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Abstract

We study tent spaces on general measure spaces (2, ;). We assume that there exists
a semigroup of positive operators on LP(£), ) satisfying a monotone property but do
not assume any geometric/metric structure on 2. The semigroup plays the same role
as integrals on cones and cubes in Euclidean spaces. We then study BMO spaces
on general measure spaces and get an analogue of Fefferman’s H'-BMO duality
theory. We also get a H'-BMO duality inequality without assuming the monotone
property.

All the results are proved in a more general setting, namely for noncommutative
LP spaces.

Key words: tent space, BMO space, semigroup of positive operators, von
Neumann algebra.

0 Introduction

Many classical Harmonic analysis results have been extended to more general settings,
like non Euclidean spaces, Lie groups, arbitrary measure spaces, von Neumann algebras.
We normally miss clues for such extensions if the classical proof relies on the geometric
structure of Euclidean spaces. For examples, various integrals on cones and cubes are
used very often, as powerful techniques, in classical analysis. But they usually do not
have satisfactory analogues in the abstract case where metric/geometric structure is
not pre-defined. However, LP-spaces and semigroups of operators can be studied on
these “domains”, say €2, in any case. In fact, given an unbounded operator L on L*()
with a conditionally negative kernel, (e'*);>q always provides us with a semigroup of
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positive operators. It will be interesting to get an appropriate replacement of integrals
on cones and cubes by considering “semigroup of operators”.

Tent space is a typical classical object relying on the geometric structure of Euclidean
spaces. It was introduced by Coifman, Meyer and Stein in the 1980’s (see [CMS]) and
is well adapted for the study of many subjects in classical analysis. One of the related
subjects is Fefferman’s H'-BMO duality theory which has been studied in the context
of semigroups by many researchers. In particular, Varopoulos (see [V1]) established an
H'-BMO duality theory for a certain family of symmetric Markovian semigroups using
a probabilistic approach. More recently, Duong/Yan studied this topic for operators
with heat kernel bounds (see [DY]). In their proofs, the geometric structure of Euclidean
spaces is essential. A motivation of our study on tent spaces is to prove an H*-BMO
duality for more general spaces.

In this article, we define tent spaces 7, (p = 1,00) and study the duality-relation
between them for functions on abstract domains where geometric/metric structure
is unavailable. As a replacement for the integration on cones and cubes, we consider
semigroups of positive operators (7}); in the definition of our tent spaces. We prove that
Too C (77)* if the underlying semigroup (73); is quasi-monotone, i.e. for some constant
k>0, ()", — T, is positive for all s > ¢ or (£)*T, — T, is positive for all s < t. A
large class of semigroups satisfies this property. In particular, all subordinated Poisson
semigroups are quasi-monotone with £ = 1. We also proved that, for a quasi-monotone
semigroup (7})¢, the inverse relation (77)* C 75, holds if and only if (7)), satisfies an
L2 condition NTy(FTy (o) g < cllflellgllr, for all y >0, f, g > 0. We prove in the
appendix that a large class of semigroups (including classical heat semigroup) on R"
satisfies this L2 condition. We have not found, unfortunately, an efficient way to verify
it for noncommutative semigroups of operators.

Using tent spaces as tools, we study H' and BMO spaces for general semigroups of
operators and get an analogue of the classical H'-BMO duality theory assuming the
quasi monotone and Lz conditions. Without assuming these two conditions, we can
only prove a duality inequality (see Section 4).

In recent works of Junge, Le Merdy and Xu, (see [JLX], [JX]), they consider semigroups
on noncommutative LP spaces and study in depth the corresponding maximal ergodic
theory and Hardy spaces H? for p > 1. By using the square functions studied in [JLX],
Junge and the author obtained certain results for noncommutative Riesz transforms
in [J2] and [JM], but a full generalization remains open. We expect our study on
general tent spaces would be helpful in the study of noncommutative Riesz transforms
since this is the case in the classical situation. In fact, in Stein’s book [St2], various
square functions are the main tools to prove the boundedness of Riesz transforms. On
the other hand, the importance of semigroups of completely positive operators in the
study of von Neumann algebras has been impressively demonstrated due to the recent
works of Popa, Peterson and Popa/Ozawa etc. Pisier/Xu (see [PX1]) proved a H'-
BMO duality for noncommutative martingales. These works motivate us to write down



the proofs of this article in the noncommutative setting. However, it does not require
much knowledge of von Neumann algebras to understand this paper. For people whose
interests are mainly the commutative case, our proofs can be easily followed as well by
regarding a von Neumann algebra M as some L (€2, ;1) and the trace 7 as a simplified
notation for the integral over €2 with respect to the measure pu.

We do not assume that our semigroups admit dilations. We do not assume they have
kernels either (except in the appendix). These two assumptions are true automatically
in the classical setting but they are not true in the general noncommutative setting.

This article is organized as follows.

Section 1 includes a brief review of classical tent spaces, basic assumptions about the
semigroup of positive operators under consideration, definitions of our tent spaces, and
a short introduction to (noncommutative) semigroups of positive operators. We listed
our main results on tent space in Section 1.3.

In Section 2, we prove the main duality results for our tent spaces.

In Section 3, we define H' and BMO spaces associated with semigroups and prove the
desired H'-BMO duality for certain subordinated Poisson semigroups.

In Section 4, we remove the quasi-monotone assumption on the underlying semigroup
of operators and prove a duality inequality for associated H' and BMO spaces.

1 Preliminaries
1.1 Tent spaces on R x RT

Consider a function F': R x Rt — R. Let Ag(F) be the square function defined by

AoE)w) = ([, P (s, P2 )

where 'Y is the cone on the upper half plane with a right vertex angle and vertex (x,0):

[0 = {(s,y) : |s — 2] < y}.

For 1 < p < oo, the tent space 7, is defined as (see [CMS]),

T, = {F :[|[Fllz, = [|Ao(F)[|r» < o0}



Let C(F) be the square function:

dy . .1
C(F) () =sup( [ |F(s. )P Lds),
I Ix(0,]11) )
here the supremum is taken over all intervals I C R containing x. The tent space 7.,
is defined by
Too ={F : [|Flz. = [|C(F)[|z> < 00}

7T, connects to Carleson measure immediately. Recall a Carleson measure dyu on the
upper half plane is a measure satisfying

sup// dp < c|I,
I JJrx )

for all intervals I C R. We see that F' € 7, if and only if the measure du = |F |2d—yyds
is a Carleson measure and

P17, = lldull

A duality relation of tent spaces is proved in [CMS]. Namely

L, =1,

1,1 __
for1§p<oo,p+q_1.
Tent spaces have a close connection to the Hardy spaces. In fact, if we set

F(s,y) =yVG(s,y)
with G being the harmonic extension of a function ¢ defined on R, then
17, ~|lgllar, 1 <p < oo,

def 1
and —[|Fllz. =lgllsso (<" sup( [ g - i3
I

The question is how to define tent spaces for general LP spaces, for example,
e [P spaces on Lie groups.

e [” spaces on general measure spaces (€2, o, ).



e Noncommutative LP spaces.

1.2 Semugroups of operators

Given a measure space (2, 0, i), we consider a symmetric diffusion semigroup of oper-
ators defined simultaneously on LP(Q2), 1 < p < oo. That is a collection of operators
(T,), such that T,, T, = T}, +y,, To = id and

(i) T, are contractions on LP(€2) for all 1 < p < oo.
(ii) T, are symmetric, i.e. T, = T,; on L*(Q).

(iii) T,(1) = 1.

(iv) T,(f) — f in L? as y — 0+ for f € L2

The conditions (i), (iii) above imply that the T),’s are positive operators, i.e. T,(f) >0
it £>0.

A symmetric diffusion semigroup (7;) always admits an infinitesimal generator L =

lim, .o Ty;id. L is a unbounded operator defined on D(L) = {f € L? lim, g Ty’; ~I e

L*}. We will write T, = e¥".

The classical heat semigroup on R" is a typical example of symmetric diffusion semi-
group, that is

_ YA
T,=ce¢

with A = 37, 22 the Laplacian operator.

i=1 9z2>

T, is the convolution operator with kernel (T}, f = K, * f)

_ =2
K B exp( 4y )

y@%—(%wg (1.1)

The Classical Poisson semigroup R” is another popular example,

P,=eV -5,

P, is the convolution operator with kernel



y
|2 + [y[?)

(1.2)

Ky(x) = c,
() (

n+1 *
2

Definition 1.1 For two positive operators T, T", we write T > T" if T —T" is a positive
operator.

By (1.1) and (1.2), we easily see that for the classical heat semigroup (13),, Ty < (2)2 7,

for every t < s. And for the classical Poisson semigroup P;, P, < EPS for every t > s.
Moreover, this kind of monotone property is satisfied by all so-called subordinated
Poisson semigroups.

Definition 1.2 Given a symmetric diffusion semigroup (T,), with a generator L (i.e.
T, = evL), the semigroup (P,), defined by

P, = A

s again a symmetric diffusion semigroup. We call it the subordinated Poisson semi-
group of (Ty)y'

Note P, is chosen such that

82
(a—y2 +L)P, =0. (1.3)

It is well known that (see [St2])
1 7 2 s
P, = 2\/Eo/ye sy 2T, du. (1.4)

We can see that

Zy(f) | as y 7T for any positive f. (1.5)

2 .
. . oy _y _3 . . . .
since T, is positive and e" 4wy~ 2 is a function decreasing with respect to y.

1.3 Tent spaces associated with semigroups of operators

Let (T},),>0 be a semigroup of operators on LP(£2, o, 1) satisfying (i)-(iv).

Definition 1.3 For f € L*(Q, L*(R,, d—;’)), with f, € L*(Q) for each y > 0, we define



o0 dy A
1l =11 Tl A2
0

t
dy i
1l =sup IT: [ 17,117
0

Let Tl(Ty) be the corresponding space after completion. To define 7.%»)| we need to

work a little bit more. Let T) = {f € L*(Q,L?),||f[| ) < oo}. For a sequence
(f")n € T2, we say (f"), T-converges if (ILf")(t) = T; Jy |fy”|2%y weak-* converges in
L>®(Q) ® L=®(R,,dt). Denote this abstract limit by lim, ™. Let 7\7¥) be the space
consisting of all these lim,, f"’s. We view 72 as a subspace of 77») and view lim,, f"
and lim,, g" as the same element of 77 if II(f™ — g") weak-* converges to 0. Since

L®(Q) ® L>(Ry) is weak- closed, || - ||z, extends to a norm on T as
1
Il lim anTo(oTy) = || h}LHH(fn)||ioo(Q,Loo(R+))'

Here and in the following, lim,, TI( ") always denotes the weak-* limit of TI( ™).

Proposition 1.1 7% is complete with respect to the norm || - || per)-

Proof. Suppose (fi)r is a Cauchy sequence in 7\7v) with f, = lim, 7, f € 72.
Namely, for any € > 0,

|| hTILTl H(f:I — f;z)HLoo(Q’Loc(R_‘_)) <€ (16)

for m, j large enough. Since (lim,, ITf}?); is uniformly bounded in L>°(£2, L>(R,)), we
get a weak-* convergent subsequence (lim,, I1 i, );- Passing to the diagonal, we get that

I1f7 ). weak- converges. Therefore, (f ); T-converges to f € T.Tv). By (1.6), for any
kj/J kj/J )
e >0,

. . 1
1 = Fulrs = [T, = £ g1 < €

for m large enough. This shows that (fx)x || - || -norm converges to f. i

7w

Definition 1.3 is adapted to the classical ones because of the following observation.

Observation. For a locally integrable function f on R x R*, it is proved in [CMS]
that,

Ao (Nl < AN er < el Ao(H)]]r, (1.7)



where
. 1 2dy 1
= (ff,, Pt

with T8 = {(s,y) : |s — x| < 2¥y}. It is not hard to check that ¢, < ¢2* by the 7; — T,
duality and a change of variables. We can rewrite Ay and Ay as square functions of
convolutions,

If we set

with (T}),>0 being a family of convolution operators with smooth kernels &, such that

ky(x) > ; for z € (—y,y)
cly['*+e

and ky(z) <

= as x| — oo for e >0,

in particular, k, can be the heat kernel K2, that is

$2
exp(—2L5
k, = CM,
Y

we have

cAY(f) < Afpy(f) < D27 FFFA(f).
k

Therefore, by (1.7),

A ) (Dlee = [[Aolle = [ flz,-



We would like to search for appropriate conditions on semigroups which provide the
“right” replacements of integrations on cones and cubes. We pursue them by testing
the duality-relation of the associated tent spaces.

Deﬁnition 1.4 We say semigroup (T,), is quasi-decreasing if there exists o > 0

such that L decreases, i.€.

T, < (1T, (1.9

forall0 < s <t.
We say (1,), is quasi-increasing if there exist o > 0 such that y*T,, increases, i.e.

T, < (2

)T (1.9)

forall0 <t <s.
We say (T},), is quasi-monotone if it is either quasi-decreasing or quasi-increasing.
By (1.5), we get

Lemma 1.2 The subordinated Poisson semigroup (P,), of a positive semigroup (T,),
s quasi-decreasing with o = 1.

The classical heat semigroup on R™ given as (1.1) satisfies the quasi-increasing condition
with o = n/2. Heat semigroups on a complete Riemannian manifold with positive Ricci
curvature satisfy the quasi-increasing condition because of the Harnack inequality of
Li and Yau (see, for example, [Da] Corollary 5.3.6).

We are going to prove the following duality results for our tent spaces:

Theorem 1.3 For (T}), quasi-monotone, we have

T8 (T

More precisely, every g = (gy)y € TOEDT“J) defines a bounded linear functional {, on Tl(Ty)
by

=/7@%@@ (1.10)
0

for all (f,), € ,]-1Ty NL*(Q, L*(R,, d?y)) Here, g, denotes for the complex conjugate of



9y, Jo Is° fyg;d—;du is understood as lim,, [¢, [5° fy(gg)*%d,u for (gy)y = lim,(g),, with
(90)y € T And

6]l < call(gy)yll pzn-

As a consequence of Theorem 1.3 and Lemma 1.2, we get
Corollary 1.4 T (T,
with an absolute embedding constant for any subordinated Poisson semigroup (P,),.

Theorem 1.5 For quasi-monotone semigroups (1,),, we have

(7)) c T, (1.11)

if and only if

Ty (FTy (o), 3 < el Al llgllor, (1.12)

forally>0,f,g>0,fge L*NL? By (1.11), we mean that any linear functional ¢
on T,"" is given as (1.10) for some g = (94)y € Ty and [[(gy)yl| ;) < callf].

Remark 1.1 We will show in the appendix that classical heat semigroups satisfy
1
the L2-condition (1.12). And we can see from (1.1) that they also satisfy the quasi-

monotone condition. We then get (Tl(Ty))* = T for classical heat semigroups (7,),.

A change of variables implies (Tl(TyQ))* = TOE;TyQ). Due to the “Observation”, ’Tl(TyQ)’s

coincide with classical tent spaces, we then recover the duality between classical tent
spaces.

As explained in the introduction, we are going to prove Theorems 1.2 and 1.4 in the
noncommutative setting. We need more preliminaries for this purpose.

1.4 Noncommutative LP spaces and semigroups of completely positive operators.

Let M be a von Neumann algebra equipped with a normal semifinite faithful trace 7.
Let S84 be the set of all positive z € M such that 7(supp(z)) < oo, where supp(z)
denotes the support of x, i.e. the least projection e € M such that ex = x. Let Sy be
the linear span of S;. Note that Sy is an involutive strongly dense ideal of M. For
0 < p < oo define

lzll, = ((j2")", @ € Sus,

10



where |z| = (z*2)'/2, the modulus of z. One can check that ||-||, is a norm or p-norm on

S according to p > 1 or p < 1. The corresponding completion is the noncommutative
LP-space associated with (M, 7) and is denoted by LP(M). By convention, we set
L>*(M) = M equipped with the operator norm. The elements of LP(M) can be also
described as measurable operators with respect to (M, 7). We refer to [PX] for more
information and for more historical references on noncommutative LP-spaces. In the
sequel, unless explicitly stated otherwise, M will denote a semifinite von Neumann
algebra and 7 a normal semifinite faithful trace on M.

We say an operator T on M is completely contractive if T'® 1, is contractive on M & M,
for each n. Here, M, is the algebra of n by n matrices and I, is the identity operator
on M,. We say an operator T" on M is completely positive if T"® [,, is positive on
M ® M, for each n.

In this article, we will consider the so-called noncommutative diffusion semigroup of
operators (7,),>0 on L(M) satisfying

(i) (7,), are normal completely contractive on LP(M) for all 1 < p < oo.

(ii) (T,), are self adjoint on L*(M), i.e. 7(T,f)g = 7f(T,qg), for all f,g € L*(M).
()T, (1) = 1,

(iv)T,(f) — f in L* (M) as y — 0+ for f € L*(M).

These conditions also imply T}, is completely positive and 77,2 = 7{(Tix)1] = 7[z(Ti1)] =
T[xl] = Tx. Namely, T,’s are trace preserving. We refer the readers to Chapter 5 of
[JLX] for more information of noncommutative diffusion semigroups.

Given a Hilbert space H, denote by B(H) the space of all bounded operators on H.
Choose a norm one element e € H, let P. be the rank one projection onto Span{e}.
For 0 < p < o0, let

LP(M,H,) = LP(B(H) @ M))(1® P.).

Namely, LP(M, H,) is the column subspace of L?(B(H)®.M)) consisting of all elements
with the form z(1® P,) for x € LP(B(H) ® M)). The definition of L?(M, H.) does not
depend on the choice of e. LP(M, H..) can be identified as the predual of LY(M, H..)
with ¢ = ]% for 1 < p < oo. The reader can find more information on LP(M, H,.) in
Chapter 2 of [JLX].

All (commutative) diffusion semigroups on measurable spaces (€2, 1) defined in section
1.2 are noncommutative diffusion semigroups by setting M = L>(€2, ). We extend all
definitions in Section 1.2 to the noncommutative context in the natural way.

We will need the following Kadison-Schwarz inequality for unital completely positive
contraction 7" on LP(M),

11



IT(HP <TAfP),  VfeLI(M). (1.13)

The following definition and lemma are due to Junge/Sherman (see [JS] Theorem 2.5).

Definition 1.5 Let E be an M right module with a L% (M)-valued inner product (-, -).
We call E o Hilbert LP(M) (1 < p < 00) module if it is complete with respect to the
1

norm || < || = |-, )]s . We call E a Hilbert L>(M) module if it is complete with
Lz (M)

respect to the strong operator topology generated by the seminorms

€]l = [r(2(€, €))%, @ € LYM).

Lemma 1.6 Let E be a Hilbert LP(M)-module, then E is isomorphic to a comple-
mented subspace of LP(M, H.) for some Hilbert space H. Moreover, the isomorphism
does not depends on p.

In the case of p = 0o, Lemma 1.6 is essentially due to Paschke (see [Pal). The C*-algebra
analogue is due to C. Lance (see [Lal, Corollary 6.3).

Let A be the subspace of L*(M, L?) such that as € L*(M) for any (a,)s € A. Define

an operator-valued inner product on the tensor product A ® M by

dt
Tha.

() @b, () ® dyr = b"( | Tiajen)

Complete A® M according to Definition 1.5 to get a Hilbert LP(M)-module and denote
it by L= (M, L2) @7 M' (p = 1, 00). Note the normality of (T}), ensures that the inner
product extends to the whole Hilbert LP(M)-module. By Lemma 1.6, we get

Proposition 1.7 There exist a Hilbert space H and a linear map

w: L®(M, L?) @r M = LP(M,H.), p=1,00,
such that

((ar): ® b, (ct)r @ d)r = u(a ® b)*u(c ® d),

for alla®b,c®d e LM, L2) @7 M". And u(L*(M, L2) @1 M") is complemented
in LP(M, H.).

Consider the (scalar-valued) inner product

[a®b,c® d) —T/Tsacsdb*
0

12



fora®b,c@d € L>®°(M, L)@ L*(M, L?). Let L°(M, L2) ® L2(M, L?) be the Hilbert
space completed by this inner product. We get the following Cauchy-Schwarz inequality,

o0

d Tod
7 [ @b =1 [ abi =
s
0 0

<[7’

_1 1
a T, (S 2582)b;§|

o — 9 0\8

T,(S7Y)|as|?] T/TS IARE (1.14)
0

_1 1
for any (Ss)s > 0, invertible such that (Ss 2 ® as), (S¢ ® bs) are in the Hilbert space.

In this article, we will always assume our semigroup of operators satisfy conditions (i)-
(iv) listed in this section. ¢, will be a constant depending on « which can be different
from line to line.

2 Proofs of Theorems 1.2, 1.4.

The noncommutative version of Theorem 1.2 is

Theorem 2.1 If (T,),>0 is quasi-monotone, every (By)s € TT) defines a bounded
linear functional g on ’TlTy as

7 Lds
A) = T/AsBs? (2.1)
0
for (Ay)s € T A L2(M, L2(Ry, 2)). And

1€5]] < call(Ba)s|| - (2.2)

Here, T [ A B ds s understood as lim, 7 [5° AS(BQ)*% for (Bs)s = lim,(BY)s with
(BM), € T2.

Proof. (i) We first prove the theorem for semigroups (7},), satisfying the quasi-decreasing
property (1.8) with some o > 0. We need the following truncated square functions S;, Sy
in our proof:

e}

So= ([ T(1A,P)

a—1

o S>ady)5 (2.3)

13



/T (45, (2.4

for (4,), € T(T” NL?*(M, LQ(R+, ). The square functions Ss, S, are chosen to satisfy
the following lemma.

Lemma 2.2

S, <238, (2.5)
dT,(S,) dTs(Ss) . dTs(Ss)
2 2 <
ds 275 ( ds ) ds — 0

IA
)

v

N|®

Proof of Lemma 2.2: (2.5) is obvious. We prove (2.6). Since Sy > S; for any s < ¢,
we have

Ts-l—As(Ss—I—As) - TS(SS) = T% [TS+2AS (SS-FAS) - T% (SS>]

2

> T% [Ts+2As (Ss+2As) — Tg (Ss)]

2

Divide by As both sides and take As — 0, we get the first inequality of (2.6). To prove
the second inequality of (2.6), we apply the quasi-decreasing property of T and get

y+As,, y+s+2As.
Tyeas(14,17) < T, (1A, )( ) STy(lAyF)(W) : (2.7)
for any y > s. By (1.13) and (2.7), we get
Ts+§As SS+2AS - T% SS
[e.e] ) ya_l ) e} L
:TETS/TA a—E/A :
Tl [ APt - T[T )
s+2As
o0 ) ya—l L a—l 1
<T( [ Tyada di—TE/A dy)?
<Ty( [ Tyeadl y|)<y+s+ms)a WE= T3] T4 )
s+2As S
<13 [ AN 5—;/T|A| ) dy)?
s+2As

<0.
Taking As — 0 proves the second inequality of (2.6).

Fix (A,)s € L*(M, L?) NT™ (B,)s € LA(M, L) N T™). By approximation, we can
assume S is invertible. By Lemma 2.2 and Cauchy-Schwarz inequality (1.14),

14



[0 oed 7 . LT ds
[ 4B < @ [T0ams) ) [ 1B pED)
0 s 0 s 0
ENEIE
whenever I, 1T are finite. Here S, is defined as in (2.3).

For I, we have

=7 [10A25 % =7 [~ De5ras = 2
s / ds /

0

dS
ds

(A

For II, by (2.5), (2.6), we get

g 7 a 7 ds
<oir (1882 =287 [1B.PT5) S
0 0

N FdT,
=227 |BS|2(—/d td(tSt)dt)ds

S

(f ]Bs|2i9)d$£i§)dt

P ods. dTe(S)
/18] :
s d(—t)

[e%s) t
a ds dT:(Sy)
=2.227 Tt(/|Bs|2?) d(Q—t) dt.
0

)dt

Combining the estimates of I and II, we get

h/AB*!<42|! ol /T{ﬂ B2 2;

Change variables and use the quasi-decreasing property of (7}),, we get,

7 d
v [ A8
0 S

[e.9] d
:|T/A§B§ i 2
0 TS

15
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ds (St)
<4-2%)|(4 mefﬂ/\IQ dt

—t)
s dT':(S;
§42aH<As>SHTl(Ty)T/CTt(/|Bs|2?) d(Q_(t))dt (28)

<4.29|(4 7 1B [,
<. WSMQW%Mtqll Tl [ iy

t

=4 2°[(As)sl e Sgplth(/lB |2 Ml S0l 1
0

3o

<4 27||(Bs)s||fro<gy>II(AS)SII%T;,- (2.9)

In the inequality above, we used the same notation S; for truncated square func-
tions of (As)s. Taking square root on both sides, we proved (2.2) for (Ay)s, (Bs)s €
L3(Q, L* (R, %)) and quasi-decreasing semigroups (77),,. Inequality (2.8) implies that

¢ (St)
lim,, 7 [5° As(B?)*% exists whenever (B!), T-converges since (ﬁ) € L'(M, L' (R, 4)).

And

T d
|hmT/AAB@ﬂﬁ2
n S

s dT:(S;
<4-2%|(Ay), ||T(Ty)7'/11mTt /|Bn|2d ) d(Z—(t))

<427 ||lim(BY), ||2<Ty>||( sl (2.10)

dt

This means T-convergence implies weak-* convergence in (Tl(Ty))*. We proved Theorem
(2.1) for quasi-decreasing semigroups.

(ii) The proof for (7)), quasi-increasing requires different truncated square functions

S, Ss:

PV
—@%wm>w, (2.11)
_ 7 oy (2y — 8)° dy%

&—quM%Uyy) (2.12)

Lemma 2.3

S, < S, (2.13)
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dT,(S,) dT:(S,)  dT=(S,)
>0Ts —2 2 < 0. 2.14
ds ~ 2 ds ds — 0 ( )

Proof. (2.13) is obvious by the quasi-increasing condition. By (1.13) and the quasi-
increasing condition again, it is easy to see that Ss, TS are decreasing with respect
to s. Follow the idea used in the proof of Lemma 2.2, we can prove the lemma without
much difficulty.

The rest of the proof of Theorem 2.1 for quasi-increasing semigroups is similar. §

We now go to prove Theorem 1.4, which is relatively easier.

The noncommutative version of Theorem 1.4 is

Theorem 2.4 Suppose semigroup (T,), is quasi-monotone. Then

(L) c 70V, (2.15)

if and only if
I17,[(Ty9)2 £(Ty9)2 |3 < cll fllullgllr, (2.16)

forally >0, f,g € LY (M) N L*(M). By (2.15), we mean that any linear functional ¢
on Tl(Ty) is given as (2.1) for some g = (g,), € T™¥) and

1090)ull 7z < callfl] zemy..
Proof. We only prove the assertion for the quasi-increasing case. The proof for the
quasi-decreasing case is similar and slightly easier for this Theorem. We first show
that (2.16) implies (Tl(Ty))* C 7). By Proposition 1.7, we can see Tl(Ty) as a closed
subspace of L'(M, H,) for some Hilbert space H via the isometric embedding:
f=u(f®l).
Given a linear functional ¢ € (Tl(Ty))*, by the Hahn-Banach theorem, it extends to a

linear functional on L'(M, H..) with the same norm. Then there exists ¢ € L>(M, H,)
such that

U(f) =re"u(f ©1).

17



Because u(L>*®(M, L2?) ®7 M) is complemented in L*(M, H.) (Proposition (1.7)),
there exist x, = Y1, a; ® b; € L*(M, L?) ® M such that

(f) = Tim rue)u(f @ 1) = lim ru(3 " a @ b)u(f @ 1),

n—o00 4
=1

and

@)oo v, 1) < Nl () = 1]
By Proposition 1.7,

() = Jim 7300 [ Ta /)5 = i r Y [ TE)a; £ (2.17)
=19 0

i=1

Set

@Dg - Zai,sTs(bi)-
=1

It is clear that ("), € L*(M, L?) for each n and

() =timr (@)%

0

We are going to show

t
ni2ds -
I [ 10212 oo < ellu(3 s @ b9l aan. (2.18)
0

1=0

for ¢ independent of ¢, n. Once this is done, there exists a subsequence of (%) which T-
converges to an element ¢ € 77 and O[] < ellu(ie,, ai @ bi)l|Leem,m.) < cll€]]
because of the weak-* compactness of the unit ball of L*¥(M) ® L>*(R,). By (2.10),
this will imply

(=7 [vr"
0

and will prove the sufficiency of (2.16). We now prove (2.18). By the quasi-increasing
property of (7}),, we have
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t d L t d L

n Y2 < n Y2

1T [ g1, <2811 [ g2z,
0 y 0 Y

Tf<1,f20

t
a n d?/ 1
2 s (/T [ 05?0}
0

w[Q

2

sup_ (Tu(f) [ 1oy )
0

Tf<1,f20

t
@ d 1
2 sup (v [ U(Tuf)iP7))
0

Tf<1,f>0

t

n 1,dy
sup sup T/iﬂy (Toef)29,—
ngl,fzoffot lgy|?dy/y<1 { i

[NIe)

2

a n 1
<22 Sup sup (W)l )1 1(9y (T2 f) 2 )o<y<tl|7:-
Yy

Note in the inequality above, we can restrict the supremum to be taken for f, g very
. 1
nice, so that ||(gy, (T2 f)2)o<y<t||7; make sense. By (2.17), we have

1@)ullay < [lu(d_ ai @ bi)llLo -
i=0

Therefore,

t
n2 4y
I [ 1Y e
0 Y
o . 1
<203 a @ 50| aa 590 119 (T ) oyl ;- (2.19)

Apply the Kadison-Schwarz inequality, we get
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2

. L od 1
=227 (th[(TQtf)2/|gy|2yy(thf)Q])
0

Using (2.16) for g = f; |gy|2d?y, we get

t
1 a i dZ/ 1
/T|gyT2tf> P <t bl [ a2 (2:20)
0

Combine (2.20), (2.19) and take the supremum over k, we get

n

()l ey < u(D a; @ 03| oo (.11,

=0

which is (2.18). We then proved the sufficiency of (2.16).

To prove the necessity of (2.16), we are going to show the necessity of the following
stronger inequality

t t
1 1,dy .1 1
o TAEH o P@n D <1 [ la LA,
0 y 0
for all f € LI NL2, g € L*(M, L) N L*(M, L?). To see it is stronger than (2.16), one
can consider g, = Viga Xe= ”>(y) and send € — 0. Assume that (Tl(Ty))* c T, Fix f
, (9y)y, we have

t

([ TU(T )3 gy P(T )]

0

dy. 1 1
?)2 =119y (Tef) 2 o<y<ell pn

1 d
sup /gyTt )2 (hy)*—

||(hu yllToo<1

t
dy. 1 dy,1
/ 0P s T/<th>|hy|2y1%
0

IIToc<1

dy 3 1
—H/urtuf sup /thw k

hy yHToo<1

<\|/|gy|2 (G H/mw [

hy)yl Too<1
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: dy 1 1
y Y 1
S A HIFE
o Y

The proof of the theorem is complete. 1

Remark 2.2 From the proof, we see that the quasi-monotone assumption in Theorem
2.4 can be replaced by a “weaker” condition: Th, < T, for all s or T, < cTs,, for all s.

Remark 2.3 Applying the same technique used in the proof of Theorem 2.4, it is not
1

hard to show that the noncommutative Lz condition (2.16) is equivalent to any of the

following conditions:

()| T |12 ||L<><> ) < csup 1, [Tfh7], for any ¢ >0, h € L*(M).

(T3 f1?)2 <

(i) [|73] ks Te(bw)an*lloo < el Sk j—1 0T (afa;)b oo for any n € N, (ar )iy, (br)izy €
L®(M).

Remark 2.4 By changing variables y — 3 and setting A, = Ap, B, = Bpg,
see that the duality between Tl(Ty) and 77 holds if and only if the duality between
T(T and T ' holds. Let (T,)y be the classical heat semigroup defined as in (1.1),

“Observation” in Section 1.3 tells us that ’Z;(TyZ) coincide with the classical ones. We
recover the duality between the classical 7; and 7, by Theorems 1.2, 1.4 (or Theorems

2.1, 2.3) since the classical heat semigroup is quasi-increasing and satisfies the L3
condition (2.16) (see a proof in the appendix).

We will need the following results in Section 3.

Lemma 2.5 Suppose a semigroup (T}), is quasi-monotone and satisfies the L3 con-
dition (2.16). We have

1
1(Tas Aol By < call(4 HumT/WAP )%,

Proof. The assumption of the lemma implies the duality between Tl(TS) and 775,
which yields that

||<725115)s|| (Ts) Scoa sup 725
T
! [1(Bs)sll (T3)<1
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We now estimate 7 [5° TQS(AS)BS% following the proof of Theorem 2.1. We will benefit
because of the extra Ts,. Let S, 58 be as in the proof of Theorem 2.1 and set

0o dy s
= ([ Im,A,2<0)h,
Y
Then G, < S, < 225,. By the Cauchy-Schwarz inequality, we have

by ds
|T/T25 s 57| - |T/TS(AS)TS(BS)?|
0

s<r7o|T< 6T )i /|T BIPGT):

/\T PG /|T )
- [ e S [npps. L)

0
1
I2]]2

[SIES

MD

<2

6

MD
l\)\»—‘

2

We get exactly the same “II” as in the proof of Theorem 2.1. Then

LT < e|[(Bs)s|| o [|(As) |-
And
J—T/\T |G1 070 aaGSGlds
=T ooaaG + G, aaGSSGslds
=27 OoaaG;
Therefore,

1 1 1
/ To(A) B2 < cal (Bl (Ao (76
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Taking the supremum over (By)s we get
2 i 2ds 1
||<T28AS>S||7—1(T5> < Coc||(AS)S||Tl(Ts>T(/|T5AS| ?)2 L
0

Proposition 2.6 Assume (1)), is quasi monotone and satisfies the L2 condition (2.16).
Then for any family (As)s>o,

Ca
[1(As)sll e = [[(As)s|lpema-

Proof. For T, quasi-increasing, we have for any (As)s, (Bs)s,

[1(As)sl| per < 2%H(As)s|!71<ms>, 1(Bo)sll o < 22 [1(Bo)sll 7m0 (2.21)

Note the assumption of the lemma implies the duality between ’Tl(TZS) and 7). This
duality and (2.21) yield that

C,
1(AS)s | o = [1(As)sl| iz

The proof for quasi-deceasing (75), is similar. §

3 H'-BMO duality for Subordinated Poisson semigroups

Consider the subordinated Poisson Semigroup (P, ), of a symmetric diffusion semigroup
(T},),. We are going to study BMO spaces associated with (P,),. We first define a
seminorm for p € L?(M) as

81\'3\»4

lellzro.py = sup [|Py (I — Pypl*) |-
y>0

For a sequence (gon)n € L*(M), with ||¢,||Bro.py < 00, let @, be the operator valued
function @,,(y) = P,(|¢n—Pynl?). We say (pn)n P-converges if (®,,),, weak- converges
in L>(M) ®L°°(]R+, dy). Denote this abstract limit of (¢,,), by lim, ¢,,. Add lim,, ¢,’s
to {¢ € L*(M),]l¢llsmo.p) < oo} and denote the new vector space by BMO.(P).
Since the weak-* limit of (®,), exists in L®(M) ® LRy, dy), || - ||pmo.(p) extends
to a seminorm on BMO,(P) as

1
[11im gnl|Baro.p) = [1Hm Py (lon = Pyenl ) Eo (npyor -
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Similar to Proposition 1.1, BMO,(P) is complete with respect to the seminorm || - || 55,0, (p)
because the unit ball of L*(M) @ L>(R.) is weak-* compact. We view BMO.(P) as
the resulting Banach space after quotienting out {||¢||smo,. () = 0}.

In the classical case (i.e for functions ¢ on R), it is well known that ||¢||pymo ~
SUD,cpxrt P2l — Pyp| with P, the Poisson integral at the point z (see [Ga] P217, [Pe]
P79). Our definition of BMO is an analogue of this characterization. The difference is
that P,y is a number while P, is a function. And P,|¢ — P,¢| # P,|¢ — P,p|(z) for
z = (z,y) in general.

In [JM], we proved that BMO.(P) (combining with the row space) serves as an end
point of LP(M) for interpolation. The goal of this section is to find an H' space as the
predual of BMO,.(P). The main tool will be the duality result of our tent spaces in
Section 2. So we need first prove a relation between BMO,(P) and 7).

Let I" be the gradient form associated with the generator L, i.e.
20 (2, y) = L(x"y) — L(z%)y — 2" L(y). (3.1)

Let T be the gradient form associated with the new generator L = L + 88722 defined on
a dense subset of L2(M & L>(R,)). Namely, 2T'(z,y) = L(z*y) — L(z*)y — 2*L(y). By
the definition, we get

g ,0
D(w,y) =D(z,y) + 50" 5-y. (3.2)

Proposition 3.1 For any z € L*(M),

['(z,z)>0

I'(Psx, Py) = L((Psx)" Pyy).

Proof. (3.3) can be proved by considering the derivative of e*L(|e(*~*)Lx|?) with respect
to s and letting ¢,s — 0. In fact, W = eI (et g e(t=3)Ly). (3.4) can be
seen by the fact L(P,z) = 0 for all z.

Theorem 3.2 For any ¢ € L*(M), we have

0P
(s (¢ = Pep))sll e < cllellao.p)- (3.5)

Moreover, if (¢y)n € L*(M) N BMO.(P) P-converges then (s%=:(pn — Pspn))n T-
converges in T\*) and
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., OP; .
| h,rln(sg(gpn - Ps(Pn))S“TéoPs) < (| hrrln QanBMOc(P)' (3.6)

0P

Convention. Because of Theorem 3.2 we understand (s%=(¢ — Psp))s as an element
in 7.7*) via the corresponding T-limit for any ¢ € BMO ( ).

To prove Theorem 3.2 we need the following Lemma.

Lemma 3.3 For anyy > 0,p € L*(M), we have

[ P (Pap Pug) s < P(Igl?). (37)
0

Proof. Fix a scaler y and a positive element z € L>*(M), (3.4) implies

Py, I'(Psp, Py d

/ +y ¥ SD)S—Fy 8)

—T/Ps+y (‘P890| )ds

=t [ L) Pipltds + 7 [(Pro(5) ) 2 oo,
Y Y s +y’ 0s?

We use integration by parts to the second term and get

= (Ps+y( 2)=L)| Pagds + TPy (2)| Pogpl?

832 S+
o 5Y 2 0 J sy
—T/(WPSW(Z))WWSM dS+T/[28sPS+y(z)8ss+y
Py s L Pl + B ol
s+yzas2s+y sP S TIy(2)|p|"-

In the process of integration by parts above, we used the fact %Psgo =0 as s = o0,
which can be seen from the inequality (3.8) below. Thus, by the definition of L, we
have

25



P, ,D(Pyp, P, d
rle [ P (P Pog) )
B ~ sy 9 / 0 0 Sy
= L( P 7]33 2—P; —
r [ LPagle)) o\ Pelds +7 [R5 P(e)g
Py (P s + P ()l
S+y 832S+ 890 S T (p
0 0 sy 9% sy
- 27Ps = Ps s 2 2
047 [ Pass &) g o+ Pensle) g oI Poelds + TP (2)le
2y 0 1
=7 [ oy ylas Po®) = oy PG Pplds + TRl
By (1.5), we have gg(Psti’; Pru)y < . That is
8P3+y(2) 1 1
_ P, < 0. )
Js s+y (s+y)? +(2) <0 (3:8)
Then
20> 0 1 )
P - —PF, P <0.
T gl Pl — oy Pl Paglds < 0
Therefore

00 _ sy
(2 [ PusT(Prp, Pap) -7 -ds) S TRl = (Rl
0

By the arbitrariness of z, we proved the Lemma. 1

Proof of Theorem 3.2. Given a ¢ € L?(M), we split %(gp — P,p) into three parts

OP, OP, oP, OP;
88 (QO_ Ps(p): 88 (SO_ PySO) + E(Ps—i-y@_ Pygp) + E(PSQO_ Ps—&—y@)

=A+B+C.

P
It is easy to derive from (1.4) and (1.13) that ‘8Py( 2 < cy—%\xﬁ Apply this property
to B, we get

P /]B|2sds—P /] P,(Pyp — ©)|*sds
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Yy
C
°P, [ PyPP — olds
y 0
—Zpy, /P5|P590 — pl*ds. (3.9)
y 2
0

For the terms A, C, by (3.2), we have |22 ¢|? < T'(P,p, P,p). Then, by (3.7) and (1.13),
we get

Y

P, [1APsds <2P,J¢ — Pyl (3.10)
0
Y Y

Py/ |C’|23ds§/Py+s|A|2sds < 2P,|p — Pyl (3.11)
0 0

Combine the estimates of A, B, C, we get, for any ¢ € L?*(M),

)

0P,
Py [152(0 = Pag) Psds < cllél o, ).
0

On the other hand, by (3.9), for any f(y) € L'(M ® L*(R,,dy)), we have

TO/(PyO/\BESds)f(y)dy = TO/Ps!Psso - so|2(s/ ;ng,f(y)dy)ds. (3.12)

Since [ CPSy fly)dy € LY(M @ L*(R,,ds)), we conclude from (3.12), (3.10) and
(3.11) that sais (¢on — Pypy) T-converges in 71+ if ¢, P-converges in BMO,(P) and

0P .
s (n — Ps@n))SHq’éoPs) < || hTan SanBMOc(P)' i

[ lim(s

As an immediate consequence of Theorems 2.1 and 3.2, we get

Corollary 3.4 For any subordinated Poisson semigroup (P,),, we have

oP, 1
s < el B2 Py lomonm, (313)
0
for any ¢ € L*(M), f € L*(M).
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Proof. We know from (1.5) that any subordinated Poisson semigroup (F,), is quasi
decreasing with a = 1. Applying Theorems 2.1 and 3.2, we get

oo [OP, P,
re" 1=l [17540 = Pue) 5.2 Fludy

0

oP, oP,
< C|I(y87;f)yl|71wy>l|(yafyy[<ﬂ = Pye])yll e

<dl([ P,
0

op, f

1
ydy)? || ||l Bro.p)- 1

Corollary 3.4 suggests an H' norm of f: ||(J;° P, |8ny|2ydy)%||L1. However, this norm

does not fit the classical case. In fact, if P, is the classmal Poisson integral operator on
R™, |[(fs° P, |8ny|2ydy) 2||1» is equivalent to || || gr(re) only when p > 2. We have to
consider a smaller norm for general H' if we want to cover the classmal case.

T
Consider the tent space Tl( ) associated with (7,2),>0. Remark 2.4 explains that the

duality result for ’Z'l(Ty) applies to 7'1(Ty2). Given f € L*(M), it is easy to see that
(yaazy f)y € L*(M, L?). We say that f belongs to the Hardy space H}(P) if (y 7 % £y,

belongs to ’]'1(Ty2). Set

wp) = Iy yf) It

An equivalent definition is

U lmzeey = 1S (N

with

7., 0P :
S() = ( Tl 2 Pudy)
0

Let H!(P) be the corresponding space after completion. H!(P) can be viewed as a
closed subspace of 7'1(Ty2) via the embedding: f — (yaa—? )y

We will show that

BMO.(P) C (H,(P))*
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provided (7},),>0 is quasi monotone. And

BMO,(P) = (H}(P))*

if (T},),>0 satisfies the L2 condition (2.16) too.

Theorem 3.5 Assume the underlying semigroup (1), is quasi-monotone. Then BMO.(P) C
(HX(P))*. More precisely, every ¢ € BMO.(P) defines a linear functional £, on H:(P)
by L,(f) = Tf¢*, for any f € H{(P)N L*(M). And

o] < cllellBro.(p)- (3.14)

Here T f¢* is understood as lim, 7 f% for ¢ being a P-limit of (py), € L*(M).

Proof. By the identity (1.4), for (Ty)y quasi-increasing, we have,

[ 7 T > 2/y “u Tdu > T, (3.15)
= — e U 21,0u > —— e 4wy 2/,au = C . .
vaym )t IV v

y2

For (Ty)y quasi-decreasing,
2

o) Yy
1 _ s 1 2 3
P, = 2\/%O/ye swy2T,du > 2\/%Zye sy 2Tydu > cTpe. (3.16)

2

(3.15), (3.16) and Theorem 3.2 imply that (y222 (o~ P,p)), € Toc”” for o € BMOL(P)N
L*(M) and

OPF,
II(yafyy(so = Pyo))yll im0 < cllellmao. ). (3.17)

Combining (3.17) and Remark 2.4 we get

ot [ 2P 5, 2P <y
|Tf90|—9|70/(yay O O

0P, 0P,
< -y - Y (p — T,
<l Dull o 1652 (0 = Pl

oo

<c||S(H)lellellBrro.py = el fllarpyllellBrro.p)-
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By Theorem 3.2 and the end of the proof (i) of Theorem 2.4, we see that lim,, 7y} is
well defined for f € L*(M) N H!(P) and a P-convergent sequence (g, ),. Moreover,

[ lim 7 fop | < cl|fllmxpllellBrocp)-
This proves Theorem 3.5. 1

We now go to show the other direction of the desired duality result. In the classical
case, this direction is relatively easier. But it is really complicated in our case due to
the missing of the geometric structure on von Neumann algebras (in particular, the
general measure spaces).

Proposition 3.6 For (T,), quasi-monotone, ¢ € L*(M), we have

1
l¢llBaro.p) = |lsup Tielip — Prpl?||%-
Proof. By (3.15) and (3.16), we have
for any positive f. Then

1
| Sngtzlw — P13 < callellBro.(p)-

On the other hand, by the identity (1.4)

1Bl — PrplPlld = ll == /te SuH T - Ppldul &

_2 3 2 %
e mu"2 Tyl — Pipl*dul|&

1
<l|lz=——= [t
—Hzﬁ/
+l5—= /te TuiT|p — Pigldul|
<<1/te—fu—3uT\ Prgl?loodn)}
= 2\/%() ul¥ tf oo
+(17t6‘iugHT [ = Puplllocctu) .
2ﬁt2
Note for u > t2,
1Tl = Ppl*lloe = I Tu-reTizlip — Prollloo < [|Tizlep — Prol[
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For u < t2, denote n the biggest integer smaller than . We have

Tl — Pol||%
— || Tl — Paglll% + 1Tl P e — Pypl?llZ
Nl Pyt = Proryyip Pl + 1Tl Pip — Pl
<|ITule = PyaePll% + 1PaTule — Paolll%
NP Tl — Pf90|2||§o 1Py T iy Tiomyi | Prmyi — 912112
<2fllsuth2|s0 Pl ||oo

Vu

Therefore,
.
||Pt|80—PtSD| ||30
t2 2 t2 1
—/te‘f@u‘%—du)%llsuthzlw— Pol||%
™ u ¢
(L /OOt ~fu3du)¥ || sup Tl — Prol?||2
- e 4duy U su 2 — )
QﬁtQ tp t2|P tP
1
Scl!sgpﬂz\s@-PﬁpIzH%& "

Proposition 3.7 Assume the underlying semigroup (T,), is quasi-monotone. Then,
for ¢ € L*(M), we have

lellBro.p) ~ Sup Ile*(f = P, (3.18)

1
where the supremum is taken for allt > 0 and f = bT;3(a) with a,b > 0,7a < 1,70% <
1.

Proof. Fix t,p € L*(M),

ITele = Pol’lloc = sup 7(aTiel — Prpl”)

a>0,7a<1
= sup 7(Te(a)lp — Pipl)
a>0,7a<1

1
= sup 7|(p — Bip)(Tie(a))?|?
a>0,7a<1

= sup  sup (7[b(Tiz(a))? (9" — Pig")])?

a>0,7a<1 b>0,7b2<1
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= sup  sup (7[(b(T(a)? — B[b(T(a))2])o"])?.

a>0,7a<1 p>0,7b2<1

Let

f=b(Te(a))?. (3.19)

Then we get

1
l|¢l|Brro.(p) ~sup||Tt2|so Pl||% = sup sup . sup Tle*(f — P.f)].

a>0,7a<15>0,7b2<1

We will show f — P, f is in H}(P) with norm smaller than c.
Proposition 3.8 Givent > 0, let
t2
52 3
Pf:/se’ﬂuffTudu;
0

S

o
b _s?2 3
P’= [ se”wu 27T,du.

$2

Then, for any 0 < s < oo, we have

Pt < cipf (3.20)

and

T2 P* < 2°Tp, (3.21)

for (T,), quasi-decreasing with index o

T2 P* < 2°Thpe, (3.22)

for (T,), quasi-increasing with index o.

Proof. (3. 20) is easy to verify by the facts that e i decreases with respect to s and

52
et &~ e 1 for any u > t?,s < t. Note the quasi decreasing (increasing) property
implies Ty2q, < 29T (Topy < 2°Ty2) for all u < t* respectively. (3.21) and (3.22)

2
follow by the inequality fg2 se~fu"3du < 1.1

Proposition 3.9 For (T,), = e'* quasi-decreasing, we have
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T2y
—Cq—2 < aaTy < a&. (3.23)
Y Y Y

For (T,), quasi-increasing, we have

(3.24)

Proof. Assume ;‘% decreasing, taking derivative with respect to y, we get

% — a& <0.
dy y
which is the second inequality of (3.23). By using it, we get
oT, T 0Ty Ty 0Ty Ty
(-2 +3a~2)=(——2 +a-2)T2 <2%(——2 + 3a—2)T,
Wy oy 95 3 o3 y

Y Taking integral for s from £ to %y, we get

Yy 8Ty Ty 3 0Ty Ty
A N ) 5/2“(— L 30-0)Tds
3 Oy Y J 0% Y
3
2y 2y
i 0Ty, b Ty,
zza(/— s+ [ 3a z* ds)
2y
a f 3 aTzl
<2(-T, + Ty +/3a(§) ds)
%
=27, + (3% +2%)T2.
3
Therefore
o, 3(2% + )T, — 3(3%a + 2*) Ty 3(3% + 2%) T2y
Y > 3 > 3 .
oy — Y - y

That is the first inequality of (3.23). The proof for quasi-increasing semigroup is simi-

lar. g
Lemma 3.10 Assume (T}), is quasi-monotone and satisfies the L2 condition (2.16).

Then, for any t > 0 and [ given as in (3.19),
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oPF;f
$2

t
7( sds)? < c,. (3.25)

0

Proof. We only prove (3.25) for quasi-decreasing semigroups. The proof for quasi-
increasing ones is similar and easier. For any positive element x in L*(M), by (3.2)
and (3.4),

t
OP, f
($ / EQ‘WFSdS)

/ oP,
:TO/Tt2<ZC)| asf| dS
ST/Tz(x)f(Psf,Psf)sds
0
¢ 2
—7 [ Tl )(L+8—)|Pf|2sds
Ot Lo
=71 | LT (2)|Psf|?sds + 7[Tp2(x) | = Pf|23ds]
! 0[5
=[+1I.

For II, using of “integration by parts”,

0
I = 7T —|P, f|?
T t(w>sas‘ Sf‘

1T Y
T, (35)3(9

s=t

= 7Tz (x)s(Pof Pf+(an)Pf)

ta
—0—7Ta(z /—Pf|2ds
=t 0 0

S

) = T (2)(|Pf* = [£17)

s=t

+7Ta ()| fI.

<7 th(w)t(;lPth + tI%PSfF

0
=7 Tp(2)t| 5 Puf?

s=t
By the identity (1.4), we get

0 2

t +2 .
0 = 0/(1 — %)e’ﬁu’%Tufdu.

%Psf

s=t

Then
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2t2

0 t? 2 7 2 2
£ PP _t§2|/t(1—2u)e_4uu_§Tufdu|2+2|/t(1—QU)emu_gTufduF
5= 0 2t2
2t2 9 00 9
<c [ 10+ e ST Pdu+ 2] [ 40— e i T, fduf?
- 2u “ 2u “
0 2t2
2t2 9 o0 2
<c/t(1+t)e_fliu_gT |f|?du + 2| /t(l — t—)e%u_%T fdul?
- 2u “ 2u “ '
0 2t2
Therefore,
11
2t2 9 o0 2
t _2 3 2 t 2 3 9 9
ST[:Uth(c/t(l—l—Q—)e wwy 2T, f] du—|—2|/t(1— 2—)6 oy 2T, fdul* + | fI?)]
0 w 22 u
2t2 t2 ) 00 t2 )
t 3 t 3
~rlale [ 1+ oy B T Pdu+ Tl + 2Tl [ 61— D)o RuriT i)
0 u 242 u
2 t? &2 3 7 t? +2 3
ST[x(c/t(l )¢ 3T | fPdu + Tl /2 + 2T /t(l — 5)e S AT, fduf?)
0 u 22 u
2 T 2 s 2
< rle(caTie|f| +2th|Tt2/t(1—2—)e Su3T, e fdul?)).
212 "
Set
7 t? &2 3
h:i/ﬂl—éakfﬂuﬁﬂhgﬁm.
2t2
We get
B[l <cl[fll < c (3.26)

IT <7la(caTe|f)? + 2T | T h|?)].

For I, by (3.23) and (3.21), we have

t

I ()| P, f|*sds

y=t?

T

o,
y

Ty

<rT CatT

()| P f[*sds

/
/
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t

t
T . Ty
< 2,7 [ L5 @IP2fsds + 207 / @I sds
0

0

T,
<2t /P“ 2 ()| f2sds + 2ear| 2 /ypbf|2sds

<o 2°7 [T ()| f] + 2¢aT| / |PYf|?sds].

By (3.20), we have (PVf)2 = ¢(P!f)2u, for s < t with some partial contraction u,.
Then

Ty

1< 27T (@) 1) + 2ear [ (0

— 27 (T f12)] + 22 2) [ (P F)bun(PY )t (PEf)Esds

= 27 [a(Ta /)] + 2eat (oG5 (P [ us(PEfuisds(PEF)).

0

Let

g= / S(PPf)utsds.
0

We see

t2
ol < S 111l

Combining the estimations for I and II, we get

t
8Psf 2
Ty
Txo/ 12| P |*sds
< car[o(Tal P + Ta| Tl + Ta((P£)2 55 (PLH)))

By the arbitrariness of x, we get

t
0P, 1 1
[ Tal 252 s < (Tl £ + Tl Tihl? + TP G (PE )]
0
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1
Note f = bT3(a) and P/f is in form of T2z with ||z||p1 < ||f||zr < 1. Using the L2
assumption for T}, we get by (3.26),

t
apsf 1
r([ T 52 sds)? < calallual 2115 + 1Bl + 11F150) < ca- @

Lemma 3.11 Assume that (T3); is a positive semigroup as in section 1.2 (1.4). Then,
for f>0,||fllx <1, we have

/|Tks S(f = Pof)Psds)? < e

for any positive scalar k,t.

Proof. Let

0P,
Qs = Tkﬁg(f - -Ptf>

The identity (1.4) yields

Qs(f) =T Ef Ths2 B f
® 2 2 s+1)%, 0?2 s
= [0 g = 0= B i e

[¥s(u)] < ute s < cké(u + ks?) 72
Let
Ri(f) = /tu”Tu(f)du
k2
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Noting that kt? < ks?, we have

Then there exist partial contractions u, such that

QI = (e,
Then
7!@( [*sds):
il 7 V2| Qo (f)|ul(Ref)2]ds) 2
Crl(R.f >%t7us|c2< Plutds(Re ).
Note that

| Re(f)]|p < 2K73;

] / s Qu ()| 2 < / Q1) 12ds

< // u)|duds
¢

t

2d5 = Cp.

IA

Ck

H—\g =]
V)

By Holder’s inequality, we get

1 1
/ T 227 = PpPsds)t <RI /us@s Juzds| 1
<c 1

Lemma 3.12 Assume that (T}), is quasi monotone with index o and satisfy the L2
condition (3.19). There exists a constant k < 4 depending only on « such that

38



T, 0P,
T,
T(/ ! Os
0
for any g.

Proof. We will prove only for quasi-increasing (7, ), since the proof for quasi-decreasing
ones is easier (and similar) for this Lemma. By Proposition 2.6, we can find a constant
Co > 1 such that

T ds. 1 7 ds 1
([ ol AP LY < ([ gela P21 (327)
0 5 0 5
Choose scalar £ < 4 such that
ks?
52 1
6320‘ / se~ Ty~ 3ds <
0
Set

ks?
c _s2 3
PS= | se”wu 2T,du;
0
oo
d _s2 3
Pi= [ seawu 2T,du.

ks?

Then, for (T)s quasi-increasing,

2

ks 5
_sZ 3
T452P§:/se w27, y2du

ks?
_s2 3 o
< [ se”wu 2du2% g,
0

1
< Tho. 2
1627 % (3.28)

By (3.28), for t fixed, we get

T 0P, '
T(/Tsz] 95 g|23d5)2
0
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/T82’P§ g|2$ds)%

OPs 54 2905 1
T(/TSQIP% 5 gl“sds)z /T \Ps i 2 g|“sds)z

S

| oP
g|2sds 2 4 /T \Pd

OP;
/ T Pl

/16 2T252| 5 g|2sd5 2 4 /T2|Pd

Applying (3.27), we get

n aPs 1 i OPs i OPs
7'(0/ T,:| 55 g|28ds)% < ZT(/ Tis)e| 8; ngSdS)% + T(/T52|Pga—;g|23ds)%

*T/Tz

Thus

¥ 8]38 7 OPs
T(/T52| P g|23ds)% < 27'(/T52|Pg 8;g|23ds)%.
0 0 2

Let
o
_s2 3
P = /se w2 T jeedu.
ks? ’
Then

P{=P°T, .
2

For (T)s quasi-increasing, we have

2 ) 00
S s 3
¢ — —e T6uq 2
Ty P% / 5 e Teuy Tu, ’“2;2 2
ks? 2

2 o]

ks? t2

40

2 g2sds)?

</§€ 16uu 22 TQtzdu—{—EQ/Qe 16uu 2T

sds)%

oP
f|28d8 +7’/T2|Ps 5 g|2sds)%

2
du—l—Tt2/2€ Tou 1y 2T 22 du

8

k252 du
8

(3.29)



Tt
S 2a<T2t2 + TtQ / §U7%Tudu)
t2

<2¢ (thz + T2 Pt)

for any s < ¢. Applying this inequality, we have, for any (Bs)s,

(P B, <T2>—||supﬂz/|PeB L)L

B, |2*||oo

<|| sup/thPs

t t

a ds 1
EHsupTQtz/]B |2—H2 —|—22Hsuthth/\B 2% 2,
0 0 5
<2} sup|mz/|B P 28 suprmz/\B P24
SCaH< s)s”TO(OTSQ)-

By the duality between tent spaces ’2'1(T32) and To(c,T52), which is implied by the assump-
tion of the lemma and Remark 2.4, we get

(P Al ro) < €al [(Aa)sl| Lo (3.30)

Applying (3.30) to (3.29) and using Proposition 2.6, we get

l 8P7 1
sds)2 /TSQ\PST,“ 2g|°sds)?
93
oP; ,
<2t /Tszkas o 2 g[2sds)? (3.31)
<ot / Tys [Ty as "5 osds)E. (3.32)
8

By Lemma 2.5, there exists another constant c, such that

7 OPs
T(/ Tk52 |Tk'32 2 g‘2sd8)%
T 935
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w\»—t

2 1.1 aP 2 1
<co|T /Tk32| 5 g\ sds)2]z] /\Tks 5 2 g|°sds)z]z. (3.33)

Combining (3.32), (3.33) and applying Proposition 2.6 again, we get

/T2

OP: 7o 0Ps
2 gl2sds)] [ ( / Tz gstolsds) )

g Psds) <cof </ Tia|
s 03

2 1.1 oP 2 1.1
D8 gPsds) 3 / ez s 2 g[sds)??

IN

<ca[T

as

NI

sds) % % /|Tk sds)%]

/T

Therefore,

/T2

Theorem 3.13 Assume that the underlying semigroup (T,), is quasi-monotone and
satisfies the L2 condition (2.16). Then BMO,(P) = (H!(P))*.

sds)%. ]

8

: i O
fPsds)? < cor( [ T
0

Proof. The relation BMO,.(P) C (H!(P))* is Theorem 3.5. We only need to show

el Baroary < cllell - (3.34)

for o € L*(M) N BMO,.(P). Once this is proved, by the proof of Theorem 2.4 and the
Hahn-Banach theory, any linear functional £ on H!(P) is given by

OP,f

Uf) = lilgnT/s o (3.35)

( i

for f € L2(M) N HL(P) with ¢* € 73 A 12 (M, L?) such that ||(g%)s||7. < c||¢]].

Let

_"8]38 kN * 2
orn = [ S2(6h) ds € LA(M).

Because of (3.34), we have

0P ...
rnllBrro.p) < CH/ P (ge) dsllamy < ell(g)sll e < clll].

n
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There exists a subsequence which P-converges to an element ¢ € BMO,(P) with
lellsaro.p) < sup [lknllaronr) < cllLl,
because the unit ball of L*(M) ® L>*(R, ) is weak-* compact.

We now prove (3.34). Because of Proposition 3.7, we only need to show

g=f—PfecH!P)

for any f given as in (3.19).

Let k be the constant in Lemma 3.12, we have

T 9P,
9!l m2p) :T(O/Tsz| asg|23ds)%

P,
@a;g |23ds)%

oo
< CaT(/ |TM
8
0

oP, 7
asg|23ds)% + caT(t/ |T%

0P,
g |28d8)%
s

t
< T
= C“T(O/ T B

t
0P,g
< car( [ Tyl 2P0
/ 0s

8

1 T OP
sds)2 + Ca’l'(/ | T2 Tg|28ds)%.
s
t

8
From Lemma 3.11, we know the second term is smaller than c.

For the first term, if (T), is quasi-increasing, since k < 4, we have

For quasi-decreasing (7%)s, we get similarly,

OP.g
O0s

|25ds)%

t t
OP, 1
([ Toa| 522 Psds)d = rToa( [ Toe
] Os ;s
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Therefore,

oP,

s [, 0P
889|23d5)%+ca7(t/|n§2 g

0s

t
lgllze) < CaT(/ Tpe| 25ds)}. (3.36)
0

Applying Lemmas 3.10 and 3.11 to (3.36), we get ||g||m1(p) < Ca- 1

Once again, if (7}), is classical heat semigroup on R", ||f||g1(p) is equivalent to the
classical Hardy space H' norm of f and ||¢||smo,(p) 1s equivalent to the classical BMO
norm of . We recover the duality between the classical H' and BMO.

4 H',BMO associated with general semigroups

In this section, we discuss a pair of H',BMO-like spaces associated with general semi-
group (T5), satisfying the usual property (i)-(iv) listed in Section 1.2. We do not assume
that (7})s satisfies the quasi-monotone conditions except in Theorem 4.4.

For f € L*(M), let

Sr(F) = ([ 52 71)sds)!

0T

G(f) = ([ 1521 2sds),

Set

e, = 152 (N1

|1 fllsmog =sup CH(f)]|F -
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Another H'-norm associated with semigroups has been studied by Stein ([St2]) in the
commutative case and Junge, Le Merdy, Xu ([JLX])in the noncommutative case. That
is the norm defined for f € L*(M) as

e, = 1G]y, VI <p < oo
It is easy to see that

e, < 201, - (4.1)
by (1.13).
Theorem 4.1 For any semigroup (T},),>0 satisfying (i)-(iv) in Section 1.2, we have

[T fe"| < el fllws, el Brog

for f,p € LA(M).

We use the same idea of the proof of Theorem 2.1. The advantage of having specific
elements allows us to make modifications at some key points and remove the quasi-
monotone assumption for (7})s. Set truncated square functions Ss, G as follows:

0T, 4= 1
.= (f T (=5 P (42)
T 0T \
Go= ([ 1551 Pyn)? (43)

The square functions S5, G satisfy our key Lemma.

Lemma 4.2

Gs < S; (4.4)

dT,(S.) dT5(S.), dT:(S.)
> 2Ts 2 2 < 0. 4.
2 (— ) g =0 (4.5)

Proof. (4.4) is true because of the fact

8T2y 2 aTy+§ 2 8Ty+§ 9
= s 7 2 < s 2 .

for any y > 5, which follows from (1.13).
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By (1.13) again, we get S5 > S; for any s < t, then

T8+AS(SS+AS) — TS(‘SS) - T% [TS+§AS (SS+AS> - T% (Ss>]
ZT% [Ts+§As (SS+2AS) T%(SS)]

Dividing by As both the sides, we get the first inequality of (4.5).

We go to prove the second inequality of (4.5). By (1.13) and (2.7), we get

Ts+2As Ss+2AS - TSSS
2

o0

o7, +5+As 1 1
=TsTas( / Ty—g—As(|y872f| Jydy)z — T ( /T_, 2f| Jydy)>
s+2As y
I 6T +24+As 1 1
ST [ Ts (=252 Pydy) - %/T,, Ay
s+2As y
T 0T, 2y s 1 +3 1
S%</7@g;<gaj2ﬁmww—ﬂ L Py’
s+2As
A change of variables implies that
s aT +A.S+ 1
Ty [ Ty (=25 5 )’
s+2As
n aTu+§ AS 1
=Ty [ T P )
s+2As+ 52

<75 Ty (172 i)

s

Then

Ts—O—gAs SS+2AS - TSSS S 0
Taking As — 0 we prove the second inequality of (4.5). §

Lemma 4.3 For any semigroup (T,),>0 satisfying (i)-(iv) in Section 1.2, we have

0T34 v 1 1 1
|/ Bl sl < 3w 1Ty o 2)sasl GOSN
0
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(Ty)
for and f € L*(M) and any family (ps)s € Too * .

Proof. We can assume G, invertible by approximation. By (1.13), (4.2) and the
Cauchy-Schwarz inequality, we get

OO@Tgsf * . 8T28f
|T/ s rsds| = 3|T/T prsds|

Tsprsds|

T. 7 )
7_/|(9 2Sf| G;13d8)5(7/|TS<,05|2GSsds)§
0

/ |8T25f G lds)H (7 [ [Tupuf?S,sds)’?
0

Clarsyrs.

For I, we have

1.

TG: T oG,
I—T/ s G, d8—27'0 83d

For I1, by (1.13) and use the identity T5(S5) = [ — 8Ty(5y dy we have

11 < 7'/Ts]gos|2Sssds:T/\gpsFTs(Ss)sds
0 0

T OT,(S
:T/‘QOSFS/— ?é( y)d d
0 s
oo t
T,
:_7//|¢S|2 ds? g(sy)d (4.7)
00 y
Substituting (4.5) to (4.7), we get
oo t
dTs (Sy)
< — 2 (2279
I1< 27'//|g08] sdsT ( oy )dy

0 0
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o] t
dTu (S
:—27'/Ty/|g05\25d52(y)dy
2 ay
0 0
Yy o]
dTs (S
<asup [Ty IpuPsdlr [ 250
y 5 0 Y
Yy
= 2sup [Ty ( [ ¢ sds)] o [To(S0) I
0

Y
= 2sup [Ty ( [ 1. sd)] ISl
0

Combining the estimates of I and II, we get

T 0Ty f .
|T/ ags “085d3|<3sup||Ty /|905 8d8||oo|IG( )|| I1S(HIIF- 1
0

Proof of Theorem 4.1. Since

T T T T

Setting ¢ = dTM’ and applying Lemma 4.3, we get

aT?)sQO

7| < 125up | T /| 2)sdsl LG IFIS()IIE-

On the other hand, we have

Y
ITsp 5 3
HTg(O/! S )sds

3 y
ITsp : OTsp :
< |Tg(/|w|g)5d3||§o+||Tg(/|w|2)3d3||§o
0 Yy

7 ITsp o 1 r o OT,_ugp ) 1
< !Tg(o/!asf sl + 1Ty Ty 5Pl
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3y

aTsso 8Tus0 Y i
/r >dr|oo+||Tay/| )+ 4)dul

3y
5 4
T} 1 oT, 1
< Iy ( / e Psdsll + 12Ty (| 1525 P pudd
4
< (1+ V2)ll¢llmog- (4.9)
Using the same idea, we can get
Oy s ¥ 0T s
3s 5 s 5
1Ty (15222 2)ysdsll = 11Ty [ 17522 )sdsl i < ellglleog (4.10)
Os / 0s

By (4.8) and (4.10), we get

1 1
[ fe"| < cllellpmoc IGINITIS(HIIE < cllellpmog!fllxs, - 0

Theorem 4.4 Suppose (Ts)s satisfy the L3 condition (1.12) and Ty < Ty, for all s
or Ty < Ty for all s. Then

Proof. As mentioned in Remark 2.2, the assumption of Theorem 4.4 is sufficient for
(T,"™)y* ¢ TT3). Then

8T45 f

OOaTzlsf
<c sup 7'/ pssds
l(pe)sll 40s

(T,
Too 4s) <1 O

T
=c sup 7'/8 3SfTS(gos)sals
0

ool r, 3 308

C OoaTgsf
=-— sup T Ts(ps)sds.
3 el Os

TO(OT4S ) <1 0

By Lemma 4.3, we get
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171

2

)
e, Se s sup [Ty ([ TpnP)sdslIGUIFIIS(I7
0

Yy
HSDSHTO(OT43)§1

By the assumption Ty, < T (or Ty < ¢Tys) and similar trick used in (4.9), we can get

Yy
1
Sup HTg(/ [ Topsl*)sdls| |3 < cll(@a)sl| o (4.11)
0

Therefore,

1f1les, < ellGUIFISA)IE.

And

171

s, < Gl = cllF g,

The inverse relation is (4.1). We then finished the proof. 1

Appendix
We will prove that a large class of semigroups on R" (including classical heat semigroup)
satisfies the Lz condition (1.12).

Proposition 4.5 Let (T}); be a semigroup on R™ with kernel K(z,s), i.e. T,(f)(z) =
Jgn Ki(x, 8) f(s)ds. Suppose that there exist constants r > 1,¢ > 0 € R such that

Loty
= G+ o= s

Ki(x, s) (4.12)

with ¢(t) a positive function of t. Then (T}), satisfies the L2 condition (1.12).

Proof. Fix t > 0. Let n = 1. Consider two increasing filtrations of o—algebras: D =
{Dg}rez, with Dy the o— algebra generated by the atoms

D} = (p(t)jd " o(t)(j +1)47"]; jeZ,

and D' = { D} }rez, with D}, generated by the atoms
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DY = (9 + 400G + )4, jeT

Let Ej, E; be the conditional expectation with respect to Dy and D). It is easy to
verify that, for any f > 0,

Ex(f) <4E, 1 (f), Ep <4E,,(f); (4.13)
Fi(f) <3ELES), E} < 3EEL(f): (114)
0 0
T,(f)<c > A"E(f)+c Y 4"E(f) (4.15)
k=—00 k=—o00

Therefore, for any f, g > 0,

Ti(fTig)
<e Z 4447 (Ey(fEig) + EL(fEj9) + Ei(fEig) + Ex(fEjg)]
< C’Z_4kr4ir(Ekf Eig + EifEjg) +cy_ 444 EL(f Brg) + Bp(fELg)]
k>i k<i
<c> A4 By fEig+ ELfElg) + 3¢ A AT 4T B (fE, Evg) + Ex(fELELg)]
k>i k<i
<c> A4 By fEig+ ELfElg) + 3¢ A" AT 4 (B f)(ELExg) + (Exf)(ExELg)).-
k>i k<i

And

[T <e Y2727 [(Bu)(Big)t + (ELf) (Elg)*)

% k>i &
L 1 1 1 1
N PAPLPY ’“/[(Eéf)é(E;’fEkg)Q + (Enf)? (Exkyg)?]
k<i R
, 11 o 11
<cd 257272 |f|71lgl} 4 Yo 2522 R 2| £ Mlgll
k> ke<i
3 3 k(r—1)oi(r+1) 5 3
<c|flIflgllf +2¢)_ 2" =DV fl17]|g]I7

k<i

30113 : i(r=1)ei(r+1)[| £113 ([ ]|3
<d[|flIFNlgllF +2¢, D 20DV fl17 gl |7

11 o
<<l flIFlgllE-
Then (T}), satisfies the Lz condition (1.12).
For n > 1, we use the filtrations in Remark 7 of [M] and can prove the proposition by

the same idea presented above. §
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Since classical heat semigroup on R” is a convolution operator with a kernel

_exp(—E5)
K= amry

which satisfies (4.12) with ¢(t) = 2t2. We then get
Corollary 4.6 Classical heat semigroup (1;); satisfies the Lz condition (1.12).

Remark 4.5 Another way to prove Corollary 4.6 is to verify the condition (i) of Re-
mark 2.3. The proof will be indirect but easier and will imply that (7; ® I); satisfies
the L2 condition as well on L>(R") ® B({s) with I the identity operator on B(fs).

In a forth coming paper with Avsec Stephen, we are going to use this property of

(T; @ I); to prove an H'-BMO duality result on group von Neumann algebra V N(G).
The idea is to embed V N(G) into the crossed product L>(R"™) x G.

Acknowledgment. The author is grateful to M. Junge and Q. Xu for helpful discus-
sions. The author also thanks the referee for a careful reading and useful comments. The
author thanks the organizers of the workshop in Analysis and Probability in College
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