NONCOMMUTATIVE RIESZ TRANSFORMS -
A PROBABILISTIC APPROACH

M. JUNGE AND T. MEI

ABSTRACT. For 2 < p < co we show the lower estimates

l l * * l
[AZz], < c(p) max{ [T(z,z)2lp, [T(z",27)%lp}

for the Riesz transform associated to a semigroup (73) of completely positive maps on a von
Neumann algebra with negative generator T} = e **, and gradient form
20(z,y) = Az"y+ 2" Ay — A(z"y) .

Among other hypothesis we assume that T2 > 0 and the existence of a Markov dilation for
(T:). As an application we provide new examples of quantum metric spaces for discrete groups
with rapid decay. In this context a compactness condition follows from a Sobolev embedding
results based on a notion of dimension due to Varopoulos.

Introduction and Notation:

Riesz transforms provide important examples in classical harmonic analysis and have been stud-
ied extensively in the literature in many different aspects. The aim of this paper is to continue
the work of Bakry, Emery, Gundy, Ledoux, P. A. Meyer, Varopoulos and many others on prob-
abilistic aspects of the theory of Riesz transforms, however in the noncommutative setting. The
importance of analyzing semigroups of completely positive maps on von Neumann algebras has
been impressively demonstrated by the recent work of Popa [Pop06], Peterson [PetJ], Popa and
Ozawa [OP] and also occurs in the work of Shlyahktenko/Connes [CS05] on Betti numbers for
von Neumann algebras. A common thread in this analysis is to adapt some differential geometric
concepts in the setting of von Neumann algebras.

It was discovered by P.A. Meyer that the general theory of semigroups provides an appropriate
framework to formulate Riesz transforms. Estimates for Riesz transforms provide a relation
between time and spatial derivatives in the classical setting. Let us be more precise and consider
a semigroup (7}) of contractive completely positive maps on a finite von Neumann algebra N
with normal faithful trace 7 such that

T(Tix) < 7(x)

holds for positive  and ¢t > 0. In the classical setting this is certainly satisfied for the maps
Ty(f)(w) = f(d;(w)) where ¢; is a semigroup of measure preserving maps on a probability
space. In that case N' = Loo(£2,3, p). Then the maps T; act on all noncommutative Ly-spaces
L,(N, ) and in particular on the Hilbert space Ly = Lo(N, 7). Let A be the negative generator,
i.e. T, = e 4. For technical reasons we have to assume that there is a weakly dense x-algebra
A C N which lies in the domain of the unbounded operator A, i.e. A(A) C A. The algebra
A plays the role of smooth functions in the classical setting. This assumption might be too
restrictive for some classical applications, but it is easily verified in the new noncommutative
examples. For elements x,y € A we may define the gradient form

2l(z,y) = A(z")y + 27 A(y) — A(z"y) .
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2 M. JUNGE AND T. MEI

The correct definition of I' is the one given by Sauvageot as a bilinear form with values in L.
Again our arguments require stronger assumptions. In fact in all our examples we will assume
that the T}’s are selfadjoint, i.e. 7(Tixy) = 7(xTry) and unital, i.e. T3(1) = 1. Then A is indeed
a positive (unbounded) operator. Under these circumstances we can formulate P.A. Meyer’s
problem: Is it true that

1 1
(0'1) ||F(‘T7x)2”p ~c(p) HA2‘THP
holds for all selfadjoint elements z € A?
Let us illustrate this question by considering the Laplace operator A(f) = —A(f), where

A=Y,2 a7 Then it is easily verified that

af of
Z e e (Vf,Vh).

In this context P.A. Meyer’s inequality reads as follows

IV £1llp ~ewy HAZ () 1y -

In dimension n = 1 this follows easily from the continuity of the Hilbert transform. In higher
dimension these are the first examples of singular integrals and we refer to Stein’s work [Ste70b,
Ste70a] for credentials and further information. Indeed, inspired by Gundy’s probabilistic proof
of the Riesz transforms in R™, P.A. Meyer wanted to give an approach approach to Stein’s
work on Riesz transforms through entirely probabilistic methods. He succeeded in showing
his estimate for the Ornstein-Uhlenbeck semigroup, the first infinite dimensional example of
Riesz transforms [Mey76a, Mey76b]. In some sense Bakry [Bak85a, Bak85b, Bak87, Bak9o0,
Bak94, Bak94] continued Meyer’s line of research and showed that (0.1) holds for many diffusion
semigroups satisfying the I'? > 0 condition, see also the more recent work of Li ([Li08]) and
Lust-Piquard ([Lp98, Lp99, Lp04]). In the context of semigroups given by the Laplace-Beltrami
operator on a manifold, the positivity of I'? is equivalent to the positivity of the Ricci curvature.
We first need the second order gradient

or%(z,y) = T(Az,y)+I(z, Ay) — AT (z,y) .
More generally the higher order gradients are defined as
ARt (2, y) = ITF(Ax,y) + TF(z, Ay) — AT*(z,y) .
The connection to Ricci curvature follows from the Bochner identities for manifolds:
T2(f, f) = Ric(df,df) + | Vdf][7s -

Here V is the second covariant derivative and HS stands for the Hilbert-Schmidt norm of the
corresponding matrix of second derivatives.

In the noncommutative setting the notion of diffusion process is not (yet) well-defined. It is
however clear that Meyer’s approach requires the semigroup to have a Markov dilation. This
means that there exists a family of homomorphisms 7 : N' — M, t > 0, and an increasing
filtration My with conditional expectation My = Ey(M), such that m (N) C M, and

Ey(ms(x)) = m(Ts—ex)
holds for 0 <t < s < co. Our main result is one half of P.A. Meyer’s inequality for p > 2.

Theorem 1. Let (1}) be a semigroup of completely positive selfadjoint maps with Markov dilation
and T2 > 0 and additional regularity assumptions. Let 2 < p < oo then

1 1 % %\ L
[A2z]l, < e(p) max{||T(z, )2 |, [[T'(2", %) >[|p} -
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We are referring the reader to section 2 for the precise meaning of our regularity assumptions.
The notion of almost uniformly continuous path of continuous martingales plays an important
role in our arguments, and are purely understood (and hardly studied) in the noncommutative
setting. Our most important new examples are given by a discrete group G and the group von
Neumann VN(G). Recall that for G = Z™ we have VN(G) = Loo(T"), and T" is a smooth
manifold. For arbitrary discrete groups the von Neumann algebra VN(G) = A\(G)” is given
by the left regular representation A\ : G — B(l2(G)), A(g)dn = 0gpn. It is well known that
T(D_,agA(g)) = ac extends to a normal faithful trace on V.N(G). We say (T}) is a semigroup
of Fourier (sometimes called Herz-Schur) multipliers if there exists a semigroup of functions
¢ : G— C,t > 0, such that

Ti(Mg)) = ¢(9)A(g) VgeG.

Due to Schoenberg’s theorem all the T}’s are completely positive if and only if ¢.(g) = e 1(9)
and v is a conditionally negative function. Following the recent work of Ricard [Ric08], we know
that T; has a Markov dilation provided that ¢;(1) = 1, ¢; is real valued and ¢;(g9) = ¢:(97 1),
i.e. in the selfadjoint case. The assumptions of Theorem 1 are easily verified in this setting.
We will show that estimates for Riesz transforms are useful for studying Rieffel’s quantum
metric spaces. To put it in Rieffel’s words the definition of “quantum metric space” is a moving

target. Let B be a C*-algebra, B C B a unital, dense *-algebra and ||| |||, a semi-norm on
B. In [Rie02] Rieffel says that a triple (B, B, ||| [l[;,) is a compact quantum metric space if the
norm ||| |||, satisfies [[|1]|| = 0 and is a Lip-norm, i.e. the distance

p(¢,9) = sup{[d(a) —(a)| : [[lalllL; <1}

induces the weak® topology on the state space S(B). The connection to Sobolev embedding
result in classical analysis is given by Rieffel’s observation that [|| |||,;, is a Lip-norm if and only
if the inclusion map (B, ||| |||) € B/C is compact (see [Rie98, Theorem 1.8]).

Very often Rieffel also requires the property |||a*||| = |||a|||, and the Leibniz property

llablllzi, < Weallllolls +llallz (el -

We shall talk about a selfadjoint preserving Leibniz quantum metric space if both of these
additional conditions are satisfied. Theorem 1 allows us to show the compactness condition for
discrete groups with rapid decay. Let us recall that a finitely generated group has rapid decay if

[2]loc < C(s)(1+ k)]l
holds for some s and every = = Z‘ ol=k aga(g) supported on the words of length k. This notion

is independent of the choice of the generators.

Corollary 2. Let G be a finitely generated discrete group with rapid decay and ¢ : G — C be a
conditionally negative function such that ¥ (1) =0, ¥(g) = ¥ (g~ "), and

inf |1(g)| > ca(l+ k)"
lg|=Fk

holds for some o > 0. Then C[G] equipped with the seminorm
1 |
[zl = max{[|Ta(z, z)[|2, [Taz,2")[[2}
defines a selfadjoint preserving Leibniz quantum metric space. (CF (G),C[G], ||| |||). Here I'4
is the gradient associated with A(X(g)) = ¥ (g)A(g).

In view of the example G = Z" and ['(f, f) = |V f|?, it is clear that ||| ||| is a noncommutative
generalization of the Lipschitz norm |||V f|||s used for manifolds. We have recently learned of
even more conditions required from the 2009-version of the definition of quantum metric space
which seems to hold for the algebra of rapidly decreasing functions in Cjeq(G).



4 M. JUNGE AND T. MEI

The paper is organized as follows. After some preliminaries we provide some general tools
for semigroups of completely positive maps and generalize Varopoulos’ notion of dimension in
the noncommutative setting beautifully presented in the booklet by Varopoulos, Saloff-Coste
and Coulhon [VSCC92]. Assuming the probabilistic estimate we show Corollary 2. We then
turn to martingale part of the paper. In the first part of section 3 we provide a first proof
of Theorem 1 requiring some extra regularity assumptions (see e.g. Lemma 2.4.4) which are
easily verified for Fourier multipliers. In the second part of section 3 we follow Meyer/Bakry’s
footsteps and use the background radiation given by a stopped brownian motion. Indeed, let
P, = e tA"? the subordinated semigroup and B; a brownian motion with SDE-generator 2dt.
Let a > 0 and assume Prob(By = a) = 1 and t, the first stopping time reaching By, () (w) = 0.
The key observation is that (m¢(Pp,,,, (z))¢ is a martingale with endpoint p(z) = m,(z). In
order to use the martingale inequalities required in Bakry’s proof we have to use H)p-theory
for noncommutative continuous filtrations, see [JK]. Without going into details let us mention
that we are able to “compare” the martingale Hy norm in Meyer’s model and show that they
are (almost) equivalent to the Hardy norms for semigroups investigated in the joint work C. Le
Merdy and Q. Xu, see [JLMXO06]. These results may be new even in the commutative setting,
and have counterparts for the reversed Markov filtration. These technical details are used in our
proof of Theorem 1.

Our last application concerns torsion free ordered groups which admit a filtration of normal
divisors G = Gy O G1 D G9 D --- such that

(Gr = {1} . Gi/Grn = Z.
k

This holds for example for free groups in n generators. Using the extension id ® P? of the
classical Poisson group on G x Z we are able to reduce the boundedness of the Hilbert transform
for ordered groups to estimates for Riesz transforms associated with P;. This gives a link between
the H,-theory related to subdiagonal von Neumann algebras and the H,-theory for semigroups.

Let us now discuss basic notation used in the text. We will use standard notation in the
theory of operator algebras which can be found in [Tak79, Tak03a, Tak03b], [KR97a, KR97b]
or [SZ79, Str81]. Many of our results may hold in the context of o-finite von Neumann algebras
applying the Haagerup reduction method (see [HJX]). However in this paper we will assume
that the underlying von Neumann algebras are semifinite, i.e. have a normal faithful trace. As a
standard reference for noncommutative L,-spaces we refer to [PX03] and the references therein.
For basic properties of the space of 7-measurable operators and noncommutative integration we
refer to [Nel74]. We refer to [JLMXO06] for the definition of H*-calculus and related results on
square functions which are crucial for this paper. We will also use operator space terminology, in
particular the notion of completely bounded maps, see the books by Effros-Ruan [ER00], Pisier
[Pis03] or Paulsen [Pau02]. We allow for a slight deviation in the notion of completely bounded
maps T : X — Y, where X C Ly(N), Y C Ly(M) are subspaces of a noncommutative L,
space. Indeed, we use || Tl = supy ||id @ T'||p,(vr;x)—L,(M;y), Where the supremum is taken
over all von Neumann algebras M and the space L,(M;X) C L,(M @ N) is the completion of
the tensor product L,(M) ® X with respect to the induced norm. In the usual definition of the
cb-norm, the supremum is only taken over M = K ({3), the compact operators on {s. If Connes’
embedding conjecture were true the two definitions would coincide. Our policy in general is
to prove the estimates with respect to the stronger norm. Indeed, as so often in martingale
theory these estimates are automatic, i.e. they follow because T and id ® T satisfy the same
assumptions. We use the notation

2l = llzllx = lzlwmy = 2l
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for x € N. For other values of 0 < p < oo we simply write |[z[|, = [z]/z, ). In the text the
absolute constant ¢(p) may differ from line to line.

1. SEMIGROUPS OF COMPLETELY POSITIVE MAPS

Throughout this article we will assume that (73) is a semigroup of completely positive maps
on a finite von Neumann algebra N satisfying the following standard assumptions

i) Every T; is a normal completely positive maps on N such that | T3(1)]] < 1;

ii) Every T; is selfadjoint with respect to the trace 7, i.e. 7(T3(z)y) = 7(2T(y));

iii) The family (7}) is a strongly continuous semigroup on L, (N) for every 1 < p < oo with

negative generator A, i.e. T; = e t4;
iv) There exists a weakly dense selfadjoint subalgebra A C N such that T;(A) C A, and
A(A) C A.

We will say that (7;) is a unital semigroup satisfying the standard assumptions if in addition
Ti(1) = 1 holds for all ¢ > 0. Let us note that i) and ii) imply that 7(Tyz) < 7(x) for all
positive z, and hence the T}’s extend to L,(N) (see [JX07] for details). Let us recall that the
domain dom,(A) of the generator A (formally depending on p) is the set of all x € L,(N)
such that lim ot~ (T3(x) — x) converges in L,(N). In iv) we will require more precisely that
A C domy,(A) for all p < co. In fact, going through this article we will only use this for certain
p, namely p = 2,4 and 6. The standard assumption might be a little too restrictive for some
classes of classical examples, and often can be avoided. It seems that for interesting examples
we can find a suitable locally convex topology on an algebra contained in domy,(A), but we are
not pursuing this question here. Moreover, Sauvageot’s work provides a framework which may
allow to extend many of our results working with elements but viewing the gradient (see below)
as a map with values in L. These modifications are beyond the scope of the paper. We feel that
making this strong assumption allows for more transparency in the proofs and is easily seen to
be satisfied for the noncommutative examples coming from discrete groups. Similar issues arise
in the commutative theory (see [Bak85a, Bak85b, Bak90]). Note that the main difficulty is to
ensure that A is an algebra.

For such a semigroup T (generated by A), we may consider the subordinated Poisson semi-
group P = (P;)¢>0 defined by P, = exp(—tA%). (P,) is again a semigroup of operators satisfying
i)-iii) above. Note that P, satisfies (07 — A)P, = 0. At the time of this writing it is not clear
whether iv) is automatically satisfied. However, the formula (1.1) below shows that if A is a
complete locally convex topological algebra so that ¢ — Tz is continuous and bounded, then
Pi(A) C A is automatic. In general such a topology should come from the underlying problem,
or we could assume that A is closed in the locally convex topology (), Ly(N). Thus whenever
we talk about P, we will also assume in addition that P,(A) C A. By functional calculus and
elementary identities, each P; can be written as (see e.g. [Ste70b]),

(1.1) P = . /OO te_%u_%Tudu.
2y Jo
The assumption iv) allows us to define the gradient form
2l (z,y) = A(z")y + 2" A(y) — A(z"y) for z,ye A.
More generally if I' : 4 x A — A is an antilinear form we define I'4 by
2T a(z,y) = T(Az,y) + Tz, Ay) — AT(z,y) .

Thus for f(m,y) =z*y we find ' :=T4 := L4 Iteratively, we obtain the iterated gradient
'™ = (I™~1) 4. The semigroup (T}) generated by A is said to satisfy I'? > 0 if

?(z,z) >0
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for all z € A or equivalently, I'(Tyz, Tyx) < TyT'(x,z) for all z € A. It is easy to see I > 0 also
implies I'( Pz, Pyx) < PI(z,x).

We will use the notation H,(T") for the (semigroup) Hardy spaces associated with the semigroup
(Ty). More precisely, we use the notation L)(N) for the complemented subspace of Ly(N) of
elements for which lim;_o Tz = 0. An element in Lg(./\/' ) is called a mean 0 element. Note

that € LY(N) if and only if = belongs to the orthogonal complement of the kernel of A,
the restriction of A to La(N). Moreover, as t goes to infinity T;z converges in Lo norm to the
orthogonal projection onto the kernel of A. From this it easily follows that for all z € L,(N),
Ti(x) is convergent and hence

(1.2) Pr(z) = lim Ti(x)

t—o00
is a projection onto Lg(/\/' ) for all 1 < p < oo. In particular we have convergence in the strong
operator topology for z € N'. We will also use the notation N'* = Pr(N). Then the HS(T)-norm
(non-degenerate on Lg(/\/ )) is given by the square function

/| gy = H( AT, [*tdt)' 2,
P

The row norm is given by ||z || gy (1) = || ||Hc . We recall the definition H,(T)) = H(T)NH(T)
for p > 2, and Hy(T) = HC(T) + Hy(T) for 1 < p < 2. The same notation Hj(P), H,(P)
and Hp(P) is used for subordinated Poisson semigroup (). We refer for [JLMXO06] for duality
results, the identity LY(N) = H,(T) (under certain assumptions) and more details. It is shown

in [JX07] that the ergodic averages Myx = % fg Tsxds satisfy a maximal inequality
(1.3) Isup My(@)llp < dpllzll, 1<p<oo
and the dual inequality

(1.4) 1D My (@)l < epll Yl 1<p<oo
k k

for positive zj. As observed in [JX07] the Ps is a positive average of the M;’s and hence
(1.5) Hzptk(xk)”p < CpHZkap l<p<oo

k k
We will make crucial use of the following inequality from [Mei08].

Proposition 1.0.1. Let x € A be positive and 0 <t < s. Then
Px < ;Ptx.

2 2
Proof. We use (1.1) and e” 4w < et for all u. This yields the assertion
Psx

s_Q\f/ e—ﬁuzT( _2f/e4uu2T()du:t. |

1.1. Abstract semigroup theory. Some aspects of Hardy-Littlewood theory can be developed
in the setting of semigroups. For us this is an opportunity to study problems of classical analysis
in the noncommutative setting. In this section we will generalize the so-called Hardy-Littlewood-
Sobolev theory which is beautifully presented in [VSCC92]. Almost all (but not all) the methods
from the commutative theory apply in our setting. In particular, we will prove the von Neumann
algebra version of [VSCC92, Theorem I1.5.2]. We refer again to [VSCC92] for history and credits.

Theorem 1.1.1. Let (T}) be a semigroup of completely positive selfadjoint contractions on a
von Neumann algebra N' with negative generator A and n > 2. The following are equivalent
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i) Hangn/(an) < C1 (z, Az) for all mean O elements x,
ii) |]:13H§+4/n < Cy (z, Ax) Ha:||£11/n for all mean 0 elements x,
i) |73 : LYN) — Loo(N)|| < Cst™/2.

Here (z,y) = 7(2*y) is the usual inner product on Lo(N'). An important tool is the family of
conditions

(Rx) 1T : LyW) = L) < a0t/ 1 <p<g<oo

The proof of the following result is verbatim the same as in the commutative case.

Lemma 1.1.2. Let (T}) be a selfadjoint family of operators, uniformly bounded on L,(N'). Then
(RYY) holds for one pair 1 < p < q < oo if and only if it holds for all1 < p < q < co.

Sketch of proof. Let p1 < p < ¢ and % = 1}'%9 + g. Assume (R9?). Then we deduce from

interpolation that
IT(2)llg < Ct 2P VD a||, < Ot WPz 1525

Thus (R5'?) holds with constant C*/1=¢_ In particular, (RL?) holds. By duality we find (RZ ).
Applying the argument again we get (R1*°). Now, we show that (Ry™) implies (R5). Indeed,
by complementation and interpolation we have

IT2 - LYN) = LooW)| < 2| T3 : LEN) = Loo W) VPIT; = LYN) — Loo(N)[[ V7.
This yields (R5™). The same interpolation argument implies (RhY). [ ]

In the following we will simply refer to the condition
(Rn) IT; - LYN) = Lo(N)|| < Ct %

Our next result requires a little bit more interpolation theory. We recall that an interpolation
couple (X, X1) is given by two Banach spaces Xo, X1 C V, injectively embedded in a common
topological vector space. The couple has dense intersection if Xy N X7 is dense in Xy and X3
with respect to the induced norm. The unit ball of the space [Xo, X1]p,; is the convex hull (in
Xo + X7) of elements x in Xy N X5 satisfying

—0 [4
lzl13, 1%, < 1.

This implies that a linear operator T' : [Xo, Xi]gp; — X with values in a Banach space is
continuous if

(6,1) IT@)] < Cllzlg’lll] , =€ XonXi.
The corresponding “dual” observation holds for the interpolation space [ X, X1]g o and for maps

T:X — [Xo,X1]g,0o- We recall that the norm of x € Xy + X in [Xo, X1 00 is less than C if
for every t > 0 we can decompose x = x¢ + x1 such that

(6,00) lzollo + tlz1 |l < Ct°.
Let us recall the scale of noncommutative Lorentz spaces

1 1—-6 6
(1.10) Ly s(N) = [Lp151(N)7Lq752(N>]973 A T + 5

This equation holds for all 1 < s1,s9 < 0o and 0 < 6 < 1 (on the Banach space level). We refer
to [BeL76] for general information on interpolation theory and to [PX03] for the translation to
the noncommutative setting. Since the space Lj(N) is complemented and Ly, ,(N) = Ly(N),

we may define L9 (V) = [L)(N), LI(N)]o,s and then (1.10) remains true for the spaces L2  (N).
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The next argument is adapted from [Var85]. The conclusion is slightly weaker than in the
commutative situation. The key ingredient is the resolvent formula (Re(z) being the real part
of a complex number z and I'(z) the value of the classical Gamma function)

(1.11) A% = F(z)—l/ T, t*"'dt  for Re(z) > 0.
0

Lemma 1.1.3. Let (T3) be a semigroup of normal selfadjoint contractions such that (Ry,) holds.
Let z € C and o = Re(z).

i) Let 1 <p<s<qg< oo and z € C with a =
IA™2: L3 (V) — LgW)|| < Clayn) .
ii) Let 1 <p <r < oo such that o« = 2(: —1). Then

2\p r
IA™2 s L)) = LoV < Clayn).
Proof. Ad i): We define o = Re( ), L= % }1 and 0 = 2%, Let z be an element in Lg(/\/’) and

b > 0. In combination with (R,), we deduce from (1.11) that

DA (@) = | / Ty(a)tdt), /0 1T ()l £t + /b Ct/ ], 12t

< a7 Jlallg + (27 — )" ), .
We choose bzr = Hi”z (For ||z||q = O there is nothing to show.) This yields
2ra 2ra
A (z)lly < !T(Z)l_lK'ill la ™ llally

a(n —2ra)
The assertion follows from equation (6,1) and L3, (N) = [LI(N), L)(N)]g,1. Note also that

1/s=(1-6)/q+0/p=1/q+0/r =1/q+ 2a/n. Ad ii): We define § =1 — 2pa Assume that
x € LY(N) and decompose I'(z) A™*z = 20 + 1 where

00 b
Ty = / Ty ()" tdt , =z = / T, (z)t*tdt .
b 0

As above we deduce from (RE'™°) and the assumption 2pa < n that
2Cp
— 2p«

On the other hand, we have ||z, < %Hxﬂp. For fixed t > 0 we choose b such that b="/% =t.
Then

[zo]loo < b5 |l

_n _2p
lolloo +tllz1lly < K[l 5% % = K'|lafl, ¢
Thus we have verified condition (0,00). Using Ly oo(N) = [Loo(N), Lp(N)]p,cc We obtain the
assertion. ]

As an immediate application of the Marcinkiewicz interpolation theorem (starting from (1.10)),
we can remove the Lorentz spaces from the conclusion.

Corollary 1.1.4. Let (T}) be a semigroup of normal selfadjoint contractions such that (R;)
holds. Let z € C and o = Re(z). Then

IA™% - Ly(N) — Ly < C(a)

holds for all 1 < p < q < oo such that o = %(% - %)
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Proof of Theorem 1.1.1. For the proof of the implication iii) = i) we choose z = % and p = 2.

Note that (z, Az) = HA%QUH% Since (R,,) is satisfied, applying Corollary 1.1.4 for p = 2,q =
2n/(n — 2), we obtain (i). The implication i) = ii) follows from

o llll4
n—2

lzll2 < ]

The implication ii) = iii) follows verbatim as in [VSCC92, Theorem III.3.2]. One first shows
(RY?) by differentiation LTz |3 = —2(ATyx, Tyx) where x is a selfadjoint mean 0 element (i.e.
Prz = x). Lemma 1.1.2 implies the assertion. u

For our applications we need compactness results for the operators A~ on Lg(N ). Our aim
is to derive them from compactness on LI(N). Let us consider the following conditions

(gap.) The spectrum of Pr A on Ly(N) is contained in [c, 00),
(com) A~!is compact on LI(N).

Proposition 1.1.5. Let A be a generator which satisfies (gap.). Then
i) Let Re(z) > 0. Then A™* is (completely) bounded on LY(N') for 1 < p < oo,
i) ||y : Lg(/\/) — Lg(N)HCb < % 7 for all 2 < p < oo.

Proof. First we note that (gap.) means A > ¢ on the Hilbert space LY(N) and hence
le™ - LYN) — LYN)|| < e

Let 2 < p < oc0. Since Lg(/\/' ) forms an interpolation scale, we deduce

2tc

IT; : LYN) — LIN)| < 2|Te : LIN) — LSN)I|P [ Te : N — N5 < 2¢7 0

This shows ii) and the same argument for 7} ® id provides the cb-estimate. For the proof of i)
we assume 2 < p < co. Then (1.11) implies with o = Re(z) that

|A7%: Lg(/\f) — Lg(N)ch < 2]F(z)|_1/ e 2Pl < o0
0
Since A is selfadjoint the same estimate holds on Lg, (N). [ ]

The next Lemma allows to interpolate compactness (see [Pie80]).

Lemma 1.1.6. Let (X, X1) be an interpolation couple as above, T : X — XoN X1 a linear map
such that T : X — Xq is bounded and T : X — X1 is compact. Then T : X — Xy is compact.

Proof. Let us recall that T : X — Y is compact if and only if the entropy numbers
2k—1

ex(T) = inf{e : T(Bx) C | J yj +eBy}
j=0

satisfy limg ex(T') = 0. Here By (By) is the unit ball of X (respectively Y'). The infimum is
taken over arbitrary points y; in Y. We recall from [Pie80] that

errj1(T: X — Xp) < 2ex(T: X — Xo)' e (T: X — X1)°.

In particular, ek(T X — X@) < 2||T X — X0||1_6€k(T X — Xl)g still converges to 0. |
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Theorem 1.1.7. Let (T}) be a semigroup of selfadjoint, positive contractions on a finite von
Neumann algebra satisfying

IT3 : LIWN) = Loo(N)|| < CE2
and such that A~ is compact on LY(N'). Then A~* : LY(N) — LY(N) is compact for all
1 <p<q< oo such that 2Re(z) > 1

zhe(z) _1
n p q’

Proof. By assumption A~! is bounded on Lg(]\f ) and hence we have a spectral gap. Now, we

consider 2 < p < oo and want to show that A=* : LY(N) — L(N) is compact for all a > 0.
According to Proposition 1.1.5 i), it suffices to consider o < n/2p. Define 1/q = 1/p — 2a/n.
According to Corollary 1.1.4 we know that A~ : LY(N) — LI(N) is bounded. Since A~
is compact on LY(N), we also know that A~ : LI(N) — L(N) is compact. We may write
LYN) = [LIN), LY(N)]p where 1/p = (1-6) /q+6/2 and 0 < § < 1. Hence Lemma 1.1.6 implies
that A= : LY(N) — LY(N) is compact. By duality we conclude that A= : LY(N) — LY(N) is
compact for all @ > 0 and 1 < p < 0.

Now, we consider z = a+is and assume that 1 < p < ¢. By our assumption 2a/n > 1/p—1/q.
This allows us to find 1 < s < p, and a; > 0 such that 2(aw — a1)/n = 1/s — 1/q. According
to Lemma 1.1.3 i) we know that A* =% : LY, (N) — LI(N) is bounded. On the other hand
A= 2 LO(N) — LY(N) is compact and the inclusion Lp(N) C L2 ;(N) is continuous. Then

. -2 A—a A~“1compact AX17#
A7 = AmE Ao o) TP 100y < 10 (W) ST L)

is the composition of a bounded operator and a compact operator, hence itself compact.

In the case 1 < p < ¢ < oo we use the same argument and find a real number ¢ < r <
o0, a decomposition A™* = A= A“~% such that A% : LY(N) — L2 (N) is continuous,
A LY(N) — LY(N) is compact, and the inclusion L9 (N) C LI(N) is continuous. Thus
the composition of these operators, namely A™%, is compact. Finally for p = 1 and ¢ = co we
write A=* = A=*/2A7*/2 and make a pit stop at LI(N). [ |

1.2. Applications to quantum metric spaces. In this part we show how the abstract semi-
group theory developed by Coulhon, Saloff-Coste and Varopoulos can be combined with the lower
estimate of the Riesz transform for applications towards quantum metric spaces. We recall that
the Leibniz condition of a quantum metric space (B, A, ||| |||) is given by the inequality

(1.12) [lfadlll < fllal[[ 1ol + lal 1ol -

Lemma 1.2.1. Let (T}) be a unital completely positive semigroup on a von Neumann algebra
N. Let —A be the generator and A be a (non-complete) *-algebra contained in the domain of
A. Then

1 oy d
lallr = max{[[T'(a, a)]|2, [T(a", a®)||2}

and ||| = |T(a,a)||? satisfy (1.12).
Proof. We recall from [PetJ] that Hy = {)_, a; ®x; : Y, a;x; = 0} equipped with the N-valued
inner product

(a1 ® 1,02 @ 29) = 27T(a1,a2)72
defines a N-valued Hilbert module. Then §(a) =a® 1 —1® a is a derivation, i.e.
d(ab) = ab®1-1®ab = (a®1)(b®1-1®b)+(a®1-1®a)(1®b) = (a®1)§(b)+d(a)(1®b) .
Since T3(1) = 1 we have A(1) =0 and

I'(1,a) = 1A(a) +a"A(1) — A(la) = 0.



NONCOMMUTATIVE RIESZ TRANSFORMS 11
Hence (§(a),d(a)) = T'(a,a). This implies
ID(ab,ab)|2 = [5(ab)l| < (1@ a)3)] + [I6(a) (@b < [alls®)] + [5(a) ][]l
Recall that ||6(a)]| = ||T(a, a)”z This also shows that
IT((ab)*, (ab))[|2 = |[T(b*a*,b*a")|2 < [B*[lI[T(a%, a*)]|Z + D", b%)] % "] -
Taking the maximum yields (1.12). [ ]

We also need the following observation from [OR05, Proposition 1.3] (see also [Rie98, Theorem
1.8]).

Lemma 1.2.2. Let ||| ||| be a semi-norm and o be a state. Then (B,B,||| |||) is a quantum
metric space iff

{aeB : |[al <1,0(a) =0}

1s relatively compact in B.

Theorem 1.2.3. Let (T}) be a semigroup of unital completely positive contractive selfadjoint
maps on a finite von Neumann algebra N with negative generator A. Assume that

i) ker(A) = C1 and A~! is compact on LY(N)
i) | Ty : LYN) — N| < Ct™/* for some n > 0.
iii) (T;) and A satisfy the assumptions of Theorem 1.

Then |||z||| = ||T'(z, z)||'/? is a Lip-norm satisfying the Leibniz condition. In particular,
1 o a1
[zl = max{|[['(z,z)2]], IT'(z*, %)z |}
defines a selfadjoint preserving Leibniz quantum metric spaces for the norm closure B of A C N.
Proof. The condition i) implies in particular that ker(A) = C1 and that A has a spectral gap
c=[lAT": LYN) — LyN)] -

Moreover, since the T}’s are unital and selfadjoint we must have lim;_., T;(z) = 7(x)1. Hence
LY(N) is the closure of elements € A such that 7(z) = 0. Let 6 > 0 and @ = § — 4. Let
2 < p < oo such that %O‘ > %. According to Corollary 1.1.7 we know that

{z € Ly« A%, <1} € LE(V)
is relatively compact in A/. Then we deduce from [Jun08] and Theorem 1 that
142 =%all, < c(8)| A2z geery < c(@)ep)|T(z,2)2 ],
< @@L (@) e = @@L ()%

Since & > 0 is arbitrary, we just need n < p < oo to make this argument work. For an
arbitrary element we use the decomposition in real and imaginary part. Lemma 1.2.2 implies
the assertion. |

Remark 1.2.4. Let M be a compact Riemannian manifold. Then

d(p,q) = sup{[f(z) = fF(W)| : [[IVf]llc <1}.

Moreover, T'(f, f) = |[Vf|?. The condition ii) corresponds to a Sobolev embedding theorem and
Theorem 1.2.83 provides an appropriate gradient norm for real valued functions in this context.
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1.3. Rapid decay and quantum metric spaces. Let us recall that a finitely generated
discrete group G has rapid decay (RD) of order s if there exists an s < oo such that

[2lloo < C(s)(1+F)°[l]l2

holds for all linear combinations « = 3_ ., agA(g). Here || is the word length function with
respect to fixed number of generators. The notion is, however, independent of that choice. We

refer to [Jol90] for more information. The following observation is closely related to the work of
Rieffel and Ozawa [OR05].

Lemma 1.3.1. Let G be a discrete, finitely generated group with word length function || and
rapid decay of order s. Let ¢ : G — R be a conditionally negative function such that

(1.13) |1|nf U(g) > cok®

for some a > 0. Then the operator Ty(\(g)) = e~ \(g) satisfies

2s+1

Ty : LYN) = N| < C(s, )t~ 2

Proof. We consider a decomposition x = ), - ; x} such that x, = Z\g\:k agA(g) is supported
by words of length k. Note that Tj(zy) is still supported on words g of length k. For such g we
have e (9 < e~k Hence we get

Tz < | Tiarlloo < C(s stHTtxklb

k
st —tea k™ ||:L'k;||2 < C ZkQS —2tca k™ % ZHCE}CH %

Now it remains to estimate the sum via some calculus (i.e. y = 2tc,z®, dy/y = adz/z)

dx
— [ — _ [e%

E : k28€ 2tca k e 2tca 223 $28+1€ t2caT
k>1 1 z

— ¢ 2ca + 22sa71(2tca)f(2s+1)/a /00 yﬁie*y@ ‘
2tcq )
Thus for 0 < ¢t < 2 we obtain
_ 2541
HTtxHoo < C(Sv Oé) 1 2 HI'H2
We recall that on LY(N) = C1+ we have a spectral gap 1(w) > c(a)lw|® > c(a) for all w # 1.
Hence ||T; : LY(N) — LY(N)|| < e~t. Hence for t > 2 we have

ITezlloe = IT1(Tim12) ]l < Cs,0) [Timazllz < Os,a)e e |zl .

The assertion follows. [

Remark 1.3.2. a) In case of the free group F,,, m > 1, and ¢ (g) = |g| we have a = 1 and
s = 1. This yields the order ¢t~3/2 and hence property (Rg’oo), i.,e. (Rg). This means n = 6.
This is somehow the double of the dimension 3 predicted by P. Biane [Bia].

b) For m = 1 we can easily estimate the Poisson kernel directly and get ||P; : Li(T) —
Loo(T)|| < t~1. So that in that case we have dimension n = 2.

Remark 1.3.3. According to the work of Rieffel and Ozawa [OR05] hyperbolic groups satisfy
rapid decay with s =1 and n = 6.
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Proof of Corollary 2. According to Lemma 1.3.1, the assumption ii) of Theorem 1.2.3 is satisfied
for A = C[G]. Since G is finitely generated we know that the span F) of words of length k are
finite dimensional. By assumption the inverse of the operator A(A(g)) = ¥(g)\(g) satisfies
|A=L: B, — Fill < ¢, 'k~ and hence A~! is compact on LY(N). This provides assumption i)
and Theorem 1.2.3 implies the assertion. |

Example 1.3.4. 1) The most natural examples are cocompact lattices I' C G, where
G € {S0¢(m,1),SU(m,1)} .

Let us indicate that the assumptions are verified for a = 1. Indeed, we first recall that G acts
on a hyperbolic space X and isometrically on the virtual boundary 0X. Moreover, there exists
a quadratic form @) on the boundary such that

o(d(z,y)) = Quz — py)

holds for all z,y € 0X. Here d is the hyperbolic distance and ¢(r) behaves like 2log cosh(r)
for large r. This means ¢;7 < ¢(r) < cor. By the Milnor-Swarc Lemma (see e.g. [Roe03]), we
also know that for cocompact discrete lattice the word length is quasi isometric to hyperbolic
distance

ci'l(g) < d(gxo, x0) < cal(g)
given by a fixed base point. This yields s = 1. Hence we find n = 6 in all of these cases.

2) Let G; and G4 be two groups with rapid decay and conditionally negative functions 1)1,
19 satisfying (1.13) with @ = min(a1,a9) < 1. Then ¢(g,h) = 11(g) + ¥2(h) also satisfies
(1.13). According to Jolissaint’s work [Jol90, Lemma 2.1.2], the product also has rapid decay.
Thus T;(M((g,h))) = e W@ \((g,h)) defines a completely positive semigroup for which the
assumptions of Theorem 1.2.3 are also satisfied.

3) Let (G, i, 1;) be groups with rapid decay and conditionally negative functions 1) satisfying
(1.13) with parameter k. According to [Jol90, Theorem 2.2.2] we know that (%;Gj, xl;) has
property (RD) where

sdi(wy - wn) = Y |wils, -

Here we assume w; € G;, nontrivial. Bozejko proved that ¢;(wy - --wy,) = et 2% (W5) e still
positive definite and hence the free sum (w1 ---wy,) = 32, ¢, (w;) is a conditionally negative
definite function on *;G; such that

Glwrwn) = Y i (wy) = (@)Y wgl® > e(@)(O hwy])®
i J J

holds for v < min{1, a;}. Hence the free product is again a quantum metric space.

Remark 1.3.5. We have learned recently that Rieffel has changed the definition of a quantum
metric space. Rieffel himself speaks of a “moving target”. It seems however, that in the situation
of groups this does not impose a serious problem. Let us discuss two additional conditions.

i) The algebra B C C,..q(G) closed under holomorphic functional calculus,

i) la= e < e ?allr
We may replace C[G] by the Fréchet algebra B of rapidly decreasing functions in order to satisfy
i). This does not affect our argument. The assumption ii) follows from the module property.
Indeed, we may consider Hilbert W*-module M = {3, by ® a;, : Y brar = 0,b, € C[G],a), €
VN(G)} with inner product

O bh@ar,y bj®a) = > ap(—A)(bibi)a; -
k J k.j



14 M. JUNGE AND T. MEI

The positivity of this inner product follows from the fact that —A is conditionally negative (see
[PetJ]). We note that
Al(z,z) = z@1-1Qzr,z01-1®x).
Therefore we have
Az e H=@G@leol-lesr sz eol-10z!)

=z '@l(ler—z0)(les ), 'eo)l@r—r )1 z™1))

=@ HetleNlez—2z21), (e '®l)(ler—zo1))z" .
Condition ii) now follows from the B action on M

1201 27D < e P e~ P20 (@, )] -

2. NONCOMMUTATIVE PROBABILITY

2.1. Noncommutative martingale inequalities. Let (Nk)kzl be a weak® dense increasing
(decreasing) filtration in a finite von Neumann algebra (N, 7) equipped with a normal finite
faithful trace 7. Then there exists a sequence of conditional expectations Ej, : N' — N}, such that
EnEm = EnEn = Eninn,m) (increasing filtration) or E,En = EnEy = Eyagnm) (decreasing
filtration). Given an increasing filtration (Nj) a martingale is given by a sequence z = (xj) such
that xp € Ny and Ej(xgs1) = . The Ly-norm of the martigale is defined as

1
[2]lp = sup [[zn]lp = sup(7|za[?)7 .
n n

We will frequently use standard tools from noncommutative probability, in particular Doob’s
inequality
Isup,} En(2)llp < dpllzllp

for 1 < p < oo and the dual Doob inequality
I ZEn(fUn)Hp < ol Zl“nnp
n n

which holds for 1 < p < co and positive x, with the constant ¢, = d,y. The notation sup;’ is
taken from [Jun02] and [JX03]. In the noncommutative setting the pointwise supremum can not
be defined directly. However, for selfadjoint operators z,, we have an order analogue

+ o .
lsupnznlly = _ inf _ flalp .

In full generality we use Pisier’s definition
Isup;iznll, = inf [lall2p sup [lynllcollbll2p -
Tn=aynb n

The same definition holds for arbitrary index sets. We also need some basic facts about martin-
gale H,-spaces. Let us recall some definitions from [JX08]. As usual the martingale differences
are denoted by dyx = Epx — Er_1z. We use the standard notation

* l * l
el = 1Y dea™dix)2p s llzlng = 1D Br-a(dia™di))2llp, l2llag = O llduzl)7 -
k

k k

el

The row versions are given by ||z||uy = ||2*||mg, ||z[ln; = [2*|lng. The (martingale) Hardy space
H,, is then given by
. {Hgmﬂg if2 < p<oo
Hg—i—H; ifl1<p<2
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The Burkholder/Gundy inequality reads as follows
(2.1) L,(N) = H, l1<p<oo.
The Burkholder inequalities can be formulated as
c T d 2 <

(2.2 L) = {hﬁ e LI

hy+hy,+h, 1<p<2.
All the equalities hold with equivalent norms. Since it will be needed in the paper we want to
show that
(2.3) He=hi+hi , 1<p<2.

This requires us to use the dual norms

1
lzllgao = lIsupy Enlle = Ena (@) 5 2] zgmo = lIsup} En(le — En()*)]

OIS |-

Extending the Fefferman Stein duality (H{)* = BMO, = LS, MO from [PX97], it was shown in
[JX03] that

HY = LLMO 1<p<2.
Here X refers to the anti-linear duality (z,y) = tr(z*y). For the proof of (2.3) we need some
additional notation. Let L,(N,¢5) C L,(N @ B(¢2)) be the subspace of column matrices. Note
that by the duality theory for L,(N ® B({2)) we may identify the predual of L,(N,¢5) with

L,y (N, £5). After this paper was completed we learned that [Per| contains an independent proof
of (2.3).

Lemma 2.1.1. Let 1 <p < 2 and (Ny)k > 1 be a martingale filtration.

(i) Let LS°™ = {(z4) : ax € Ny} C L,(N;45) be the subspace of columns (xy) such that
21, € Ly(Ny). Then the antilinear dual of LS is isomorphic to the space L;’,C‘mdMO
of sequences (xy) with xy, € Ly (Nj) such that

1
p k>n 2

(ii) Let hy° be the subspace of hy, of elements with dy = 0. The anti-linear dual of hy? s
LZ/mO.
(i) H = hd+ hg.
Proof. In [Jun02] it is shown that
* * 1 %
(2.4) >ty < V21 Exlaiar))?llp Isupt Ea( Y viww)ll
k

k k>n

SN

7.

v

: . : : d d
In particular, we have a continuous inclusion L;’,CO" MO C (Ly“")*. For the converse we note

that Ly is a subspace of L,(\, £5). Hence a linear functional f : L5 — C of norm one is
given by a sequence (2x) C Ly (N, £5) such that f(x) = >, tr(zizi). We define y,, = Ej(zk)
and deduce from Doob’s inequality for %/ > 1 that
Jsup Bl Y wim)ly < o Bl 3 Buletzlly = lsupd B(Y el
k

k>n k>n

<dy > izl -
2 L 2
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For the proof of ii) we assume di(z) = 0 or d;(y) = 0 and note that according to (2.4) we have

tr(z*y)l = | Y tr(du(z) di(y))]

k>2

< V2| Eroa(di@) du(@)) 2l [supy s 1Bl > di(y) di(w))]

k>2 k—1>n

w"c\m\»—t

Let us recall that L7, mo consists of martingales with di(y) = 0. It has been proved in [Jun02]
that there are linear maps uy : N — C®N}, (the space of weakly converging columns with values
in Ny) such that
up(z) up(z) = Ep(z’z) .

Moreover, uy is a N} right module map with complemented range (see [Jun02] and for the
non-separable case [JS05]). Then u : hs° — L5 (N, £5) (double indexed columns which are
conditioned in one variable) given by u(z) = (up—1(di(x)))r > 2 is an isometric isomorphism.
Hence an antilinear functional f : hy® — C is given by a sequence zj, € L,y (Nj—_1,5) such that

= Ztr(ukfl(dk(x))*zk)
k

1
and [[sup;y En(3 4 1 >, 252k) [l 2 < ¢l f]|. Since the range of uj_1 is complemented, we may

2
use the projection P and find yi such that ug_1(yx) = Pz, and

Isup;; Bn( ) y}iyk)ll%f = s Ba( > Eea(im)ly

k—1>n k—1>n

= [[sup By Z ye) w1 ()l < llsupy Bu ZZZk)H%' < ol fI*-
-1 k—1

n
We define y = >, dk(yk) Using the triangle inequality and F, F, = E, we get that

%
I\/

1
Isup, En( Y di(y)*die(w)lI%
k—1>n 2
1
< |lsup En( > Ex(yr) Ex yk))H2 +Isup En( > Ee1(yr) Ex1 ()%
k 1>n k 1>n 2
1
< 2 |Jsupy, B Z YiYk) z 2¢p |IfI] -
k—1>n 2

For the proof of (iii) we recall that he + he C HS. We claim that the unit ball B He 1s contained
in Hj-norm closure of C' (Bhg + Bh;) for some constant C' > 0. If not, there exists € Bye and

a continuous linear functional y such that ¢tr(y*z) =1 and
1
ltr(y*2')| < ol for all 2’ € C’Bhg U CBhg -
We know that y = ) d,, satisfies

Hnyg;)* < 2lylligmo < 2llsupydydy I +2 [|supy; En (Y diidi)ll

2
k>n

”3\‘ %)

4+ 2¢2

<2 (Z!ldn!@) +2[|supf En () didi)|y < 4 HyH2 . +20p\|yH?7§)* < —=
n

k>n
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Since ||lz|[ag < 1 = tr(y*z), ||y[|(ﬁc)* > 1, we reach a contradiction for C' > 2 + v/2¢,. An
p

approximation argument allows us to replace the norm closure of C (Bhg + Bh;) by the convex

set QC(Bhg + Bh;). |

We will also need some martingale inequalities for potentials in the noncommutative setting.
We recall a classical martingale inequality from [Jun02] which is derived from (2.4). Let (Nj)
be a (discrete) increasing filtration and a; € N be positive elements. For p > 2 we have

2
(2.5) 1D Ex(an)lz < 26 [sup, > Em(ar)l|z -
k k>m
Here ¢ is the constant in Stein’s inequality (see [JXO08]). Let (z)r<n be a finite submartingale,
ie.
Ei(zk41) = 2k
The corresponding positive increasing part of z is defined as
ar = (2 = > Ei(z11— %) .
i<k
Clearly, we obtain a martingale
my = 2 — ag -
Indeed, my — my—1 = 2z — 2k—1 — Ex—1(2r — 2x—1) is a martingale difference sequence. In the
language of potentials, we have
Ej(zjr1 = zj) = Ej(mjr1 —my) + Ejajn — aj) = Ejlajn — ay)
Moreover, we note that a;j11 — a; is still positive. Hence for p > 1, we deduce from (2.5) and
Doob’s inequality

n n
lansilly = 11D Ej(zier =2l = 1Y Eilaj —aj)lly
j=1 j=1
n
<2 llsupt, Y Bm(ajin —aj)lp < 263, /lsupy Ein(zn — 2m)lp
m < j<n

< 2C§pHSL1pr+nEm(zn)Hp + ”SUP;-ranHp < QCgpdeZan + HSHPEZme .
If in addition z,, > 0 for all m, we may ignore the second term and obtain the following result.

Lemma 2.1.2. Let z; = ax + my be a positive submartingale with increasing part (ar) and
martingale part (my). Then

lanllp < (@) [Iznllp
holds for 1 < p < oo and some universal constant c(p).

The H,-theory for continuous filtrations (N;): > ¢ C N has only been considered recently (see
[JK]). We will always assume that the filtration is right continuous, i.e. (o, Ns = N;. Tt
is well-known that the theory of Hj,-norms is closely related to stochastic integrals. However,
given how nicely the H-theory translates in the discrete setting, we should not expect too many
surprises. There are two candidates for the Hj-norm on a finite interval [0, 7]

lo]—1 L lo]—1 L
el = lim | 3 1By or = Bal2l} . el = [lim Y 1By x - By}
ki j:0 k) j:O

Here 0 = {0 = so, ..., s, = T'} is a partition, |o| is the cardinality of the partition, and U is an
ultrafilter refining the natural order given by inclusion on the set of all partitions of [0,7]. In
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the second term we take the weak*-limit (at least for p > 2). It was shown in [JK] that the
two norms are equivalent and, up to a constant c,, independent of the choice of &/. The main
tool in this argument is the observation that Hy = hg N hy, for p > 2, where

|o|—1 o] -1
1 _ 1
Hxth = E%}(Z |’E3j+1x - EijHg)” ) HxHh; = l;%}“ Z ESj—1|E5j+lx - E3j$|2||§ .
3 ]:0 ’ ]:0
Again it is shown that the limit can be taken inside. This gives the norm || - [|;. and the
P
conditioned bracket
lo|—1
(x,x)p = IUHZIAI Es, (|Es; o — Esjm]2
i
and
1
2 llng ~e@y 1z, 2)7l2 = llzllj -

In the continuous context the Burkholder inequalities read as follows

L) = heNhyNhE ifp > 2
P\ hg+ k4 hd ifl<p<2’

where hy), iL; are the corresponding row spaces. The exact form of the Feffermann-Stein duality

for p = 1 is not yet explored. For 1 < p < 2 we used the definition iL; = ﬁg,* and refer to [JK]
for more information. A martingale x is said to have a.u. continuous path if for every T > 0,
every € > 0 there exists a projection e with 7(1 — e) < e such that the function f, : [0,7] — N
given by

fe(t) = e e N
is continuous. For a martingale with a.u. continuous path we have vary(z) = ||z,¢ = 0 for all
2 < p < 0co. We recall from [JK] that the condition var,(z) = 0 implies that

lo]—1
(2'6) laug} H Z (|E8j+1$ - Eij|2 - Esj(|E5j+1x - Eij|2))||§ =0
9 ]:0
holds for all p > 2 and we have the norm convergence of
n—1
Ly — lignz Ey,(|Bs;, v — Eg;z?) = (z,2)7.
§=0

This implies that for martingales with var,(z) = 0 the equality (see [JK])

1
— 2
12l agqo,my = la,z)rll3
holds without multiplicative constants. Also we have
(2.7) lim |[sup™ B, (| Ere — By z[)lp = lsup® Es((z, 2)r — (z,2)s)|z -
) j s

The correct definition of the norm in Lgmo for continuous filtration is

NS N =

[zl zemo = sup [[sup™ Es((z, x)r — (z,2))]|
T s<T

for 2 < p < .
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2.2. Markov dilation. For a semigroup of unital completely positive maps (73) on a finite von
Neumann algebra A/, we say that T; admits a Markov dilation if there exists a larger finite von
Neumann algebra M and a family 75 : N' — M of trace preserving *-homomorphism with the
following properties

(i) There is an increasing filtration (M])o<s<co With my(z) € My for all v < s such that
Eg(mi(z)) = ms(Ti—sz) s<t,zeN.

(ii) There is a decreasing filtration (M,)o<s<co With m,(z) € M|, for all v > s such that
Eig(mi(2)) = ms(Ts—yx) t<s,zeN.

Here My = Ey(M), M} = E; (M) holds for the unique trace preserving conditional expecta-
tion. We call the decreasing family of von Neumann algebras M|, reversed filtration. 1t is easy
to see that a Markov dilation for T} yields a Markov dilation for P;.

We will say T; admits a Markov dilation with a. u. continuous path if in addition there exists
a weakly dense algebra B C NcapLi(N) in the domain of A such that

my(z) = m(z)+ /0 ro(ATu2)ds

has a. u. continuous path. Again in our applications it would suffice to assume (2.6). This
definition is motivated from the theory of SDE’s, the standard way of producing Markov dilations
in probability. In our situation we will always assume that B = A. The fact that (m(x)) is a
martingale is due to P.A. Meyer (in the commutative case). Let us include the proof.

Lemma 2.2.1. Let A be the negative generator of Ty = e *4 and x € dom(A) with Prz = .
Then

t
my(x) = Wt($)+/ ms(Ax)ds
0
is a martingale.

Proof. For p > 0 we calculate
ES(/ e Plm((p + A)x)dt) = / e Prmy((p + A)x)dt + / e Py (Th—s(p+ A)z)dt
0 0 s
_ / Pl (p+ A)p)dt + e~ P / P (4 AV dr) .
0 0

A change of variables shows that fooo et P+ (p4 \)dt = 1 holds for every A € R. Thus (arguing
in Ly if necessary), we see that [;° e P+ (p + A)zdt = x for all z with Prz = 2. Hence

S
Msp = / e Pl (pr + Az)dt 4 e Pimy(z)
0
is a martingale for all p > 0. Sending p — 0 implies that (ms(x))s>0 is a martingale. [ |

We will say T; admits a reversed Markov dilation with a. u. continuous path if in addition
there exists a weakly dense algebra B = A4 C Loo(N) N L1 (N) such that for all T > 0

(2.8) (ms(z))ocs<r = ms(Ts(x))

has a.u.continuous path. We could repeat our comment about the weaker variation condition.
Let us add the proof that mg is a martingale. Indeed, for s; < so we have

E[SQ(msl ('r)) = E[sz(ﬂ-sl(Tﬁ(l‘))) = 7r82(T82*81T81 (.CL‘)) = 7T82(T82($)) = m32(1’) :
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2.3. Generalized Hilbert transform in torsion free ordered groups. In this section we
show that multipliers on Z can be used to obtain result for torsion free ordered groups. Our main
application is the well-known Hilbert transform in the context of sub-diagonal von Neumann
algebras. Let us consider a discrete group G with normal divisors

G=G G-
such that (), G; = {1} and

It is very easy to see that if we were to have torsion free commutative quotients G;/G;y1 = Z™
(this is well-known for the free groups F,,), then the sequence can be further refined to satisfy
(2.9). Our aim is to use Riesz transforms to show the boundedness of the Hilbert transform for
ordered groups. Let us recall that in the situation above the cone of positive group elements P
is given by
P ={9geG:g€G;\Git1 and gG;y1 > 0}.

Clearly, the integer i is uniquely determined by g. Here “ > 07 is the usual relation in Z.
We have PU P! = G\ {e}. We will need some martingale techniques. First we denote by
(VN(G3))i > o the reversed martingale filtration given by the conditional expectation E;(A(g)) =
lgeq;A(g). Let us recall that Ny, No C M are independent over M C M if the conditional
expectation Fyr : M — M satisfies

En(ry) = Ep(z)Em(y)
for all x € Ny, y € Ns.
Definition 2.3.1. Let |, Ny, C N be a weakly dense martingale filtration. A tangent dilation

is given by a finite von Neumann algebra M and trace (state and modular group) preserving
homomorphisms wy : Ny — M, p: N'— M such that

i) The conditional expectation E, : M — p(N) satisfies
pEx_1 = E,my
for all k.
ii) The von Neumann algebras My, = mp(Ny) are successively independent over p(N), i.e.

the von Neumann algebra My_1 generated by My, ..., My_1 and the von Neumann algebra
M. are independent over p(N).

Lemma 2.3.2. Let (N) be a martingale filtration and (p, (7)) a tangent dilation. Let 1 <
p < 0o. Then the map d : Ly(N') — L,(M) given by

de = my(dy(z))
P

gives a linear isomorphic embedding. In the limit cases d is bounded between the corresponding
martingale BMO and Hi spaces.

Proof. Let us first consider p > 2. We apply the Rosenthal inequality ([JX03]) and deduce that

1

ldel, < cp (ank(dk(a:))ug)p 10 Bylmil(d(@) + |di () 2)3 ],
k k

=7 (Z Hdk(x)‘g) "I Bt (@) + (@) )
k k
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Therefore the Burkholder/Rosenthal inequalities imply
ldz|lp < cp )|zl -

A similar argument applies for the BMO norms. Indeed, we denote by E), the conditional
expectation onto the von Neumann algebra M} generated by p(N) and w1 (N7),...., Tk (Ng).
Then we deduce from being successively independent that

ldz|| paro. = sup 1En (Y meldi(@))I ~2 lmedi@)®) + 11 Y EnErr (mi(di(x)®)]

k>n k>n
= [l (di(@)*) | + 11 D EnEp(mi(di(2)®)]
k>n
= [lm(d(@)*) | + 1D p(Y Bra(di(@)®)]| ~2 l|z]| Baso -
k>n k

Therefore d yields an isomorphic embedding d : BMO,,(Ny) — BMO, /T(Mk). For 1 <p<2,
we see that similarly d is bounded on hg, h; and hy,. However, for 1 < p < 2, we know
that H, = hg + hy, holds with equivalent norms and hence d is also continuous on Hy. Using

tr(dz*dy) = tr(z*y) it then follows that d is an isomorphism on Hj and H) for all 1 < p < oo
and on BMO,., BMO,. The assertion follows. [ ]

Lemma 2.3.3. For a group G = Go > Gy --- satisfying (2.9) there is a canonical tangent
dilation.

Proof. Let G = G x Z. Then we define
T G — G XL, 7(g) = (9,9Gk+1) -

Let E : VN(G) — VN(G) be the conditional expectation onto VN(G) and p the canonical
embedding . Then clearly,

E(”k(g)) _ {(gvl) QEGk+1 )

0 else

This means E(7x(g)) = p(Eg,.,(g9)). Note here that for a reversed filtration the definition of

tangent filtration has to be suitably modified. Finally, let G C G be the subgroup generated
by p(Gg) and Z. Let g € Gi_1. Then we have

Eg (mr-1(9)) = 1gec,(9)(9,9Gk) = E(mie-1(9)) ,

because only for g € G we have a non-trivial term. |

In the following we consider the Hilbert transform

H(Ag)) = i(1p(9) = 1r(g™1))A

induced by the order. Note that

H(g)" = H(g™").
Lemma 2.3.4. Let PZ be the Poisson semigroup on VN(Z) and P, = id ® P? the Poisson
semigroup with generator A and gradient form I'. Then

I'(dHx,dHz) = T'(dx,dx)
and
Pi|dHz|> — |PdHz|* = Pi|dz|? — |Pydx|?

holds for all x € C[G].
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Proof. For the first assertion we consider g1,g2 € G and i,j such that ¢1 € G; \ Giy1, g2 €

Gj \ Gj+1. If glGi+1 2 0 and gng+1 2 0 or glGi+1 S 0 and gQG]’+1 S 0 we have
I'(dHgy,dHge) = T'(dgi1,dgs) .

The interesting case is given by k = g1G;31 > 0 and j = g2G;11 < 0. Then we note that

POG),AG)) = M U\Q— [k — i

The second assertion follows similarly in this case:
PEAR)* M) = PEAR) PEAG)) = (e7TH — e k)*A(j) = 0.

Thus the sign change only occurs when we have a 0-coefficient. |

A(E)A() = 0.

Theorem 2.3.5. H is bounded on L,(VN(G)) for all1 < p < oco.
Proof. Let x be selfadjoint. Theorem 2.4.10 iii) and H*-calculus imply

Izl ~ II / I(Pydz, Pda)ds)} |, = |( / P(PudHz, PudHz)ds)E |, ~ | Hell,

Here we used that for selfadjoint x the element Hx is also selfadjoint. This yields the assertion
for 2 < p < co. Duality implies the result for 1 < p < 2 as well. |

Remark 2.3.6. With the help of the tangent dilation, we can show that every completely
bounded Fourier multiplier on Z induces a Fourier multiplier on V N(G), by applying it to
d(xz). We can even use different multipliers on Z*° by modifying d(¢) = (g,...,9Gk+1,...) for

9 € G\ Gyt

2.4. Lower estimates for gradients and the reversed martingale filtration. In this
section we will prove a lower estimate for gradients with slightly stronger assumptions than
stated in the introduction. These assumptions are satisfied for example in the case of Fourier
multipliers on discrete groups. The construction is significantly simpler because less knowledge
about stochastic integrals is required. Our first concern is L,-continuity.

Lemma 2.4.1. Let (T}) be a unital semigroup satisfying the standard assumptions and admitting
a reversed Markov dilation.

i) Let x € Ly(N) N La(N) such that x is in the domain of A. Then the function mg(x) is
continuous with respect to the Ly-norm for all g between 2 and p.
ii) Let x € Ly(N). Then

lim sup |7 (x) — E[s(ﬂ'r(l’))np = 0.
0—=00<r<s<r+s

ili) Let x € A. Then

t
Ty|z|? — |Tyz|* = / 2T, T(Tpx, Tpx)dr .

iv) Let p < q and assume that {I'(T,z,T,x) : 0 < r < t} is bounded in L%(N)for x €
Ly(N)NLy(N), and x € dom(A). Then the conditioned bracket of (ms(x))o<s<t is given
by

(m,m)o — (mymYy = 2 /0 o (D(Tow, Toz))ds -

Moreover, T2 > 0 implies that T(T,z, Tyx) is uniformly bounded.
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Proof. By density and interpolation it suffices to proof the first assertion for ¢ = 2. Let s1 < so.
Since 7, is trace preserving we deduce that

[[ms, (z) — m$2(x)H% = tr(|ms, (Ts,2) — WS2(T82$)’2)

= tr(ms, (| T, 2|?) + sy (| Tsyz|?)) — tr(ms, (Ts, )7, (Tsp)) — tr(me, (To,z*)ms, (Ts, )
= tr(|Ts,z|?) 4 tr(|Ts,z|?) — tr(Ts,a*Ty,z) — tr(Ts,a*Ty,x)

= tr(|Ts,z|?) — tr(|Ts,z|?) = tr(Ts,z*(Ts,x — To,x) + tr((Ts,2z* — Ts,)z™) Ty, )

<2 Tz = Toxll2llzlls = 2T (Tay—s, —id)zll2]|zl2 < 2[[(Toy—s, — id)zl2]|z(2 -

Thus the fact that T is a cp-semigroup implies the Lo-continuity. For the proof of ii) we deduce
from the martingale property that

I7(a) — Emr(a)|3 = llm(a) = mo(Tora)l5 = tr(jal® — |Ts—ral?)
(2.10) < 2HTs—ra - aHQHQHQ )

for any a € La(N). The ¢p-property implies again that this goes to 0 for |s — r| small. Now let
x € Ly(N). Let a € Ly(IN) N La(N) such that ||a — ||, < e. Then we have

I7r(a) = Epsmr(a) = (mr(2) = Ejgmr ()l < 2[m(z —a)ll, < 2¢.

Moreover, by Holder’s inequality we deduce that, for % = %9 + g,

I (a) = Eigmr(a)lly < llme(a) = Bis(me(@)llg™ e (a) — By (me ()13
— 8
< (2llallg)' "’ 2 Ts-ra — all2]lall2)>
Hence we may find § > 0 such that |s — 7| < § implies |7.(a) — Ejsmr(a)|[p < e. This completes

the proof of ii). For the proof iii) we first note that for a compact subset C' C L, (V) we still
have

(2.11) lim  sup  sup||m(z) — Eg(m(2))[l, = 0
0—=00<r<s<r+§ zeC

because the functions hy.s(z) = [|7(z) — Ejs(m-(7))||, are uniformly continuous with respect to
the Ly-norm. Let us assume that z € Ly(N) for ¢ > p and Cy = {I'(T,z,T,z) : 0 < r < t}
is bounded in Lg/(N) and z € dom(A). We claim that then the set C, C Ly,/o(NV) is already
compact. Indeed, we deduce from bilinearity and Cauchy-Schwarz that

0Tz, Trx) — T'(Tsx, TS:E)HP/Q = |INTrz — Tsz, Trx) + T(Tsx, Trx — TS:U)Hp/Q
<|[T(Trz — Tyz, Tox — Tux) |2 |D(Tow, Tp) | M2

p/2 p/2
+[ID(To, Tow))5 [ID(Tra — Tor, Ty — Toa) |5

For p =2 and r < s we note that
ID(Trx — Tsx, Trx — Tsx)||1 = 2tr[A(Trx — Tsx)* (Trx — Tsx)]
< A Az2l|To(Tr—s —id)z|l2 < 4| Az|[2l|(Tr—s — id)z[|2 -

Again by Holder’s inequality we deduce that
IT(Tra, Trxw) — T(Tsw, Tsx) || pj2
< |ID(Tra, Trw) = D(Tsz, Ts) || |ID(Tra, Trw) — D(Toa, To) |

< sup Jallyy (2 [|Az]l2][(Tr—s — id)z]|2)’
acCy
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Thus the function h(r) = T'(T,x, T;x) is continuous with values in L, /5 and therefore h([0,]) is
compact. Now we consider the function

f(r) = Ti(Trx" T, )
for z € A. Due to the standard assumptions this function is differentiable and
f'(r) = Ty A(T,x*Tyx) — Ty (AT 2" Tyx) — Ty (Tr2* ATyx) = 2T, 0(Tyx, Trx) .
This implies assertion iii)
¢ t
Tyl = |Twl* = f(0) - f(t) = / —f'(r)dr = 2/ T (Try, Try)dr .
0 0
Now we can show convergence of the conditioned bracket. Let s < ¢. Then
Ey(|ms(Tow) — m(Tix)[*) = Ey(ms(Tolal?)) — m(|Tal?) = mo(Toms| Tal?) — [Ty]?)
¢ ¢
(2.12) = 27Tt(/ T T(Tx, Trx)dr) = 2/ Eym(T(Tyw, Trx) )dr .
S S
According to (2.11) we deduce that

im 3 [ T (0T, To)) — By (v (DT To))r = 0.
J J

|o|]—0
By the definition of the conditioned bracket this shows that
<m(:1:),m(a;))o - <m(x)7m(x)>t = lign Z E[S]'+1(|m5j (‘r)’Z - ‘msj-}—l('r)‘Q)

s;j€0
Sj+1 t
—2lim Y / By, (ro(N(Tyz, To)))dr = 2 / 7 (D(Ty, To))dr
g
j s 0
Here the limit is taken along an ultrafilter of refining partitions. |

Lemma 2.4.2. Let (T}) be a standard semigroup also admitting a reversed Markov dilation with
a. u. continuous path. Let s <t and 2 < p < oo and x be selfadjoint. Then
1/2
|75 (z) — mo(Ti—sz)|lp < c(p)v/2|t — 5| sup IIF(Trst,Trfsﬂf)llpfg -

s<r<

Proof. We may apply the Burkholder/Gundy estimates for the conditioned bracket and find

(o)~ me(@) < elp)lm(a), (@)~ (m(z),m())lyo
= 20(p) [ Y By, [ m (OB L))

(2.13) < 2c(p) [t —s| sup [D(Trw, Tr2)lp/2 -
s<r<t

In particular, for € L,(Np), Ny the von Neumann subalgebra of elements with T}(z) = x, we
deduce that ms(x) = my(x), and hence 7g(x) = m5(Tsx) = m(Tix) = m(x). Let us now consider
x = Tgy. Then we deduce that

1/2
Ime(a) = 7Tl = ) = i)l < V2 =] sup [Ny Tl
SSTS

= V2t =] sup |[D(T,— o2, T, sa)||})5 -

s<r<t

Using functional calculus it is easy to see that elements of the form z = T,y are dense (even in
the Sobolev norm) and we obtain the assertion for selfadjoint x. [
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Proposition 2.4.3. Let (T;) be a unital semigroup satisfying the standard assumptions and
admitting a reversed Markov dilation with a. u. continuous path. Let 2 < p < oo and I'? > 0.
Let x € N be a selfadjoint element. Then

o0
1
& Praly < ([ (T Taan?l, < ol Pral).
Moreover, for every x € Pr(N) there exists a martingale m*(z) such that
lm® ()|l < C(p)ll/ D(Tyw, Toz)ds||}  and 7(mo(y)'m*(@)) = 57(y" Pra).
0

Moreover,
(m2(z), m3(z)) = / 7o (D(Tosz, Tosz))ds -
0

Proof. Let us first consider a selfadjoint © € A. Let s and a partition o = {0, ..., s} be fixed.

We define new martingale differences for the discrete filtration My, C M,,_, C--- C My by
dj = Ts; (T5j+5j+1x) — Tsjt (T25j+1x) .
Note that indeed
Bl 1 ms (Tsjhs0%) = oy (Tos; ) -
As in the proof of Lemma 2.4.1 (in particular (2.12)), we may calculate the conditioned bracket
Sj+1
(2'14) Z E[Sj+1 (’d]‘Q) = Z E[Sj+1 / QWT(F(TT+8J-+1567 TT+8j+1x))dT :
j i o
We deduce from Lemma 2.4.2 for selfadjoint x that
HdJHg% - Hﬂ-sj (T5j+5j+l‘r) — Tsjq1 <T3j+1_5j (T5j+5j+lx))H}27
1/2
< C(p) sSup ||]‘—‘(TT‘+S]'+1*SJ":U7 TT+Sj+1*3jx) ||p§2
87 Sr<sj+1

However, due to I’ > 0, we have |I(Tz,T.)|,2 < |T(z,2)|,/2. Thus for z € A, the

supremum is uniformly bounded. The Burkholder/Gundy inequalities (see [PX97]) imply
1> dills < Boll D 1dilPllpy2 < By Y lldjlly < 2tB,lI0 (7)o -
J J J

Let us denote by m, = >_,d; the martingale constructed for a fixed partition o of [0,s]. We
deduce that the weak* limit
Ms(z) = limm,
g

is a martingale in L,(N), with a.u. continuous path. Then the conditioned and unconditioned
square norm coincide. Using a convexity argument in (2.14), and the dual form of Doob’s
inequality, and I'> > 0, and the continuity of h(r) = I'(T}z, T,z), we obtain

1M (@) = I1Ms(@)lng = Il Y By, (Mo(x), Mo(@))s, —<Ms(x>,Ms(x>>sj+1>H;§§

1/2
27 (D(Ty sy 110 Ty, ) ]

IN

i | 3 B, ([

s;jE0

) Sj+1
Cg llgn || Z /S]. Wr(P(TTTSj+1x7 T?"Tsj+1x))dr”%
J

Sj+1
S

IN

. Sj+1
< ce hgn I Z /s WT(TTF(T5j+1x7 T5j+1$))dr||g
j J



26 M. JUNGE AND T. MEI

Sj+1

= epipl 3 / Bmo(T(Ts, 0, Ty )l g

A hm||Z/ Ty, Ty m)drl|p = cpu/ (Ty, Tyx)dr]| -

Therefore we may define m?(x) = lim, .o Ms(x) and hence the well-known estimate

IN

(2.15) ||/0 I (Tz, Tux)ds,ys < cllz2

ensures that m?(x) is well-defined for = € Lg(N ). The proof of

(2.16) (m2(z), m3(z)) = 2 /O o (D(Tos, Toe))ds -

is the same as in Lemma 2.4.1. However, identifying the bracket is not even needed for the proof
of our first assertion. Indeed, since I — Pr is a complete contraction, we can find y € A such
that ”pr/ =1 and

[Praf, < 2(1+6)[r(y" Pra)|.

Let us consider

7(mo Z T 7ng s y)) — Trsj+l(Tsj+1 (y*)))dj)

Sj+1 Sj+1
= 22/ T(m(F(Try,TstMx)))dr = 22/ T<F(T,«y,Tsj+1+T:E)> dr .
j S

j
Thus in the limit we obtain

lim lim 7(mo(y)*mey) = 2/ T(D(Try, Torx))dr = 2/ T(y* ATs,x)dr
5 0 0

g

Using the spectral resolution for A = [ AdE(X) and dvy »(X) = (y, dE(X)z), we see that

/ (x, AT3,x)dr = / / e 3 drdu,(\) = =(Pry,Prz) = ~(y,Prz).

0 o Jo 3 3

Thus, fooo ATs.x = %Pr x. Since for selfadjoint x the martingale m?(x) is also selfadjoint, we
deduce

IPraf, < 3(1+0)limlim|r(mo(y*)me)| = 3(1+0)|7(mo(y) m*(x))|

Sj+1 1
< &3(1+ D)yl lm @)y < epe3(1+8)limlim || / D(Tyw T, o)}
J

— cpep3(1+0) H(/ (Tyx, Tya)ds)} |,
0

We deduce the assertion in combination with (2.15) from [Jun08]. In [JunO8] we assumed H -
calculus which holds thanks to the Markov dilation property, see [JLMXO06]. In particular, the
integral converges. The density of A then implies the assertion in general. Note also that we
may apply these arguments to z — T;z € A and then send ¢ — oo, thereby obtaining the result
for Pr(N) by approximation. [ |
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Lemma 2.4.4. Let (T}) and A be as above. Assume that there is a further von Neumann algebra

M, a sequence (uj) : A — M such that
Z uj(z) u;(z

and semigroup Ty on M with cb-H* calculus (see [JLMXO06]) such that
(uj(Tiw) = (Tru;(2)) .
Then -~
||/ D(A:Tyw, A2 Ta)dt|p < ¢ |D(x,2)]
0
holds for all 2 < p < oo and all elements x € Pr(A).

Proof. Since id 3(52)®T ; satisfies H*°-calculus, we deduce from [JLMX06, Lemma 10.11, Theorem
10.12, Theorem 6.7] that

(2.17) [ / AXTyy, A2 Tyy)dt]3 = |( /0 AT e @ uy(y))[Pdt)z ),

i
< 1 e @), emery = ¢ T, )2

[SISISIES

Here A is the generator of T; and we have used the square function estimate for > ;€,1® uj(y).
We may apply this to y = x — Tix and send ¢ to co. In the limit we obtain the assertion. |

Let us recall the notation 'y, o, = (I'4e1) 402 for iterated gradients, see [Jun08].

Proposition 2.4.5. Let (T}) be a semigroup with a Markov dilation and T? > 0. Let (P;) be
the associated Poisson semigroup satisfying

ATACA |, P(ACA
Then -
(| TatPa A Pa)sintl, < qliN(ea)?,.
0
Proof. A glance at (1.1) shows that a Markov dilation for 7} implies that the P,’s are factorable

(in the sense of [AD06]). According to that paper, we know P; also has a Markov dilation. Let
us denote this family of maps again with 5. We consider the submartingale

ys = ms(C(Psz, Psx)) .
Indeed, for s < t we deduce from I'2 > 0 that
Eyys = m(P—sT'(Psz, Psz)) > m(T(P, Pr))
As in Lemma 2.4.1 we consider f(r) = P,_,I'(P.x, P,x) and obtain
f'(r) = A2 P,_,T(P,x, P,x) — P,_,I'(A2 Pz, P,a) — P,_,I'\(P,x, A2 Px)
= —2Pt_TI‘%’1(PTx,P,«x) .
This implies .
Ey(ys —yt) = 2E[t/s WT(F%J(PTCC, P.x))dr .

Now, we apply the inequality for potentials Lemma 2.1.2 and find
| ZE[st(ysj —Ys;)llz < cellyolle -
J
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Indeed, since we are working with a reversed martingale, yo = 7o(I'(z, x)) is the endpoint. Now,
we apply the conditional expectation on Ejy and find

EO < Z E[5j+1 (ysj - y8j+1)> = 2EO ( Z E[sj+1 (/ WT(F%J(PT.'E, PTCC)))> d""
J J

Sj+1

S5 S5
= 2EO<Z/ 7r5j+1(PT‘—Sj+1F;,1(PT’I7P?"'/E)))>dr = 22/ PT(F%,l(PrmaPTSU))dT
Sj+1

j g vSit1
This implies
oo
H/ Py (P, Pa)ds|p < co|D(z,2)]e -
0 29 2 2 2

Now, we recall from [Jun08] that
oo 1 1 o0
Iiy(yy) = / PtF(A2By,A2Pty)dt+/ I?(Py, Py)dt
0 0
o0 1 1
> / P (A} Py, A% Py)dt
0
Here we use I'> > 0. Therefore, we obtain
o0 1 1 o0 1 1
H/ D(A3 Pa, A Pa)sdsl|y = QH/ D(A3 Py, A Pyya)2sds| g
0 0
o0 1 1
<2 \/ PI'(A2 Py, A2 Pyx)2sds||
0
o0 oo 1 1
=2 |/ / PS+tF(A§Ps+tZL‘,AEPs+t.iU)detHg
o Jo

o
< 2 ||/0 PSF%J(PSZ',PSQT))dSH% < 20% ||F(:17,x)”§ [ |

Our next task is to replace Ps by T following a well-known path in [JLMXO06].

Lemma 2.4.6. Let 2 < p < oo, L' be a completely positive form on A x A, and (T}) be a
semigroup of selfadjoint maps with selfadjoint generator such that

(2.18) IO T (Ton, o))zl < elp, I Tk, 21))2
k

k

for all zp with 0 < Arg(zy,) < 0, where 0 < 0 < 7/2. Moreover, assume that A3 L, (N) is dense
in Pr Lo(N) with respect to ||z||z = 7(T'(z,2))/2. Let x € Pr(A). Then

(2.19) ([ P Tty < acp o[ TP Pajsds)t,

Proof. We introduce the space L,(L§(I")) as the the closure of continuous functions such that

o ds. 1
lyasey = 1] D7) DI < .

Asin [JNLMXOG, Lemma 4.9] our assumption implies that the family z(z—A)~! is Col-bounded on
Ly(L5(T)) for the same angle § — 6. Then we may apply [JLMX06, Theorem 4.14] and deduce

that Tp with the kernel ®(s,t) = Fy(sA)Fi(tA) is bounded on L,(L§(I")). We may choose
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Fy(z) = z2e* and Fi(z) = ze *. Let us assume that = A%y. Let us define f(t) = VAtP sy
Using a change of variable, we deduce that

< dt * . dt 1 oo d
[T r0wa0) % = [T g = L [T R p 2%

In order to apply Te we have to calculate

dt > dt > dt
| Rensn T = [Cuaneiairg § = [Tdaineg .

Let dE) be the spectral measure for A and dpu,, , the induced probability measure for elements
Y1,y € La(N). Then

T(yf/o t2A2TtP\/y— / / t3Xse e _\[‘fdtd yy .y (X)

= (/ t2etem ﬂdt) T(y1y2) -
0 t

Let us denote by ¢ the constant given by the converging integral. Since ¥ is arbitrary we deduce
from Ty f(s) = Fa(s) [~ F1 (tA)f(t)% that

To(f)(s) = c(sA)iTy(y) = es'/*Ty(x)
holds for all z € Ly(Lo(T")) with Pr(z) = x. [ ]

Remark 2.4.7. Let us note that in Lemma 2.4.6 the assumption that A is selfadjoint is not
necessary. In the sectorial case we refer to [JLMX06, Lemma 6.5] and the argument in [JLMXO06,
Theorem 6.7]. The assertion follows from the boundedness of T on L, (Lo(T)).

Remgrk 2.4.8. For a semigroup of (selfadjoint) completely positive maps and the canonical
form I'(z,y) = z*y, we deduce that

el gy < c@lzllmgp)

without assuming H*°-calculus. The reverse inequality is shown in [Jun08] and hence the equiv-
alence of different semigroup H,-norms holds without assuming a Markov dilation.

Remark 2.4.9. Under the assumptions of Lemma 2.4.4 we have (2.18) for T =T, < (3 — %)
(2.19) also holds.

Proof. For a selfadjoint semigroup the results in [JX07] imply
IS welle < 1 TolPlls < el 3 lulls -
k k k
For p = 2 we have

I 1 TPl = D I Tounll3 < Y llwll3
k k k

whenever Re(zr) > 0. Then the assertion is a standard application of Stein’s theorem on
interpolation of analytic families applied to yr = u(xy) and yields (2.18). Moreover, we may
directly apply the argument in Lemma 2.4.6 for T} and (yj). Note that 2 being orthogonal to
the kernel of A implies that (y;) is orthogonal to the kernel of A. Thus we obtain (2.19) without
using the extra density assumption. |

The following argument is based on a continuous version of a result of Stein.
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Theorem 2.4.10. Let 1 < p < 0.

i) Let m = fooo dmyg be a martingale with a.u. continuous path. Then

1
<1 [T dr\ 2
([0 [ s dmE) 1 < colmlag.

ii) Let (T}) be a semigroup with a Markov dilation and x € A. Then
@/ gy < cpllmo(e) g -

iii) Assume in addition 2 < p < oo and I'?2 > 0. Then

oo 2
e lmsery < | ( / r(Tsx,des) lp < Cyllelagen

Proof. The bulk of the argument is due to Stein, the noncommutative part of the argument
is contained in [JLMXO06, Proposition 10.8] where it is proved that for a martingale difference
sequence (d;),
k 1
E, = Zdj s N(z) = mZEk@)
7=0 k=0
and Aj(z) = Ay(x) — Aj—1(x), one has
2k+1
(2.20) H(\/ZAZ(‘T))ZHLP(Z% Cpl(d5);l 1, (e5) + Copll( Z dj)kllL,(es)
j= 2k 41

Here C), is the norm of Stein’s projection for L. It is also important to note that this argument
is true for decreasing or increasing martingale differences. Moreover, let (m;) be a continuous
martingale so that

1
Jim N by =)y =
t.

Here the limit is taken over partitions of a fixed interval [a, 5] and the mesh size of the partitions
converges to 0. Then we note that the right hand side of (2.20) is controlled by two partitions
and hence

lTlri‘gl0|y<JZAz<m)>llL,,<z;> < Gplm| s -

Let us now fix 0 < a < < 0o and n € N and assume that

a—i—%
Ex(m) = / dmg
«

holds in terms of stochastic integrals. This implies

[y

1
Al<m) —Alfl(m> = mEl +ZEk 71 7)

1 Oc-i—% 1 a—i—T
- P 1) - _ .
ES T l(l+1)/a ((1=1) = [n(s — a)])dm

1 1

-1

ot
l(l—i—l)/a [n(s —a)ldms .
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Here [z] is the smallest integer > z. The first part is easy to control and hence

& Ints ~ o,
moPIE < epllmlg
) "

Passing to the limit as n — oo (see [JLMXO06] for a similar reasoning), we deduce that

1
Borm(s—a) dr\?
(1S e ) < ol

provided the square function is Riemann integrable. Finally, we may send « to 0 and [ to

infinity and obtain
1
" dr\?2
I / 2 [ sam P9 < llmlng.

This completes the proof of i). We apply this inequality first in the particular case where
m = mo(z) = [, dms(zx) is the reversed martingale decomposition. Let mo(y) = [ dms(y) be
another element Then we deduce from the calculus of brackets that

/ S dma(z)) = 2 / (o (D(Tay, Taz) ))ds

r 1
= 2/ T(y* ATosw) - d = QT(y*/ ATstde) = T(y*/ ATogrx2s7r ds) .
0 r 0 r 0

Let us define
—2z

! 1—e
f(z) = / (2z5)e™%5%ds = 5, —e %%,
0

z
Note that f(0) = 0 and vanishes at co. Then we see that

1
frA)z = / 2rs ATy, sxds .
0

Using the equivalence of different square functions [JLMX06], we deduce the following inequality
between semigroup and martingale H,-norm:

el gy < ep llmo(e)ag -

For our last assertion we consider p > 2 and the martingale m = m?(x). For fixed r, we deduce
from the fact that the function f(s) = s is adapted that

t
/ s dm?(x)
0
is a martingale and hence

/ dms(y /dm = /WS(F(TSy,TQS:r))sds.
0

Here we use the projection on mo(N') from Lemma 2.4.3 and the calculus of brackets for stochastic
integrals. This implies

1" 2 (7 2 [
E[)(/ sdm?(x)) = / ATz sds = 3/ ATs5.x (3sr)ds .
0 0 0

r

Thus replacing f by f fo (3s52)e3%%ds, we deduce again with the equivalence of different
square functions that

o 2
lellnger, < colm@llag < &1 ([ T Tagas) 1,
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The last estimate is of course taken from Proposition 2.4.3. Assuming I'> > 0, we can refer to
[Jun08] for the estimate

1
o 2
1|7 v magas) I < el .

Theorem 2.4.11. Let (T};) be a unital semigroup satisfying the standard assumptions with a
Markov dilation, and I'? > 0. Assume that

i) The assumption of Lemma 2.4.4 is satisfied or

ii) Condition (2.19) is satisfied for T' = T' and the assumptions of Proposition 2.4.5 are
satisfied.

Let 2 < p < oo. Then
1 1
1Az ] gy < ep IT(2, )2l
and
1 1 x _x\ 1
[A2z]l, < cpmax{[[T(z, 2)|p, (2", 27)2 |} -
holds for all elements x € Pr(A).
Proof. For the first assertion we combine Theorem 2.4.10 iii) with Lemma 2.4.4 or Remark 2.4.9.

This allows us to apply Proposition 2.4.5. For the second assertion, we refer to [JLMX06] for
the fact that a Markov dilation implies H°°-calculus and hence

1 1 1 1,
[Azzllp ~c, |A22| ) = max{||A2%| e, [A22" | o)} -

This immediately implies the second assertion. |

Remark 2.4.12. In a forthcoming publication we will show that the assumption in Lemma 2.4.4
is satisfied for Fourier multipliers on discrete groups, see also [Ric08] concerning the Markov
dilation.

2.5. P.A. Meyer’s method. The probabilistic approach to Littlewood-Paley theory goes back
to Gundy and has been taken up by P.A. Meyer ([Mey76a]), see also Varopoulos-Gundy [GV79].
Instead of adding a time component to the manifold as in Stein’s approach, the probabilistic
approach adds an auxiliary brownian motion to the picture. In all the result of this section we
assume that (T}) is a semigroup satisfying the standard assumption and

(2.21) P(A)cCcA , AV2A)cA.

We also require a Markov dilation in form of condition i) from Section 3.2. The reversed filtration
will not be needed and hence we will just use the notation M, and Ejs instead of M) and E).

Lemma 2.5.1. Let —A be the generator of T, = e 4 and T the associated gradient form.
Assume that the filtration Mg is continuous or that for x,y € A the martingales ms(x) and
ms(y) are norm continuous in all L,. Then my(x) = ms(x) + [ m(Az)dr satisfies

t
(mia)om))e = 2 [ w(C)ds.
Proof. Let us recall that for adapted processes (as), (bs) the conditioned bracket is defined as

(a,b)s =g 1;15(1 Es;((as;y — as;)"(bs;y = bs;)) -
J
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The limit exists in the weak topology when taking an ultrafilter I/ refining the natural order of
partitions in a compact interval. It is best to start with

t
m(x*z) — ms(x*z) = my(z"x) — mg(z*x) — / - (A(x*x))dr .

We use the notation 7 (x) = my(x) + ai(x) where a;(z fo 7 (—Ax)dr is the variation part
and my(z) is the martingale part from the previous Lemma 2.2.1. Then we find
m(x*z) — me(x*z) = m(x) m(x) — ms(x) ms ()
= (m(z) — ws(2)) ms(2) + 75 ()" (74 () — 7s(2)) + (me(2) — 7s(2))* (7o () — 7s(2))
= (m¢(z) — ms(z))*ms(z) + (ar(x) — as(z))*ns()
+ ms(2)* (me(z) — ms(x)) + ms(2)* (ar(z) — as(x))
+ (me(x) — ms(x))"(me(x) — ms(x)) + (me(x) — ms(x))" (ae(z) — as(x))
+ (a(@) — as(x))" (me(x) — ms(2)) + (ar(z) — as(x))(ar(z) — as(z)) -
After applying F; the first and the third term disappear. Then we observe that

[(at(2) = as(@))"(ar(z) — as(2))[| < (t—S)QSgpllﬂr(Al‘)ll

and hence for bounded Ax this term disappears when the mesh size goes to 0. Moreover, we may
use the Cauchy Schwarz inequality, together with one of the Burkholder/Gundy inequalities as
follows

H Z Esj ((a5j+1 (x*) - aSj (x*)>(m5j+1 (:E) - mSj (x)))Hp/2
S || ZESJ'((CLSJ'+1 (I*) - as]’ (x*))(a8j+1 (CL‘) - aSj (@))H;g

| Z Es; ((ms 4, (2) = ms; () (ms; () — ms, (m)))”;@

mllp .

1/2 1/2
< ¢y sup ||, (A)||})5 5up [0 — 552 (50 — 51)
r J
This allows to show that mixed terms converge to 0 as long as the mesh size goes to 0. Note
that the L, continuity of m,’s implies the L, continuity of 7y (also for Az). In the limit (taken
in the Riemann sense) we obtain that

(m(@), m(z)) = /O o (Alz*z))dr — /0 oAz () dr — /0 (&) (A)dr

Here we used that m.(a) — Es,m(a) converges to 0 uniformly on compact intervals, i.e. the
analogue of 2.4.1ii) applied to p and p/2. The proof is verbatim the same in this situation. By
polarization the formula is true for all z,y and by continuity of (, ) this extends to x,y € N if
we have L, continuity. |

Corollary 2.5.2. Let 2 < p < oo and (1}) a standard semigroup admitting a Markov dilation
with a.u. continuous path. Let x € A be selfadjoint. Then

. 1/2
nummw—n% My < c)VIE—s] [T, 2)]))5-

.. 1/2

i) [|7ma(2) — m(@)], < c ¢t—ﬂWxxmg c(p)[t — sl Az]l,.

For all x € L,(N ) the vector measure piz((s,t]) = (m(z),m(z)): — (m(x),m(x))s is absolutely
continuous with respect to the Lebesgue measure.
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Proof. We use the Burkholder/Gundy inequalities for a.u.continuous martingales and find

lme(z) = ms(@)lly < e(p)llm(e), m(z))e — (m(z), m(@))s],/
= 2¢(p) II/ T (L(@, @))dr|ly < 2¢(p) [t = sl[[T(z, 2)|p2 -

This shows i) for x € A. Since the conditioned bracket is L,-continuous, A is assumed to
be dense in L,(N), and the set of absolutely continuous functions is closed under pointwise
convergence, we see that p, is absolutely continuous for all z € L,(N). The second assertion
follows from the definition of m(z) = mg(x) + [ mr(AT,2)dr. [ ]

The main ingredient in the probabilistic approach towards Riesz transforms is to use Lévy’s
stopping time argument for the brownian motion (see however [Gun86], [GV79] for more compact
notation). Let (B;) be a classical brownian motion with dt (instead of the usual 3dt in the
stochastic differential equation) such that By = a holds with probability 1. Then we consider
the stopping time t, = inf{¢t : Bi(w) = 0}. Instead of A we consider now the tensor product
A(B) ® A where A(B) is the algebra of polynomials in the variables B;. The new generator is

R d?
A= ——4+A4.
dt? +
This leads to
D(z,y) = Dz )4—i:c*i
yY) = Y dt dty'

The Markov dilation is given by #,(f ® ) = f(By)m(z). Indeed, let M, = MZB ® M, be
the von Neumann algebra given by the tensor product of the brownian motion observed until
time s and the von Neumann algebra M, given by the Markov dilation. The trace on the tensor
product M = Lo () ® M is given by ET 2 E ® 7, where 7 is the normalized trace on M and
E the expectation on 2. Then

Ey(f(By) © mi(x)) = EZ(f(By))Es(mi(2)) = T f(By) ms(Tr—s(x))
= 7(T2, @ Tr-s)(f ® @) -

Here we use the fact that the brownian motion is the Markov process for the generator D? = %
with corresponding semigroup T = e!P?. For an element z € A we use the notation Pz €

Loo(R4; N) for the function

d2

We will also write P'z, P"x, etc, for the functions %Pt:z,WPtx, etc. Harmonicity now leads to

a well-known martingale property (again due to Meyer).

Lemma 2.5.3. Let (T}) be a standard semigroup admitting a Markov dilation.

1) Ey(fe, () = Feane(Pr).

ii) If in addition the Markov dilation m; has a.u. continuous path, x € dom(A'?) N dom(A)
is selfadjoint and T'( P, Pyw) is uniformly bounded in Ly, /9, p even integer, then ny(z) =
Teont(PBy, ni@) has a. u. continuous path. If moreover, T? > 0, then ny(x) has a. u.
continuous path for all x € L,(N), p > 2.

iii) Let Px be in such that Pz € dom(A), |Px|?> € dom(A). Then the bracket of ny(x) =
T nt(Px) is given by

(n(x),n(x)) = 2/0 " #(D(Pzx, Px))ds .
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Proof. We consider y = 7y, (Px) = m,(2). Let us calculate the conditional expectation Ej:

ES(Wta (z)) = 1ta§sES(7Tta (z)) + 1ta>sES(7Tta (z)) = Ly,<sme,(2) + ]‘ta>3E8B(7TS(Tta75($)))

Now, we fix an w € Q such that Bs(w) = b and s < t,. This means b > 0. Then t, — s is exactly
the stopping time until By — By hits 0. Let us recall that (see [IM74, page=25])

Ee Mo — o=VAb

Using the spectral resolution A = [ AdE(\) we get

(,ETy,(y)) = E /0 T e Mgy, () = /0 T ey, () = (2, Py(a)) -

By continuity,
(2.22) BTy, (y) = Py
holds in L,, p < co. Hence we find
E(ms(Te,—s(2))[Bs = b) = ms(Pp,(x)) = 7s(Px).

This proves Ey (7t n(Px)) = ming, (PByrs, x)) and completes the proof of i). For the proof of ii)
we may again consider a fixed w such that s < ¢ < t,(w). Then we deduce from Corollary 2.5.2
ii) that

Hﬂt(PBtw) — 7s(Pp, )|l < ||7¢(Pp,x) — ws(Pp,2)|p + | PBx — P,y
1/2
\/ t - S HF PBt':U PBt )Hp§2 (p)|t - S|HPBtA$HP + ”Pth - PBstP .

In order to control the second term we may assume that p = 2k is an even integer and z is
selfadjoint. We consider the function h(s) = tr((Psz)?*) and apply Ito’s formula:

tAtq tAtq

W (B,)dB, + / B'(B,)dr

sAtq

h(Bure,) ~ h(Bure,) = [

sA\tq

We note that for z € dom(A'/?) we have h'(s) = 2ktr(PszPlz) and

2k—2
()| = |2k Z ' v (Pya) =972 Pla) 4 2k7((Psx) 1 P'x)
< %(%—1)HPsx!@i‘QHPsA”%H%k+2kHPs 155 | PsAzlox
< (2k)? max{||z]|2k, | A" * |2k, | Az |2} .

Thus under the assumption of ii) we deduce that

[ne(z) = ns(2)lly < e(p,x) max{\/|t —s|, [t —s[} .
According to [GL85], we deduce that n;(x) has a.u.continuous path provided that p = 2k > 2.
Using I'? > 0, we see that

ID(Prz, Pra)llpse < |PL (2, 2)llpe < (@, 2)[lp/2 -
We deduce that for = in a weakly dense subset B of N'N Lq(N) such that I'(z,z) e N, Az e N
and A2z € N, the martingale n¢(z) has a. u. continuous path. Since a. u. path continuity is

preserved under L,-closure (due to Doob’s inequality) we have completed the proof of ii). For
the proof of iii), we recall that

my(Pz) = #(Px) + /O #o(APx)ds
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is a martingale and according to Lemma 2.5.1 we have
t
(m(Px),m(Pzx)); = 2/ 7s'(Pz, Px)ds .
0

Indeed, we may approximate Px by functions of the form Zj fj ® z; in the graph norm of A
such that f;(s) = 0 for s < 0 and then apply Lemma 2.5.1. So that we read Psz = 1450Psz.
However, we have

d2

and hence APz = 0. (This might no longer be true for the approximations but it holds in the
limit). Thus m = (7;(Pz)); is a martingale such that

t
(m,m); = 2/ 7' (Px, Px)ds .
0
By conditioning on the stopping time t, we still have

thta
(n,myat, = 2/ 7s['(Px, Px)ds . [ ]
0

In the following we fix a > 0 and assume Prob(By = a) = 1. We also fix the notation
pax = T, x for the induced trace preserving *-homomorphism. For x > 0 we follow a similar
idea as in section 1 and construct martingales p%(z) such that

(@), o)) = 2 /0 (P (PR, Pra))ds

Here P*(z)(s) = Pysz. Indeed, we fix a partition o = {to, ..., t,} and define
n
mg = Y Bipipa(Pp, (7)) = By, pa(P5, ! (2)) -
=1 ‘
According to Lemma 2.5.3 iii) we obtain

tjt+1 R t R
(Mg, Mgy = 2 Z / ﬂSF(Pgtja:,Pgtjx)ds+2/ WSF(Pgtj:c,Pgtjx)ds

tj+1§t tj tjt

with j; the largest point in the partition smaller than ¢. Passing to the weak-limit we obtain
Pa ().

Remark 2.5.4. Under the same assumptions as in Lemma 2.5.3 ii) the martingale p4 has a.u.
continuous path.

Lemma 2.5.5. For fized w consider 0 < t < tq(w) and b = By(w) > 0. Then

(Brlot i) (i ) @) < 0B (ol [ PE(Pet, Pt min(s b)) ) ()

holds for k > 1. Let k =1 and 0 < < 1. Then

(Et<pax, Pa)oo — (pa, pax>t> (w) < ﬁm/\ta ( /000 Pﬂb+sf(Psx, Psz) min(s, b)ds) (w).

Proof. Our starting point is

ta At R
(o), o (@) = 2 /0 w (B (PP, P))ds |
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For the little bmo norm this implies
ta .
Exlple,pia)oe — (phsdia)e = 20 [ wu(D(Pa, Pra))ds
tAt,

Thus for ¢ > t,(w) we have 0. Let us assume ¢ < t,(w) and b = Bi(w) > 0. Then we observe
that

ta R t R
E(Et/ 7s(D(Pg,x, Pj x))ds| By = b)(w) = 7 (E/ T5(I'(Pg x, P§ :c))ds) .
t 0 S S

On the right hand side we used the notation B for a brownian motion starting at b and t; is
the stopping time at 0. Let us fix y = Pyxz. We use a well-known formula for local times (see
[Bak85b, Formula (11)])

(2.23) E f( / /b+s/ F(r, 8)dpy(r)dtds

0

where [~ e dp(r) = e~'VA. This implies

ty R b+s
(2.24) IE/ TS(F(P’"“ T, P” / / Pisx, Pesx)dtds
0

Fork > 1,let a = "‘2—‘”,;1 Then we observe with I'> > 0 and monotonicity from Proposition 1.0.1
that
b+s . b+s R
- PI(Pyszx, Pysz)dt < - Py arsU(Pi—a)es®s Pi—a)rsT)dl
—s -5

/b+8(t N aK,S)dt P|b—s\+oms <F<P(1—a)f-isx7 P(l—a)’“x))
bs| |b—s|+aks

IA

2bs + ars(b+s—|b—s|)

= s tans L esrans TPl Pioape®)) -

Note that b+ s — |b — s| = 2min(b, s). For s > b we use monotonicity again and get

2(1+ ak)bs .

|b— s| + axs s—btansl (P(1-a)s®: Pl1-a)ss?)
2(1 4 akr)bs .

= mpb+(aﬁ—l)sF(P(l—a)msxvP(l—a)nsx)
2(1+ ak) .

= bmpb+(aﬁ—l)SF(P(1—a)msxa Pi_ayrst)) -

Note that for b > s we have |b — s| + ars = b+ (ak — 1)s and hence

b+s
/ / Pysx, Posx)dtds

14+arx, [ - .
< max((1 + ak), . 1)/0 Py (an—1)sL (Pli—a)rsT P1—a)xs) min(b, s)ds
& . 2 d
= 2max(l‘€+ 3, i‘t’;)/o Py sT'(Psx, Psz) min(b, I%_Sl)ﬁ_s1 .

This gives
(Et<pzx, pites — (o, p:am) )



38 M. JUNGE AND T. MEI

2s ds
—)

k—1

33
§2max(ﬁ; , R

)7rt/ Pb+sf(PS:c,Psx) min(b,
0

k—1 k—1

< C(/ﬁ?)ﬂ't/ Py TPz, Pyx) min(b, s)ds .
0

From Lemma 2.5.3, we see that E;(pay)(w) = m(Pyy) for t < to(w) and By(w) = b and completes
the proof of the first assertion. For k = 1,8 < 1, let a = % and v = % Then, for b > s,
b—s+as > b+ ys and hence

2bs + aks(b+s—|b—s|)

P\b—s|+as(f(P(1—a)s$7 P(l—a)s*r))

|b—s| + as
2s(b+ as) . 4s .
< mpﬁb—ws(r(]g(l—a)s%P(l—a)sl‘)) < ﬁpﬂb—MS(F(vax’ PVSSC)) .
For s > b we have s —b+ as > (8b+ s and hence
2(1 4 a)bs .
mPS*bJraS(F(P(lfa)sma P(ka)sx))
2(14 a)bs . 1+« R
< Wpﬁb+ws(r(f)(1—a)sx, P(l—a)sx)) < QbTPﬁb-i-"/S(F(P(l—a)sfﬂa P(1—a)sl“))
8b A
< mPBb-&—Ws(F(P'ysx, P’ys$)) .
We deduce the assertion from a change of variables which leads to ¢(8) = cmax{c(1—3)73, (1 —
C) e > u

The lower estimate in the following result is well-known in the commutative theory.

Theorem 2.5.6. Letx € A and 2 < p < oo and I'2 > 0andk > 1. Then
oo
- . 1
V2 II(/ Pl (Pisx, Pesw) min(s, a)ds) 2, < [[pgz|ns -
0
For k > 1.
o0 a 1
6l g < o) (| PE (P, Paa)sd)?
0

Proof. For the lower estimate, we calculate the conditional expectation of the square function
onto pq(N). Indeed, let y € N then by (2.23) we get that

ta . ta X A
ET(p“(y)*/o R Prods) = & /0 P(Ey(paly")) s (N(PR, PF)))ds
:]E/ta (s (Pp, (y" )75 (D(Pep,x, Pap,x)))ds = E/ta 7(y* Pp.T(Pop,, Pop,x))ds

0 0

= / T(y*Psf(PK,sxy Pmsx)) min(a, S)dS .
0

For the upper estimate we note that the Lymo is given by

[SISISIE

lpazllLgmo = IISngt<pr,pr>oo— (Pax; pa)ll

We may assume z = [ P,I'(Pyx, Pyx)sds € L%(J\/’). By Doob’s inequality we find a y € Lz
such that

Te nt(PBi2) = Ei(pa(2)) < y
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for all¢ > 0 and
lylle < czllpa(2)llz = cllzlz .
With Lemma 2.5.5 we deduce that

Eilphx, ph)o — (phx, ph)e < c(k)Fine,(P2) < c(r)y
for all ¢ > 0. This implies the upper estimate. |

Remark 2.5.7. In the semi-commutative case where P, = PR" ® id is the Poisson semigroup

on R™ we have the estimate

P _ yP

Ot t
which follows from the explicit representation as a convolution kernel. Choosing 3 = (1 — 1) in
Lemma 2.5.5 and combining this with the argument in Theorem 2.5.6, we obtain a polynomial

estimate
Hpa(fc)th, < cn?’Ha;HHg(P)_

Corollary 2.5.8. Let 2 <p < oo and I'? > 0. Then
o0
- 1 :
\(/ PsUs(Psw, Ps)sds)? |[p ~e(puy m [l (2)]|ng -
0 a—0o0

holds for all k > 1.

The main advantage of the probabilistic model is that it allows to consider time and space
derivatives simultaneously. Let us recall that in the space hy, 1 < p < 0o, we have an orthogonal

projection P” on the space of martingales
hgT = {/deBS : (zs) adapted}

Of course, we have to read [ z5dB; as a stochastic integral approximated by > 55 Ts; (B
We refer to the classical literature for approximation of the stopped process

ta
(/deBS)ta = / z,dBy
0

which remains in hY". Let us consider a martingale 2z € Loo(2)@N. Then the brownian

B,,).

Sj+1

projection of z; is the unique martingale b; € hzbf such that

([ 2uaBotye = ([ adB. 2

holds for every adapted process x. Let us consider for example the simple tensor z = f @ y. We
may assume

BA(f) = [ atr)aB,
Let z, = F,(z). Note that
Rs+h — Rs = f&-h(f)ys+h - EsB(f)ys

(2.25) = (EZL(H) = EZ(F))ys + EZ(F)Wssn — vs) + (EZL(F) = EZ(F) Wssn — s) -
Thus for m = x4(Bsyn, — Bs) we find

ES((m:+h - m:)(zs—i—h —zs)) = x:EAS((Bs—i-h — Bs)(2s4n — 2s))

= 7JT;EA‘S((Bs—f—h - BS)(E§+h(f) - Ef(f))ys + x:ES((Bs+h - BS)EsB(f)(ys+h —Ys))
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N s+h
22 By(Bosn — B)(EPA(F) — EB(1) (esn — 1)) = 2 / g(r)dr ys

Indeed, for the two additional terms we use commutativity and E, = EB ® E,. This yields 0
in both cases. Thus for z = f ® y we find

</a5dBS,z>t = /Otg(r)Er(y)dr and hence b = /Otg(r)Er(y)dBr.

This shows us how to extend the projection P’ by linearity for arbitrary elements z = 5 j fi®y;.
We shall also show continuity with respect to the h, norm. Starting again with (2.25) we observe
with the help of orthogonality that

Es((zs+h - ZS)*(Zerh - ZS)) = ES((( s+h( )
+ By (B2 (1) Wstn = y)) EZ () Ystn — ¥s))

+ ES(EZ () = EZ () (B24(F) = B2 (1)) Wsth — ys) (Ystn — ys)) -
For the last term we get

EJ((BEZ,(f) — EB(FNELL(F) = EZ())* Wstn — ¥s))* Wssn — Us))

s+h
— [ 90)dr Bul(wasn = 02) (e~ ).
S
However, the Burkolder inequality implies that

13 By (s — v, Pl < )2
J

EZ(f)ys) (E&n () = EZ(£)ys)

Thus for bounded g, the last term vanishes as long as the mesh size of the partition goes to 0.
This yields

(s = 0t ([ B, [ B
By approximation and linearity we deduce that
(2.26) (PP (2), P (2))e + (I = P")(2), (I = P")(2))e = (2,2)¢ -
Lemma 2.5.?. Let 1 < p < co. Then P and (I — P") are bounded, selfadjoint preserving
maps on Ly(M).

Proof. By duality it suffices to consider 2 < p < co. We see that on a dense set of martingales
of the form z =) j fj ® y;, the images PP (z) have continuous path and satisfy

(P (2), P (2))e < (z,2)¢ -

Thus the Burkholder-inequalities imply that
1P (2)llng < Nl2llng < e@)ll=llp -
Note that P’ (2*) = P (2)*. Since P'(z) has continuous path we deduce from [JK] that

1P (), < i) I2lln, < ci@)e®)lzlp -
The assertion follows by density. Moreover, the jump parts of z are mapped to (I — P*)(z). ®

Lemma 2.5.10. Let x € A, then
i) (P pu(2), P pa())e 2ft““ (1P ?)dr
i) (Id— P pa (e >,<Id P pa(a)) = 2 [ &, (D(Pa, Pa))dr.
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Proof. According to Proposition 2.5.3 iii) and (2.26) it suffices to show that

tAtq
(2.27) (PP (me, (), P (me, (2))) = 2/ ts(|P'z|*)ds .
0

We deduce from

(ng,me)s = (N, m)snt
that P’ commutes with stopping times. Therefore it suffices to consider the martingale p(z) =
7t(Px) = mPp,x and calculate the component corresponding to the brownian motion n. By

approximation it suffices to consider n = (y ® f)(Bsn — Bs) such that f is a Yg-measurable
bounded function and y € M. Let F; : M — N be the conditional expectation corresponding
to the trace preserving map m; and § = Fyyp(y) € N. Let V5. be the spectral measure such
that

r(A)e) = [ o))
holds for all g. Then we have
E7((y ® f)(Bsyh — Bs)Tsrn(P,, %)) = Ef(Bsyn — Bo)ta(§PB,,, %)

o0
_ / Ef(Buysn — Ba)e™ Y Botndug o(N) .
0
By It6’s formula we have

s+h s+h
e~ VABstn — o=VABs _ \F)\/ e VABrdp, + )\/ e~ VABr g

S

This remains true by addition stopping times and hence we obtain

E7lsin<t, ((?/ ®@ f)(Bsyn — BS)Ws+h(PBs+h33)) = Erlsin<t, ((y ® f)(Bstn — Bs)msin(Pa, (33)))

s+hAtq
T E/ 7((y ® f)(Bsyn — Bs)Tsyn(Pp x)dB,)

Ntq

s+hAt,
+E / (4 ® )(Bosn — By)marn(Ph 2))dr
sAtq

s+hAt,
- / (4 F)(Besn — Ba)mapn(Ply 2)dB,)

Ata
s+hAt,
+ IE/ T((y ® f)(Bs—I—h - Bs)ws—i-h(PJ/_Di,«x))dT .
sAtq
Note that the first term is almost of the required form [ f(r)dB,, except for the fact that f(r)
is not properly adapted. However, we recall from Lemma 2.5.3 that
I7Tsn(2) = 7 (213 < 2| Tsrn—rz — z[212l2

goes to 0 uniformly for A to 0. For the remaining term we have that

s+hAt,
IE / Er((y ® f)(Bosh — Bo)mosn(Pha)dr| < 2y ® fllyllAz]cVih < CHY2.
sAtq

The power % makes this term disappear when we integrate with respect to ds. Therefore we
deduce (with d(B,, B;) = 2r) that, for a partition o of [0, t],
lo|—1
lim Z ET((:U X f)(Btj+1 - Btj)(ﬂ-tj+l/\ta (PBtj+1Ata I) = TijAt, (PBtj/\tax)))
=0

lo|—0 4
Ji
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tAtq
_ / Er(f © y)ment, (P, ))2dr
0
Therefore the projection onto the brownian motion part of p,(x) is given by fg/\t“ (P )dB;.
|
Lemma 2.5.11. Let x,y € Lo(N). Then

tim (T~ P")pa(e), (T = PMpa(y))e,) = 57((Pre)* (Pr(y)))

a—00

Proof. By polarization we have
tAtg
(Id — PP )re, (2), (Id — P )me, (1))eo = 2 / #.T(Px, Py)ds
0

Thus taking the trace yields
T(((Id = P")me, (), (Id — P )7, (4))o)

ta ta
:21@/ 7(#sT'(Px, Py))ds = QE/ 7(Pp,x* APp,y)ds .
0 0

Again, we may use polarization and hence it suffices to establish the result for x = y. We use
the well-known formula (see [Bak85b])

ta o)
(2.28) E f(Bs)ds = / min(a, s)f(s)ds .
0 0

Let dE) be the spectral measure of A and [ f(\)dvz(A\) = (z, f(A)z). This implies
ta ta
E/ 7(Pp,x*APp x)ds = E/ (x, Pap,A(x))ds
0

0
[e’s) tq 00 0
= E/ e_Q\F’\BS)\dstm()\) = / / min(s,a)e_Qﬁs)\dsduz()\).
0 0 0 0
Taking the limit on both sides we find

e 1 [ 1

)\/ eV sgds = / 672\55(2\/X8)2@ = -

o 1), 4

S

for A > 0, and we get 0 for A = 0. Thus we obtain

lim 7(((Id — P")my, (2), (Id — P")me, (2))oo) = %(Prx, Prz) . |

a—00
The next Lemma deals with Hardy spaces and follows closely Bakry’s proof.

Lemma 2.5.12. Assume that T2 > 0 and a unital standard semigroup (T;) admits a Markov
dilation. Then

sup (1 = P")pa(A20) |15 < c(p) [D(e,2)2],
holds for 2 < p < oc.
Proof. Let x € A. We consider the function
f(s) = I'(Psx, Psx)
and claim that y; = 7;(f) is a submartingale. Indeed, we know that

A

mi(f) = #(f) + /0 #o(Af)dr
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is a martingale. This implies that

Bua(f) = Ba(ma(f)) — Bul / #(Af)dr) = ma(f) — Bl / w(Af)dr)

Let us calculate the right hand side:

?Sc(s) = ['(Plz, Psz) + T'(Psx, Plx)
and hence
an /! !/ / /
W(S) =I'(P/z, P;x) + I'(Psz, P, x) + 2I'( P,x, P.x)
s

=T(APsx, Psz) + I'(Psz, APsz) + 2T'(Plz, Plx) .
Therefore we obtain
82

(2.29) —A(f) = (@—A)(f) = 2I'}(P,z, Pyx) + 2I'(Plz, Plx) .

The same equation will allow us to estimate the increasing part of the bracket y, = 7(f) defined
as the limit of

(230) <y>t = hg_nZEt] (ytj+1 _ytj)
J

where the limit is taken along some ultrafilter on partitions of the interval [0,¢]. Let ry =
fo 7s(Af)ds. Clearly, the bracket operation vanishes on the martingale part. We obtain

Lj+1 R ti+1 . . . R
Etj (/ ﬁ's(Af)dS) = / ' ’fl'tj (Ts,tjAf)dS = ﬁ'tj(f — th+1f) [ _(thrl — tj)'ﬁ-tj (Af) .

tj tj

Thus by L,, continuity of 7%5(/1 f) we find
t
W = [ #(20 (P, Pua) + 20 (Pls, Pla))ds.
0
This does not change if we add stopping times, i.e. we have
tAt, tAt,
(ys, )t = 2/ 75 (T2(Pyx, Pyx))ds + 2/ 7is(D(Plz, Plx))ds
0 0

> (I = P")(me, (A7), (I = P (e, (A7)
According to Lemma 2.1.2 we find with £ > 1 that
(2.31) IWealls < cpllyeals
It is time to apply subharmonicity again. Now in the form

F(PSLL’, Psx) < PS(P(a:,x)) :

Therefore

. (T'(Pz, Px)) < @, (PT(2,2)) = pa(L(z,2)) .
We recall that p, is a trace preserving and hence

loa(T(@ @)y = T2l
We deduce that
1 1 1
I(F = P*)pa(A22)llng < c(P)I{T = P")paz, (I = P")paz) [} < ¢ ()IT(2,2)2 |y -

We may replace the hy norm by the HJ norm, because p,(r) and P (p4(x)) have a.u.continuous
path. Thus I — P" (p,(z)) also has a.u.continuous path. [ ]
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We are now well-prepared for our main result on Riesz transforms.

Theorem 2.5.13. Let (T}) be a semigroup of unital completely positive selfadjoint maps satisfy-
ing the standard assumption and (2.21), which admits a Markov dilation and satisfies T? > 0.
Let 2 < p < oco. Then

1 1 vl
[A2zll, < ¢p max{|[[(z,z)2 ||, [|T(x,2")>|,}
holds for all x.

Proof. Let 6 > 0. Using the fact that the projection Pr has (cb)-norm less than 2 we may find
Yo € Lg, such that ||yol|,y <1 and

(2.32) [A2z], < 2(1+6)|r(y5A2) .

By approximation we may assume that yo € La(N) and still satisfies (2.32). Since rg(A%) =
ker(A%)J- = (ker(A))* we may approximate yo by A%y € Ly(N) such that HA%y — yoll2 < 0.
Thus HA%y — yollpy < ¢ and hence and

1AZz], < 2(1+8)|r(AZy*Azz)| + ]| AZz]), .
We fix a > 0. According to [JK], we may decompose pa(A%y) = Mm¢ + m, + mg such that
1
Imellng, + e llay, + lmallpa, < c(®) llpa(A2y)|ly < 2¢(p') -

Since pa(A%x) has a.u. continuous path (see Lemma 2.5.3), we know that (m}, (I—Pbr)pa(A%x» =
0. Therefore we obtain from Lemma 2.5.12 that
[Er((I = P)pa(A2y")(I — P")(pa(A22))| = [Er((m +m; +my)(I — P")(pa(A22))|
* r * r i
= [E7((( = P (me)* + (I = P™)(m3)(I — P")(pa(AZz))]

= [Er((me, (I — P)(pa(A22)))| + [Er((m, (I = P'7)(pa(AZ2)))|
< mellne, (T = P"")(pa(A22)) g + I e (1 = P") (pa(AZ2%)) s
< c(p)e()l1pa(A29) |l (IT (2, 2)2 [l + T (2", %) 2 ) -
Note that (I — PI")(A%ZE) — Azg. Therefore Lemma 2.5.11 shows that
[T(A2y" A2a)| < 4 lim [E7((T = P)pa(A2y")(I = P"")(pa(A%2))
< 8e(p)e(p) (T (x, 2)2 |, + |T(z*, )2 ) -
By our choice of 4y we deduce the assertion. |

As a further application we compare the martingale Hy,-norms and the semigroup H,-norms
from [JLMXO06].

Theorem 2.5.14. Let (T}) be a semigroup satisfying the assumptions from the previous theorem.
Let2 <p< oo and k > 1.

i) Then

el ot i 1P ) o~ i 150t i [ T(Pe, Pu)ss) V1.
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ii) If in addition the assumptions of Lemma 2.4.4 or Lemma 2.4.6 are satisfied, then
2l 5Py ~etpy lim (1 = P7)pli ()l -

and L 1
l4%allep) < e@)IT(z2)E])p

Proof. Let us first observe that due to I'> > 0 and (1.5) we have

. RN ) 1 RN 1
lim H(/ P,I'(P.sx, Pesx) min(s, a)ds)2 ||, = H(/ P,I'(Pysz, Pesx)sds)2 ||,
0 0

a—00

o0

o0 R 1 N 1
< I /0 Pul(Po, Pur)sds)bll, < ol /0 PP Py, Pur)sds)} |,

Using the fact that for martingales with a.u. continuous path the Lymo and h; are equivalent
we see that two sides in Theorem 2.5.6 are equivalent. We get that

(2:33) i 1) o, ey 1| PE(Prat, P,

In particular, we deduce again with I'> > 0 that
I[Pt Peaysds) 2y = VE ([ PPt Pra)ss) 21
<V PE(Pa, Pa)sds) 2 < e, im 1750l

The same argument in combination with Lemma 2.5.10 also shows that

o
el g py = H/O | Pial?sds[3 ~ep,m lim | P ply (2) g

NS =

and
o0 1
I TP, Paa)sdsl o i 17 = P )
We refer to [JunO8] for

00 1
I [ TP, Paysasly < eo)lalir

This completes the proof of i). Assuming the condition of Lemma 2.4.6 for I" or under the
assumption of Lemma 2.4.4 we have

o] 1 o 1
| [ v gasasly < )l [ TP Parjsas]
0 0

Thus Theorem 2.4.10 iii) yields the missing estimate in ii), because the Hy(P) and Hy(T) are
comparable, see again [Jun08]. In that situation the last assertion follows from Lemma 2.5.12. W
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