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My research area lies between harmonic analysis and functional analysis. I am currently interested
in two closely related subjects.

One is harmonic analysis for operator-valued (matrix-valued) functions, such as operator-valued
Hardy spaces and operator-valued paraproducts. Here, “operator-valued” means functions (or other
objects) with values in the non-commutative LP-spaces associated with a semifinite von Neumann
algebra M. Our results are already significant in the n by n matrix-valued case, where we estimate
with constants independent of the size n (when n — o0). These generalizations not only are inter-
esting in themselves but, as in the classical case, also have applications to other domains such as
prediction theory and rational approximation. They also have applications to operator theory and
operator space theory.

Another subject I am interested in is harmonic analysis on abstract “domains”, such as non-
Euclidean space, Lie groups, or von Neumann algebras. My research focuses on objects related to
the geometric structure of Euclidean spaces, such as Tent spaces and Carleson measures. For those
abstract domains, it is unclear how to define metric/geometric properties such as doubling measures.
However, LP-spaces and semigroups of operators can be studied on these “domains”, say 2. For
example, given an unbounded operator A on L2(Q) with a conditionally negative kernel, (e4);>¢ is
always a semigroup of positive operators. I aim to relate geometric properties of abstract “domains”
 with the behavior of certain existing semigroups of operators on LP({2).

1. Operator-valued Hardy Spaces.

The Hardy spaces are important objects in classical analysis. Among several equivalent definitions,
one is as follows:

HP(R) = {f € LP(R), |l zro = [Ifllze + [[Hfl|Lr < 00}, for 1 <p < oo,

where H(f) is the Hilbert transform of f. Fruitful results on Hardy spaces (such as interpolation
results, equivalence between HP and LP for 1 < p < 00) have been developed during the last century.
These results turned HP theory into an important branch of classical analysis and built up a useful
link between harmonic analysis and functional analysis. One of the most remarkable results of HP
theory is the Fefferman-Stein duality theorem, which says in particular that the dual of H'(R) is
another well known space, the BMO space defined as follows

BMOR) = {7 € L (R). | llonio = sup - [ 17(0) = filde < o),
cr 1| Jr

where f; = ﬁ [; f(t)at.

We constructed HP spaces for operator-valued functions by considering the non-commutative
Littlewood-Paley G-functions. The non-commutativity is, of course, the main difficulty of our study
and the main difference between operator-valued Hardy spaces and the vector-valued ones. One
analogue of classical results we proved is that our H'’s are preduals of the non-commutative BMO
spaces defined in recent works on matrix-valued harmonic analysis and non-commutative martingale
inequalities (see [K], [NPTV], [NTV], [PX]).

For convenience, 1 will describe my results only in the matrix-valued case. Because of the non-
commutativity, there are now two non-commutative BMO spaces, the column BMO space and the
row BMO space. Let M,, be the algebra of n x n matrices with its usual trace tr. For A € M,,
denote by ||A||ns, the operator norm of A on ¢2. Then the column BMO space is defined by

BMOC(]Ry Mn) = {90 ‘R — an ”SOHBMOC < OO}



where

1
lellsmo, = = sup H 7/, (p(t) = 1) (o(t) — er)dt| 3y, ,
and @y = ﬁ J; ¢(t)dt. Similarly, the row BMO space is

BMO, (R, Mn) = {ll¢llgmo, = | ¢"llBmo, < oo} -

Note that these two norms are not equivalent uniformly over n. Denote by Sh (1 < p < oo) the
Schatten p classes on ¢2. For f € L'((R, %;),S1), let F denote its Poisson integral. We define the
non-commutative G-function as
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Grelz) = </OOO !VF(t,y)Idey> .
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Define H?[n] (resp. HY[n]) (1 <p < oo) to be the space of all f such that Gy .(z) € LP(R, Sh) (resp.
Gyr(x) € LP(R, Sh)) and set

where

IVE(t,y)|* = | |2+| ! andl

[l = 1Gre(@)l o sny  (esp. [Ifllye = 1" [l7)-

When n = 1, all these spaces coincide with the classical Hardy spaces. The following theorems for
operator-valued Hardy spaces were proved in [M1]:

Theorem 1 (Non-commutative generalization of Fefferman’s duality theorem)

(a)(H}[n])* = BMO.(R, M,,) with equivalent norms independent of n.

(b) Similarly, (H}[n])* = BMO, (R, M,) with equivalent norms independent of n.

As in the classical case, the duality between H}[n] and BMO.(R, M,,) implies an atomic decom-
position of HL[n].

Theorem 2 (Equivalence between HP and LP)

HE[n] + HE[n] = LP(R, Sh) with equivalent norms for all 1 < p <2

H2[n) N HY[n] = LP(R, SB) with equivalent norms for all 2 < p < co. The equivalence constants
are independent of n.

Theorem 3 (Interpolation) Let 1 < p < oo. Then with equivalent norms,

(X,Y)1 = LP(R, SP)

1
p
where X = BMO.(R, M,,) N BMO,(R, M,,) or L>*(R, M,,), Y = H[n] + H}:[n] or L*(R,S}) and the

equivalence constants are mdependent of n.

Let M be a Fourier multiplier on the classical Hardy space H'(R) with norm 1. As a corollary of
Theorem 3, M extends in a natural way to a bounded map on BMO,.[n] and H%[n] for all 1 < p < co
with norm smaller than a constant ¢ independent of n.

Besides the non-commutativity, a main difficulty of my research in this direction is the absence
of maximal functions. There is no way to define a least upper bound even for a pair of 2 by 2
matrices. However, maximal LP norms are still possible due to the work of Pisier and Junge (see [J],
[P]). Based on their work, I got a Hardy-Littlewood maximal inequality for operator-valued function.



Its applications include a Lebesgue differentiation theorem and a convergence theorem for Poisson
integrals for operator-valued functions.

Not all the classical results have nice analogues in the operator-valued setting. My following work
on paraproducts provided a counterexample.

2. Operator-valued dyadic paraproducts.

The dyadic paraproduct is usually considered as a dyadic singular integral and plays an important
role in the proof of the classical T(1) theorem.

Let b be an M,-valued function on R. The dyadic M,-valued paraproduct associated with b,
denoted by 7, is the operator on LP(R, Sh) defined as

m(f) =Y _(db)(Er—1f), Vf € LP(R,SP),

k

where E} is the conditional expectation with respect to the usual dyadic filtration F; on R and
dib = Epb — Ex_1b. In the classical case (when b is a scalar valued function), the Carlson embedding
theorem says that

||7rb”L2—>L2 S CHbHBMOd (1)

where BMOy denotes the usual dyadic BMO norm. It is natural to seek an analogue of (1) in the
matrix-valued case.

Q(1) Can we dominate ||| ;21 52y z2(T,52) uniformly over n by some “reasonable” BMO norm?

Nazarov, Pisier, Treil, Volberg proved that this is not true for the BMO,(RR, M,,) norm defined in
Section 1. Some known facts suggest that a positive answer for Q(1) is still possible by considering
other matrix-valued BMO norms. For example, Petermichl (see [Pe]) proved a close relation of m,
and Hankel operator with symbol b. The latter one has a norm equivalent to |[b[|(z1(s1))- uniformly
in the matrix-valued case.

In [M3], I proved that ||m||;2(p g2)_p2(r g2 is not uniformly bounded even by the || - [[re<(n,)
norm of b. Therefore, the answer to Q(1) is “no” (we agree that “reasonable” BMO norm is always
smaller than L> norm). And the lackness of the Carlson embedding theorem in the matrix-valued
case is not due to the limit of our knowledge on matrix-valued BMO but due to the singularity of
the matrix-valued paraproduct.

In [M4], I studied a modified version of dyadic paraproducts and proved it is bounded on L?(R, Sh)
for all 1 < p < oo provided b belongs to an operator-valued BMO space.

3. Tent Spaces Associated with Markov Semigroups.

Tent spaces introduced by Coifman, Meyer and Stein (see [CMS]) are well adapted for the study of
many subjects in classical analysis. In particular, Tent spaces (for p = co) are related to the Carlson
measure. It is worthwhile to find a way to define and study them in the general case. However, they
were defined by using integrals on cones and cubes which makes it hard to generate them in the case
where “cones” and “cubes” are hard to defined. By considering semigroups, I gave a replacement of
integrals on “cones” and “cubes” in the abstract case that make it possible to study general Tent
spaces and related subjects.

Let (2,0, 1) be an arbitrary measure space. Let (T}),>0 be a Markov semigroup of operators on
LP(Q, 0, 1) and (fy)y>0 be a family of measurable functions. For 1 < p < 2, set

1(Fullz, = r\</0°°Ty\fdej>%um. 2)



And for 2 < p < 00, set
t dy 1
1l = llsunTi [ 1P . )
Let 7, be the completion of the set of all the families (f,), with [[(f,),||7, < oc.

We say semigroups (T),>0 has the quasi-monotone property if there exists some o > 0 such that,
for all positive function f, y*T,(f) increases or TZ—S}” decreases with respect to y for all y > 0. The
classical Heat semigroup and Poisson semigroups are typical quasi-monotone semigroups. Moreover,
for (T}), being a semigroup with generator A (ie. T, = e¥4), the so called subordinated Poisson
semigroups P, = =9V are always quasi-monotone. For (7)), the classical Heat semigroup, the
Tent spaces 7, defined as in (2), (3) coincide with the classical Tent spaces for all 1 < p < oco. For
(Ty)y the classical Poisson semigroup, the spaces coincide with the classical ones for all 2 < p < oco.
In [M5], I proved the following result:

Theorem 4 Assume (1)), satisfies the quasi-monotone property. We have

o kdy
L[ 5 < call ()l il
for all (fy)y € 71 and (g9y)y € Too. That is T C (T1)*.
And (7T7)* C 7o, if and only if

Ty (FTy (o)l 3 < ellfllllgller, (4)
forall y >0, f,g > 0.

Similar results are proved in [M5] for Tent spaces 7, for 1 < p < 2. As an application, we obtain
a H'—BMO duality for semigroups. More precisely, let (Py)y be the subordinated Poisson semigroup
of a quasi-monotone semigroup (7),. Let BMO and H ! be the corresponding spaces characterized
by the norms:

1
lellsaro = [1sup Pyle — Pyl 2o
y

° OP, 1
1l = 11| Tl G sl

Then BMO C (HY)*. And (H')* ¢ BMO if (T}), satisfies (4). Let (T}), be the classical Heat
semigroup, we recovered Fefferman’s H'-BMO duality on the classical domains.

4. Proposed Research problems.

The following specific problems will guide my research in the near future.

(i) Carlson’s almost where convergence theory for operator-valued functions. Carleson
and Hunt’s almost everywhere convergence theory of Fourier series of LP functions is one of the most
fundamental results in Fourier analysis. The proofs of it (including the one by C. Fefferman in 1972
and that of Lacey and Thiele’s in 1999) are very technical. I am interested in the question: does
there exist a noncommutative version of Carleson’s almost everywhere convergence theorem? This
question becomes attackable after Pisier and Junge’s work on noncommutative maximal LP norms
and Lance’s work on almost everywhere convergence in the noncommutative setting.

(ii) Littlewood-Paley theory for arbitrary sets for operator-valued functions and its
application to Schur’s multipliers. Generalization of Rubio de Francia’s Littlewood-Paley theory



([Ru]) to the operator-valued setting will yield a new sufficient condition of the boundedness of the
Schur multipliers. This was recently attempted by Potapov and Sukochev .

(iii) Comparing Various H! Norms for Operator-valued Functions. The aim of this
program is to compare various operator-valued H! norms and find sharp estimations in the M,,-
valued case. This program will also shed some light on operator space structures of Hardy spaces
and BMO spaces.

(iv) H'-BMO theory for general semigroups. The hope is to get a H'-BMO duality theory
in the context of semigroups. Doung and Yan ([DY]) recently proved a H'-BMO duality theory for
general Markov semigroups instead of the classical Poisson semigroups. However, their results and
proofs are limited to semigroups on LP(R™), where the geometric structure of R™ is essential. My
work on Tent spaces took a first step in this more general direction.

(v) Singular Integrals in the non-commutative setting. The aim of this program is to un-
derstand Riesz transforms, Fourier multipliers and general singular integrals in the noncommutative
setting.

References

[DY] X. Duong, L. Yan, Duality of Hardy and BMO spaces associated with operators with heat kernel
bounds. J. Amer. Math. Soc. 18 (2005), no. 4, 943-973.

[J] M. Junge, Doob’s Inequality for Non-commutative Martingales, J. Reine Angew. Math. 549 (2002),

149-190.
[JMe] M. Junge, T. Mei, Probabilistic Approach to Noncommutative Riesz Transforms, Preprint.

[JMu] M. Junge, M. Musat, A noncommutative version of the John-Nirenberg theorem. Trans. Amer.
Math. Soc. 359 (2007), no. 1, 115-142.

[K] Nets H. Katz, Matrix valued paraproducts, J. Fourier Anal. Appl. 300 (1997), 913-921.

[M1] T. Mei, Operator Valued Hardy Spaces, Memoirs of AMS, 2007, Vol. 188, No. 881.

[M2] T. Mei, BMO is the intersection of two translates of dyadic BMO, Comptes Rendus de 1’Academie
des Sciences Paris, Series I, 336 (2003), 1003-1006.

[M3] T. Mei, Notes on the Matrix Valued Paraproducts, Indiana Univ. Math. Journal, 55 (2006), 747-760.

[M4] T. Mei, An Extrapolation for Operator-valued Dyadic Paraproducts, Submitted.
(http://www.arxiv.org/abs/0709.4229)

[M5] T. Mei, Tent Spaces Associated with Markov Semigroups, Preprint.
(http://www.arxiv.org/abs/0709.4226)

[M6] T. Mei, Column and Row John-Nirenberg Inequalities in Noncommutative setting, Submitted.
(http://www.math.uiuc.edu/” mei/mei-john.pdf)

[NPTV] F. Nazarov, G. Pisier, S. Treil, A. Volberg, Sharp Estimates in Vector Carleson Imbedding
Theorem and for Vector Paraproducts. J. Reine Angew. Math. 542 (2002), 147-171.

[NTV] F. Nazarov, S. Treil, and A. Volberg, Counterexample to Infinite Dimensional Carleson Embedding
Theorem, C.R. Ac. Sci. Paris Ser. I Math. 325 (1997), no. 4, 383-388.

[P] G. Pisier, Non-commutative Vector Valued L,-Spaces and Completely p-Summing Maps, Soc. Math.
France. Astérisque (1998) 237.

[Pe] S. Petermichl, Dyadic Shifts and a Logarithmic Estimate for Hankel Operators with Matrix Symbol.
C.R. Acad. Sci. Paris, 330 (2000), no. 6,455-460.

[PX] G. Pisier, Q. Xu, Non-commutative Martingale Inequalities, Comm. Math. Phys. 189 (1997),
667-698.

[Ru] J. L. Rubio de Francia, A Littlewood-Paley Inequality for Arbitrary Intervals, Rev. Mat. Iberoamer-
icana, 1(1985), no. 2, 1-14.

[S] E. M. Stein, Harmonic Analysis, Princeton Univ. Press, Princeton, New Jersey, 1993.



