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ABSTRACT. Let ®(t) and ¥(¢) be nonnegative convex functions, and let ¢
and v be the right continuous derivatives of ® and W, respectively. In this
paper, we prove the equivalence of the following three conditions: (i) ||f*||e <
cllfllw, (i) LY € H® and (iii) fsto @ds < cip(ct), VYt > sg, where LY and
H?® are the Orlicz martingale spaces. As a corollary, we get a sufficient and
necessary condition under which the extension of Doob’s inequality holds. We

also discuss the converse inequalities.

1. INTRODUCTION

Let @ be a nonnegative convex continuous function on [0, 00) with ®(0) = 0 and
lim 0o P(t) = o0, and (2, F, ) be a complete probability space. We denote by
M the set of all F-measurable functions and put

L*(Q) = {f € M,3e > 0, E®(e | f|) < oo}
where E stands for the expectation with respect to u. L® (2) is the so-called Orlicz
space (see Rao [L1]). Define || f ||a= inf{k > 0,E<I>(|—£‘) < 1}. Let F, (n>1) be
a nondecreasing sequence of complete sub-o-fields and F = \/;O=O Fn. Denote the

maximal function and the ®-norm of a submartingale f = (fy),~, adapted to F,
(n > 1) respectively by

fr(w) =sup|fa(w)l, [flle =sup | fullo-
n>0 n>0

It is well known that if ® is a strictly convex function on [0, 00) ,i.e. ¢, = infi~g %

> 1 (where ¢ is the right continuous derivative of @), the extension of the classical
Doob’s inequality

1 f* o< csup || fu [lo
n>0

holds for every martingale or nonnegative submartingale f = (f5),,~o; here c is
a constant depending only on ®. When ® is not strictly convex, the situation
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is rather different. To see this, recall Doob’s inequality in the case of p = 1 and
Imkeller’s inequality [4]

* € *
Ef* < ——(1+sup E|fu|log" | fu]), 17711 < esup || fallw,
e—1 n>0 n>0

where U = tlog™ ¢, which hold for every martingale or nonnegative submartingale
f. It means that f* € L' if f € LlogtL.

In [B]-[7], Kita considered some conditions about two such functions ® and W,
for which the inequality

(1) | et @ids <c [ wielf@)is

holds for every function f € LY defined in R"™, where f* is the Hardy-Littlewood
maximal function of f. In particular, he observed that condition (1) holds for every
function f € LY if and only if fot @ds < cp(ct),Vt > 0, where @, stand for the
right continuous derivatives of ® and W, respectively and ¢ > 0 is some constant.
He also considered the condition for which the converse inequality holds. Moreover,
the authors noticed that D. Gilat [2] had obtained a sharp inequality that gives a
comparison of the L, norm of a martingale to the L; norm of its maximal function.

In this paper, we consider the Orlicz spaces of martingales and prove the equiva-
lence of the following three conditions : (i) || f* [[e< ¢ f ||w for every martingale
or nonnegative submartingale f, (ii) LY C H?®, (iii) f:o @ds < cp(et),Vt > so,
where sg, ¢ are some positive constants and the Orlicz martingale spaces L® and
H? are defined as

L ={ f = (fa)nzo : Iflle < oo},
H® = { f=(fo)nz0: |flme = [ f*lle < o0}.

As a corollary, a sufficient and necessary condition under which the extension of
Doob’s inequality holds is obtained. We also consider the converse inequalities for
the regular martingales.

In this paper |A| always means the measure of set A with respect to p.

2. THE MAXIMAL INEQUALITIES

Lemma 1. Let f = (fn)n>0 be a nonnegative submartingale. Then

(2) {fn >t} < %/w|{fn>)\}|d)\, Vt>0, ne N,
and

3 n > A dA < LAl

3) / {fn > A /{M}f ,

Proof. For t > 0, let h, = (fn V ) — & for every n € N. It is easy to see that
h = (hn)n>o0 is a nonnegative submartingale. By using Kolmogorof’s inequality
and Fubini’s theorem we have

* s by <2 _2 LAV
>0l = W> <3 [ hdu=T [ (hvpdu—
2 [ 2 [
= T g e —1=T [ > A
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which implies (2). From this equation we get
2 [ 2
2= [y pa-1<2 [
% {frt> }

which implies (3).

Theorem 1. Suppose that ®, ¥ are nondecreasing convex functions defined on
[0, 00) with ®(0) = VU (0) = 0. Then the following statements are equivalent:
(i) There exist so,c1 > 0 such that

(4) /t @ds < ap(et), V> s.

S0

(i) There exists c4 >0 such that

(5) [ le<call fllw
for every martingale or nonnegative submartingale f = (fn)nZO'
(iii) LY C H®.

Proof. (1)=(ii). We only prove (5) for nonnegative submartingales. By using
Lemma 1 and Fubini’s theorem we get

6) o) = [l > ol
</ °° {217 > 26} (t) + B(s0)
< [T3 ] Het> Marae( + o)
_ / |{2fn>)\}|/ ZdB(t)dA + B(s0)
< B (21 f,) + ®(s0).

Without 1oss of generality, we assume that ||2¢1 f|lg = 1. Then E®(f*) < 1+ P(s0)
and E®( < 1. Hence

1+<I>(9 )) =
I la< 14 ®(s0) <call f [lw,

where ¢4 = 2(1 + ®(sg))cq, as desired.

(ii)==(iii) is obvious.

(iii)==(i). First we prove that (5) holds for every nonnegative martingale
f = (fn)n>o0 with || f|lo = 1. Assume it is not the case. Then for every n, choose
a nonnegative martingale ("™ = (f ,)i>o defined on (Q,, Fn, Fk, itn) satisfy-
ing [|[f™]g =1, || f™* |l > 4". Consider the product space (9, F, Fy, ) =
1152 (R, Fy Fukes fin), where Fj, = [[0, Fur and take h(™ = (hui)k>1, where
Bk = X0, X+ + X XQu_1 X fak X X0, X - It is easy to see that h(™ is a
martingale with ||h(”)||q, =1 and Hh(")*H(p > 4” Let gi(w,t) = ZZO | lak Then
g llws 32050 11 % & o> 157
the fact that g € L‘I’ C H®

To prove (i), let Ay = ( ,%] = o{Ao, A1, Az, - A}, f = txa,, f =
(E(f |F&))k>0, where k,n > 0,t = ( ™). Then f is a finite dyadic martingale
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on (0,1] with & < f*(w) < t. It is clear that ||f [[g= 1 and then || f* [l¢<

callf lw= ca. Thus B®(L) <1, ie.

(7) / T > cas)lo(s)ds < 1.

Notice that 1 < 642:% and |{f* > cas}| = gt when s € (s, zgnme=r) (0 <

kE <n—1). We have

1 g2t 1 42" t ot
S

+1
< . = . * W —, —.
— t 2k+1 t |{f > C4S}|7 s € (042?’17 04]

t
+ gn+l oo ontl 90, W(t
/ Tl < o : / {f* > cas}] o(s) ds < & — < C4t (®) < 2¢q41)(t).
_t 0

o

— t
By the convexity of W, we have < w = S0, Vn >0, and then [ ° 2l) gg <
4 So S

cq2m —
2ca9(t),
u
/ 208) js < degp(w (274
S0 S
1 1
< 2c49(2c4u), Yu € (C—\rl(zn), c—\rl@”“)], n > 0.
4 4
That is,

t
/ @ds < cav(at), YVt > s,
S0 S

where ¢; = 2¢4. This completes the proof.
Letting ® = ¥ in Theorem 1, we get

Corollary 1. Suppose that ® is a nondecreasing convex function defined on [0, 00)
with ®(0) = 0. Then

| f* [le< csup || fu llo
n

holds for every martingale or nonnegative submartingale f = (fn)n>0 if and only if
there exist sg, c1 > 0 such that

t
(8) / @ds < crp(ert), Yt > so.
s0

We will prove in Section 3 that (8) is equivalent to the condition lim; % >1
when ® € Ay (i.e. there exist ¢, o > 0 such that ®(2t) < c®(¢),Vt > o).

Stein [12] proved that if f is a function supported in a ball B C R", then
f* € LY(B) implies f € Llog* L. Kita [7] proved some similar results on the Orlicz
function spaces. The following theorem shows that the situation for martingales is
different, i.e. for martingale space, it can happen that H}rngongL.

Theorem 2. Suppose that ®, V¥ are nondecreasing convex functions defined on
[0, 00) with ®(0) = ¥ (0) = 0. Then the following statements are equivalent:

(i) There exists ¢ > 0 such that li_mt_,ooM > 0.

T (1)
(i) H* C LY.
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(iii) H_q: C L_‘I;, where Hf_’ and L_‘f are the sets of all positive members of H®,
LY, respectively.
Proof. (1)==(ii). The condition lim % > 0 means that there exist ¢; > 0 and
t—o0
no € N such that ®(cit) > U(t), Vt > ng. For f € H?, there exists k > 0 such
that Eq)(f?) < M < oo, and then
(L) < wity) + B o(L) < Wity) + M < oo;
ik 0F T P >no) TN, 0 ’
hence f € LY. Tt shows that H® C LY.
(il)==(iii) is obvious.
(iii)==(i). When H C LY, it follows from the proof of (iii)==>(i) in Theorem
1 that there exists ¢ > 0 such that

[flle <ell f* lle

for every nonnegative martingale f = (f,)n>0 € H® defined on (2, F, Fy,, ). Now,
for every such a martingale f with EW¥(f) > 1, define g = (g )m >0 on the product
space ( 2 x (0,1], Fp, x o{(0,a]}, pxv):

gm(wat) = fm(w)X( 0,a] (t)a vt € (07 1]7

where v is Lebesgue measure on (0, 1] and oo = ﬁ(f) Denote by E the expectation

with respect to €2 x (0,1]. Then EV(g) = aFV(f) =1 and || cg* ||6> ||g = 1.
It follows that E®(cg*) > 1 and then

(9) E®(cf*) = EV(f).
Let t > U~1(1) and f =t. Then EV(f) > 1. From (9) we have ®(ct) > U(t), Vt >
W~1(1). This implies that li_mtﬂoo% > 0. O

Corollary 2. Suppose that ®, ¥ are nondecreasing convex functions on [0, 00) with
®(0) = ¥(0) =0. Then H* = LY if and only if HY = L®.

Proof. We only prove the sufficiency, and the necessity can be obtained from the
“symmetry”. Indeed, from H® = LY and Theorems 1 and 2, there exist sg,c; > 0
such that

"o (s)
/ ——=ds < cip(art), P@(cit) > ¥(t), V> so.
S0 s
A simple computation shows that ¢;p(c1t) > $9(5), Vt > s, and

t s t
/ Mds < / Mds < c1(ert) < 20?30(20%), YVt > ¢150;

180 S 150

therefore

¢
/ Mds < cp(ct), Vt> s,
S1 S

where s1 = %0,0 = 20% Thus HY D L®. The converse relation comes from

H® = LY directly, and hence HY = L® is proved.
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Now we consider regular martingales. Recall that an increasing sequence (Fy,)n>0
of sub-o- fields (Fo = {0,€2}) is said to be regular if there exists a d(z,) > 0 such
that

X(F) S d(fn)E(X(F”}—nfl)v VF € fna n € N.

We say that a probability space (2, F, Fy, u) (a submartingale f = (fpn, Fpn)n>0) is
regular if (F,,)n>0 is regular.

Lemma 2 ([8]). Let f = (fu)n>0 be a regular nonnegative martingale with the
constant d(r,). Then

/ Fadit < A NS> N A2 [ folloo-
{fx>X}

Theorem 3. Suppose that ®, ¥ are nondecreasing convex functions defined on
[0, 00) with ®(0) = ¥ (0) = 0. Then the following statements are equivalent:
(i) There exist so,c1 > 0 such that

t
/ Mds > av(at), Yt > sg.
1

S

(ii) f € H® implies that f € LY for every nonnegative regular martingale

f = (fn)nzo-

(iii) There exists ca > 0 such that
e || f* lozsup || fn [lw
n
for every nonnegative regular martingale f = (fn),~o, where ca depends only on
d(F,)- a

Proof. (i)==(ii). For a nonnegative regular martingale f € H®, choose ¢ > sq such
that || f|l1 < c¢. By using Fubini’s theorem and Lemmas 1 and 2 we get

Beelf) = [ HIfI> sHowlasds
< [THi> s ERanas+ viao
< [TE T 1> sy + e
g /100 @(/ﬂﬁ {|f| > s}|ds)dt + ¥ (cic)
< /100 @d(ﬁ”)t{f* > thdt + ¥(cic)
< d(]:ﬂ)E(I)(f*) + \Il(clc) < o0.
Hence f € LY.

(ii)==(iii). Without loss of generality, we assume that ||f*[l¢ = 1. If the
assertion of (iii) is not true, we can choose a sequence of nonnegative martingales
™ = (fam)m>o defined on (Q, F, Fy, p) such that 4" || f* |lo<|| f™) |¢. Let

(n)* (n)
ge(w, t) => 07, fz’“ Then || ¢* [[6< >0y ‘ f2— ’q) =1and || o 2l J;— o>
1, Vn > 0, a contradiction with g € H® C LY.
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(iii)==(i). We consider the martingale f = (E(f |F%))k>0 as in the proof of
Theorem 1, where f = tx 1.t = ¥-1(27). From (iii) we have that ca| f*|lo >
Iflle =1and E®(caf*) > 1= EVU(f). Let cs = (2®(1) V2)c. By the convexity of
® we have that E®(caf*) > 2®(1) V 2. Notice that fol [{caf* > s}He(s)ds < ®(1),
and then

(10) /100 {eaf™ > s} p(s)ds > %/000 [{caf* > s} p(s)ds > 1.

cqt cat
When s € (575%, snb=r

(0 <k <n—1), we have that

2™ 1 2™
T eyt 201 cqt |{C4f 5}|

and when s € (0, 5], we have 1 > STLt Thus 1 > % H{eaf* > s}, Vs < cat. From

2n s — ¢

(10), the convexity of ¥ and the fact f* <t we get

cyt 2n cqt 2n
/ @ds > —/ {caf* > s}p(s)ds > — >
1 S 1 cyt

® | =

1 t
2—641/)(5)

Thus for every n € N, when u € (c4¥~1(2"), c4¥~1(2"1)] we have

/u @ds . /64\11_1(271) @ds > Lw(w) > 1 w(i%
1 1 5

C4f,

S — 2¢y 2 - 4_04 dey
hence
! ©(s) 1
/ —ds > c1p(cit), Yt > e U (2)
1 S
where ¢; = t, which implies (i) and the proof is complete.

Remark. There is an example which shows that Theorem 3 is not true if we replace
the nonnegative regular martingale in (ii) and (iii) by a regular martingale. To see
this, let ®(t) = ¢, (t) = tlogt ¢, then ®, ¥ satisfy (i). Consider the martingale
f= (E(4"X(072n1+1] — 4”X(ﬁ,2%] Fi))k=0 on (0,1], where Fi, = o{(0,5¢), 1 <
k <n}. It is easy to check that | f|lw > v/7| f*||le when n is big enough. The proof
of (ii)== (iii) shows that H*Z LY.

Corollary 3. Suppose that ®,V are nondecreasing convexr functions defined on
[0, 00) with ®(0) = U (0) = 0. Then the following statements are equivalent:

(i) There exist so,c1 > 0 such that flt @ds > cp(ert), Vit > so.

(i) There exists ¢ > 0 such that

EY(f) <c+cdig (| fllLVe)E®(cf")

for every nonnegative regular martingale f = (fn),>0-

Proof. We only prove (i)==(ii). (ii)==-(i) can be obtained from Theorem 3. From
the proof of Theorem 3, we have EW¥(c, f) < c+dx,)E®(f*) for every nonnegative
regular martingale f with ||f|]; < 1, where ¢ = ¥(c;). Now for a nonnegative
martingale f = (fn)n>0 adapted to (Fp)n>0 with ||f|l1 = 2™, m € N, consider the
martingale g = (gn)n>0 defined on (€, F,, i) = (2 x (0, 1], Fy, x a{(0, 7, 1<k <
n}uxv) s gn(w,t) = B(fx(0, 5]
Then ||g|ls =1 and

EW(c1g) < c+d 7, E®(g") = c+ 2dx,) E®(g").

F.), where v is Lebesque measure on (0, 1].
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Notice that E®(g*) < 2,” E®(f*)+ > (L,C)EtI)(fk) < ED(f*); we get

(11) 2—mEfo(clf) <+ 2d(r, ED(f*).

For any f with ||f||1 > 1, choose cp, m such that 271 < || f||1 < 2™, ¢o = Higﬁl < 2.
From (11) we have

E‘I’(le)

< EV¥(cicof) <clleofllr + 2d(x,)
< 2e||fllL +4dEN L ER2fF).

Thus for every nonnegative regular martingale f, we get

EW(erf) <2¢(|[fllh V1) +4diry (1 £ vV DED(2f7)

cofl1E®(cof”)

and

2+

EV(f) < —(||f||1 Ver) + d(F Yl Ve E®(=
Choose ¢y > ¢; such that %@(%t) i—f, Vt > co; we obtain
EY(f) <cz+cadir,)(1fll1V e2) E®(cs )

where ¢3 = 2€¢, ¢y = £, ¢5 = 2. Hence the assertion in (ii) is true.
C1 ? C1 ) C1

—)

3. SOME EQUIVALENT CONDITIONS AND EXAMPLES

Corollary 1 shows that condition (8) is sufficient and necessary for the extension
of Doob’s inequality. In the following, we discuss the relationship between (8)
and the condition gy > 1 when ® € A, (i.e. there exist ¢, tg > 0 such that
B(2t) < cd(t),Vt > to).

Lemma 3. If ® is a nondecreasing convez function on [0,00) with ®(0) = 0, and

there exists ¢ > 0 such that ®(2t) < c®(t), V ®(t) > 0, then qp > 1 if and only if
there exists c; > 0 such that fot @ds < e (et), VE>0.

Proof. First we prove the sufficiency. Notice that q>(5) < ql ‘pis) we get

/t¢(s)d8< 9o /t¢(3)_¢’(3)d8< go_2() _ _4go o(t).
0

s “qo—1 s 52 go—1 t ~qo—1

Next we prove the necessity. Notice that the condition fot @ds < ap(at)
implies ¢ (s) | 0 (as s — 0) and fg @ds < 00, Vt > 0. Denote

(12) a4 = 2(2%) — B(2) — 26128 1) — B(2F )] (=00 < k < +00);

we have

(13) 2571 [p(2%) — (2] < ar < 28[p(2%) — (271
and
(14) S 2 ha <o) —p0) < Y 2R g,
k=—o00 k=—o0
Therefore,
m—1 k+1

(15) @(271@) < Z 30 2k+1 Z ok Z 9- z+1a < Z om—it+l,

k=—o0 k=—o0 i=—00 i=—00
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On the other hand, we have

(16)
2m m—1 ‘
/0 £05) 4 >k;o2k Al _zk;w;mz ai =1 i;mw(m_i)ai.

Notice that ggg% =0if ¢, = 1. From (12) and (15) we get that Vj > 1,
2

Jt; € (2,2 1] such that ‘IJ(%) > 0 and
R Y Mip (M) — B (2M)  tip(t;) — D (t;) 1
gnj—k+1 1 < < J <
(35wt 3 o PECQIREN el 20 <

k=—00 k=—o0

Then for kg = nj; — j + 1, we have

( 27: 2nrk+1 Z ap > 5T Z 2nﬁk+1 -1 27: ak§2j1_1

k=ko+1 k=—oc0 k—foo k=—oc0

ko
Thus Z 27Fap, <2 5 27%q; and

k=—o0 k=—o0
t; n;

e(3) RS ki1, 8 8
— - < (5 —k+1)2 2- —_— = -
fOQtJ @g&) ds (2 kzz_:oo( k_z_:oo (TLJ — k() =+ 1) J
Therefore

t 2t;
je(5) < 8/ 20) g5 < 8c1p(2¢1t)
2 0 S
and
ot it .
12(5) S i5e(5) < datje2at)) < ®(6et;), Vi >0,

a contradiction that proves the necessity.

Theorem 4. Let ® be a nondecreasing convex function on [0,00) with ®(0) = 0
and ® € Ag. Then lim,_, tg((tt)) > 1 if and only if there exist some sg,c1 > 0 such
that (8) holds.

Proof. Without loss of generality, we can assume that there exists g > 0 such that
tp(t) > U(t), ¥(2t) < c¥(t),Vt > to. Now, for any sy > to, consider the function

@(t) = U (t)X[s9,00) + ¥ (s0) (£ =) X[0,50), Where o = S?I}/(’é;‘))) > 1. Applying Lemma 3
to U(t) we get
t
)
t>s0 \I/( )
The proof is finished.

> 1 if and only if 3¢ > 0 such that / Yls ds < c(cet),Vt > sq.

The following are some examples which make the inequalities in this paper hold:

Example 1. For 1 < p < oo, let

t, t<l1,
Mﬂ:ﬂﬂ:{ﬁ,t>L
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In this case,

e =v)={ pps (ST

Example 2. Let

KA
—~
~
=
Il

t,U(t) =tlog™ t.
In this case

0, t <1,
=100 ={ | gty 1oy

Example 3. Suppose that n > 1 and
d(t) =t(log"t)",  W(t)=t(log" )T,
In this case
0, 0<t<l,
w@)—‘{ nlog” 't +log"t, t>1,
0, 0<t<1,
() = { (n+1)log™ t + log" ™' ¢, t>1.
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