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Abstract

We give a systematic study on the Hardy spaces of functions with values in
the non-commutative LP-spaces associated with a semifinite von Neumann algebra
M. This is motivated by the works on matrix valued Harmonic Analysis (operator
weighted norm inequalities, operator Hilbert transform), and on the other hand,
by the recent development on the non-commutative martingale inequalities. Our
non-commutative Hardy spaces are defined by the non-commutative Lusin integral
function. The main results of this paper include:

(i) The analogue in our setting of the classical Fefferman duality theorem

between H! and BMO.

(ii) The atomic decomposition of our non-commutative H?.

(iii) The equivalence between the norms of the non-commutative Hardy spaces
and of the non-commutative LP-spaces (1 < p < 00).

(iv) The non-commutative Hardy-Littlewood maximal inequality.

(v) A description of BMO as an intersection of two dyadic BMO.

(vi) The interpolation results on these Hardy spaces.

Key words Hardy space, BMO space, Hardy-Littlewood maximal function, von
Neumann algebra, non-commutative L, space, interpolation, Lusin integral.
2000 MR Subject Classification. 46L52, 32C05.
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Introduction

This paper gives a systematic study of matrix valued (and more generally,
operator valued) Hardy spaces. Our motivations come from two closely related di-
rections. The first one is matrix valued Harmonic Analysis. It consists in extending
results from classical Harmonic Analysis to the operator valued setting. We should
emphasize that such extensions not only are interesting in themselves but also have
applications to other domains such as prediction theory and rational approxima-
tion. A central subject in this direction is the study of ”operator valued” Hankel
operators (i.e. Hankel matrices with operator entries). As in the scalar case, this
is intimately linked to the operator valued weighted norm inequalities, operator
valued Carleson measures, operator valued Hardy spaces.... A lot of works have
been done notably by F. Nazarov, S. Treil and A. Volberg; see, for instance, the
recent works [8], [22], [24], [23], [27]).

The second direction which motivates this paper is the non-commutative mar-
tingale theory. This theory had been initiated already in the 70’s. For example,
I. Cuculescu ([3]) proved a non-commutative analogue of the classical Doob weak
type (1,1) maximal inequality. This has immediate applications to the almost sure
convergence of non-commutative martingales (see also [12], [13]). The new input
into the theory is the recent development on the non-commutative martingale in-
equalities. This has been largely influenced and inspired by the operator space
theory. Many inequalities in the classical martingale theory have been transferred
into the non-commutative setting. These include the non-commutative Burkholder-
Gundy inequalities, the non-commutative Doob inequality, the non-commutative
Burkholder-Rosenthal inequalities and the boundedness of the non-commutative
martingale transforms (see [26], [14], [15], [?], [29]).

One common important object in the two directions above is the non-commutative
analogue of the classical BMO space. Because of the non-commutativity, there are
now two non-commutative BMO spaces, the column BMO and row BMO. As ex-
pected, these non-commutative BMO spaces are proved to be the duals of some
non-commutative H' spaces. To be more precise and to go into some details, we
introduce these spaces in the case of matrix valued functions. Let M, be the alge-
bra of d x d matrices with its usual trace ¢r. Then the column BMO space is defined
by

BMOC(R7Md) = {50 : R — Maq, ||()0||BMOC < OO}

where
Iellmvio, = sup { I hllpous) € 1, Ihlly <1}
Similarly, the row BMO space is
BMO, (R, Ma) = {9 : R = Ma, [l¢llgno, = " lpmo, < o0} -
We will also need the intersection of these BMO spaces, which is
BMO,..(R, M4) = BMO.(R, My4) N BMO, (R, M)

equipped with the norm [[¢||gyo,, = max{|l¢llgpo, > [€llemo, }- When d = 1, all
these BMO spaces coincide with the classical BMO space which is well known to
be the dual of the classical Hardy space H'. This result can be extended to the
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case of d < oo very easily. Let
RS = {18~ 8% [ sl sy o < oo
y>0

where S} is the trace class over I3, and f(z,y) denotes the Poisson integral of f
corresponding to the point x + ¢y. Then
(H'(R,S)))" = BMO.,(R, M,)

and

e lellemo., @aa) < 1€l @syy)- < callellpuo,, @) -
Here the constant ¢; — +00 as d — +o00. Thus this duality between H'(R,S}) and
BMO,, (R, M) fails for the infinite dimensional case. One of our goals is to find a
natural predual space of BMO,, with relevant constants independent of d.

In the case of non-commutative martingales, this natural dual of BMO,, has
been already introduced by Pisier and Xu in their work on the non-commutative
Burkholder-Gundy inequality. To define the right space H!, they considered a
non-commutative analogue of the classical square function for martingales. Mo-
tivated by their work, we will introduce a new definition of H' for matrix val-
ued functions by considering a non-commutative analogue of the classical Lusin
integral (Recall that, in the classical case, a scalar valued function is in H! if

and only if its Lusin integral is in L', see [5], [30]). For matrix valued function

frf e LH(R, 1£5), Mg),1 < p < o0, let

+oo
19 ig =t [ ([[ 1950+ 2)Pdody)
o T

where I' = {(z,y) € R: |z| < y,y > 0} and
of \.o0f 0f ,0f
2 _ (I \xTS YS\xYd
Then we define
HER, Ma) = { £ R = Mas | gz pa < 00

Similarly, set

HER, Ma) = {1 R = Mas 1 bzt = I ez as) < 0} -
Finally, if 1 < p < 2, we define
HE.(R, My) = HE(R, M) + HE(R, My)
equipped with the norm
13, gy = mE{llgll + 1Bllye < =g+ h g € HE(R, Ma), h € HY(R, Ma)}.

Ifp>2 let
Her (R, Mg) = HZ(R, Mg) NHE(R, Ma)
equipped with the norm

”f”?—{{.’,,.(]R,Md) = maX{”fHH{?(R,Md) ) ”f”’)—(,{’.(]R,Md)}'
One of our main results is the identification of BMO.(R, M) as the dual of
HLR, My) : (HLR, My4))* = BMO,(R, M) with equivalent norms, where the rel-
evant equivalence constants are universal. Similarly, BMO,.(R, M) (resp. BMO,..(R, M))
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is the dual of H! (R, M) (resp. HL.(R, M,)). Another result is the equality H?,.(R, M)
= LP(L*>*(R) ® M, ) with equivalent norms for all 1 < p < co. This is the function
space analogue of the non-commutative Burkholder-Gundy inequality in [26]. It is
also closely related to the recent work ([17]) by Junge, Le Merdy and Xu on the
Littlewood-Paley theory for semigroups on non-commutative LP-spaces.

We also prove the analogue of the classical Hardy-Littlewood maximal inequal-
ity. Our approach to this inequality for functions consists in reducing it to the
same inequality for dyadic martingales. It is very simple and seems new even in the
scalar case. The same idea allows to write BMO as an intersection of two dyadic
BMO. This latter result plays an important role in this paper. It permits to reduce
many problems involving BMO (or its variant BMO?, which is the dual of H? for
1<p<2 zl) + é = 1) to dyadic BMO, that is, to BMO of dyadic non-commutative
martingales. For instance, this is the case of the interpolation problems on our
non-commutative Hardy spaces.

All results mentioned above remain valid for a general semifinite von Neumann
algebra M in place of the matrix algebras.

We now explain the organization of this paper. Chapter 1 (the next one) con-
tains preliminaries, definitions and notations used throughout the paper. There we
define the two non-commutative square functions which are the non-commutative
analogues of the Lusin area integral and Littlewood-Paley g-function. These square
functions allow to define the corresponding non-commutative Hardy spaces H2(R, M),
where M is a semifinite von Neumann algebra. This chapter also contains the def-
inition of BMO,(R, M) and some elementary properties of these spaces.

The main result of Chapter 2 is the analogue in our setting of the famous
Fefferman duality theorem between H' and BMO. As in the classical case, this
result implies an atomic decomposition for our Hardy spaces H! (R, M) (as well as
HL(R, M), HL, (R, M)). Another consequence is the characterization of functions in
BMO.(R, M) (as well as BMO, (R, M),BMO,, (R, M)) via operator valued Car-
leson measures.

The objective of Chapter 3 is the non-commutative Hardy-Littlewood maxi-
mal inequality. As already mentioned above, our approach to this is to reduce
this inequality to the corresponding maximal inequality for dyadic martingales.
To this end, we construct two “separate” increasing filtrations D ={D,,} ez and
D'={D], }scz of dyadic o-algebras. One of them is just the usual dyadic filtration
on R; while the other is a kind of translation of the first. The main point is that any
interval of R is contained in one atom of some o-algebra of them with comparable
size. This approach will be repeatedly used in the subsequent chapters. We also
prove the non-commutative Poisson maximal inequality and the non-commutative
Lebesgue differentiation theorem.

In Chapter 4, we define the LP-space analogues of the BMO spaces introduced in
Chapter 1, denoted by BMOI(R, M), BMOZ(R, M), BMO?_ (R, M). These spaces
are proved to be the duals of the respective Hardy spaces HE(R, M), HE(R, M),
HE (R, M) for 1 < p <2 (g = ;7). The proof of this duality is also valid for p = 1.
In that case, we recover the duality theorem in Chapter 2. However, for 1 < p < 2,
we need, in addition, the non-commutative maximal inequality from Chapter 3.
This is one of the two reasons why we have decided to present these two duality
theorems separately. Another is that the reader may be more familiar with the
duality between H' and BMO and those only interested in this duality can skip the
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case 1 < p < 2. It is also proved in this chapter that BMOZ(R, M) = H4(R, M) with
equivalent norms for all 2 < ¢ < oo. The third result of Chapter 4 is the following:

Regarded as a subspace of LP(L>®(R) @ M, L3(I)), H?(R, M) is complemented
in LP(L>(R) ® M, LA(T)) for all 1 < p < oc. This result is the function space
analogue of the non-commutative Stein inequality in [26]. This chapter is largely
inspired by the recent work of M. Junge and Q. Xu, where the above results for
non-commutative martingales have been obtained.

In Chapter 5, we further exploit the reduction idea introduced in Chapter 3, in
order to describe BMO?(R, M) as BMO%? (R, M)N BMOZ’D/ (R, M). These two
latter BMO spaces are those of dyadic non-commutative martingales. Among the
consequences given in this chapter, we mention the equivalence of LP(L*>(R) ® M)
and H2 (R, M) for all 1 < p < oo.

Chapter 6 deals with the interpolation for our Hardy spaces. As expected,
these spaces behave very well with respect to the complex and real interpolations.
This chapter also contains a result on Fourier multipliers.

We close this introduction by mentioning that throughout the paper the letter
¢ will denote an absolute positive constant, which may vary from lines to lines, and
¢p a positive constant depending only on p.



CHAPTER 1

Preliminaries

1. The non-commutative spaces LP(M, L?(Q2))

Let M be a von Neumann algebra equipped with a normal semifinite faithful
trace 7. Let Sj\'/l be the set of all positive xin M such that 7(supp x) < oo, where
supp « denotes the support of x, that is, the least projection e € M such that
ex =z (or ze = ). Let Sy be the linear span of S3,. We define

lzll, = (r]z?)¥, ¥z € S

where |2| = (z*z). One can check that |-|| is well-defined and is a norm on S if
1 < p < co. The completion of (S, [|||,,) is denoted by LP(M) which is the usual
non-commutative LP space associated with (M, 7). For convenience, we usually set
L>(M) = Mequipped with the operator norm ||-|| ,,. The elements in LP(M, )
can also be viewed as closed densely defined operators on H (H being the Hilbert
space on which M acts). We refer to [4] for more information on non-commutative
LP spaces.

Let (2, 1) be a measurable space. We say his a Sas-valued simple function on
(Q, p) if it can be written as

(L1) h="mi xa,
=1

where m; € Sy and A;’s are measurable disjoint subsets of Q with u(A;) < oo. For
such a function h we define

1
n 2
1l Lo an, L2 = (Z mim; 'M(Ai)>
=1 Lr(M)
and
1
n 2
1Ml Lo an, 2202y = <Zmimf 'M(Az'))
i=1 Lo (M)

This gives two norms on the family of all such A’s. To see that, denoting by
B(L?(Q)) the space of all bounded operators on L?(£2) with its usual trace tr, we
consider the von Neumann algebra tensor product M ® B(L?(€2)) with the product
trace 7 ® tr. Given a set Ay C  with u(Ag) = 1, any element of the family of h’s
above can be regarded as an element in L? (M @ B(L*())) via the following map:

(12) h— T(h‘) = Zmz ® (XAL ® XAO)

8



1. THE NON-COMMUTATIVE SPACES LP(M, L?(Q)) 9

and

120l Lo a2 )y = 1T Lo (me B2 @)
Therefore, ||| Lr(M;L2(q)) defines a norm on the family of the A’s. The corresponding
completion (for 1 < p < 00) is a Banach space, denoted by LP(M; L2(f2)). Then
LP(M; L2(£2)) is isometric to the column subspace of LP(M®B(L?(12))). For p = oo
we let L>°(M; L2(Q2)) be the Banach space isometric by the above map T to the
column subspace of L>(M @ B(L?*(2))).

Similarly to H'”LT’(M;LE(Q))’ H'”LT’(M;LZ(Q)) is also a norm on the family of Sps-
valued simple functions and it defines the Banach space LP(M; L2(f2)) which is
isometric to the row subspace of LP(M @ B(L?*(f))).

Alternatively, we can fix an orthonormal basis of L?(€). Then any element
of LP(M ® B(L?*(2))) can be identified with an infinite matrix with entries in
LP(M). Accordingly, LP(M; L2(Q2)) (resp. LP(M;L?(Q))) can be identified with
the subspace of LP(M ® B(L*(Q))) consisting of matrices whose entries are all zero
except those in the first column (resp. row).

PROPOSITION 1.1. Let f € LP(M;L%(Q)),g € LI(M;LE(Q)(1 < p,qg <
00), 1 = % + %. Then (g, f) exists as an element in L" (M) and
||<g7f>||LT(M) = HgHLq(M;Lg(Q)) Hf“Lp(M;Lg(Q)) )
where {, ) denotes the scalar product in L(2). A similar statement also holds for
TOW spaces.

Proof. This is clear from the discussion above via the matrix representation of
LP(M; L2(€2)) (in an orthonormal basis of L?()). I

Remark. Note that if f and g are Sy-valued simple functions, then

(9, f) = /Qg*fdu-

For general f and g as in Proposition 1.1, if one of p and ¢ is finite, one can easily
prove that (g, f) is the limit in L"(M) of a sequence ({(gn, fn))n with Spys-valued
simple functions f,, g,. Consequently, we can define fQ g* fdu as the limit of
fQ gy fndp. If both p and ¢ are infinite, this limit procedure is still valid but only
in the w*-sense.

Convention. Throughout this paper whenever we are in the situation of Proposi-
tion 1.1, we will write (g, f) as the integral fQ g* fdu. Notationally, this is clearer.
Moreover, by the proceding remark this indeed makes sense in many cases.

Observe that the column and row subspaces of LP(M ® B(L?(Q))) are 1-
complemented subspaces. Therefore, from the classical duality between LP(M &
B(L*(Q))) and LY(M @ B(L*(Q))) (5 + ¢ = 1,1 < p < 00) we deduce that

(LP(M;LE()" = LI(M; LE(%)
and
(LP(M; L7(92)))" = L4(M; L7(9))

isometrically via the antiduality

(f.9) =719, 1) = T/Qg*fdu.
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Moreover, it is well known that (by the same reason), for 0 < § < 1 and 1 <

Do, P1, Pe < 0o with p% = 11:09 + 1%, we have isometrically

(1.3) (LP° (M; L2(2)), L7 (M; LE(R))) , = L7 (M; LE(Q)).

In the following, we are mainly interested in the spaces LP(M; L%(Q)) (resp.
LP(M; L2(Q))) with (Q,pu) = [ = (T, dady) x ({1,2},0),where ' = {(z,y) €
R2, |z| < y}, o{1} = 0{2} = 1.( This cone I is a fundamental subject used in the
classical harmonic analysis, see [?], [5], [18], [30] or any book on Hardy spaces). The
presence of {1,2} corresponds to our two variables z,y, see below. We then denote
them by LP(M, L2(T")) (resp. LP(M,L2(T))). For simplicity, we will abbreviate
them as LP(M, L?) (resp. LP(M, L?)) if no confusion can arise.

2. Operator valued Hardy spaces

Let 1 < p < oo. For any Spq-valued simple function f on R, we also use f to
denote its Poisson integral on the upper half plane R? = {(z,y)|y > 0},

fey) = / Py(x — 5)f(s)ds, (2,y) €RE

where P,(x) is the Poisson kernel (i.e. Py(x) = %%ﬂﬂ) Note that f(z,y) is a
harmonic function still with values in Sa4, and so in M. Define the HZ (R, M) norm
of f by

[fllre = IV (2 4+t 9)x0 (@ ) Lo (o a0 @M, L2(F)) -
where V f is the gradient of the Poisson integral f(z,y) and [ is defined as in the

end of Section 1.1. In this paper, we will always regard Vf(z + ¢,y)xr(z,y) as
functions defined on R x I" with ¢ € R, (x,y) € " and

0] 0
Vi +t)(1) = 5+t Vet 0)(@) = 5w+ )
And set 5 5
Vit = 5kt + 15 @+ )P

Define the H2(R, M) norm of f by
||f||H§’ =[Vf(z+ tay)XF‘|LP(LOO(R)®M7Lg) .

Set HP(R, M) (resp. HE(R, M)) to be the completion of the space of all Si-
valued simple function f’s with finite H2(R, M)(resp. H2(R, M)) norm. Equipped
respectively with the previous norms, H2(R, M) and H?(R, M) are Banach spaces.
Define the non-commutative analogues of the classical Lusin integral by

(1.4) SNt = ( // IV f(z+ t,y)|Pdedy)
N

(15) SN = ( // IV (@ + ) Pdedy)
T

Note that

V()P = / IV £ (2, y)(6) Pdo(i).

{1,2}
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Then, for f € HE(R, M),

1l = WSe( o (e @@r)

and the similar equality holds for H2(R, M). S.(f) and S, (f) are the non-commutative
analogues of the classical Lusin square function. We will need the non-commutative
analogues of the classical Littlewood-Paley g-function, which are defined by

(1.6) G = / V£ (t)Pydy) E

(L.7) G = | / V£ (8, ) Pydy)

Ry
We will see, in Chapters 2 and 4, that
||Sc(f)HLp(Loc(R)®M) = ||Gc(f)||Lp(Loo(R)®M)
||Sr(f)HLp(Loc(R)®M) = ||G7‘(f)HLP(L°°(]R)®M)

forall 1 <p < cc.
Define the Hardy spaces of non-commutative functions f as follows: if 1 < p <
2,

(1.8) HE (R, M) = HE(R, M) + HE(R, M)
equipped with the norm
£ 113z, = inf{ligllsz + [hllyp : f =g+ h,g € HZR,M),h € H2(R, M)}
and if 2 < p < oo,
(1.9) HE. (R, M) = HE(R, M) N HE(R, M)
equipped with the norm
/]

nz, = max{(|flly o [ fllpe )

Remark. We have
H2(R, M) = H2(R, M) = H2, (R, M) = L*(L™(R) © M).

In fact, notice that A|f|? = 2|V f|? and f(z,y)(|x| +y) — 0,V f(x,y)(|z| +y)* — 0
as |z| +y — 0, for Sy -valued simple function f’s. By the Green theorem

IV f(t+ 2, 9)xrl |72 noe 2) @, 12)
27'/ |V f|?ydxdy

2
T//A|f|2ydxdy
&

2
r / F12ds = 11 £ (ooe ryny

(1.10)

Similarly, |[f{lnz = 11"l L2 L ®yor) = 112 @)om).
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Note we have also the following polarized version of (1.10),

(L11) > / / V£ (x,y)Vo(z, y)ydrdy = / F(s)g(s)ds
¥

for Spq-valued simple function f, g’s.

We will repeatedly use the following consequence of the convexity of the op-
erator valued function: z + |x|?> (This convexity follows from the convexity of
x — {(x*zh,h) = ||zh|? for any h). Let f : (Q,u) — M be a weak-* integrable
function, we have

(1.12) | /A FOdu(t)? < u(4) /A FOPdu(t), YACQ
In particular, set du(t) = g*(t)dt,

(1.13) | /A gyt < /A )Pt /A G(t)dt, YACR

for every measurable function g on R, and

(1.14) \/Af(t)dt\z§/14|f(t)|29’1(t)dt[49(t)dt, VACR

for every positive measurable function g on R.
Let HP(R) (1 < p < o0) denote the classical Hardy space on R. Tt is well known
that
HP(R) ={f € L(R) : S(f) € L"(R)},

where S(f) is the classical Lusin integral function (S(f) is equal to S.(f) above
by taking M = C). In the following, HP(R) is always equipped with the norm
1S oo -

PROPOSITION 1.2. Let1 <p < oo, f € H2(R, M) and m € LI(M) (with q the
index conjugate to p). Then T(mf) € HP(R) and

(M < Il Loany (11l -

Proof. Note that

V(r(mf)* P)=71(m(f * VP)) = 1(mV[),
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here P is the Poisson kernel (i.e. Py(x) = %LQUW) By (1.13), we have
I (m )| 5

/R(// [T (mV f(z + t,y))|*dedy) ® dt
T

P
< / sup //gT(me(x—l—t,y))dxdy dt
RHQ”L2(f)S1 r
P
9] 0
= / sup (T m//glai(m+t,y)+gzaff(w+t,y)d$dy dt
RHQHLZ(f)Sl r €z Y
p
0 0
S/ sup |7 g //glaff(ﬂty)+gzaff(x+t,y)dwdy dt
RHg”L2(f~)S1 €z y
r L (M)
p
< llunn [ s | [[loPasdn) ([ 195+ LpPant|
R”QHLZ(I‘)Sl T r
Lp(M)
<

Il (] 1976 + b)) b
T

||m||1£q(M) ||f||§.¢g |

Remark. We should emphasize that for two functions g, f defined on f, we always
set

9f(z) = 9(2)(1) f(2)(1) + 9(2)(2)f(2)(2).
Then in the above formula |[T(mV f(z + t,y))|*> and gr(mVf(z + t,y)) etc. are
functions defined on I'. We will use very often such a product for (M-valued)
functions defined on I'.

Remark. (i) [ fdt = 0,Yf € HL(R, M). In fact, if f € HL(R, M), by Proposition
1.2 and the classical property of H'(see [30], p.128), we have 7(m [ fdt) = 0,Ym €
M. Thus [ fdt = 0.

(ii) The collection of all Sp-valued simple functions f such that [ fdt =0is a
dense subset of H?(R, M)(1 < p < 00). Note that

=0, VYme S
HE (R, M)

) m
Jim || T 0)
For a simple function f, let fy = f — '{%X[,N’N]. Then [ fyv =0and fy — fin
HE(R, M).

Remark. See [5] and [30] for the discussions on the classical Lusin integral and
the Littlewood-Paley g-function and the fact that a scalar valued function is in H?!
if and only if its Lusin integral is in L'. We define the non-commutative Hardy
spaces HE. (R, M) differently for the case 1 < p < 2 and p > 2 (respectively by
(1.8) and (1.9)) as Pisier and Xu did for non-commutative martingales in [?]. This
is to get the expected equivalence between HZ. (R, M) and LP (R, M) for 1 < p < oo
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(see Chapter 5). And HE(R, M) or HE(R, M) alone could be very far away from
LP(R, M) for p # 2.

3. Operator valued BMO spaces

Now, we introduce the non-commutative analogue of BMO spaces. For any
interval I on R, we will denote its center by C and its Lebesgue measure by |I|. Let
0 € L®(M, L2(R, 1_‘&2 )). By Proposition 1.1 (and our convention), for every g €
L*(R, 1j‘ﬁ%),fR ggalj'f—tt2 € M. Then the mean value of ¢ over I @, := ﬁ J;e(s)ds

exists as an element in M. And the Poisson integral of ¢

o(z,y) = / Py (x — 5)p(s)ds

also exists as an element in M. Set

)

1 2
(1.15) lllBmo, = sup (/Iw%l%)
ICR 1| J;

where again | —¢;|? = (¢—¢;)*(¢ — ;) and the supremum runs over all intervals
I C R.(see Let H be the Hilbert space on which M acts. Obviously, we have

(1.16) H‘PHBMOCZ sup ||90€||BM02(1R,H)
e€H |le||=1

where BMO2(R, H) is the usual H-valued BMO space on R. Thus ||-[gy0, is a
norm modulo constant functions. Set BMO.(R, M)to be the space of all ¢ €
Lo (M, LA(R, 1j-tt2 )) such that |||l gy, < 0. BMO, (R, M) is defined as the space
of all ¢’s such that p* € BMO.(R, M) with the norm [[¢||gpo, = ¢ smo, - We

define BMO,,(R, M) as the intersection of these two spaces

BMO., (R, M) = BMO.(R, M) N BMO,.(R, M)
with the norm

”‘PHBMOCT = maX{H‘PHBMoC ) ||<10||BMOr}'

As usual, the constant functions are considered as zero in these BMO spaces, and
then these spaces are normed spaces (modulo constants).

Given an interval I, we denote by 2*I the interval {t : |t — C;| < 2*=1|I|}. The
technique used in the proof of the following Proposition is classical(see [30]).

PROPOSITION 1.3. Let ¢ € BMO.(R, M). Then
H(pHLw(M,Lg(R,%)) < C(||‘P||BMOC + H‘PIIHM)

where Iy = (—1,1]. Moreover, BMO.(R, M), BMO,.(R, M), BMO,, (R, M) are Ba-
nach spaces.
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Proof. Let p € BMO.(R, M) and I be an interval. Using (1.12), (1.14) we have

[ <P1|2 < Z ok — 802k+11|2
=0
-1

:nz 1
k=

A

(p(s) =, )ds

n—1
2 2
< nkZ:O |2k+11‘ /2k+11 |(P(S) - 902k+11| ds
(1.17) < 2nelamo, -
By (1.14), (1.17),
t 2
|io( >|2 ‘“H
R 1+22 ||

1+t2dt+2/ L0l
M

2k+1], J2k ], 1 + t2

< 9 H [ 0= 6, + lon P
Iy M
» °°/ P(8) = @, [P+ lparsnr, —or, P+ lop, [P
k=0 v 28T /280 2% M
2
(118 c(|[ler, [l o + lellBmo,)
Thus
1
||SO||L°°(M,L2(R T8 H 1 —‘r t2 )2 C(HSDH HM + ”('OHBMOc)
eV 14t

And then BMO,(R, M) is complete. Consequently, BMO.(R, M), BMO, (R, M),
BMO,, (R, M) are Banach spaces. 1

It is classical that BMO functions are related with Carleson measures(See [?],
[18]). The same relation still holds in the present non-commutative setting. We
say that an M-valued measure d\ on Rﬁ_ is a Carleson measure if

1
N(X) = sup; Tl //d)\ : 1 € R interval p < oo,

where, as usual, T'(I) = I x (0,|I]].

LEMMA 1.4. Let ¢ € BMO.(R, M). Then d\p = |V|?ydxdyis an M-valued
Carleson measure on R% and N(Ap) < ¢ HcpH%MOC .

Proof. The proof is very similar to the scalar situation (see [30], p.160). For
any interval I on R, write ¢ = ¢+ @, + @3, where ¢, = (¢ — po7)X21, 02 =
(¢ = P21)X(arye and @3 = ;. Set

Ay, = |V, [Pydady, dh, = |V, ydady.
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Thus

N(Ap) < 2(N(Ag,) + N(Ay,))-
We treat N(A,,) first. Notice that Al |> = 2|V, |* and ¢ (z,y)(|z] +y) —
0,V (z,y)(Jx| +y)? — 0 as || +y — 0. By the Green theorem

IN

1
119) | [[ (9 Fydzay
T(I)

1
o / Vo, [Pydady

M R2+ M

/ oy s
R M

1 / )
= |l — por|“ds
2|1] H 21 S

1
2|1]

2
< HSOHBMOC

To estimate N(\,,), we note
1 1

P — 2 < < 2k+1I 2kI T I
‘v y(fE 5)' — 4(3;—3)4 — 4‘]‘424k’ Vs € / y ((t,y) c ( )’
by (1.14) and (1.17)
1 2
T(I) M
1 “+oo ,
T //'V/ Py(w — 5)y(s)ds[*ydady
T(I) .
1 . 262k =1 )
= /Z / VP, (x = 5)[*2%ds ) | oo / |po|?ds||  ydady
(1) F=larsaT 201 k=1 K+1T M

C 1 2 2
< i [ i Ielo, vaady < el
T(I)

Therefore N(X,,) < c||<,0||%MOC ,4=1,2, and then N(\,) < ¢ ||90||2BMOC‘ ]

Remark. We will see later (Corollary 2.6) that the converse to lemma 1.4 is also
true.

We will need the following elementary fact to make our later applications of
Green’s theorem rigorous in Chapters 2 and 4.

LEMMA 1.5. Suppose ¢ € BMO.(R, M) and suppose I is an interval such that
w; = 0. Let 31 be the interval concentric with I having length 3|I|. Then there is
¥ € BMO.(R, M) such that ¢ = ¢ on I,9 =0 on R\3I and

[¥llmo. < cllellsmo, -

Proof. This is well known for the classical BMO and a proof is outlined in [?], p.
269. One can check that the method to construct ¥ mentioned there works as well

for BMO.(R, M). I

Remark. We have seen that the non-commutative BMO.(R, M) are well adapted
to many generalizations of classical results, such as Proposition 1.3 and Lemma
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1.4, 1.5. We will also prove an analogue of the classical Fefferman duality theorem
between H! and BMO in the next chapter. However, unlike the classical case, we
could not replace the power 2 by p in the definition of the non-commutative BMO

1
(ﬁ Jile— <P1|pdu) ! may not be a norm for
M

p # 2 in the non-commutative case (Note we do not have |x1 + x| < |z1| + |22]

in general for z1,z9 € M). See the remark at the end of Chapter 6 for more
information.

norm ((1.15)). In fact, sup;p




CHAPTER 2

The Duality between H' and BMO

The main result (Theorem 2.4) of this chapter is the analogue in our setting of
the famous Fefferman duality theorem between H'! and BMO.

1. The bounded map from L*(L*(R)® M, L?) to BMO.(R, M)

As in the classical case, we will embeds H! (R, M) into a larger space L' (L>(R)®
M, L?), which requires the following maps @, .
DEFINITION . We define a map ® from HE(R, M) (1 < p < o0) to LP(L*(R)®
M, L(T)) by
o(f)(x,y,t) = Vf(z +t,y)xr(z,y)
and a map U for a sufficiently nice h € LP(L=(R) @ M, L2(T")) (1< p < oo) by

(2.1) U(h)(s) = / / h(z,y,t)Qy(x +t — s)dydzdt; VseR
B
where, Qy(x) is defined as a function on RxT by
0P, OP,
er Q=210 gue - Ty er.

Note that @ is simply the natural embedding of H?(R, M) into LP(L*°(R) ®
M, L2(T)). On the other hand, ¥ is well defined for sufficiently nice h, more
precisely "nice” will mean that h(z,y,t) = Y i, mifi(t)xa, with m; € Saq, 4; €
T, |A;] < oo and with scalar valued simple functions f;. In this case, it is easy to
check that W(h) € LP(M, L?(R, 1j‘ﬁ%))

We will prove that ¥ extends to a bounded map from L> (L (R)®M, L2(T)) to
BMO,(R, M) (see Lemma 2.2) and also from LP(L>(R) ® M, L2(T')) to H2(R, M)
for all 1 < p < oo (see Theorem 4.8). The following proposition, combined with
Theorem 4.8 in Chapter 4, implies that W is a projection of L?(L*(R)® M, L(T'))
onto HZ(R, M) if we identify H?(R, M) with a subspace of L?(L>*(R) ® M, L%(T'))
via .

PROPOSITION 2.1. For any f € Hp( M) (1<p<o0),

Ue(f) =f

+oo
/ //fb YWVyg(t + z,y)dydxdt
“+ o0 +<>o
/ / // O(f x + 1t — s)dydzdtg(s)ds.

18

Proof. We have
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On the other hand, by (1.11) we have

/+OO // HVg(t +x,y)dydedt = /+OO F()g(s)ds

for every g good enough. Therefore

/:O //‘P(f)Qy(ert— s)dydzdt = f(s)
r

almost everywhere. This is U®(f) = f. 1

We can also prove U®(p) = ¢ by showing directly the Poisson integral of
UP(p) coincides with that of ¢, namely

(2.3) /R\I/q)(cp)(w)Pv(u —w)dw = /Rap(w)Pv(u —w)dw, V(u,v) € RY.

Indeed, using elementary properties of the Poisson kernel, we have

/ W () (h)Py (1 — h)dh

- ///// S)VP,(x+t — 5)dsV P, (x + t — h)dydzdtP,(u — h)dh

- A¢@[/AAgfuww—gngH¢—maw—Mﬁmew
v/ Ms; JI [ [ gorat=95 Pt~ 0Py~ hydtdndsdys

o AZ/;%(H);Wmydydxpvw)dhds

/ //6 —5) Py+v(x—u)2ydmdyds
s
[e'e] 82
= [0 [ s syt s — [ p06) [ 20 Py~ s)dyis
R 0 R 0 u
[o’e) 82
= [ es) [ g P (u— sy

< 9
= A¢(S)(O_A ainerzy(u_S)dy)dS
_ /gp(s)Pv(u—s)ds. "
R

LEMMA 2.2. U extends to a bounded map from L>®(L®(R) ® M, L2(T)) to
BMO.(R, M) of norm controlled by a universal constant.

Proof. Let S be the family of all L>°(R) ® M-valued simple functions h which can
written as h(z,y,t) = > mifi(t)xa, (@, y) with m; € Sy, fi € L=(R) N LY(R)
and compact A; C T. (By compact A; we mean that the two components of A;
are compact subsets in I'.) Note that S is w*-dense in L>®(L>®(R) ® M, L%(T)) (in
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fact, the unit ball of § is w*-dense in the unit ball of L (L (R)® M, L2(T))). We
will first show that

(2.4) [T () lmato. < cllhl e zemortz) - VhES.

Fix h € § and let ¢ = W(h). Then ¢ € L>(M, LZ(R, 1#5)) by Proposition 1.3.

To estimate the BMO,-norm of ¢, we fix an interval I and set h = hy + ho with

hl('rayvt) = h’(‘rayat)Xm (t)
ha (CL’, Y, t) = h(x’ Y, t)X(zz)c (t)

“+o0
B[ 2/ // thgdydxdt
— 00 2

with the notation Q;(z,t) = ﬁ J; Qy(z +t — s)ds. Now

Let

1
m / lo(s) — BrPds

ﬁ|/j|/{w //(Qy(x+t—s)—Q,)hda:dydt|2ds
T

2 e
+|I|// // Qy(x +t — s)hydxdydt|*ds
1 —o00
r

— A+B

IN

Notice that

//|Qy<x+t—s>—QI|2dxdy
T

IN

1 )
C/F/(<|x+t—s|+y>3) dardy

(2.5) It — Cp)~4

IN

for every t € (2I)¢ and s € I. By (1.14)

2

// (Qy(x +t—s) = Qhdrdy| < clIP*(t~Cr)™* / / b hdady

r
and by (1.14) again,
1] g

ol (t—C’I)*th/ (t—C’I)Z//h*hdzdy|[\2(t701)*4dt\|M
21)° (21)¢ /

C — *
|||I|/ [I]%(t — C) 2//h hdxdydt|| s
(21) J

2
Rl (oo @)@, L2)

IN

IA
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For the second term B, we have
1B 11

|I|||/ ///Qy (x +t — s)hydadydt|*ds|| pm
m sup T |a\/ ///Qy (z +t — s)hydzdydt|®ds)
Tla|=1
2 1 2
= — sup 7 [ | Qy(ac +t— s)h1|a|2dxdydt| ds
|I| Tlal=1 R JR
2
= — sup /f ///ny—l—t—s h1|a|2d:cdydtds)
] rlal=11171

LZ(L‘X’(R)‘@M)

IN

= sup sup // VIt + z,y)hi|al? dedydt)?

|I| Tla]=1 ||fHL2(L00(R)®M)—1

Hence by Cauchy-Schwartz mequahty and (1.10)

1Bl < m o 7 / // B halaldadydt

< 7||///h*1‘h1dxdydt||M
1" Jr
r
2 *
— 7||/ //h hdzdydt|| am
1" Jar
r
2
< AP e (poe )@, L2)

Thus
lellmo. < cllhll oo (1o @)@, L2) -
In particular, by Proposition 1.3,

lellzoe (L2, 12y < €llbllzoe e @or,2)-

Thus we have proved the boundedness of ¥ from the w*-dense vector subspace
S of L®(L*(R) ® M, L3(T)) to BMO.(R, M). Now we extend ¥ to the whole
L®(L>®(R) ® M, L%T)). To this end we first extend ¥ to a bounded map from

L=(L®(R) ® M, L3(T")) into L**(M, L2(R, %)) By the discussion above, ¥

is also bounded from S to L>(M, L3(R, 1_7_22)). Let H} be the subspace of all

f € HY(R) such that (1 +t?)f(t) € L?(R). Let L'(M) ® H} denote the algebraic
tensor product of L'(M) and H}. Note that

dt
i)

and L'(M) @ H} is dense in both of the latter spaces. Moreover, it is easy to see
that for any h € S and f € L'(M) @ H}

. / :” / / B (2,9, )V F(E + 2, y)dydedt = 7 / T (9 (s)ds
r

L'M)® H} ¢ HX(R, M), L'M)® H} ¢ LY(M, LR

— 00
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Then it follows that W is continuous from (S, o(S, L*(L™(R) ® M, L2(T)))) to
(LOO(M LQ( ’ 1+t2)) (LOO(Msz( ’ 1+t2)) Ll(M) ®H(}))
Now given f € LY(M) ® H} we define ¥,.(f) : S — C by
+oo

. (f)(h) = r/ (h)*(s)f(s)ds.

Then U, (f) is an anti-linear functional on S continuous with respect to the w*-
topology; hence ¥, (f) extends to a w*-continuous anti-linear functional on L (L*°(R)®
M, L2(T))), i.e. an element in L' (L*°(R) ® M, L2(T))), still denoted by W, (f). By

the w*-density of S in L> (L (R)®M, L2(T'))), this extension is unique. Therefore,

we have defined a map

U, : L' M) ® H} — L'(L®(R) ® M, L2(I)).

The above uniqueness of the extension W,(f) for any given f implies that U, is
linear. On the other hand, by what we already proved in the previous part, we
have

IA

V. (f)(R)] £z a2,z I ) oo (1,222, 7255

1+2

CHf||L1(M,Lg(R,1J%))||hHL<>°(Loc(R)®M,L3) :

IN

Since the unit ball of S is w*-dense in the unit ball of L (L>®(R) ® M, L2(T'))), it
follows that

v, : (Ll(M) ® H&» ||'||L1(M,L3(R,$))) - Ll(Lw(R) ® M7L3(f))

is bounded and its norm is majorized by ¢. This, together with the density of

LY M) ® Hg in LY(M, LZ(R, 1%5)) implies that W, extends to a unique bounded
map from L'(M, L2(R, t27)) into L'(L>(R) @ M, L2(T))), still denoted by W, .
Consequently, the adjoint (¥,)* of ¥, is bounded from L>®(L>®(R) @ M, L2(T")))

to L>=°(M, L?(R, 1_‘f_tt2 )) (noting that this adjoint is taken with respect to the anti-

dualities). By the very definition of ¥,, we have

)*’s =7

This shows that (U,)* is an extension of U from L°°(L>®(R) ® M, L3(T)) to
L>®(M, L*(R, 1j_%)), which we denote by ¥ again. Being an adjoint, ¥ is w*-
continuous.

It remains to show that the so extended map U really takes values in BMO.(R, M).
Given a bounded interval I C R, the w* topology of L>®(M,L%(R ,th))
duces a topology in L>(M, L2(I)) equivalent to the w*-topology in L (M, L2(I)).
Then by the w*-continuity of ¥, we deduce that, for every ¢ > 0,1 C R, f €
LY(M, L3(I)), there exists a h € S such that

r / £ (@ (g)(t) — W(g)r)dt
/ £ U(h),)dt + ¢

< w(h)(t) - ()HLO@(MLz(I ||f||L1(ML2(I)) €

in-

IN

—
N
D

=

A\
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and
(2.7) Il o roe @yoa, 2@y < 190 Loe (Loe @@t 2y €

Combining (2.6), (2.7) and (2.4) we get

/I (@ (g)(t) — W(g)r)dt

clI| ||h||Loo (L (R)QM,L2(T ”f”Ll(M L2y €

IN A

C|I|(Hg‘|LOC(LOC(R)®M7Lg(F)) +¢) ||fHL1(M7Lg(1)) €
By letting ¢ — 0 and taking supremum over all Hf||L1(L°°(R)®M L2y < 1 and
I C R, we get ¥(g) € BMO.(R, M) and

1¥(9)lIBmo. < cllgll oo (roo®)or,L2) -

Therefore, we have extended ¥ to a bounded map from L*°(L>°(R) @ M, L%(T))
to BMO.(R, M), thus completing the proof of the lemma. I

Remark. We sketch an alternate proof of the fact that ¢ = U(h) is in BMO.(R, M)
for h € S. Let H be the Hilbert space on which M acts. Recall that M, is a
quotient space of B(H), by the preannihilator of M. Denote the quotient map
by gq. For every a,b € H, denote [a ® b] = ¢(a ® b). Note that 7(m*[a ® b]) =
7([m*(a®b)]) = (m(b),a),¥m € M. From (1.16) and the classical duality between
BMO(R, H) and H'(R, H),

||30HBMOC(]R,M) = sup H‘PGHBMO(R,H).

e€H, el y=1
+oo
[ e dt\

— 00

+o00
7‘/ ©*lg® €] dt’
— 00
Let f = [g ® e]. Noting that

IVfI?=(Vg,Vg)[e®e] = [Vglle®e],

IN

c sup sup
e€H |le|| ;=1 HQHHl(]R,H)Zl

(2.8) = ¢ sup sup
eEH,HeHHzl H.‘]HHI(R,H)Zl

we get

(2.9) T (S.(1)() = ( / / Vgt + . y)|? dudy)*.
T

Thus Hf”Hg(KM) = 1if ||g||H1(R’H) =1land |le||; = 1. Therefore

+oo
llellBmo.®am) < € sup T/ *fdt’
”f”Hl(ug M)—l -
+oo
= ¢ / // (z,y, )Vt + z,y)dydzdt
”f”Hl(R M)*l
<

Al oo (Lo )@ M, L2) -
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COROLLARY 2.3. Let f € LY(M,L2(R, (1 + s*)ds)) with [ fds = 0. Then
f € HLR, M) and
Hf”Hg <c Hf||L1(M,L§(R,(1+32)ds))

Proof. By Lemma 2.2, the assumption that | fds = 0 and Proposition 1.3, we
have

1fllzr = NVFC+2y)xrllm=@em,r2)

= . ///h Vf(t+ z,y)dzdydt

‘h”wawm)@M JEIBS

= sup
170l Loo (Los @y, £2) <1

r /}R ()1 (s)ds

r / (W(R))* () f (s)ds
R

IN

c sup
H‘P”BMOC(R,M)Sl

ds
1+ 52

IN

r / o (5)(1+ 52)£(5)
R

c sup
Il oo (aa 225, 2y 0 ST

< ef|+ )6 g e

= C”fHLl(M7LZ(R,(1+82)dS))' i

Remark. In particular, every Spys-valued simple function f with [ fds = 0 is
in H!(R, M). Consequently, by the remark before Proposition 1.3, HL(R, M) N
HP(R, M) is dense in HE(R, M) (p > 1).

2. The duality theorem of operator valued %' and BMO

Denote by Hly(R, M) (resp. Hlo(R, M)) the family of functions f in H} (R, M)
(resp. HL(R, M), H., (R, M)) such that f € L'(M, L2(R, (1+t%)dt)) (resp. L'(M,
L2(R, (1 +t%)dt)). It is easy to see that HL (R, M) (resp. Hly(R, M)) is a dense
subspace of H!(R, M) (resp. H}:(R, M))). Let

HcrO(Ra M) = HiO(R’ M) + H}"O(Ra M)

Then H} (R, M) is a dense subspace of H., (R, ./\/l) Recall that we have proved
in Chapter 1 that BMO.(R, M) C L>®(M, L2(R, 1+t2)) Thus by Proposition 1.1
(p, ) = fj;o @* fdt exists in L1(M) for all ¢ € BMO.(R, M) and f € HL (R, M)
(see our convention after Proposition 1.1).

THEOREM 2.4. (a) We have (HL(R, M))* = BMO.(R, M) with equivalent

norms. More precisely, every ¢ € BMO.(M) defines a continuous linear functional

on HL(R, M) by

+oo
(2.10) lo(f) :T/ o* fdt; Vi€ Hiy (R, M).

— 00

Conversely, everyl € (HL(R, M))* can be given as above by some ¢ € BMO.(R, M).
Moreover, there exists a universal constant ¢ > 0 such that

¢t lellsmo, < Mellgy- < cllellpmo, -
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Thus (H:(R, M))* = BMO.(R, M) with equivalent norms.
(b) Similarly, (H:(R, M))* = BMO,.(R, M) with equivalent norms.
(¢c) (HL.(R,M))* = BMO.,(R, M) with equivalent norms.

Our proof of Theorem 2.4 requires two technical variants of the square functions
G.(f) and S¢(f). These are operator valued functions defined as follows:

(2.11) Gl = ([ |V (@ 5)[Psds)?,

(2.12) Se(f)(z,y) / IVf(t+ z,s)*dtds)?
r'0,y)

where y > 0,T(0,y) = {(¢,s) : |¢] < s—1y,s > y} and f is Sy-valued simple
function. Note that G.(f)(z,0) and S.(f)(z,0) are just G.(f) and S.(f) defined
in Chapter 1.

LEMMA 2.5.

Ge(f)(w,y) < 2V28.(f)(.5) -

Proof. It suffices to prove this inequality for x = 0.Let us denote by B, the
ball centered at (0,s) and tangent to the boundary of T'(0,%),Vs > y. By the
harmonicity of Vf, we get

V£(0,s) = 2/ Vf(z,u)dzdu

W(S—§) B,

By (1.12),
8
2 o 2
IVF(0,s)” < 2 /BS |V f(x,u)|*dzdu

Integrating this inequality, we obtain

(2.13) /Oos\Vf(O,s)Fds < /OO %/ |V f(z,u)|>dzduds
Yy Y Bs

However (z,u) € B, clearly implies that § < s < 4u. Thus, the right hand side of
(2.13) is majorized by

4u
/ V1 ()2 / 8 Jsdwdu < 852(£)(0, Y)
r.%) g S 2

Therefore G.(f)(0,y) < 2v2S:(£)(0,%). B

Proof of Theorem 2.4. (i) We will first prove

(2.14) Lo ()] < ellelipmo, 1f 1l

when both f and ¢ have compact support. Once this is done, by Lemma 1.5,
we can see (2.14) holds for any ¢ € BMO.(R, M) and any compactly supported
f € H (R, M). Then recall that by Proposition 1.3

dt

0o 2
BMO(R, M) € L*(M, 2R, -5

)
and by Corollary 2.3

1l < Il 2 raae2yanyy » Y € Hao(R M),
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we deduce (2.14) for all ¢ € BMO.(R, M), f € HL (R, M) by choosing compactly
supported f, € Hi(R,M) — f in LI(M L2(R, (1 + t?)dt)). Finally, from the
density of HiO(R,M) in HL(R, M), l, defined in (2.10) extends to a continuous
functional on H! (R, M).

Let us now prove (2.14) for compactly supported f € H., (R, M) and compactly
supported ¢ € BMO.(R, M). By approximation we may assume that 7 is finite and
G.(f)(z,y) is invertible in M for every (z,y) € R%. Recall that A(¢* f) = 2Vp*V f.
By the Green theorem and the Cauchy-Schwartz inequality

Lo ()]
= 2|T/ V*V fydydz|

INA
2
Q

CHNIVIREEE(f)ydydz) // DIVGPGE (f)ydydz)t

= 2 [[ G APy // Gl ) Vo Pydydz)

= 2Je]]

Note here G.(f) is the function of two variables defined by (2.11), which is differ-
entiable in the weak-* sense. For I we have

I = / o / acﬁy(f )dydx
= [T e X e - 2Dy

+oo
= 27 / / _9G) dydz
—oo JO ay

+oo
= 27 Ge(f)(z,0)dx

—00

< 4\/57’/+OO Se(f)(z,0)dz

—o0
= 42|l -
To estimate II, we create a square net partition in Ri as follows:
o(i,j) ={(z,y): (- 1)27 <2 <i2, 27 <y <2t} Vi jel

Let C; ; denote the center of o (4, ). Define

Sc(f)(a,y) = S(f)(Cij)y Y(z.y) € a(i,j),
dk(x) = gc(f)(xa2k)*gc(f)(xanJrl)v V:C €R~
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It is easy to check that

S(H@.2y) < Selay) < S, 3).
di(x) > 0, VreR,
SNy = Sdila), v <y <2,
k=j
k=—o00
Now by Lemma 2.5 and (2.15)
“+o0
I = / / (z,y)| V| ydydx
+o0 .
< o[ / Se)(e, DIVl ydyds

2k+3

+o0 00
N / () (@, 2) / Vol2ydydz
2k+2

ook*oo

400 fe'e) 2k+3
= 2\[7'/ Z Zd / |V | ?ydydx
X k=—00 j=k k2
too oo 0i+3
= 2\[7‘/ )/ |V o|*ydydx
j=—o0 0

9J+3

/ \Ve|*ydyda
0

2o 3 Zdﬂ]/

I=—00 j=—00 (i-1)27

Hence by Lemma 1.4

iod 1[os2
or Z Z d;(i27)2” [¢llzpmo,

i=—00 j=—00

= clelivo S [

J=—o0 "

g

IA

—+o0

= cllelino.m [ S 0o

—o0
2
= cllellgmo, ||f||Hg :

Combining the preceding estimates on I and II, we get

le(PI < ellellpmo, 11l -
Therefore, I defines a continuous functional on H., of norm smaller than ¢ [|¢|| g0, -

(ii) Now suppose | € (HL(R, M))*. Then by the Hahn-Banach theorem [ ex-
tends to a continuous functional on L*(L>®(R)®M, L2(T')) of the same norm. Thus
by

(LML= (R) © M, L))" = L=(L™(R) © M, LZ(T)
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there exists g € L(L>(R) @ M, L%(T")) such that

2 . * _ 2
618 < o synn ey =50 | [ 9 G tlgta, . )l yon = I
I

and

+oo
I(f)=r [ / / 0 (@ g OV St + 2 y)dydedt, ¥ | € Hiy(R, M),
I

Let ¢ = W(g), where ¥ is the extension given by Lemma 2.2. By that lemma
© € BMO,(R, M) and
||‘PHBMOC < CHgHLoo(Loo(R)@M_,Lg(f)) = C”l”

Then we must show that
+oo
1N =7 [ & ©F s, ¥ f € MR M)

But this follows from the second part of the proof of Lemma 2.2 in virtue of the
w*-continuity of W. Therefore, we have accomplished the proof of the theorem
concerning H!(R, M) and BMO.(R, M). Passing to adjoints yields the part on
HL(R, M) and BMO,.. Finally, the duality between H.,.(R, M) and BMO,..(R, M) is
obtained by the classical fact that the dual of a sum is the intersection of the duals. i
COROLLARY 2.6. ¢ € BMO.(R, M) if and only if d\p = |V|?ydxdyis an
M-valued Carleson measure on R%, and c™*N(Ap) < ||<p||2BMOC < cN(Ap).

Proof. From the first part of the proof of Theorem 2.4, if ¢ is such that d\, =
|Vo|?ydady is an M-valued Carleson measure, then ¢ defines a continuous linear

functional I, = Tfj;o ©* fdt on HLy(R, M) and
1
HlsOH(Hg)* < eNz(Xy)

Therefore by Theorem 2.4 again there exists a function ¢’ €BMO.(R, M) with
< gl < eN(Ap) such that

+oo +oo
T/ p*fdt = 7'/ O fdt.

—00 — 00

2
I¢'I[BMno0.,

Thus ¢ = ¢’ and ¢ €BMO.(R, M) with ”(PH]QBMOC < ¢N(Ap). The converse had
been already proved in Lemma 1.4. I

COROLLARY 2.7. For f € H!(R, M), we have
TGN £ 1Se(Dly < ellGel )
Proof. By Theorem 2.4 and the first part of its proof, we have

r / fordt| < cllG(DIF 18.(H)I1F

1Se(Nlly < ellGe(Hlly

The converse is an immediate consequence of Lemma 2.5. i

[Se(Plly = [ fllyz <ec  sup

‘ <PHBMOC:1

Therefore
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Remark. The technique used in the proof of Lemma 2.5 is classical (see [31]).
The method to prove Theorem 2.4 is inspired by the analogous one for martingales

(see [7], [10], [26]).

3. The atomic decomposition of operator valued H!

As in the classical case, the duality between H!(R, M) and BMO.(R, M) im-
plies an atomic decomposition of HL(R, M). The rest of this chapter is devoted
to this atomic decomposition. We say that a function a € L'(M, L%(R))is an
M -atom if

(i) a is supported in a bounded interval I;

(ii) [; adt = 0;

(iii) 7(f; la?dt)z < |1]7%.

Let H1% (R, M) be the space of all f which admit a representation of the form

= Nai,
ieN
where the q;’s are M -atoms and \; € C are such that ZZEN |Ai| < co. We equip
HLa (R, M) with the following norm

[ fll g2t = inf{z Ail; f = Z)‘ia“ a; are M -atoms, \; € C}

i€N ieN
Similarly, we define HL% (R, M). Then we set
HLY (R, M) = HLD (R, M) + Hp"H (R, M).
THEOREM 2.8. HL (R, M) = H!(R, M) with equivalent norms.

Proof. It is enough to prove (H!% (R, M))* = BMO.(R, M). Now, for any ¢ €
BMO.(R, M) and f € H} (R, M) with f = >, Aia; as above, by the Cauchy-
Schwartz inequality we have

I / Gral < S / (¢ — p1.) audi]

€N
1 1
< Y[ |ai|2dt>2H< [ o= an?
ieN I; I M
< ellpmo, Y 1Nl
€N

Thus BMO,(R, M) C (HL% (R, M))* (a contractive inclusion). To prove the con-
verse inclusion, we denote by Li(M, L2(I)) the space of functions f € L*(M, L2(I))
with [ fdt = 0. Notice that L§(M, L2(1)) € HH* (R, M) for every bounded I.
Thus, every continuous functional I on H.!%'(R, M) induces a continuous func-
tional on L}(M, L2(I)) with norm smaller than |I|2 [2l[ 342ty - Consequently, we
can choose a sequence (p,,),>1 satisfying the following conditions:

l(a) =7 [ ¢hadt, YM.- atom a with suppa C (—n,n],
lonllLoe (m,L2((=nmp)) < VR ggreny s

Pol(—mym) = Pmo> Vn > m.
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Let ¢(t) = ¢,(t),Vt € (—n,—n + 1] U (n — 1,n],n > 0. We then have ¢ €
L (M. L3(R. 122,)) and

l(a) = T/gp*adt, VM- atom a.

Considering [g ® €] as defined in the remark after Lemma 2.2, by (2.8) and (2.9) we

have
—+o0
ellowo, < ¢ _swp sw o[ lgsaal
e€H |le]| ;=1 HQ“Hl(R,H):l —o0
+o00
< sup T/ cp*fdt’
711510 =1 —o0

= ||l||(Hi’at)* -1
COROLLARY 2.9. HLA(R,M) = HLR,M) and HL* (R, M) = HL.(R, M)

with equivalent norms.

Remark. The M-atom considered in this section is a non-commutative ana-
logue of the classical 2-atom for H' space. It seems difficult to consider the non-
commutative analogues of the classical p—atom for p # 2.

Remark. We only considered the functions defined on R in this chapter. However,
one can check that all the proofs work well for the functions defined on R™. And
the analogous results can be proved similarly for the functions defined on T", where
T is the unit circle.



CHAPTER 3

The Maximal Inequality

1. The non-commutative Hardy-Littlewood maximal inequality

We recall the definition of the non-commutative maximal norm introduced
in [14] with an inspiration from Pisier’s non-commutative vector-valued space
L,(N,7;ls) (see [25]). Let 0 < p < oo, and let (an)nez be a sequence of ele-
ments in L?(M). Set

(31) = inf lallgancaey Dol oo any S0P [l

sup [ay|

nez an=a

Le (M)

where the infimum is taken over all a,b € Lg,(M) and all bounded sequences
(Yn)nez € M such that a, = ay,b. By convention, if (a,),cz does not have such
a representation , we define |[sup,,cz |an|||Lp(M) as +oo. If p > 1 and (an)nez is
a sequence of positive elements, it is proved by Junge (see [14], Remark 3.7) that
(with ¢ the index conjugate to p)

(3.2)
sup |ay| = sup Z T(anby) : by € LY(M), b, >0, Z by, <1
nez Lr(M) nez nez La(M)

Moreover, in this case, there exists a positive element a € Lo, (M) and a sequence
of positive elements y,, such that a,, = ay,a and

(3.3) sup |an|

nez

2
= llallz2p 1) SUP [1Ynllpg -
LP(M) n

It is then easy to verify that, for positive a,’s

(3.4) sup |ay, |

nez

= inf .
Lr (M) aZan ez

We define similarly [[supyen |a(A)][],, if A is a countable set. If A is uncountable
we set

(3.5) sup |a(A)]

AEA

sup [a(An)|
neEZ

= sup
LP(M) (An)nez€A

Lr(M)

Note that sup, a) does not make any sense in the non-commutative setting and
lsupsea \a(/\)\||Lp(M) is just a notation. Also note that

(3.6) sup [a(\)|

A€A

= sup ||a(>‘)HL°C(M) :
Loo (M) AEA

31
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To put the proceding definitions in proper perspective, we recall the following iden-
tities satisfied by the norm of an l.(A)-valued function a : R — I (A) in the
classical space LP(RR, [ (A)) for an arbitrary index set A.

(a)

sup [a( An)|
neJ

supla(Vl| = sup
AEA p  JcAfinite P

(b) If [[supyep [a(A)[]l, < oo, then there exists a € LP(R) such that |a(A)] <
a, YA € A and

llall, = ||sup |a(A)]
A€A »
The main result of this chapter is the non-commutative Hardy-Littlewood max-
imal inequality. We will reduce it to the non-commutative Doob maximal inequality
for martingales already established by M. Junge [9]. To this end, we need to in-
troduce two increasing filtration of dyadic o—algebras on R. The key property of
these o—algebras is that any interval of R is contained in an atom belonging to
one of these o—algebras with a comparable size (see Proposition 3.1 below). This
approach is very simple. And we will need it later when prove BMO.(R, M) is the
intersection of two dyadic BMO spaces. That is one of the reasons that we do not
follow the classical ways to dominate Hardy-Littlewood maximal functions by the
correspondent dyadic ones.
The two increasing filtrations of dyadic o—algebras D ={D,, }necz, D’ = {D}, }nez
that we will need are defined as follows: The first one, D ={D,, }nez, is simply the
usual dyadic filtration, that is, D, is the c—algebra generated by the atoms

Df = (k27 (k+1)27"]; keZ.

The definition of D' = {D], },cz is a little more complicated. For an even integer
n, the atoms of D), are given by

1 4
DIF = ((k+ g)2—”, (k+-)27", keZ;

3
while for an odd integer n, D), is generated by the atoms
2 5
DIF = ((k+ g)2—", (k + g)2—”], keZ.

It is easy to see that D’ = {D}, },cz is indeed an increasing filtration.

The following simple observation is the key of our approach.

PrROPOSITION 3.1. For any interval I C R, there exist ky, N € Z such that I C
DX and | DY < 6|1 or I C D' and | D] < 6|1, the constant N only depends
on the length of I.

9-N-1
3

Proof. To see this, choose N € Z such that < Il < % Denote

Ay ={(k27 V) k ez}, Ay ={((k+ %)Q‘N, (k + %)Q_N); keZ}.

Note that for any two points a,b € Ay U Ay, we have |a — b| > £27N > |I|. Thus
there is no more than one element of AyUAy in I. Then INAy = ¢ or INAy = ¢.
Therefore, I must be contained in some Df\} or DN’” . |

Remark. See [19] for a generalization of Proposition 3.1.
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Remark. If an M -atom defined in Chapter 2 admits its supporting interval as
D%, (vesp. D/\*) for some k, N € Z, we call it M.-D-atom (resp. M -D’'-atom).
Proposition 3.1 implies that an M. -atom is either an M-D-atom or an M ~D’-
atom up to a fixed factor. Therefore the atomic Hardy space H1%* (R, M) defined in
Chapter 2 can be characterized only by M .D-atoms and M.-D’-atoms. A similar
remark applies to the atomic row Hardy space H1% (R, M). See Chapter 5 for
more results of this type.

The proof of the following Proposition (as well as that of Theorem 3.3) illus-
trates well our approach to reduce problems on functions to those on martingales.
Put

1

h1 + ha

t+ho
Fult) = / F(@)dz, Vh = (h1, hy) € RT xR*.
PROPOSITION 3.2. Let (an)nez be a positive sequence in LP(L*°(R) @ M) and
By = (hpayhn2) € RYXRT 0 € Z.
(i) Ifl1<p<oo,

(3.7 Z(an)hn <g¢p Z an,
nez LP (L (R)QM) nez Lp (L (R)QM)
(ii) If1 <p<oo,
(3.8) sup |(an)n, | < ¢p |[sup |an|
nez Lp (L% (R)QM) nez Lr (Lo (R)QM)

Proof. From Proposition 3.1, Vn € Z, for every t € R, there exist some k;, N,, € Z
such that (t — hy,1,t+ hy2) is contained in Df\}n or D%“ and

DY | = [DYt| < 6(hin1 + P 2).
Thus
(3.9) (an)n, < 6(E(an|DNn) + E(an|D§Vn)), Vn € Z,

where E(- Dy )(resp. E(- |Dl ))denotes the conditional expectation with respect
to Dy, (resp. Dy ). Then (3.7) follows from Theorem 0.1 of [14]. By (3.2) and (3.7),

sup |(an)p,,|
nez Lp (Lo (R)QM)
t+hn 2
= sup{z / h / ( dIEb Zb § 1}
nez n 1+ 2 t—hn,1 nez La(L*>(R)®@M)
z+hn1
_ b (£)dtan( by, <1
SUP{Z / n1+hn2/x—h ( ¢ Z - }
neZ n,2 neZ La(L>(R)®QM)
< sup{z /b x)an(x an < 6}
nez nez La(L>(R)®QM)
S cp Sup‘an‘
neZ Lr(L>(R)®QM)

This is (3.8). 11
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The following is our non-commutative Hardy-Littlewood maximal inequality.
Denote by P(M) the family of all projections of a von Neumann algebra M.

THEOREM 3.3. (i) Let f € LY(L®(R) ® M) and X\ > 0. Then there exists
e* € P(L®°(R) ® M) such that

£l
(3.10) sup  |lefaet|], <A, {7’ ® /} (1—e*) < =1L,
s S I I, (R) @M 2

(it) Letl<p<oo and f € LP(L>®(R) @ M). Then

(3.11) sup | fnl

<cpfllor= :
heER+ xR+ ! Lr (@™ ®)eM)

Lr (L™ (R)@M)
Moreover, for every positive f € LP(L®(R) ® M), there ewists a positive F €
LP(L*(R) ® M) such that fr, < F for all h and

(3.12) IE Loz mynm) < € 1o @yem) -

Proof. By decomposing f = f1 — fa +i(f3 — f4) with positive f, we can assume f
positive. To prove (i), for given f,\, (hy)nez € RT xR let Dy, , D)y, be as in the
proof of Proposition 3.2. By the weak type (1,1) inequality of non-commutative
martingales in [3] we have YA > 0, 3e*, e’ € P(L>®(R) ® M) such that

A clfll
sup||e)‘E(f|DNn)e>‘HLOO(R)®M < oL T®/(1 —eM < Tl

and

A cllf
[ E(fIDY, )| <=, T®/(1_em)< ”A”l

sup <
n L (R) @M

for every f € LY(L™(R) ® M) and (hy)nez € RT xR, Let A=A e’?, then

T®/(1—6~>‘)<%.

By Proposition 3.1, we have
& fn,e* < 6(E(f[Dx, )¢ + e E(f| Dy, )e™).

Therefore,
sup eN’\fh(;\H

heR+ xR+ LeR)eM
= sup sup ’e}fhnexH

(hn)nez ™ Lo (R)@M
< 6sup|le *E(f|Dy )e? ‘ + 6sup ||e*E(f|Dn,, )|
> . n L= (R)@M n n Lo (R)@M
< A

This is (3.10). To prove (3.11), consider the two filtrations D, D’ introduced above.
By Theorem 0.2 of [14], there exist two positive Fy, Fy € LP(L®(R) ® M) such
that [|[F1[|Le, [ F2llzr < ¢pllf]lzr, and

(3.13) B(fID)<Fi,  and  B(ID,) < F, Vel
Thus, similar to (3.9), we have (by Proposition 3.1), for every h € Rt xR,
(3.14) Jn S 6(F1+ Fy)
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Let F' = 6(F; + F»), we proved (3.12). (3.11) follows immediately by decomposing
f=fi— f2+i(fs — fa) with positive fz. I

Using standard arguments and Theorem 3.3 we can easily obtain the non-
commutative analogue of the classical non-tangential maximal inequality. Recall,
as in Chapter 1, we also use f to denote its Poisson integral on the upper half plane.

THEOREM 3.4. (i) Let f € LY(L®(R)®@M). Then VYA > 0,3 e* € P(L®(R)®
M), such that

(315) sup [|Mf @+t 9)eM | mor S A T®/<1 ~My < Al gy s
(t,y)er A

(i) Let f e LP(L>®(R) ® M),1 <p < oco. Then

(3.16) sup [f(z +1,y)]

S <clfll,-
Y

p

Moreover, for every positive f € LP(L>®(R) ® M), there exists a positive F €
LP(L>(R) @ M) such that f(- +t,y) < F for all (t,y) €T and

(3.17) 11, < cplIfIl, -
Proof. Notice that
1y 1 1 k—1
Py(x) = TaZty2 = g 22k-Dy g V2R Ty < xf.
We have, for every positive f and any (¢,y) € T,
flz+ty)
= / f(s)Py(x+t—s)ds
R
1 / 1 1 & 1
T lett—sl<y 5 ”; 2k ly<|oti—s|<2by Oy 1y
I8 1
(3.18) < — —7/ f(s)ds.
™ ];) 2k 2k+1y |z+t—s|<2Fy
Considering hg, = (2%y —t,2%y +t) € RT x RT, we get (3.17) from (3.12). And
by (3.11),
18
swp |f(w+ty)l| < — > op|lsup|fu,|
(t,y)ET » [ hi,y »
<

eI f1l,-

Decomposing f = fi1 — fa +i(fs — f4) with positive fi, we get (3.16) for all f €
LP(L>*(R) ® M). We can prove (3.15) similarly. I

2. The non-commutative Lebesgue differentiation theorem and
non-tangential limit of Poisson integrals

We end this chapter with the non-commutative Lebesgue differentiation theo-
rem and non-tangential limit of Poisson integrals. These are consequences of Theo-
rem 3.3 and Theorem 3.4. To this end, we first need to recall the non-commutative
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version of the almost everywhere convergence. Let (fx)xex be a family of ele-
ments in LP(M, 7). We say (fr)rex converges to f almost uniformly, abbreviated
as fr ©¥ f, if for every € > 0, there exists e. € P(M)such that 7(1 —e.) < eand

li - = 0.
A flee(fx = Hlloo =0
Moreover, we say (fx)aex converges to f bilaterally almost uniformly, abbreviated
as fi bagu f,if for every € > 0, there exists e, € P(M)such that 7(1 —e.) < eand

||e€(f)\ - f)e&‘Hoo =0.

lim
A— Ao

Obviously, fy &% f implies fy bagu I
Recall that the map z — 2P (1 < p < 2) is convex on the positive cone M of
M (see [2]). Thus, for f € LP(L>®(R) @ M) (1 < p < 2), we get

(3.19) /A\f|dtg(/A|f|pdt)%, VACR, |A] = 1.

Note that for any z,y € My, x < y implies ¢ < y9,V0 < ¢ < 1. Using (3.19)
successively, we get the following Lemma.

LEMMA 3.5. For f € LP(L®(R)® M), 1 < p < o0,
(3.20) / |fldt < (/ [f|Pdt)r, VACR, |A]=1.
A A

And recall that for any bounded linear operators a,b on a Hilbert space H, a
positive and ||b|| < 1, if T is an operator monotone function defined for positive

operators (for example, T'(a) = a%,p > 1) then

(3.21) b*T(a)b < T(b*ab).
This is the so-called Hansen’s inequality (see [9]). In particular, we have
(3.22) b*ab < (b*aPb)¥.

THEOREM 3.6. (i) Let 1 < p < 2. We have f bagu f as h — 0 for any
f e LP(L>®(R) @ M).
(i) Let2 <p < oco. We have fr, “* f as h — 0 for any f € LP(L>®(R) ® M).

Proof. (i) Without loss of generality, we can assume f selfadjoint. For any given
fe LP(L*®R) ® M) and € > 0, choose f" = ZkNgl ¢rar, where zj, € SY and
where ¢, : R — C are continuous functions with compact support, such that

n n 1 €
(323) 1 = 7Pl = 01 = 71 < ()P o
Choose 5 ,, € P(L™(R) ® M) such that
1
2n

g
TX® /(1 - ein) < 27 and ||ein|fn - flpei,TLHLoc(]R)®M < ( )p.

Set ] = Apej,,. We have 7® [(1 —ef) < € and by (3.22),

leT(f" = f)eiHLOO(]R)Q@M < el - f|6§||L°°(]R)®M
1
< 1™ = FPES I e mrmnn
1
(3.24) < Vn > 1.
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On the other hand, by (3.10) and (3.23) we can find a sequence (€5, )n>0 C
P(L>*(R) ® M) such that

e
T® /(1 —e5,) < on
e n e 1
(325) H62,n(|f - f|p)h627nHLOO(R)®M < (27)17, Vh € R+XR+.

Set €5 = Ape5,,, we have 7 ® [(1 — e5) < e. By (3.20), (3.22) and (3.25)

||€§(f}? - fh)eSHLOO(]R)@M < Heg,n(|fn - f‘)he;nHLoo(]R)@M

1
< e;,n(|fn - f‘p)}lje;n
Lo (R)QM
1
< (||6§,n(|fn - f|p)he§,n“Loo(R)®M)p
1
(3.26) < 5 Vn>0,h e RTxRT.

Recall that by the classical Lebesgue differentiation theorem,
li — =
lim [lo, —¢lle =0
if ¢ : R — Cis continuous with compact support. Then by the choice of f, we
deduce that
}llii% Ifr - anLoc(]R)@M =0,Vn > 1.
Let e = ef A €5, then 7 ® [(1 —e) < 2e. For any n > 0, choose S,, > 0 such

that || f7 — f"||, < 5= for any h € R* xR* such that hy + hy < S,,. Then, for any
h € RTxRT such that hy + he < S,
le"(fn = Nelloe < N (f" = Helloo + 15 = Moo + 173 = fr)e Il
< let(f™" = Peille + IR = Ml + les (i — fu)esll o
3
27".
Thus limy, o [[e*(fn — f)e®||.o — 0. This completes the proof of (i).
(ii) The proof of (i) works well for the part (ii) of the theorem with some minor

changes. Let (f™)nen and ef,e§,e® be as above. Since p > 2, instead of (3.24),
(3.26), by (3.20) and (3.22) we have

n n 3 n 1 1
(3.27) le(f" = Ao = llelf™ = FPei]| 5 < Neslf” = fPeflle < 5o Yn 2 15

IA

and also
les(7 = )l = sl — falPes]) 2
< ([les(f™ = £12)nes] )2
(3.28) < (50"~ sl )P < g W21

Then we can conclude as in the proof of (i). I
THEOREM 3.7. (i) Let 1 < p < 2,f € LP(L®(R) @ M). We have f(- +
b.a.u
u,y) = fasT > (u,y) — 0.
(is) Let 2 < p < oo, f € LP(L®(R) ® M). We have f(- +u,y) ¥ f as
I's (u,y) — 0.
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Proof. We can assume f > 0 by decomposing f into four positive parts. Given
e>0,let 7, ef ,ef (i =1,2) be as in the proof of Theorem 3.6. We use the same

notation f™ for the Poisson integral of f™. It is easy to see that

( 1i§110 "¢ +wy) = "l — 0, Vn>0, (u,y)el
u,y)—0.

Let e® = ef A e5. For any n > 0, choose Y,, > 0 such that
177G 9) Pl < 5
for any (u,y) € T, |u| +y < Y,. To prove (i), from (3.24), (3.26) we have, for any
(u,y) €T, Jul +y <V,
le"(f(-+uy) = FO)e o
< e = Deflloe G +uy) = [

+ 68(/(f — f")(s)Py(x +u — s)ds)e®
R [e%s)
1 [ 2
< — 4+ =+ 65/ = [ =———ds)e°
2n 2n ];) ( |lztu—s|<2ky | |22(k71)y + Y ) oo
2 =8 1
< Yo b f — frlds)es
2n kZ:O 2k 2ky |lz+u—s|<2ky oo
2 8 n
< ot > ok les(1f = " Dny €5l
k=0
2 8
S % + 273

where hy, = (2Fy — ¢,2%y +t) € RT x R*. Thus

( lir)n 0Hes(f(- +ty,y) — fle|l = 0,Ve >0,
u,y —

and then f(-+u,y) %" f when T' 3 (u,y) — 0. This is (i). Using (3.27) and (3.28)
instead of (3.24) and (3.26), we can prove (ii) similarly. I

Remark. When p = oo, the corresponding convergence problems discussed in
this section are still open.



CHAPTER 4

The Duality between H? and BMO?,1 < p < 2.

In this chapter, we describe the dual of HE(R, M), which is BMO%(R, M) (g
being the conjugate index of p), the latter is the L?-space analogue of BMO space
already considered in Chapters 1 and 2. These BMOY(R, M) spaces not only are
used to describe the dual of HP(R, M) but also play an important role for all
results in the sequel. In particular, we will use it to prove the map ¥ introduced in
Chapter 3 extends to a bounded map from LP(L>®(R) @ M, L2(T")) to H?(R, M)
for all 1 < p < oo. Consequently, H2(R, M) can be considered as a complemented
subspace of LP(L*(R) ® M,Lg(f)) For the most part, our results in Chapter 4
are extension to the function space setting of results proved for non-commutative
martingales in [?].

1. Operator valued BMO? (q > 2)

We will now introduce a useful operator inequality. Let H be a Hilbert space
with the inner product (-,-), let a,b € B(H), then

1
(4.1) la+b)? < (1+t)\a|2+(1+¥)\b|2,Vt>O,t€R.
In fact, by Cauchy-Schwartz inequality, we have, for every h € H,

(Ja + b|?h, h) ((a 4 b)h, (a + b)h)
< (ah,ah) + (bh,bh) + 2(ah, ah)? (bh, bh)>

1
(1 +t){|a|*h, h) + (1 + z)<|b\2h, h); Vt>0,teR.

IN

Let ¢ € LI(M, L3(R, 7&;)). For h € R*xR™, denote Ij,; = (t — hy,t + ha).

» 1442
Let
1
# 2
t) = —— X)) — dl‘
A0 = gy [ le) el
Set, for 2 < g < o0,
1
2
lellpmoz = || sup el
herET it a=®em)

and

||90||BM02 = H(p*HBMOZ'
It is easy to check by (4.1) that [|-||gy;0a and ||-||gyos are norms. Let BMOZ(R, M)

(resp. BMOY(R, M)) be the space of all ¢ € LY(M, L?(R, 1122 ) (resp. LI(M, L%(R

39

dt
) 1412

)
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such that [|¢][gyor < co(resp. [[¢pyos < 00). BMOZ, (R, M) is defined as the
intersection of these two spaces

BMOY? (R, M) = BMO4(R, M) N BMO%(R, M)
equipped with the norm

||90||BMOZT = maX{H‘P”BMog ) ||S¢’||BMOZ}-

If ¢ = oo, all these spaces coincide with those introduced in Chapter 2. And
if M = C, all these spaces coincide with the classical BMOY. As in the case
of BMO(R, M), we regard BMOZ(R, M) (resp. BMO!(R, M), BMOI(R, M)) as
normed spaces modulo constants. The following is the analogue for BMOY(R, M)
of Proposition 1.3. Recall that I* = (t — 2"~ 1 ¢t + 2"~ !] for t € R and n € Z. Note
that we have trivially

1 2
3 [, 1605) — 0, P

PROPOSITION 4.1. Let 2 < g < oco. Let ¢ € BMOY(R, M). Then

Lq(M)) '

Moreover, BMOZ(R, M), BMO}(R, M), BMO{Z.(R, M) are Banach spaces.

2

(4.2) < I¢llmnor

L3 (L (R)@M)

Iollncan sz cimn < € (Wollonior + o

Proof. The proof is similar to that of Proposition 1.3. By (1.12) we have

lerp —enl® < Qe — 1P+l —enl?)
k=3
= 1 2 2
< 0> g / (ols) — o, s + 3 / [ols) — i, )
k=3 t
< a2 o) - s+ 2 16—, a9
k=3 t
1
(4.3) = 2nz2—k/lk \(p(s)—4p15|2ds, Yn > 1,t € [-1,1].
k=2 t
Thus by (4.2)
@8 e —enP| g e mong <27 Melbor . ¥n> L [-1,1]
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To control ¢’s LI(M, L3(R,

4t 1)) norm by its BMO? norm, we write

T+t2
||S0||Lq(M,L§ 1))
2
_ | [t

R 1+s LM

lp(s)1?
= —%,%](t) 1+S2 ds q

L2 (L (R)@M)

IN

11 E / d5+/ |<P( )lzdS)
515] I"+1/I" 1+S2 Ié 1+82
0 2
@(s
X[_%,%](t)( E /n | 2(2,2| d8+ /Il ‘@(S)Fds)
n=2""t 0

L3 (L>®R)®M)

IN

L2 (L= R)®M)
hence by (4.4)
2

i [p(s) —¢,,
2 I
olr sze sty < | ooxean® [ s
n=2 ¢ Lz (L>=(R)®M)
> e >, n? ”‘P”éMOq
0 c
|, T
n=1 L2 (M) n=1
=, (0% +1) [l puos
» |
; on 2L Ly
(4.5) < oo.

Thus BMO?(R, M) is a Banach space. Passing to adjoints we get that BMOZ(R, M)
is a Banach spaces and then so is BMOY, (R, M). I
Put )
N =5 / Vol *ydudy.
Tr)

LEMMA 4.2. Let ¢ € BMOY(R,M) (2 < ¢ < 0). Then3c > 0 such that

2
sup [Ap"™ 7| < cllellgmos -

nez

L3 (L ®R)oM)
Proof. The proof is similar to that of Lemma 1.4 but more complicated. For
any n € Z,t € R, write p = ¢}" —|— oot + ot where ' = (p — Ppat1)X o,

@2 = (SD - @Itn‘*’l) (In+1>c7 and 803 = 30]"'*'1‘ Set

A \Y% p =1, 2.
; b / 2% i=1,
T(I1)

Thus

sup [Ag" ][

neZ L2 (L% (R)@M)

< 2||sup A7) +2||sup |Ap#| .
neL L%(Loo(R)®M) nez L%(LOO(JR)®M)



42

4. THE DUALITY BETWEEN H? AND BMO?,1 < p < 2.

We treat \["# first. Arguing as earlier for (1.19), by the Green theorem we have

// IV Pydady < —/

()
Therefore,
ik ] oo
1 oo n,t |2
< SUP|? |901 |“ds|
_ 1 2d
= sl nllso P | ds]
2
(4.6) < 2[lellgmos

To deal with AJ"# we note that

nt2
w1 | ds.

L3 (L

L3 (L= (R)QM)

L3 (L= R)@M)

= (R)®M)

1 c " . .
|VPZ/<$ - S)|2 S 4(1, _ 5)4 — 24(n+k) ) Vs € It +k+1/It +ka (m,y) € T(It )
Let Ay = IPTAT1 /1% Then by (1.14), (1.17) and (4.3)
// |Vg0 |ydxdy
T(I)
— +OO ’t 2
= |V (s)ds|*ydxdy
T(I”
< // /IVP s)| 22kd32/22k|9" s)|*dsy | dzdy
) k= lA k= 1A
< // 28m 2/22k|<p <p1n+1| dsydxdy
T(I7) k=14,
= Z/ng lp — ‘PI"+’€+1| +|S01n+k+1 — In+1| )ds
k=14,
e 1 0o k o
< CZ S2ktn / |50 - SD[ZL+k+1‘2dS + Z o Z e /n ‘ ( ) _ w[{”*‘i‘zdu
k=1 Ay k=1 i=1 I
< X, +cY,
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where
|
Xn = ZW/W_‘PIW“‘QCZS’
k=1 A,
00 k
k 1 9
Yo = Y o D i /1* lo(s) = @ pn+i|*ds.
k=1 i=1 ¢
X,,Y, are estimated as follows. For X,, we have
sup |1, ||
nez L2 (L>(R)®M)
o0
1 1
= Sup|z27w/|gﬁ7§0];n+k+l‘2d5|
= k=1 q
Ak L2 (L= (R)®M)
1 1
2
k=1 ket q
¢ L2 (L (R)QM)
2
< 2lelsmor -

On the other hand,

sup |Yy,| ,
nez L2 (L (R)@M)
2
< S |swlgm [ o) - el
k=17 i=1 t L2 (L°°(R)®M)
(oo} k2
2
< Zﬁ”@“BMOZ
k=1
2
= 6H90||BMOZ'

Combining the preceding inequalities we get

sup |)\Z’2# |

2
< C||‘P||BMO§ )
nez

L3 (L= (R)QM)

which, together with (4.6), yields

2
Rl <cllellgmor- 1

sup [A@ )
L2 (L>(R)@M)

nez

Set
1
) =35 [ 100) - gl

Notice that for every h € RT x R there exists n € Z such that (t—hy,t+hs) € I}'
for every t € R and 2™ < 4(h; + hs), we have

< llellzmos -

1
(4.7) 1 H%’HBMOZ < SuP‘Pf

L% (L™ (R)OM)
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LEMMA 4.3. The operator ¥ defined in Chapter 2 extends to a bounded map
from LI(L>®(R) ® M, L%(T)) (2 < ¢ < 00) into BMOY(R, M) and there exists
cqg > 0 such that

(4.8) ||‘I’(h)||BMoZ < ¢q ||hHLq(L°c(R)®M,Lg) :

Proof. The pattern of this proof is similar to that of Lemma 2.2. One new thing
we need is the non-commutative Hardy-Littlewood maximal inequality proved in
the previous chapter.

Let S be the family of functions introduced in the proof of Lemma 2.2. Since
S is dense in L(L>°(R) ® M, L2(T)), we need only to prove (4.8) for all h € S. Fix
h € S and set ¢ = W(h). Then ¢ € LI(M, L3(R )). Let w € R and n € Z. Set

) 1+52
hﬂf(xvyat) = h(xvyat)xlg-m(t);
hy(@,y,t) = (@9, )X i (1)
and
+oo
:/ // Qrnhydydxdt,
— 00
r
where
Qo (x,y,t) = /Qy +t—s)ds

(recall that Qy(x) is defined by (2.2) as the gradient of the Poisson kernel). Then

4
Gt < g [ lel) = Bifas

E/ |/ //(Qy(x +t—s)— Q[n)hdxdydt\st
2” L] (ISJrl)C uw
T
8 Foo

+27 / ‘ / / Qylx +1t— s)hbdxdydt|*ds

17 —o0 r
= 84, + é / ‘ / / Qylz+t— S)hdzdydt|2ds

2n [, ntl
u u l—‘

Recall that, as noted earlier in (2.5),

// 1Qy(z 4+t —s) — Qrn|*dady < 2% (t —u)~*

IN

for t € (I"*1)¢ and s € I". By (1.14), we have

An = 7/n /1n+1 // Qy (e+i-s) an)hdxdydﬂ *
/ 022"(tfu)*2dt/ (t—u)~? //|h|2d:1:dydt
(Inttye (Tithye
r
02"/ (t—u)"? //|h|2d:rdydt
(ruthe 2

IA
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<1

Then, for any positive (a,)nez such that ||, anHL(%),(Lw(R)@M) <1,

—+oo
TZ/ o7 (u)an (u)du
n€zY —®
—+o0
< ZT/ 62”/ (t —u)? //|h|2dxdydtan(u)du
neEL o (e r
o0 8
—|—Z7‘/ —/ \/ //Qy(x+t—s)hda:dydt|2dsan(u)du
Coo 2™ [ S
nez w St Iy
= A+B

By the non-commutative Holder inequality,

+

neZ >

4 = ZT/ CQ”/ (t*U)*zan(U)du//dexdydt
(Ipthye
r

< / |h|?dxdy Z 2" / (t —u)2an,(u)du
T L%(L”(R)®M) nez Im)e L(%)/(LOO(]R)(@M)
2 = 1
< Ml sz | 2 22" /kﬂ 52k Gn(u)du
neZk=n T L (L= ®)oM)

Let us estimate the second factor in the last term. By (3.7),

“+oo
Z Z 2n/1k+1 2%an(u)du

n€Z k=n+1 L(%)l(Loo (R)QM)
k—1
1 2"
= Z 27k /’)C+l Z ﬁan(u)du
k€eZ L n=—co LB (L= ®R)@M)
-
< ) D FEom
k€Z n=—00 L (L= ®R)OM)
< D an < ¢q.
nez L(%)/(L‘X’(R)Q@M)

Thus

2
A<c ||hHLq(Loc(R)®M,Lg) :
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For the term B, by (3.7), (1.10) and Cauchy-Schwartz inequality,

B < Z /271/ /In+1//ny+t—shdwdydt| dsay, (u)du

_ Z/* //,+/ Q&+t — 8)hal (u)dedydt f(s)ds)?du
_ 2/7 /I+//ha; WLt + @, y)dedydt)du

nez ||f||L2<L°°<R>®M>—1

Hf”L?(Lm(R)@M)*l

2

< Z/}RQ”T/LSH //|h| ap (u)dxdydtdu

= Yy 7 ///\m d:cdy—/ w)dudt

nez
< H//W d:rdyHLz (L (R)QM) Z / an (u
t L(%)/(LOC(R)(X)M)

S G ||h||Lq(Loo(R)®M,Lg) :

Thus
SUP|<P I, < ¢ ||h||2La(Lw(R)®M,Lg)
L2 (L>°(R)®M)

and then

[ (h)|lBmot < ¢q ||hHLa(Loe(R)®M,L3) -1

Remark. It seems difficult to define non-commutative BMOY for ¢ < 2.

2. The duality theorem of H? and BMO%(1 < p < 2)

Denote by HY) (R, M) (resp. H?,(R, M)) the functions f in HE(R, M) (resp.
HEP(R, M)) such that f € LP(M, L%(R, (1+t2)dt)) (vesp. LP(M, L2(R, (1+t?)dt))
and [ fdt =0. Set
It is easy to see that HY, (]R M) (resp. Hro (]R, M), crO(R ./\/l)) is a dense subspace
of HP(R, M) (resp. HE(R, H% (R, M)). By Propositions 1.1 and 4.1, fj:j ©* fdt
exists as an element in L'(M) for any ¢ € BMOY(R, M) and f € HE (R, M) .

THEOREM 4.4. Let 1 <p<2,q= ﬁ' Then
(a) (HE(R, M))* = BMO!(R, M) with equivalent norms. More precisely, every
¢ € BMOY(M) defines a continuous linear functional on HE(R, M) b

+oo
(4.9) lo(f) =7 / Sfdt; VS € MR, M)

—0o0

Conversely everyl € (HE(R, M))* can be given as above by some ¢ € BMOY(R, M) and
there exist constants c,cq > 0 such that

cq llellpmos < Hl‘p”(H{!)* < cllellgmos
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Thus (H2(R, M))* = BMOZ(R, M) with equivalent norms.
(b) Similarly, (H?(R, M))* = BMOX(R, M) with equivalent norms.
(c) (HE.(R, M))* = BMOY (R, M) with equivalent norms.

Proof. (i) Let ¢ € BMOY(R, M) and f € HE (R, M). As in the proof of Theorem
2.4, we assume @ and f compactly supported. Let G.(f) and gc(f) be as in the
proof of Theorem 2.4. Similar to what we have explained there, G.(f)(z,y) can be
assumed to be invertible in M for every (z,y) € R3. By the Green theorem and the
Cauchy-Schwartz inequality (see the corresponding part of the proof of Theorem
2.4 to see why the Green theorem works well),

—+oo oo
2|7’/ / V*V fydydz|
—o00 0

+oo 0o
2(T[ /0 Ggiz(f)(xyy”Vf\Q(x,y)ydydx)%

Lo ()]

IN

—+oo oo
~y y 1
sor [ [ B el ydyde)?
= 2le]]

Noting that GE=1(f)(z,y) < G2~L(f)(x,0), we have

2

+oo oo
ro= o[ e e T e

_ +oo oo_ o2 . M -
— /_w/o (=GE72(f)(z,y) 3y Ge(f)(z,y)

—Gﬁ‘l(f)‘a%;”(x,y»dydx

+oo o0
= 2T[mA —G’c’l(f)(x,y)gcgcy(f)dydx

—+o0 o0
o [ et w0 25 P ey
“+o0

IN

IN

2T G2(f)(z,0)dx

— 0o

+oo
6r / SP(f)(z)dz

— 00

6 (1115

IN

Define
§F(x) = S2P(f) (2, 2F) — S272(f)(x,2"), VzeR.
Then 6% € L=7 (L™ (R) ® M) is positive. Note that (3)" = ;%5 Moreover,

Sh(x) = %),V —1)2 < z,2’ <i2

Yo o) = SEP(f)(,0)

k=—o00
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Arguing as earlier for Theorem 2.4, we have

2k+3

+oo
2 o= 3 / S S (f) (2 / V|2ydyds
2k+2

X k=—c

too ©0 00 ok+3
= o[ S (@) [ IVePydyds
% k=—oco j=k 2k+2
+oo oo g g2l
= 37 Z 2J§J(x)§/0 V| 2ydydx
R
+o0 427 1 2713
< 37‘/ Z / 5](t)dt§/ V| ?ydydz
—0o r—27 0
j=—00
[e%¢) +00 ] 1 t+27 9J+3 )
= 247 Z /_OO (53(t)2j+3 /t_Qj /0 |Vl ydydzdt
j=—o00

hence by (3.2) and Lemma 4.2

o) 1 t+2j 2.i+3 )
I < 24 5 (¢ su 7/ / Vol|*ydydx
< > o) Wl | ) IVelydydal

j=—o00 L($

aq
L2

IN

2— 2
el f 1" lellEmos -
Combining the preceding estimates on I and II, we get
lLo()] < ellelipaog 1f 1l -

Therefore, [ defines a continuous functional on H? of norm smaller than ¢ [[¢|| g0 -

(ii) Now suppose | € (H2)*. Then by the Hahn-Banach theorem [ extends to a

continuous functional on LP(L>(R) ® M, L2(T")) of the same norm. Thus by
(LP(L*(R) @ M, L2(T)* = LYL>(R) @ M, L2(T))
there exists h € LI(L(R) @ M, L2(T)) such that

I o sty =1 [ 1w O el oy =
r

and
+oo
l = T h*(z,y, )V f(t + z,y)dydxdt
() /W/F/(y)f( y)dy
- / T () () ds.
Let
(4.10) o= U(h)
Then
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and by Lemma 4.3 ||¢|[gpmo2 < ¢qgl|l]|. This finishes the proof of the theorem con-
cerning HP and BMOY. Passing to adjoints yields the part on H? and BMOY. Finally,
the duality between HE. and BMOY is obtained by the classical fact that the dual
of a sum is the intersection of the duals. B

COROLLARY 4.5. ¢ € BMOZ(R, M) if and only if

7“#| < 00

sup [Ap
L3 (L™= ®)@M)

neEZ

and there exist ¢,cq > 0 such that

2
q < cllelBmor -
L2 (L>(R)QM)

2
cq lellEmor < sglwn’#l
n

Proof. From the proof of Theorem 4.4, if ¢ is such that

sup |/\g’# |
n

< 00,
L3 (L= (R)oM)

then ¢ defines a continuous linear functional on H%, by I, = 7 fjof p* fdt and

1

2

Lol 342y~ < c||sup ‘)‘37#|
n

L3 (L (R)®M)

and then by Theorem 4.4 again, there exists a function ¢ €EBMOY%(R, M) with

2 2
||90/||BM03 < ¢ ||lsa||(Hg)* < ¢q

sup /\Z’#
n L% (L (R)@M)

such that
+oo +oo
T/ p*fdt = 7'/ O fdt.

Thus ¢ €BMOZ(R, M) and [[¢llppos < ¢

this with Lemma 4.2, we get the desired assertion. I

sup,, )\Z# H . Combining

L3 (L™= (®R)@M)

Now we are in a position to show that as in the classical case, the Lusin square
function and the Littlewood-Paley g-function have equivalent LP-norm in the non-
commutative setting. The case p = 1 was already obtained in Chapter 2.

THEOREM 4.6. For f € HE(R, M)(resp. HE(R, M)), 1 < p < o0, we have

(4.11) & I1Ge(HIl, < NSe(H, < ep IGe(Hl, s

(4.12) & G (O, < ISe (DI, < e IG(HI,,-
Proof. We need only to prove the second inequality of (4.11). The case of p = 2
is obvious. The case of p = 1 is Corollary 2.7 and the part of 1 < p < 2 can be

proved similarly by using the following inequality already obtained during the proof
of Theorem 4.4

I / e fat] < ¢l @llpnor IG(H)IZ 1S(H)IL2
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For p > 2, let g be a positive element in L3 (L*(R) ® M) with llgll (zy < 1. By
(3.2) and (3.11) we have

T/R//IVf(ert,y)\gdfcdyg(t)dt
T

— b [t [ g dedndy
e

+o0 2 1 42"
< IVf z, )| ydy / g(t)dtdx
gn—1 2n+1 on
) 1 42"
< IV £ (2, y)[*ydy Sup\an/ g(t)dt|
R+ LE (Lo ®anm |l " e LB (L= @®)@Mm)
2
< oG,

Therefore, taking the supremum over all g as above, we obtain

1Se(H)ll; < ep G-

3. The equivalence of H? and BMO?%(¢q > 2)

The following is the analogue for functions of a result for non-commutative
martingales proved in [?].

THEOREM 4.7. HZ(R, M) = BMO!(R, M) with equivalent norms for 2 < p <
0.

Proof. Note that for every ¢ € HE(R, M) and every g € HE' (R, M) (p' = -£-)

p—1
—+o0
|7'/ / Vyg(x +t,y)Vo*(x + t,y)dzdydt]

< [Vg(z + tay)”Lp’(Loc(R)@M,Lg(f)) Veo(z + tvy)HLy(Loo(R)@M,Lg(f))

< gl llpllpe -
Then by Theorem 4.4

(113) lelomor < v sup_ 7 [ g9¢dt] < o ol -
l9ll, pr <1

To prove the converse, we consider the following tent space T”. Denote H@; =
(RZ, dzdy) x ({1,2},0) with o{1} = {2} = 1. For f € LP(M, L2(R?)), set

AN)(0) = ( / |f<x+t,y>|2dx%>%.
lz|<y

Define, for 1 < p < oo,

(4.14) T? = {f € I"(M, L2(R%), | fllz2 = 1A Lo (Lo @y@rty < 203
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We will prove that, for p > 2 and ¢ € BMO?(R, M), ¢ induces a linear functional
on T? defined by

)= T/ /Rivw*(m,y)yf(x,y)dwdy/y

and

(4.15) el < epllloll < e llellzpor -

We first prove the second inequality of (4.15). Set

Ay = C [ 1erspat?
s>y,lz|<s—y
A(f)(ty) = // flz+1t,s) 2dxi)%
s>y,lz|<§
It is easy to see that
(4.16) ANty) < A(H)0) < A2H)(@),
(17 AH+ay) < AANGD). Vil <L (ty) e R

For nice f and by approximation, we can assume A.(f)(t,y) is invertible for all
(t,y) € R3. Thus by Cauchy-Schwartz inequality

L = of [ 2f<t,y>w*<t,y>ydt@
< / AL )Pyt ) / A (1)t DTl ydrdy)
= I-II

Similarly to the proof of Theorem 4.4, we have

2 2—p’
11? < cllgllpmor 11"
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Concerning the factor I, by (4.17) we have (recall p’ — 2 < 0)

ros o ff2 [ A e e e
R2 *
< o / [3 e | + ) Pt
< o ([ 200 D e i
R
— 4r / / A7), y) 825]0 ) (@, y)dyde
%
< —47425"1(f)(x,0) /R+ aAgy(f) (z,y)dydx
< 417,
Thus
(4.18) el < cllelligmor -

Next we prove that |||, < cp [|l,]| . Since we can regard TP as a closed subspace
of L¥' (L>°(R)® M, L2(R%)) via the map f(x,y) — f(@,Y)X{jo—t|<y}- lp extends to
a linear functional on L? (L (R) ® M, L%(R?%)) with the same norm. Then there

exists h € LP(L®(R) ® M, L2(R%)) such that ||| < ||i,]| and

L (L (R)@M,L2(R2))

. / i f<x,y>h*<w,y»t>dx%df

|z—t|<y

T4y dy
T//f(x,y)/ h*(x,y,t)dtdx—Q.
z—y Yy
&

lo(f)

for every f(x,y) € TP . Thus

1 [*ty
(4.19) Vol = / Wz, y, t)dL.
z—y
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a:+s+y dy R N
lolZe = / //|f/ ha + 5.y, dt2de )8 ds)
T+s—y y
s+2y dy - »
(T/(//,/ |h(x,y,t)|2dtdw—g)5ds)
R Y s—2y Y
e

1 [t d
//*/ |h($7y,t)l2dtd$%
Yy s—2y Yy
R2
2

Notice that, for every positive a with ||a|| (2
L2 (Lo e

1 s+2y
T///*/ \h(x,y,t)|2dtda:d—ga(s)ds
R Y s—2y Y
R2
t+2y
= // |h(z,y,t / (s)dsdxd—gdt
_ay y

+oo on—t t42"
87/ > /2 /\hx Y.t |2dx—22n+1 /Hn a(s)dsdt

Then

3

IN

Lg(Lw(R)®M)

<1, by (3.11) and (3.2) we

have

<
n=—oo
dy 1 t+27
S e suplzr [ als)as
Yy 2 t—2n LB (Lo mem)
RY L% (Lo @@m)
< Cp Hh”Lp(Loo(R)@M LZ(R2 ) — cp ||ltP||

Therefore by taking the supremum over all a as above, we obtain

2 2
el < cp Lol

Combining this with (4.18) we get
H@HHQ’ <e¢p ||90||13Mo§:7 .

And then [[¢|[, = [|¢l[smor for every ¢ € HE(R, M).

To prove BMO?(R, M) and HZ(R, M) are the same space, it remains to show
that the family of Sas-simple functions is dense in BMOZ(R, M). From the proof
of Theorem 4.4 we can see that for every ¢ € BMOZ(R, M), there exists a h €
L™ (L™ (R)®M, L?) such that ¢ = ¥(h) and 1Y (M)lpmor < cllPllpor @yor,r2) -
Recall that the family of "nice” h's(i.e. h(z,y,t) = Y i, mifi(t)xa, with m; €
Sr,A; € T,|A4;| < oo and with scalar valued simple functions f;) is dense in
LP(L>®(R)®M, L?). Choose "nice” h,, — hin LP(L”~ (R)@M, L?). Let ,, = ¥(h,,).
Then ¢, — ¢ in BMOZ(R, M). Since the ¢,,’s are continuous functions with
compact support, we can approximate them by simple functions in BMO? (R, M).
This shows the density of simple functions in BMOZ(R, M) and thus completes the
proof of the theorem. I
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Remark. By the same idea used in the proof above, we can get the analogue of the
classical duality result for the tent spaces: (TP)* = T2 (1 < p < o0) with equivalent
norms, where TP is defined as (4.14).

THEOREM 4.8. (i) W extends to a bounded map from L°°(L>°(R)@ M, L2(T'))
into BMO((R, M) and

(4.20) ”\Il(h)”BMOC < C||h||L°°(L°°(R)®M,Lg)

(ii) U extends to a bounded map from LP(L>(R)® M, L2(T')) into H2(R, M)
(1<p<oo)and

(4.21) ||‘I’(h)||H§ <6 ||h||Lp(L°°(1R)®M,L§) :
(iii) The statements (i) and (ii) also hold with column spaces replaced by row
spaces.

Proof. (4.20) is Lemma 2.2. The part of (4.21) concerning p > 2 follows from
Lemma 4.3 and Theorem 4.7. For 1 < p < 2, by the duality between HZ and
BMOY, and Theorem 4.7, we have
[C)ye < ¢ sup T/ U(h)(s)f*(s)ds
”fHBM()ZSI R

< sup 7'/ / //h(x,y,t)VPy(x +t — s)dxdydtf*(s)ds
FAIPYERST RJR
¢ r
= sup T/ // hz,y, OOV f*(x + t,y)dzedydt
Ifllqa<e] JR
¢ r
(4.22) < cllbllperee@ent,r2) -

When p = 2, similarly but taking Supremum over |||, < 1 in the formula above,
we havel|W(h)|l32 < (1Bl 2 ®ygad,2) -

COROLLARY 4.9. (HZ(R, M))* = HI(R, M) with equivalent norms for all 1 <
p < oo.



CHAPTER 5

Reduction of BMO to dyadic BMO

Our approach in Chapter 3 towards the maximal inequality is to reduce it to
the corresponding maximal inequality for dyadic martingales. In this chapter, we
pursue this idea. We will see that BMO spaces can be characterized as intersections
of dyadic BMO. This result has many consequences. It will be used in the next
chapter for interpolation too.

1. BMO is the intersection of two dyadic BMO

Consider an increasing family of o-algebras F ={F, }neczon R. Assume that
each F,, is generated by a sequence of atoms {F*},cz. We are going to introduce
the BMO? spaces for martingales with respect to F ={F,, }nez. Let 2 < ¢ < oo and
¢ € LI(M, L2(R, 74,)). Define

) T4e2
W)= [ lo@) = gy l2de
" |Fn‘ F,’fat "
For ¢ € LY(M, L?(R, 1ffr—ttz))(resp. LI(M, LA(R, 1i%))), let
”90”]31\/[()3’F = sup\gaﬁn\ . and H‘PHBMo;{f = ”QD*”BMog»T-
And set
dt
BMOZ” (L*(R) @ M) = {pe€ LY(M,LA(R, m)), el gamos= < oo}
dt
BMOY” (L*(R) ® M) = {p € LI(M,L(R, m))a lellgpos+ < o0}

Define BMO%7 to be the intersection of BMO?” and BMO?” with the intersection
norm max{|[¢||groa# ; [[@llgyos}- These BMO? spaces were already studied in
[?] for general non-commutative martingales.
In the following, we will consider the spaces BMOZ P (L>®(R)®M), BMO%?' (L>®(R)®
M), BMO%P (L= (R)®@M), BMO?’D/ (L*°(R)®M) etc. with respect to the families
D, D of dyadic o-algebras defined in Chapter 3.

THEOREM 5.1. Let 2 < g < co. With equivalent norms,
BMOY(R,M) = BMO%P(L™(R)® M)NBMO%? (L®(R) ® M);
BMOY(R, M) = BMO%P(L>(R)® M)NBMO%? (L®(R)® M);
BMOY.(R,M) = BMO%ZP(L™(R)® M)NBMO%LP (L®(R) @ M).

55
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Proof. From Proposition 3.1, V¢t € R,h € Rt x R*, there exist k¢ 5, N, € Z such

that Iy, := (t — h1,t + ho] is contained in Df\,‘:’ or DXC,:L’" and

ki ki
D" = D" < 6(ha + ha).

If I, C Dy:", then

4 1 t+ho )
t = xT) — dx
A0 = g | e e
4 t+ho )
< P(2) = @ pren|“de
hi + ho /th1 DNhh
24 / )
< p(2) = @ ren|"de
ki, t t
DN, DR i

< 249} ().

’
kt,h

Similarly, if I+ C Dy,"", then

off (t) < 2407, (1).
Np

Thus

1
# 2
lelgog = || sup m\
heR+ xR+ 2

1

2

< V24 supl(wﬁnﬂﬂﬁfﬂ"

n " 1

2

< 4V3max(ellpyore - 19l o0 )-

It is trivial that max(||¢|gpoem s (1€l ) < llellgpos - Therefore

BMOZ‘D/
BMO! (R, M) = BMO%P (L™ (R) @ M) N BMOEP? (L®(R) © M)

with equivalent norms. The two other equalities in the theorem are immediate
consequences of this. i

2. The equivalence of HE (R, M) and LP(L>*(R) ® M)(1<p< c0)

We denote the non-commutative martingale Hardy spaces defined in [26] and
[?] with respect to D and D’ by HEP(L®(R) © M), HEP' (L>®(R) © M) ete.(1 <
p < 00). Note that
H2(R, M) = H2P(L*(R) ® M) = HZP'(L®(R) @ M) = L2(L®(R) ® M).
By Theorems 4.4, 5.1 and the duality equality (2P (L®(R)@M))* = BMO?P (L®(R)®
M) proved in [?], [?] we get the following result.

COROLLARY 5.2. BMO? (R, M) = LI(L>*(R) ® M) with equivalent norms for
2 < q<oo.
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Proof. From the inequalities (4.5) and (4.7) of [?] we have
BMO?P(L*(R) ® M) N BMO?P(L*(R) ® M)
LI(L>®(R) @ M)
= BMOY?'(L™(R) ® M) N BMO%?'(L™(R) ® M)
with equivalent norms. Therefore, by Theorem 5.1
BMO? (R, M)
= BMOY(R, M) N BMOY(R, M)
= BMOZ”(L*(R) ® M) NBMO?P(L*(R) ® M)
NBMO?%?' (L (R) ® M) N BMO%?' (L>(R) ® M)
= LYL®R)oM). 1
COROLLARY 5.3. If1 <p <2, then
HP(R,M) = HEP(L®(R) @ M)+ HEP (L=(R) @ M),
HE(R,M) = HPP(L®(R)® M)+ HPP (L=(R) @ M),
HE (R, M) = HEP(L®(R) @ M) +HEP (L®(R) @ M).
If p > 2, then
HP(R,M) = HPP(L®(R)® M)NHED (L2(R) @ M),
HP(R,M) = HPP(L®(R)® M)NHEP (L2(R) @ M),
HE (R, M) = HEP(L®(R) @ M) 0 HEP (L®(R) @ M),

COROLLARY 5.4. H? (R, M) = LP(L*>®(R) ® M) with equivalent norms for all
1<p<oo.

Proof. Recall the result
HEP (L (R) © M) = LP(R, M) = HLP (L (R) © M)
proved in [26] and [?]. By Corollary 5.3, for 1 < p < 2, we have
HE(R,M) = HE(R,M)+ HE(R, M)
= HPP(L®(R) ® M)+ HEP (L®(R) ® M)
+HPP(L®(R) @ M) + HEP (L™ (R) @ M)
HEP(L®(R) @ M) + HEP (L (R) @ M)
LP(L*®(R) @ M)
and, for 2 < p < oo,
HE.(R,M) = HE(R,M)NHE(R, M)
= HEP(L®(R) ® M) N HEP (L®(R) ® M)
AHEP (L= (R) © M) NHEP (L= (R) © M)
HEP (L (R) @ M) NHEP (L®(R) @ M)
= LP(L®R)@M). 1

Remark. In [?] and [17], M. Junge, C. Le Merdy and Q. Xu have studied the
Littlewood-Paley theory for semigroups on non-commutative LP-spaces. Among
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many results, they proved in particular, that for many nice semigroups, the corre-
sponding non-commutative Hardy spaces defined by the Littlewood-Paley g-function
coincide with the underlying non-commutative LP-spaces (1 < p < oo). In their
viewpoint, the semigroup in the context of our paper is the Poisson semigroup ten-
sorized by the identity of LP(M). This semigroup satisfies all assumptions of [17].
Thus if we define our Hardy spaces HZ,.(R, M) by the g-function G.(f) and G.(f)
(which is the same as that defined by S.(f) and S,(f) in virtue of Theorem 4.6),
then Corollary 5.4 is a particular case of a general result from [17]. We should
emphasize that the method in [17] is completely different from ours. It is based on
the H* functional calculus. It seems that the method in [17] does not permit to
deal with the Lusin square functions S.(f) and S, (f).



CHAPTER 6

Interpolation

In this chapter, we consider the interpolation for non-commutative Hardy
spaces and BMO. The main results in this chapter are function space analogues
of those in [21] for non-commutative martingales. On the other hand, they are
also the extensions to the present non-commutative setting of the scalar results
in [11]. Recall that the non-commutative LP spaces associated with a semifinite
von Neumann algebra form an interpolation scale with respect to both the com-
plex and real interpolation methods. And, as the column (resp. row) subspaces of
LP(M @ B(L%(R))), the spaces LP(L™ (R) ® M, L2(T)) form an interpolation scale
also.

1. The complex interpolation

We first consider the complex interpolation.

Let BMOP (L=(R) ® M) and HPP(L®(R) ® M) (resp. BMOP (L (R) ® M)
and H2P' (L®(R) ® M)) (1 < p < 00) be the non-commutative martingale BMO
spaces and Hardy spaces defined in [?] with respect to the usual dyadic filtration
D (resp. the dyadic filtration D’) described in Chapter 3.

LEMMA 6.1. For 1 < p < oo, we have
(6.1) (BMOP (L>*(R) ® M), HLP (L (R) @ M))
(6.2) (BMOZ (L (R) ® M), HLP(L=(R) @ M))
(6.3) (X,Y)

= HEP(L™(R) & M),
= HPP(L=(R) @ M),
= LP(L®(R)® M).

D=

"= B

where X = BMOEL (L=(R) @ M) or L®°(L®(R) @ M) and Y = HLP(L™(R) ®
M) or LY(L>°(R) ® M). Moreover, the same results hold for BMOCD,(LOO (R) @ M)
and H?'P' (L=(R) @ M).

Proof. For each k£ € N and each projection p of M with 7(p) < oo, denote
by HEP(L>(—2%,2F) ® pMp) the subspace of H4P(L>®(R) ® M) consisting of
elements supported on (—2%,2%) and with values in pMp. By dualizing Theorem
3.1 of [21] we get, for 1 <r < g < o0,

(HEP(L(=2%,2%) @ pMp), HE TP (L= (=25, 2%) @ pMp))

Q3

q
qfl’D
c

(L(~2%,2%) @ pMp).

Note that the union of all these HZP (L%°(—2*, 2¥)@pMp) is dense in HZP (L>(R)®
M). By approximation we get

+—=1.,D L'D(

(6.4fHy P (L>(R) @ M), He™ " (LY (R) @ M)z = H& (L¥(R) ® M)

Q3
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Dualizing (6.4) we have
(6.5) (BMOP (L= (R) @ M), HZP(L®(R) @ M))r = HIP(L®(R) @ M).

Combining (6.4) and (6.5) we get (6.1) by Wolff’s interpolation theorem (see [32]).
The equalities (6.2),(6.3) and the arguments for the dyadic filtration D’ can be
proved similarly.

THEOREM 6.2. Let 1 < p < co. Then with equivalent norms,

(6.6) (BMOL(R, M), HL(R, M), = HE(R, M),
(67) (BMOT(R’M)aH}“(RaM))% - Hf(RaM)a
(6.8) (XY), = L(I®®)@M).

where X = BMO,,(R, M) or L= (L>®(R)®M) and Y = HL. (R, M) or LY(L>®*(R)®

Proof. Note that
H2(R, M) = H>P (R, M) = H>P (R, M).
Let 2 < ¢ < 0o. By Theorem 5.1 and Lemma 6.1 we have
(BMOC(R,M),H?:(R,M))%
= (BMOP(L®(R) ® M) NBMOP (L™(R) ® M), H(R, M)z
(BMOP (L (R) ® M), H2(R, M))= N (BMO? (L™ (R) ® M), H2(R, M))

2
q

C HIP(L®(R) @ M) NHIP (L=(R) @ M)
— HIR,M).

Then by duality

(6.9) (HL(R, M), H2(R, M))2 D HY (R, M).

q

The converse of (6.9) can be easily proved since the map ® defined by ®(f) =
Vf(x +t,y)xr(z,y) is isometric from HY (R, M) to LI (L®(R) ® M, L2(T)) for
q > 1. Thus we have

(6.10) (HE(R, M), H2 (R, M)z = HE (R, M).
Dualizing this equality once more, we get

(6.11) (BMO.(R, M), HZ(R, M))2 = HL(R, M).

2
q

Note that by Proposition 2.1 and Theorem 4.8, H is complemented in LY(L~ (R)®

M, L2())(1 < q < o0) via the embedding ®. Hence, from the interpolation result
(1.3) we have

(6.12) (HI(R, M), HE (R, M), = HZ(R, M)

Combining (6.10), (6.11) and (6.12) we get (6.6) by Wolff’s interpolation theorem
(see [32]). (6.7) can be proved similarly. For (6.8), by Lemma 6.1 and Theorem
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5.1,

(BMO,,(R, M), L}(L*>*(R) ® M),

(BMOZ. (L (R) ® M) N BMOZ (L™ (R) ® M), L' (L™(R) ® M))

(BMOZ.(L>®(R) ® M), L} (L™ (R) ® M),
N(BMOZ (L®(R) ® M), L' (L®(R) © M))

LP(L®(R) @ M)

On the other hand, since BMO,,.(R, M) D L= (L*(R) ® M),

(BMO., (R, M), L' (L*(R) @ M)) 1

(L®(L*®(R) @ M), LY(L>*(R) ® M))

= LP(L®(R) ® M).

=

N

=

V)

D=

Therefore,

(BMO,,(R, M), LY(L®(R) ® M))1 = LP(L>(R) ® M).

By duality we have

(L= (L (R) ® M), HL,. (R, M))1 = LP(L*(R) ® M).

Finally,

(L=(L*(R) @ M), He (R, M)1 - C (BMO (R, M), He, (R, M) 2

C  (BMOg (R, M), LY(L®(R) ® M))1.

Hence
(BMO,,-(R, M), H.,(R, M)z = LP(L*(R) @ M).

Thus we have obtained all equalities in the theorem. I

Remark. We know little about (BMO.(R, M), L*(L>*(R) ® M)

1

p
2. The real interpolation

The following theorem is devoted to the real interpolation.

THEOREM 6.3. Let 1 < p < co. Then with equivalent norms,
(6.13) (X, Y)%’p = LP(L*(R) @ M).

where X = BMO,,(R, M) or L®(L®(R)®M) and Y = HL. (R, M) or LY (L>*(R)®

M).

Proof. By Theorem 4.3 of [21] and Theorem 5.1 we have(using the same argument

as above for the complex method)

(BMO,, (R, M), L*(L*(R) & M), , € LP(L*(R) & M).

D=

On the other hand, for 1 < p < o0,

(BMOc (R, M), L'(L®(R) @ M))1 , 2 (L¥(L*(R) ® M), L' (L*(R) ® M))

— LP(L¥(R) @ M).
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Therefore

(BMOcr (R, M), L"(L®(R) @ M))1 , = LP(L®(R) @ M), 1<p < oo.

1
5
By duality we have

(L(L%(R) ® M), Hep (R, M)) 1, = LP(L®(R) @ M), 1< p < 0.

=

Noting again that

(L>(L*(R) @ M), Hep (R, M) 1

N

(BMO (R, M), He, (R, M)) 1,
(BMO,.(R, M), L*(L*(R) ® M))1,,

N

we conclude

BMOc, (R, M), He, (R, M)) 1, = LP(L¥(R) ® M)), 1<p<oo. 1

3. Fourier multipliers

We close this chapter by a result on Fourier multipliers. Recall that H*(R) de-
notes the classical Hardy space on R. We will also need H*(R, H), the H' on R with
values in a Hilbert space H. Recall that we say a bounded map M : H*(R)—H!(R)
is a Fourier multiplier if there exists a function m € L>°(R) such that

Mf=mf, VfeH (R)
where fis the Fourier transform of f.
THEOREM 6.4. Let M be a Fourier multiplier of the classical Hardy space
HY(R). Then M estends in a natural way to a bounded map on BMO.(R, M)
and H2(R, M) for all 1 < p < oo and

(6.14)[| M : BMO.(R, M) — BMO.(R,M)|| <c||M: H'(R) — H'(R)|,
(6.15) | M : HE(R,M) — HE(R,M)|| < c|M:H'R)— H (R)]|.

Similar assertions also hold for BMO,. (R, M), BMO., (R, M), H2(R, M) and H?.(R, M).

Proof.  Assume ||[M : H'(R) — H*(R)|| = 1. Let H be the Hilbert space on
which Macts. We start by showing the (well known) fact that M is bounded
on HY(R,H). Denote by R the Hilbert transform. Recall that 1A e,y =
Il ps ey + IBS I g1 e,y for every f € H'(R,H). Denote by {ex}rea the or-
thogonal normalized basis of H. Then f = (f))xea with f\ = (ey, f)ex. Note that
if f € HY(R, H) then at most countably many f\’s are non zero. Let € = (€, )nen
be a sequence of independent random variables on some probability space (2, P)
such that P(e,, = 1) = P(g,, = —1) = 1, ¥n € N. Notice that MR = RM. Let f €
HY (R, H). Let {\, : n € N} be an enumeration of the \’s such that fy A0. Then
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by Khintchine’s inequality,

”MfHHl(]R,H) /]R((Zle/\n‘g)%_F(z |RMf)\n|2)%)dt

neN neN

/R/Q|%sanAn|dP(s)dt+A[)|%EHMRfAndP(s)dt

IS

IS

- / MY eafn) dP(c)
Q neN H'(R,H)

< o X e, dP(e)
Q neN H(R,H)

<

¢ ”fHHl(R,H)
Therefore, as announced

|M: H'(R,H) — H' (R, H)|| < c1.
Then by transposition

|M : BMO(R, H) — BMO(R, H)|| < ¢3;
whence, in virtue of (1.16),
|M : BMO.(R, M) — BMO.(R, M)]|| < cs.

Thus by duality

M : HER, M) — HER,M)| < c3.
Then by Theorem 6.1 we have
M= HE (R, M) — HE(R, M)|| < ¢4

Hence we have obtained the assertion concerning the column spaces. The other
assertions are immediate consequences of this one. |

Remark.Very recently, Junge and Musat got a John-Nirenberg theorem for BMO
spaces of non-commutative martingales (see [15]). By using Proposition 3.1 and the
duadic trick of this article, they got a John-Nirenberg theorem for non-commutative
BMO spaces discussed here, which can also be proved as a consequence of the in-
terpolation results established in this chapter. Unlike the classical case, the John-
Nirenberg theorem for non-commutative BMO spaces will no longer be the equiv-

alence of
1
1 P
(I/Iwm”du)
1 J; .

for different p,1 < p < co. In fact, if M = M, the algebra of n by n matrices, it
can be proved that the best constant ¢, such that

1
m/llsﬂwldu

holds for ¢ € BMO,(R, M,,) will be at least clogn as n — oco. And the correspond-
ing constant for M,, valued martingales could be en? if no additional assumption

sup
ICR

sup
ICR

7

My,

1
1 2
/|90301|2d,uH Scnsup
‘I‘ 1 M, ICR
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on the related filtration. What remains true is the equivalence of

1 1
sup sup [I[77 [|(f — ff)aXI”LP(R,M) +sup sup |I|77 [laxs(f — fI)||Lp(R7M)
ICR 7|alP<1, ICR 7]alP<1,

for different p,2 < p < oo (see Theorem 1.2 of [15]) and the equivalence of

_1
sup  sup {77 [(f = fr)axillye @ oany t
cube Icr 7lalP<1,

for different p, 2 < p < co. See [15], [20] for more information on this.
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