Bs(w) > 0 for 0 < s < t(w). By starting a new Brownian motion at t(w), we see with conditional
probability § we have By (,) = 4a for some t(w) < t'(w) and By(w) > 0 for all t(w) < s < t'(w).
By induction we deduce that with probability 27" the process B; hits 2"a before it hits 0. Thus
given any b > 0, we may choose n such that 2"a > b. We see that with positive probability
there exists t,(w) such that By () =2"a and Bs(w) > 0 on [0,%,(w)] and By is continuous. By
continuity there exists t(w) € [ty (w), tq(w)] such that B;, = b. In particular,

1B (170 (N)P) = [Eryiial HPN = 17ew) Py P = [Py SN = ISP = [Pof Pl

Taking the supremum over all b yields (i). For the proof of (iii) we first apply Lemma 2.5.5 and
Lemma 2.5.10 (ii) of [JM10](note there, p, denotes for n,) . This immediately yields the first
inequality (after a concise review of the involved constant for g = %) For the upper estimate of
this term, we recall that with positive probability every value b is hit. Then we start in equality

(3.20) for a fixed b = By(w). We use the monotonicity Pb“(z) < M and find

tb b-‘rS
E/ Ty(I'(Pg , P3 x)) / / I'(Pszx, Psx)dtds

Py, I (Psz, Py bts Py I(Psz, Py
Z / b+5 ,I CL') / tdt dS — / b+ ( .'17, I) bS dS
b"‘ S |b73| 0 b+ S

> / Py T'(Psz, Psx) min(b, s)ds .

The proof of the second equivalence of (ii) uses Lemma 2.5.10 (i) of [JM10] and is similar to (iii)
but we only need |P;z|? < P|z|? instead of I? > 0. The first equivalence of (ii) follows from
Lemma 4.1 and the fact that Pyri,(f) has continuous path. [ |

Lemma 4.7. For any y € L,(N),2 < p < 00, we have

(4.15) Vool ot + IPatl i = Il 0

with equivalent constants ~ p for p > 4. Assume that (Ethay)t is a.u. continuous, then
(4.16) VPETr Yl oty + 1Pabll, ity = 19,00

with equivalence constants >~ p for p > 4.

Proof. This follows from the facts that PbTEmtay has continuous path, E()?Tq—ay = moP,, Lemma
4.2 of this article, and Lemma 2.5.11 of [JM10] (Note 7, is denoted by p, there). [ ]
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4.3. Noncommutative Riesz Transforms. We will prove a L>*°-BMO boundedness for the
noncommutative Riesz transforms studied in [JM10] in the first subsection.

Recall that the classical Riesz transforms on R"™ can be viewed as 0 - (—A)_%. Given a
standard semigroup of operators Ty = e *4, it is P. A. Meyer’s idea to view the generator A
as an analogue of —A and the associated bilinear form T'(f, f) as |0f|>. The generalized Riesz

transform of a function f is [F(A% 1, A2 f )]% As a noncommutative extension of Meyer’s result,
Junge/Mei proved in [JM10] that

142 fllL, o) < llT( N2z, 0,

for 2 < p < oo and self adjoint elements f € L,(N') with additional assumptions on T;. We will
extend this Ly-boundedness to L> — BMO boundedness.

Theorem 4.8. Assume T; admits a Markov dilation and satisfies T2 > 0, we have

1 1 N
1429l proer) < cmax{|[[I'(g, )12, [I[T'(g", 912 I},

for g e A.
Proof. By the assumption of a Markov dilation (7, E}) of a standard semigroup 7; = et we
have
u aTrit u
Eymyf —mif = m(Tyu—tf — f) = m o fdr = —E; mrAfdr,
t ¢
for f € dom(A). Apply to the Markov dilation (7, Et) of the new semigroup T, = e*t‘g, we get

u
Eti'('\uf - ir\tf = —Et/ %rAde
t

Passing to the stopping time t,, we get

ta
B f —funcf = —By / 7, Afdr.

taAt
For a given self adjoint g € A, let

f(s) =T(Psg, Psg),
It is an easy calculation by definition of I'? that
—Af = 2I*(Pyg, Pyg) + 2T'(Plg, Plg).
By I'? > 0, we have R
—Af > 2(P(g, Pg) > 0.
By Lemma 2.5.10 (ii) of [JM10] (note p, denotes the same martingale of 7n,),

ta
P10y =500 |Er [ FD(Pg, Pog)r]|
ta AL
Therefore, by Proposition 4.6,
1 2 1 2 ~ ta
AE‘ zHPAAﬁ H - E/ 7 T(Plg, Plg)d
H 9| saroer) ria(A29)|, Sl;pll T (Psg, Peg)dr||
tq R N
<sup||~ B [ #Afdr| = sup| B, f - Feunef |
to At
< Fea Il + sup [Feane/ | = 17D (Pg, Po)ll + sup |Feunil'(Py, Po)ll

< |7, PT(g, 9)|| +Slt1p | Te.ntPT (g, 9)||
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= 7. PT (g, g)ll + sup || Ex7e, PT (g, 9)l|

< 2[[T'(g, 9)II-

For non-self adjoint g, we obtain the desired inequality by splitting g = g*% + iifT_ig. |

Corollary 4.9. Let T; be a standard semigroup satisfying I'> > 0 and admitting an a.u. con-
tinuous Markov dilation (see definition at the beginning of the next section). We have

l * *
142 9|2,y < ecpmax{|[[(g, 9)||L, ). IT(" 9L, }s
for2 < p < oo.

Proof. By the same argument used in the proof of Theorem 4.8, we have

~ 1 * %
1Pria(A29)[|  oit,) < cmax{|[T(g; )|z, IT(™ 97,0 }-
We then obtain

1 * k
A2 gl L,y < epmax{[[T(g, 9)llL, ) IT(g" 9L, 000}

for p > 4 by Lemma 4.7 and Proposition 5.1. The same inequality is proved in [JM10], Theorem
2.5.13 with constant ¢p for 2 < p < 4. |

Remark 4.10. Let N be a commutative von Neumann algebra, for ezample N' = Loo(R™). Let

A=A on R™ and R be the classical Riesz transform, i.e. R(f) = (--- ,81-(—&)_%]‘,-'-). It
is well known that R is Ly-bounded uniformly on the dimension n for 1 < p < oo (see [Ste83],
[Mey84], [Pis88]). For p =1, a dimension free weak (1,1) estimate is due to Varopoulos (see
[Var81]). It is desirable to have some results for p = oo which implies the estimate in the range
1 < p < oo by interpolation. Note, in this case,

1 £l oy = IR() Brmo)-

By Proposition 2.5, we have the dimension free estimate
RN Bro) < el fllso-

5. INTERPOLATION

We will prove an interpolation theorem for BMO spaces associated with semigroups of oper-
ators. Our BMO spaces are then good endpoints for noncommutative L, spaces.

Let (T3) be a standard semigroup on N admitting a (reversed) standard Markov dilation
(My, 7, Ey). We say the dilation has a.u. continuous path if there exist weakly dense subsets
B, of L,(N) such that both m(f) and n(f) have a.u. continuous path for all 2 < p < co. Here
m(f) and n(f) are martingales given as in (4.7) and Proposition 4.4.

Proposition 5.1. Suppose a standard semigroup Ty satisfies I'? > 0 and admits an a.u. con-
tinuous standard (reversed) Markov dilation (m, My). Then the martingale o (f) = Teuns(Pf)
in Meyer’s model is a.u. continuous for all f € L,(N),p > 2.

Proof. This is the second part of Lemma 2.5.3 (ii) of [JM10]. [ ]

We use the notation Lg(/\/' ),1 < p < oo for the complemented subspace of L,(NN) which is
orthogonal to

ker(Ap) = {f € dom,(A),Af = f} = {f € Lp(/\/'),lignth =f}.

Equivalently, L)(N) = {f € Ly(N),limoe T3 f = 0} and hence we may also view L)(N) as a
quotient space. The limit is taken with respect to the || - ||z, r-norm for 1 < p < oo and is
with respect to the weak* topology for p = 1,00. Recall from Proposition 2.3 we know that
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I lomoc(7) and || - [| pasoe(7) are norms on the quotient space N U LY(N). Note Af = 0 implies
1

T.f = f and P, f = f for all ¢, we get ker(A%) = ker(As) = {f,lim; P,.f = f}. So || - ||BMOC(P)

and || - [|pmee(p) are norms on N° U LY(N) too. The same is true for || - || garoe(rys || - ”BMoc(f)7

and for || - [|prroe(a)-

5.1. Interpolation in the finite case. We assume that the underling von Neumann algebra
N is with a finite trace 7 in this subsection. In this case, all the BMO-norms associated
with semigroups are bigger than the Ly(N)-norm up to a constant. Let BMO(T), BMO(P),
BMO(T'), BMO(T'), BMO(8) and bmo(T),bmo(P) be the spaces of f € LI(N) with finite
corresponding BMO-norms. We consider the complex interpolation couples [X, Lg(./\/' )] 1 with

X any of these BMO spaces. See [BL96] for basic properties of complex interpolation method.
Theorem 5.2. Let (T}) be a standard semigroup of operators. We have
(i) Assume (Ty) admits a standard Markov dilation. Then
L9,(M) = [X, L)1,
with equivalence constant ~ pq for allp > 1,q > 1 and X being semigroup-BMO spaces

BMO(T), BMO(P), BMO(I'), BMO(d), and bmo(P).
(ii) Assume (T3) admits a reversed Markov dilation with a.u. continuous path. Then

qu(N) - [me(T)7 LS(N)]éa

equivalence constant ~ pq for all p > 1,q > 1. If, in addition, T} satisfies T? > 0, we
have

Lpy(N) = [BMO(T), Ly(N )]s,
equivalence constant ~ pq for allp > 1,q > 1.
Proof. For any choice of X, note that the trivial inclusion N° C X implies
Ly, (N) C [X, Lg(/\/)]é .

Assume a Markov dilation exists, for X = BMO(0), we consider Meyer’s model in section 4.

Note (14(2))o = Eomy, () = moPyx for all x € Ly(N) 2 X. According to Lemma 4.6 (ii), we get

that Py, embeds BMO(9) into BMO(M,). Thus Py, embeds [BMO(), LY(N)]1 into
q

[BMO(M,), Lp(./\;la)]% because it embeds L,(N) into L,(M,) too. Note

[BMO(Ma)va(Ma)]% = Lpg(Ma)
with equivalence constant ~ pg by Lemma 4.2. We deduce that,
([ Por T, @l pg < Cqux”[BMO(a),Lg(N)]%
holds for all z € [BMO(8),L)(N)]:. By Lemma 2.5.11 of [JM10], we have (note p, there
q
denotes 7, and Pr is the projection to L)(N))

[2llpg <2 lim || Porrr, zllpg < cpgllzllizaros),om)

Q=

We obtain the desired result for X = BMO(8). For X = BMO(P), bmo(P), BMO(L), BMO(T),
the interpolation result follows from the relation that N* C X ¢ BMO(9) because of Theorem
2.6 and Proposition 2.5 (ii).

We now prove (ii). Assume the admitted Markov dilation has a.u. continuous path. By
Proposition 4.3, we see that mg embeds bmo(7) into bmo(M). Now, for any x € bmo(T) C
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Lo (N), we can find a net x) € Loy(N) NN converging to x in La(N). So mg(xy) € La(M) N M
converging to mo(x) in L2(M). By Lemma 4.1, mo(z) € BMO(M) and ||mo(z)| prroy <
cllzl|pmo(r)- Therefore, mg embeds bmo(T) into BMO(M). By the same argument used for the
proof of (i), we obtain the desired result.

We now turn to BMO(T'), Lemma 4.6 (iii) implies that Ppmry, embeds BMO(T) into bmo(M,).
Note that Proposition 5.1 implies the a.u. continuity of 2 (z) = (B, z); for all 2 € Ly(N)NN
assuming T2 > 0. Then Ppr,, embeds BMO(T) into BMO(M,) by Lemma 4.1 and the ar-
gument used for (ii). Repeat the argument used for the proof of (i), we obtain (iii). [ |

Remark 5.3. According to [JRS] we have a Markov dilation for finite von Neumann algebras.
Hence BMO(0) solves problem (0.1) in this case.

As a consequence, we obtain the boundedness of Fourier multiplier M, discussed in Section
3.

Corollary 5.4. Let (1}) be a standard semigroup admitting a Markov dilation. Let M, be as in
Section 2. Then

(5.1) [MafllL,ivy < epllfll, s

with ¢, in order of ~ max{p, p%l} In particular, for M, = L', we have
(5.2) 1Ll < cspll Flln, o)

with

).

Proof. Apply Theorem 3.3 and Theorem 5.2 to M, and their adjoint operators, we have for
feLyN),

1 SERY TS TS
~ 2 -
Cs7p - maX{p, p _ 1}|S| P eXp(| 2 p ’

1
[Mafllzyo < emax{p, =7 H fll,00)

for all 1 < p < oco. Since M,’s vanish on f with lim; T3 f = f, they are bounded on the whole
L,(N). For M, = L, we have

IL* sy < 1,00,
IL* fllppo@y < P —is) " | fllzmoc):-
By interpolation, we have, for all 1 < p < oo,
12l 0 < ema{p, 300 = i) g, 00
It is well known that, e.g. see page 151 of [Tit],
(5.3) ID(1 — is)| = |s|3e~ 5.

Therefore, we conclude,

. 1 _jl_1y |ms_ms
125y < emaxtp, = Hsl 27217 1 0
]

Remark 5.5. It is known that standard semigroups (T;) on von Neumann algebras VN(G)
of a discrete group always admit a Markov dilation (see [Ric08]). Moreover, a recent result of
Junge/Ricard /Shlyakhtenko (see [JRS]) shows that standard semigroups (1¢) on any finite von
Neumann algebras admits a Markov dilation and for the bounded generators Ay = t= (I — Ty)
the Markov dilations also has almost uniformly continuous path.
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Remark 5.6. The L,-boundedness of Fourier multipliers M, could be proved directly following
E. Stein’s Littlewood-paley g-function technique (see [Ste61]) by the noncommutative Hy, theory
developed in [JLMXO06], with worse constants. It could be also obtained following a classical
argument of M. Cowling (see [Cow|) through ‘transference technique’ in the noncommutative
setting, which could become available after [JRS|. However, ‘transference technique’ does not
seem to work for BMO. Cowling did obtain optimal L,-boundedness constants for the imaginary
powers L* on abelian groups, although our method provides a slightly better estimate on s as
s — oo (see (5.2) ). But Cowling did not have optimal Ly-boundedness constants for general

multipliers My’s (he had ~ max{pg, (p— 1)73}, see Theorem 3 of [Cow]).

As another application, we obtain optimal constants for the noncommutative maximal ergodic
inequality proved by Junge and Xu (see Theorem 5.1 and Corollary 5.11 of [JXO07]).

Corollary 5.7. Suppose (1}) is a standard semigroup admitting a Markov dilation, then

1
(p 1)2}HfHLp(N)

Proof. The proof is to write T} —% fg T,dv as an weighted average of L for each ¢ as Cowling did
(see [Cow]) and use the uniform estimate of L,(N\')-boundedness of L. From the elementary
identity

(5.4) | sup Tifll,wy < cmax{l,

1 —+00 ) 1
/ ABST(1 —ds) (1 +is) tds = e — / e~ "du,
0 0

™

we deduce by functional calculus that

™

1 “+o00 . 1 1 t
(5.5) / (tL)*T(1 —is)(1 4 is) tds = et — / e Uhdy =Ty — t/ T,dv.
0 0 0

Theorem 4.1 and Theorem 4.5 of [JX07] imply that

1 [t 1
(5.6) Isup - / T, fdvl| o) < cmax{p, 5 Il o0)-
t tJo (p—1)

On the other hand, for any a € Ly(N;, L1(0,00)), + + % =1, we have

1
p
%) —+o00 )
Ir /O alt) /0 (L) (F)T(1 — is)(1 + is)~Ldsd]
—+o00 0 . .
~ /0 /0 (DAL (T — is)(1 + is)~ds|

00 ) +oo )
60 < sl [t [ I 000 = i1+ i) s

A combination of (5.2), (5.3), (5.5), and (5.7) implies that

o] 1 t 1 o]
68 Ir [ a0 - [ Tavat] < cmax(p =) [ etttz e,

Without loss of generality, assume f > 0. We deduce by duality (see Proposition 2.1 (iii) of
[JX07]) that,

| SlithfHLp(N)

< sup T/ a(t)Tyfdt,
0

a€Lq(N+,L1(0,00)),[lal|<1
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00 1 t 1 t
_ T/ ﬂf—/Tﬁm+/1UMMt
aELq(J\/’+,L1 0 o)), llall<t  Jo t Jo

00 1 t 1 t
< sup 7'/ a(t)(Ti f — / T, fdv)dt + || sup / T, fdvdt| 1, ar)-
a€Lg(Ny,L1(0,00)),]lall<1  Jo t tJo

By (5.6) and (5.8) we obtain,
1
T; < . — .
[ sup tfllz, ) < cmax{p®, = 1)2}\\fHLp(N)
Note

[ sup Tiflloeovy < I llzeovy

Apply the interpolation result of Theorem 3.1 of [JX07], we obtain

1
oo

for all 1 < p < oco. |

||Slz‘thf||Lp(_/\/) < cmax{l,

5.2. Interpolation in the semifinite case.

We will extend Theorem 5.2 to the case that the underling von Neumann algebras N is
semifinite. In this case, BMO is no longer a subspace of Ly. To study the interpolation result,
we first have to obtain a larger space that the interpolation couple BMO, L, belongs to.

5.2.1. L,-Hilbert module. We will need the following definition and lemma of L,-Hilbert module
due to Junge/Sherman (see [JS05]). For p = oo these spaces are well-known through the GNS

construction for a completely positive map (see Paschke [Pau02] and Lance, [Lan95], Corollary
6.3).

Definition 5.8. Let M be a semifinite von Neumann algebra. Let E be an M right module with
an Ly (M)-valued inner product (-,-). A (right) Hilbert Ly(M) (1 < p < o) module, denoted

1
by Ly,(E), is the completion of E with respect to the norm || || = ||{;, >||z M . A (right) Hilbert
2

Loo(M) module, denoted by LS (E) is the completion of E with respect to the strong operator
topology, briefly STOP topology. The STOP topology is induced by the family of seminorms

lzlle = 7(¢(z,2))]z.

Here is an easy proposition which we will use frequently.

Proposition 5.9. Suppose (LS (E), (-,-)) is a Hilbert Loo(M)-module. Suppose a net xy € M
converges to © € Loo(F) in the STOP topology. Then (xx,x)) weak* converges in M. We
denote the limit by (x,z).

Given a Hilbert space H, denote by B(H) the space of all bounded operators on H. Choose
a norm one element e € H, let P, be the rank one projection onto Span{e}. For 0 < p < oo, let

LP(M,H,) = Ly(B(H) @ M))(1® F.).

Namely, LP(M, H¢) is the column subspace of LP(B(H) ® M)) consisting of all elements with
the form z(1 ® P,) for x € LP(B(H) ® M)). The definition of LP(M, H¢) does not depend on
the choice of e. LP(M, H¢) can be identified as the predual of LY(M, H.) with ¢ = z% for
1 < p < oo. The reader can find more information on LP(M, H.) in Chapter 2 of [JLMXO06].
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Lemma 5.10. L;(E) is isomorphic to a complemented subspace of LP(M, H..) for some Hilbert
space H. Moreover, the isomorphism does not depends on p and

(5.9) (Ly(E))" = Le(E),
forall 1 <p < oo, % + % = 1. Here the anti-linear duality bracket (w, z) = tr({(w, z)) is used.
5.2.2. Interpolation for BMO(d), BMO(T), BMO(P), BMO(L') and bmo(P). We use Meyer’s

model to prove an interpolation result for the BMO space corresponding to the || - [[pm0(9)-norm.
For € N'° we recall the definition

el = supll [ PAEL sl = supl] [ Pusal o) P i s)is]
Define the L (R ) ® N -valued inner product on N'®@ A by
@®my®®aZGXAwP%Aﬂ®ﬂﬂ@Dmm@$%%-
Let V' be the Hilbert L°-module corresponding to this inner product. Let BMO(0) be the
strong operator closure of NV in V via the embedding

P:x—2rx®1.

Let BMO"(9) be the strong operator closure of A° in V via the embedding z — 2* ® 1.

We define the column and row space of BMO(T), BMO(P), BMO(T") and bmo(P) similarly
by using Hilbert L.,-modules corresponding to respective BMO-norms given in Section 2.

To understand the intersection of BMO¢ and BMO", we need the following observation.

Lemma 5.11. Let o € X with X € {BMO®(d), BMO®(T), BMO(P), BMO(I"), bmo¢(P)}.
Then Pz exists in N and

(5.10) |P{zlloo < CtHz]lx -

Proof. Fix t > 0. Let xy € N* C BMO®(9) be a net such that ®(z)) = z) ® 1 converges in
V with respect to the STOP topology. We will show that P/z) weakly converges in A/ and the
limit (denoted by P{x) has norm smaller than ct™!||z|| gpsoe(9). This is what we mean by Pl
exists in V.

We first deduce from Proposition 1.2 that, for ¢ > 0,

tz 8P2t 2 t aPQt 2 ! / 2
—] x| §/ | x)\|“sds = / | Por—s Py y|“sds
2 2 o | 2t 0 e

t Lot — s
< [ PusPisPsds < [ 2 PPl Psds
0 o t+s

(5.11) < 2/00 Piys(|Play|?) min(s, t)ds
0
(5.12) = 2(®(xr), P(22))o -

By Proposition 5.9, we know that P/x) converges with respect to the strong operator topology
of N and the limit exists in A with a norm bounded by §[|x| grroe(a), since ®(xy) converges in
the STOP topology. Note the || - || garoc(9)-norm is smaller than any of the other X-norms by
Lemma 2.5 (ii) and Theorem 2.6. We obtain (5.10) for all X. [ ]

We say that x € BMO¢(9) belongs to BMO"(0) if P/x = P/y for some y € BMO"(09) for all
t > 0. This y is unique in BMO"(0). In fact, assume there are two weak®™ convergent nets yy, 7
in BMO"(9) such that P/x = P/y = P}y holds for the limit elements y, 7 € BMO"(9) and any
t > 0. Then P/(yyx — y) converges to 0 for any ¢ with respect to the weak* topology of N.
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Hence [ Pyrs| Pl(yx — §x)*[*sds weak * converges to 0 for any b by the dominated convergence
theorem. This means y — gy = 0 in BMO"(9). Set BMO(0) to be the space consisting of all
such x’s equipped with the maximum norm

HIL‘HBMO(a) = maX{||x||BMOC(8)> Hy||BMOT(6)}7

Here y is the unique y € BMO"(9) such that P/xz = P/y for all t > 0 as we explained above.
Define BMO(T), BMO(P), BMO(T') and bmo(P) to be the intersection of the corresponding
row, column spaces similarly.

Once we have these definitions, the same proof of Theorem 5.2 implies

Theorem 5.12. Let 1 < p < co. Assume a standard semigroup Ty admits a standard Markov
dilation. Then
(X, LN = Ly(N)

p

with equivalence constant in order p for X = BMO(8), BMO(T), BMO(P), BMO(L) or
bmo(P).
5.2.3. Interpolation for bmo(T). For the interpolation for bmo(T ), besides an appropriate def-
inition of the interpolation couple bmo(T), L1, we also need to show that Lg(./\/' ) is dense in
[bmo(T), LY(N)]1 because we only assume that the special martingales m(x)’s have a.u. contin-
uous path and ge;eral martingales may not, while in the case of BMO(9) we have automatically
that all Brownian martingales have continuous path. This difficulty already appeared in the fi-
nite case (see the end of the proof of Theorem 5.2). We will go around it by defining an abstract
predual of brno(T).

For a standard semigroup 7 = (7;) on N. We consider the Ly (lo(Ry) ® N)- valued inner

products on F = ((R4+) @ (N @ N),
(a®b,c@d)p = b;Ti(ajct)ds, (a @b,c @ d)p = biTi(arcy)dy,
for a®b € loo(Ry) @ (N ®@N). Denote by Vi (vesp. V') the Ly(Loo(Ry) ® N)-Hilbert module

corresponding to E, (-, )5 (resp. E, (-,-)%).
Let us denote by w : N' — E the embedding map w(z); =z ® 1 —1® Tyz. Then

(w(z),w(z))y = Tilz® — Tl

(w(z),w(x))y = Tla** - |Ta*|*.
Denote by w} (resp. wjy) the adjoint of w with respect to N, 7(z*,y); E,(-,-)5 (resp. N,
T(zy*); E, (-,-)7). We have

(5.13)  wi(a®b) ZatTtbt — Ty(Ty(ag)by) , wi(a* @ b*) ZTtbt (b Ty (a})),

fora®be l1(Ry)® (N®N) Indeed, for x e N and z =a®b = (at®bt)t,
r(z¥w!(2)) = TZ(@C @1-1®Tw,a, @b)5) = 7> (Ti(x*ar)by) — tr(Ty(z*)Ty(ar)by)
t

_ TZ (a:Ty(by) — Te(Ti(ae)by))) -

Definition 5.13. (i) The space bmo®(T) (resp. bmo"(T)) is defined as the weak*-closure
of NV in VE (resp. V) via the embedding w.
(ii) hS(T) (resp. hi(T)) is defined as the quotient of VI (resp. V") by the kernel of w} (resp.
wk). The Hardy space hi(T) is defined as h§(T) + hi(T) C Li(N). More precisely, for
f € Ll (N)7
[fllns ¢y = mf{l[ollve, we(v) = f}-
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In the following Lemma we report some elementary properties.

Lemma 5.14. (1) z € h§(T) iff z* € hi(T).

(ii) h$(T) N RI(T) N LY(N) is dense in L)(N) for 1 < p < oo.

(iii) h1(T) N Ly is dense in hi(T) for all 1 < p < co.

(iv) (R(T))* = bmo®(T), (R{(T))* = bmo"(T). Assume h{(T) N Rh{(T) is dense in both
h$(T) and k. Then (h1(T))* = bmo(T) = bmo®(T) Nbmo"(T).

(v) Assume that (Ty) admits a reversed Markov dilation My, . Then the homomorphism
70 : N0 — bmo®(M) extends to a weakly continuous map on bmo°(T) and h$(T)NAY(T)
is dense in both h{(T) and h}(T).

Proof. (i) is obvious because a ® b € V¢ iff a* ® b* € V] and w is bounded and injective from
N to VE N VL. For the proof of (ii), we first show that

{aTy(b) — T(Ty(a)b) : t > 0,a,b € Ly N Loo} C Ly(N)
is dense in L)(N). Indeed, let y € Ly (N) such that
(5.14) tr(aTy(b)y) = tr(Ti(Ti(a)b)y)

holds for all a,b as above. By approximation with support projections and the weak continuity
of T;, we deduce from (5.14) and the self adjointness property of T; that

tr(ay) = lir;ltr(deuﬂ(e,\)y) = l)i\riltr(ﬂ(deu)e,\ﬂy) = tr(aTay) .

This shows T (y) = y and hence y € Ly (Ny) = (ker A)iH > Hence L)(N) N hS is dense in
LY(N). Similarly, L)(N) N AT is dense in L)(N).

For (iii), Let A be the set of a ® b = a(t) ® b(t) with a(t),b(t) € L1(N) NN for all ¢ and
a(t) = b(t) = 0 except finite many t’s. Then w}(A), w}(A) € L,(N) and A is dense in V{ and is
dense in V{". We conclude that h§(7) N Ly(N ) is dense in h§(T) and A} (T) N Ly(N) is dense in
RY(T). So hi(T) (N Lp(N) is dense in hy(T).

For the proof of (iv) we see that the inclusion map ¢ : hf — Lq(N) is injective. By the Hahn
Banach theorem, we deduce that *(N) C (h§)* is weakly dense. However, by definition h§ is
a quotient of V. Hence (h{)* is a subspace of V<. We then deduce from (5.13) that, when
restricted to AV, the map ¢* is given by *(z)(t) = 2 ® 1 — 1 ® Tyz. Thus we have

(h))* = «N) = bmo°.

Taking adjoints we get (h])* = bmo”. Since X = h{ N A is dense in both spaces, we may then
embed bmo® and bmo” in X*. We see that the inclusion map tx : X — Lq1(N) is injective and
factors through the inclusion map ¢y, : hy — L1(N). Since X C hy is dense, we deduce that hj
is the weak*-closure of .

np = r0T M c xe
Note that the last inclusion is injective and certainly h] C bmo® N bmo” because elements
in N give rise to functionals which coincide on the intersection. For the converse inclusion
bmo® Nbmo” C hj, it suffices to recall that a bounded functional extends uniquely from a dense
subspace.

We now prove (v). Recall that a net z) € N weakly converges in bmo®(T), if the inner
product (w(zy), w(z)))s = Ty|z|* — |Tiz|* weakly converges in o, @ . This is equivalent to the
weak convergence of (o)), moxa))e = m(Ti|z|* — [Tyx|?) in fo ® M, which is the meaning of
weak® convergence of (moxy) in bmo®(M) (see [JP]). Therefore, mo(bmo®(T)) C bmo®(M) is a
weak™ closed subspace and 75 (h§(M)) = h§(T). We obtain the density of b} (T)NA](T) C h§(T)

by the corresponding result on martingale Hardy spaces. |
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Lemma 5.15. Assume that a standard semigroup (13) has a reversed Markov dilation with a.u.
continuous path. Then

mo(Hi(M)) C hi(T) C Li(N) -

Proof. We have seen that nj(h{(M)) = h{(T) and n{(H{(M)) C n{(Li(M)) = Li(N). Let
us recall that H{(M) = h§(M) + h$(M). We are going to show that 7 (h¢(M)) vanishes in
Ly(N). By density it suffices to consider & € h{(M) N h%(M) for some 1 < p < 2. Recall that
there are weakly dense subsets B, of Ly(N') such that the martingale m(f) = (E(mof)); has a.
u. continuous path if T; admits a reversed Markov dilation with a.u. continuous path. (see the
definition at the beginning of this section). Let y € B,. By Lemma 4.1,

Im0()llpg = 0.
This implies

|tr(m6(€7)y)| = [tr(&mo(y))] < Hm [€]lpg o) oY)l = O

Hence tr(7§(€)-) vanishes on a weakly dense set of Ly(N) and is 0 in L,(N). So it is 0 in Ly (N).
Thus 7§ is 0 on h{ N hg and hence identically 0. Therefore we have indeed nj(H{(M)) C
hi(T). |

Theorem 5.16. Let 1 < p < oo and (T}) be a standard semigroup admitting a reversed Markov
dilation with a. u. continuous path. Then

[bmo®(T), LYM)]1 = [bmo(T), h(T)]s = W h(T)lL = Ly(N).

1
I3

Sl

2
Ly(N) = m5(moLy(N)) € m5(Lp(M)) € mg[L3(M), Hi(M)]p € [LHN), ha(T)]e.
Combining this with the trivial inclusion
[L3WN), h (T © [LSN), LI(N)]o = Ly(N)

we equality in this range. Theorem 5.16 follows by duality and Wolffs’ theorem (see [Mus03] for
a similar argument). [ |

Proof. By Lemma 5.15, we have, for 1 < p < 2 and % = 140

5.2.4. Interpolation for BMO(T'). Our last concern in this section are interpolation result for
BMO(T) spaces. We first need some definitions. We define a ¢*°(R ) ® N-valued inner product
on N ®@ N by

(x®@a,y@br = a / Py I'(Psx, Pyy) min(s, b)dsb .
0

Let £ be the Hilbert /*°(R) ® N-module corresponding to this inner product. Recall that we
denote by Pr the projection on the spatial part in Meyer’s model.

Definition 5.17. Let BMO®(T) be the weak*-closure of NV in L via the embedding
Pz —-2®1.
Let BMO"(T) be the weak*-closure of N° in L via the embedding v — z* ® 1.
Let x5 € N be a bounded net in BMO*(T") which weak* converges to x € BMO¢(T). Recall
that Pz exists in BMO®(T") for any b > 0 and

S(t) = /000 P T'[Ps(x)] min{t, s}ds.
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exists in loo(R4) @ N as the weak* limit of
o0
S\(t) = / Py oD [Py ()] min{t, s}hds.
0

Here and in the following, I'[z] denotes I'(x, z) for simplification. We need the following lemma
to understand the intersection of BMO¢(I") and BMO"(T").

Lemma 5.18. Let (T}) be a standard semigroup satisfying T? > 0. Then, for any x €
BMO“(T")
(i) Py (Pyz, Pyx) exists in N for any b > 0, and

6
1P (P, Poa)l| < w5l fpasoery-
(ii) Ty| Pyx|? — | Ty Pyx|? exists in N for any t,b > 0 and
6t
1T Pyl = 1T PPl < S5 llolBasoery:

(iii) Pyx weak * converges to x in BMO®(T") as b — 0.

(iv) x =0 in BMO(T") iff Pox =0 in bmo®(T) for any b > 0.

The similar properties hold for y € BMO" ().
Proof. Let us fix b > 0 and a net x) € V¥ such that ®(z)) converges with respect to the STOP
topology in £. By (i), we mean that PyI'(Pyxy, Pyz)) weak® converges in A and the limit is
with a norm smaller than %HxHQBMOC(F). We first deduce from I'> > 0 and Proposition 1.2 that

b2 b b
EP2bF<Pbx)” Pbe) = / PQbF(Pbx/\, Pba:A)sds = / Png(Pb,sPSI',\, Pb,SPS.%')\)SdS
0 0

b
< / Py, T'(Pszy, Psxy)sds
0

b
(5.15) < 3/ Py ' (Pszy, Psxy)sds.
0

By Proposition 5.9, ®(z)) converges in the STOP topology implies that the last term in in-

equality (5.15) weak * converges in N. Thus I'(Pyx), Pyxy) weak * converges in A/ and the limit

exists in A/ with a norm bounded by %HxH%Moc(F). For (ii), we apply lemma 1.1 (i) and I'? > 0

and get

t
T\Pya? — T, Pyaal? = / Ty \D(T, Pyay, Ty Py )ds
0

t
S/ T%P@F(Pg.x/\,ng)\)ds = tTtP@F(Pg.T)\,PgJ})\).
0 3 3 3 3 3 3

Applying (5-15), we have

o4t
2
Thus T;| Pz y|*> — |1, Py |* weak * converges in A and the limit exists in AV with a norm bounded

b
Ty|Pyxy|? — [Ty Pyzy|? < Tt/ Py T (Psxy, Poxy)sds.
0

To prove (iii), we use the same idea in the proof of Lemma 3.2. For any t > 0,0 < b <
min{t?,1}. Let Qyz = (I — Py)x = féj 982 ds. Then

/OOO Py sT[PsQp(x)] min{t, s}ds
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oo b+s P,
= / P min{t,s}F[/ 0 “xdvlds
0 s av

[ b+s
/ min{t, s}lPtJrs(/ F[vaPU m]dv) ds
0 S s 0

(%

0o b+s
(Prop. 1.2) < 2/ Pt(/ F[vanx]dv>d5
0 s

ov
b+s
oo PU
(change of variables) = 8 / Pt< / ’ F[Ua Pw:]dv)ds
0 =2

s ov
2

o bts
~ 3 / Pt< / ’ PUF[va]dv>ds
0

(Integrate on ds first) = 8/ P,P,I'[Pyx] min{2v, b}dv
0

IN

(first ineq. of Lemma 3.1)

IN

0 Vb
8/ PthF[PU:U]bdv—i—S/ P,P,T'[P,z]vdv
Vb 0
o0 Vb
< 8Vb / Py oT[Pyz] min{t, v}dv + 8 / Py T[Pyx] min{t, v}dv.
Vb 0
Thus, for any ¢t > 0,g € L} (N),
oo [ PasTIPQy@)] mint, s}ds)
0
o0 Vb
< 8\/57(9/ P T[Pyx] min{t,v}dv)+87(g/ P, I'[Pyx] min{t, v}dv).
Vb 0

This means

lim 7(g /0 " P TIP.Qy(a) min{t, s}ds)

o0 Vb
< 8\/(311{{17’(9/ P, I'[Pyzy] min{t,v}dv)+8li§\n7'(g/ P ,I[Pyxy]) min{t, v}dv).
Vb 0

The first term in the right hand side converges to 0 as b — 0. We claim the second term converges

to 0 too. If not, there exists € > 0 such that 7(glimy fo\/g P, ,T'[P,x)\] min{t,v}dv) > € for all
b. We reach a contradiction with the absolute continuity of integrals by choosing x ), such that
7(glimy fol Py oT[Py(z\ — x),)] min{t, v}dv) < §. The assertion (iii) is proved.

We now prove (iv). Let xy € NV be a net weak* converges to z in BMO¢(T'). Suppose
xz = 0 in BMOS(T"). The proof of (ii) implies that w(Pyx)) weakly converges to 0 in V<.
Here w and V< are the embedding and Hilbert Lo,-module defined for the study of bmo®(T) in
Section 5.2.3. Therefore, Pyx) weakly converges to 0 in bmo®(T) for every b > 0. To prove the
reverse, recall that P,z weakly converges to 0 in bmo®(7T) means that Ti| Py (z))|> — |1y Py (z))|> =
f(f Ti—sU(Ts Pyxy, Ts Pyxy)ds weak * converges to 0 in N for any b > 0. Use the same idea as
the proof of (ii), we have tP,Ti(x)) weakly converges to 0 in BMO®(I") for any b,¢ > 0. Then
Pyy(z)) weakly converges to 0 in BMO¢(T) for any b > 0 since b*P, is an average of tT;. This
means P,z = 0 in BMO¢(T") for any b. By (iii), we conclude that z = 0 in BMO®(I").

The same argument works for BMO"(I). [ ]
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For x € BMO“(T"),y € BMO" ("), we say x = y if Py(z —y) = 0 in bmo®(T) Nbmo"(T) for
any b > 0. For x € BMO(T") given, such a y is unique in BMO"(T") because of Lemma 5.18
(iv).

Definition 5.19. Let BMO(T') be the space of all x € BMO®(T") which belongs to BMO"(T")
too. Define

Izl Barory = max{||z|| garoe(ry, 1yl Baror ) }-
Here y is the unique element in BMO"(I") such that Py(x —y) = 0 in bmo®(T) Nbmo"(T) for
all b > 0.

Theorem 5.20. Let (T}) be a standard semigroup satisfying I'? > 0 and admitting a reversed
Markov dilation with a. u. continuous path. Then

[BMO(L), LY(N)]a = LY(N) .

q
P
Proof. Let z € BMO(T") ﬂLg (NV). By Proposition 5.1, we know that 7, () has continuous path
with respect to the filtration Ma’t. Note that

o (€) = Pr(me, (2)) + Por (76, (7)) -

However, Py, (m,(2)) = [y 7 (0Pp, (x))dr is a stochastic integral against the Brownian motion
and hence has continuous path. Taking the difference, we know that Pr(m¢,(x)) has a.u. con-
tinuous path. We can now copy the proof for bmo(7T). More precisely, let hi(I') be an abstract
predual of BMO(T"). Similar to the proof of Lemma 5.15 we have g (PrHf(M)) C h{(T") since
75 (h$(M)) = {0}. Then, by the same argument used in the proof of Theorem 5.16, we have

Ly(N) € [LYN), ha(T)] 2,
P
for 1 < p < 2. By duality and Wolff’s theorem, we obtain the result. |

Open problems. At the end of this article we want to mention some open problems.

(i) H'-BMO duality for semigroup of operators. Fefferman’s H'-BMO duality theory has been
studied in the context of semigroups by many researchers. In particular, Varopoulos established
an H'-BMO duality theory for a “good” semigroups by a probabilistic approach. Duong/Yan
studied this topic for operators with heat kernel bounds (see [DY05a]). In their proofs, the
geometric structure of Euclidean spaces is essential. Mei (see [Mei08]) provides a first approach
of this problem in the context of von Neumann algebras with two additional assumptions on the
semigroups. The authors expect a more general H!-BMO duality in the context of semigroups.

(ii) Comparison of different semigroup BMO-norms. There are several natural semigroup
BMO norms as introduced in this article. A complete comparison of them is in order. In
particular, it will be interesting to investigate the conditions on the semigroups so that we have
the estimates,

(a) || - HBMOC(P) ~ |- ||BMOC(8) ~ |- HBMOC(F)-
’ ||BM0c(f)-

b) H Hbmo° P) = || HBMOC(P) ~

(

(©) I+ lomoe(ry = Il - I Br1Oe (-

(¢) supy [|Tyx — Top|| < cl|2lpmos(T)-
(

d) sup, ||T; [y |95 Psds|| < cllz]®.

(iii) The classical BMO functions ¢ on R is integrable with respect to 5 +t2 dt. What is a
noncommutative analogue of this property ¢ A more precise question is, does there exist a
normal faithful state 7 on A such that 7|z| < c[|z||gprocr) for x € N.
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