PLANAR RELATIVE SCHOTTKY SETS AND
QUASISYMMETRIC MAPS

SERGEI MERENKOV

ABSTRACT. A relative Schottky set in a planar domain 2 is a sub-
set of Q) obtained by removing from €2 disjoint open geometric discs.
In this paper we study quasisymmetric and related maps between
relative Schottky sets of zero measure. We prove, in particular,
that under mild geometric assumptions quasisymmetric maps be-
tween such sets in Jordan domains are conformal and locally bi-
Lipschitz. We also provide a locally bi-Lipschitz uniformization
result for relative Schottky sets in Jordan domains and establish a
local quasisymmetric rigidity for relative Schottky sets in the unit
disc.

1. INTRODUCTION

Let ©2 be a domain, i.e., an open and connected set, in the standard
n-sphere

S* = {(Zl?l,ZEQ, B 7a7n+1) S Rn+1: ‘ZU1’2 + |:L‘2|2 + .+ ‘xn+1|2 — 1}

A relative Schottky set S in € is a subset of € whose complement
in Q is a union of disjoint open geometric balls {B;};e; with closures
B;, i € I, in Q. The boundaries of these balls are referred to as pe-
ripheral spheres or, if n = 2, peripheral circles. If Q@ = S™ or R”, a
relative Schottky set in (2 is called a Schottky set. Schottky sets arise
in geometry as boundaries at infinity of the universal covers of com-
pact hyperbolic manifolds with non-empty totally geodesic boundaries.
Also, the M. Kapovich-B. Kleiner conjecture in the geometric group
theory states that for every Gromov hyperbolic group G with boundary
at infinity 0,,G homeomorphic to the standard Sierpinski carpet, 0,,G
must be quasisymmetric to a Schottky set in S?. Relative Schottky sets,
endowed with the restriction of the spherical metric, were introduced
in [6] in connection with quasisymmetric rigidity.
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Let (X,dx) and (X, dz) be metric spaces and 7: [0,00) — [0, 00) be
an arbitrary homeomorphism. A homeomorphism f: X — X is called
n-quasisymmetric if

dz(f(p), f(q)) dx(p, q)
dz(f(p), f(r)) : n(dx(p, 7‘))’

for every triple of distinct points p,q, and r in X. A homeomorphism
between metric spaces is called quasisymmetric if it is n-quasisymmetric
for some 7. The restriction of a quasisymmetric map, the inverse of a
quasisymmetric map, and a composition of quasisymmetric maps are
quasisymmetric. We say that a homeomorphism between two metric
spaces X and X is locally quasisymmetric if its restriction to every
compact set K in X is nx-quasisymmetric, with nx depending on K.

A Moébius transformation in S™ is a composition of finitely many re-
flections in (n — 1)-spheres in S”. The image of every relative Schottky
set under a Mobius transformation is a relative Schottky set. Every
Mobius transformation is smooth, and hence quasisymmetric since S™
is compact. A relative Schottky set S is called rigid if every quasisym-
metric map of S onto any other relative Schottky set is the restriction
of a Mobius transformation. We also say that a relative Schottky set S
is locally rigid, if every locally quasisymmetric map of S onto any other
relative Schottky set is the restriction of a Mdbius transformation.

If X is a metric space, p € X, and r > 0, let B(p,r) denote the open
ball in X of radius r centered at p. A relative Schottky set S in € is
called locally porous if for every p € S there exist an open neighborhood
U, of p and constants C, > 1 and r, > 0, with the property that for
each ¢ € SNU, and r, 0 < r < rp, the ball B(g,r) intersects a
peripheral sphere 0B; of S whose diameter is C,-comparable to r, i.e.,

r/C, < diam(9B;) < C,r.

Roughly speaking, local porosity means that locally the peripheral
spheres appear on all scales and locations. It is immediate that if
S is locally porous, then S has spherical measure zero.

The following three theorems were proved in [6].

Theorem A. Every Schottky set in S, n > 2, of spherical measure
zero is rigid.

Theorem B. A Schottky set in S? is rigid if and only if it has spherical
measure Zzero.

Theorem C. Let n € Nyn > 3, and €2 C S". Then every locally
porous relative Schottky set in € is rigid.
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In fact, the proof of Theorem C shows that locally porous relative
Schottky sets in domains in S, n > 3, are locally rigid. In contrast, the
following theorem shows that rigid relative Schottky sets in domains
contained in S? form a narrow class.

Theorem 1.1. A relative Schottky set S in Q C S? is rigid if and
only if SU (S*\ Q) has spherical measure zero.

The main purpose of this paper is to investigate local and infinitesi-
mal properties of quasisymmetric maps between relative Schottky sets
in Jordan domains contained in S*.

Recall that if (X, dx) and (X, d¢) are metric spaces, a map f: X —
X is said to be L-Lipschitz, L > 0, if

dg(f(p), f(q)) < Ldx(p,q),

for all p,q € X. We say that f: X — X is locally Lipschitz if for every
compact subset K C X there exists Ly such~that f restricted to K is
Ly-Lipschitz. A homeomorphism f: X — X is called L-bi-Lipschitz,
L>1,if

Fdx(p,a) < dg(F(p), £(a)) < Lx(p.0)

for all p,q € X. We say that a homeomorphism f: X — X is locally
bi-Lipschitz, if for every compact subset K C X, the restriction of f to
K is Lg-bi-Lipschitz for some Lg depending on K.

If X is a metric space and Ky, Ky C X are two sets with positive
diameters, we define the relative distance between them to be

dist (K7, K3)
min{diam(K;), diam(K,)}

We say that two sets Ky and Ky are d-relatively separated, o > 0, if
A(Kq, K3) > §. We say that the sets in a family { K };c; are d-relatively
separated from a set K if A(K;, K) > ¢ for all i € I.

The importance of the relative distance stems from the fact that
for Ahlfors regular Loewner metric measure spaces, examples of which
include S™,R", and the unit ball U", n > 2, it gives a quantitative
control for the conformal modulus of the family of curves connecting
the given sets, see [15], [16].

By a curve 7 in a topological space X we mean a continuous image
into X of [0, 1],[0, 1), (0, 1], or (0, 1). If lim; o ~y(¢) and lim;_; y(¢) exist,
they are called the end points of v. We say that a curve v connects
two sets K7 and K5 if one of its end points is in K; and the other in
K.

A(Klu K2> -
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Let (X, d, 1) be a metric measure space, i is Borel regular. If I' is a
curve family in X and p > 1, the p-modulus of T" is

Mod, (') = inf/ prdpu,
b

where the infimum is over all non-negative measurable functions p de-
fined on X, such that

/pdle, for all ~eT.
.

If X has Hausdorff dimension n > 1, the n-modulus of a curve family
[ is called the conformal modulus of T, denoted Mod(T"). For two sets
K, and K, in X we denote by Mod(K, K3) the conformal modulus of
the family of curves connecting K; and K.

A path-wise connected metric measure space (X, d, u) of Hausdorff
dimension n > 1 is called a Loewner space if there exists a decreasing
function ¢: (0,00) — (0, 00) such that

Mod, (K1, K2) > ¢(t)
for all K1, Ky C X disjoint continua with
A(Kq, K3) > t.

A metric measure space (X, d, ) is called Ahlfors n-regular if there
exists a constant C' > 1 such that

1
57”” < u(B(p,r)) < Cr",

for every p € X and 0 < r < diam(X). A metric space (X, d) is said to
be linearly locally connected if there exists a constant C' > 1 such that
for every p € X and r > 0, every pair of points in B(p, ) can be joined
by a continuum in B(p, C'r), and every pair of points in X \ B(p,r) can
be joined by a continuum in X \ B(p,r/C).

If (X,d, ) is an Ahlfors n-regular Loewner space, such as S”, R", or
U™, n > 2, then X is linearly locally connected, the function ¢ above
can be chosen to be a homeomorphism, and there exists a decreasing
homeomorphism 9 : (0,00) — (0, 00) such that

Mod,(B(p,7), K) < v(A(B(p,7), K)),

for every p € X,r > 0, and K C X a continuum disjoint from B(p,r).

When we speak of a relative Schottky set in a domain € in S2,
we assume that Q # S%. Identifying S* and C U {oo}, we conclude
that there is no loss of generality to assume that relative Schottky
sets are contained in the plane C. Moreover, the spherical and the
Euclidean metrics in planar domains are conformally equivalent, and
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if the domains are bounded, they are bi-Lipschitz equivalent. The
classes of maps that we consider, such as conformal, quasisymmetric,
and bi-Lipschitz maps, as well as the properties of sets, such as relative
separation, are invariant under conformal bi-Lipschitz deformations.
Therefore we may assume that the relative Schottky sets in bounded
domains in C are endowed with the restriction of the Euclidean metric.
We denote the distance between two points p and ¢ in this metric by
lp —ql.

The following theorem establishes conformality and the local bi-
Lipschitz property of quasisymmetric maps between relative Schottky
sets in Jordan domains in the plane.

Theorem 1.2. Suppose that S is a relative Schottky set in a Jordan
domain Q2 C C. Further assume that S has measure zero, the peripheral
circles of S are d-relatively separated from OS2 for some & > 0, and they
are disjoint from each other. Let f: S — S be a locally quasisymmetric
map from S to a relative Schottky set S in a Jordan domain Q C C.
Then f is conformal in S in the sense that for every p € S,

: . flg) — f(p)
(1) flp) = lm p—
exists and is not equal to zero. Moreover, the map f s locally bi-
Lipschitz in S and the first derivative of f defined by (1) is locally
Lipschitz in S.

If S is locally porous, it is not hard to see using the standard com-
pactness arguments that for every p € S there are two sequences of
scales {ry} and {7}, 0 < 7,7 — 0 as k — oo, with the following
properties. The sequences of sets

{SM:S_p} and {szglﬁﬁﬁ}

converge in the Gromov-Hausdorff topology to Schottky sets S, and

Sf(p), called the weak tangent spaces of S at p and S at f(p), respec-
tively, and the sequence of maps

{qu@+m®—f@q

Tk

from S, to Sy converges locally uniformly to a quasisymmetric map
fp from S, to Sfp). See [8, Chapter 8] for background on Gromov-
Hausdorff convergence of metric spaces and maps between them. An
application of Theorem 1.1 shows that f, is the restriction of a con-
formal linear map. The conclusion of Theorem 1.2 is much stronger in
the sense that the limit in (1) is independent of sequences of scales.
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As Lemma 8.1 below shows, a quasisymmetric map between relative
Schottky sets in domains Q and € can be extended to a quasiconformal
map between these domains. The proof of Theorem 1.2 goes through
if instead of local quasisymmetry we assume that the map f in the
statement is the restriction of a quasiconformal or a locally quasicon-
formal map F' between 2 and 2. Local quasiconformality of F in €
means that for each domain D whose closure is contained in €2, the
map F'if Hp-quasiconformal in D, with Hp depending on D. See Sec-
tion 3 for the definition of quasiconformality. Note that quasiconformal
maps may not be differentiable at a set of measure zero, such as a rel-
ative Schottky set S, and they may change the Hausdorff dimension.
Nevertheless, Theorem 1.2 shows that the restriction of such a map
to a map between Schottky sets is complex differentiable and locally
bi-Lipschitz. The following is an immediate corollary to Theorem 1.2.

Corollary 1.3. Let S be a relative Schottky set of measure zero in a
Jordan domain 2. If peripheral circles of S are -relatively separated
from OS2 for some § > 0, and they are disjoint, then a quasisymmet-
ric map f from S onto any other relative Schottky set preserves the
Hausdorff dimension.

It is tempting to conclude from Theorem 1.2 that the locally qua-
sisymmetric map f in the statement must be the restriction of a con-
formal map between the domains 2 and Q. However this can only be
possible in the case when f is the restriction of a Mobius transforma-
tion. Indeed, if f were the restriction of a conformal map ¢: Q — ,
then g would map the discs bounded by the peripheral circles of S to
the discs bounded by the peripheral circles of S. This implies that ¢ is
the restriction of a Mobius transformation to each such disc. Since g
is conformal, these Mobius transformations patch together to a global
Mobius transformation. This shows that a non-rigid relative Schottky
set S in 2 is not rigid in the following stronger sense. If f is a qua-
sisymmetric or a locally quasisymmetric map of S onto any relative
Schottky set S in €2, and f is not the restriction of a Mobius trans-
formation, then it is not the restriction of a conformal map between
Q and Q. Theorem 1.4 below shows that relative Schottky sets as in
Theorem 1.2 are not locally rigid.

In [5] M. Bonk gives the following quasisymmetric uniformization.
Let S be a set in the plane homeomorphic to the standard Sierpinski
carpet. If the complementary components of S are bounded by uniform
quasicircles and are d-relatively separated from each other for some
0 > 0, then § is quasisymmetric to a Schottky set. Here we prove the
following theorem.
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Theorem 1.4. Let Q and Q be Jordan domains in C, and S be a
relative Schottky set in Q. Assume that for some 6 > 0, the periph-
eral circles of S are d-relatively separated from O0S) and are disjoint.
Then there exists a relative Schottky set S in Q and a homeomorphism
f: 8 — S that is locally bi-Lipschitz.

The question of local quasisymmetric rigidity for relative Schottky
sets in the unit disc is addressed by Theorem 1.5 below. An analogous
result for quasisymmetric maps is proved in [6]. The proof that we give
here uses a completely different method.

Theorem 1.5. Suppose that S and S are relative Schottky sets of mea-
sure zero in the unit disc U and let f: S — S be a locally quasisym-
metric homeomorphism. Then f is the restriction to S of a Mdbius
transformation.

We finish the Introduction with the following conjecture.

Conjecture 1.6. Let f: S — S be a quasisymmetric map between
relative Schottky sets of measure zero. Then f is conformal at each
point p € S and f € C*(9), i.e., the derivatives of f of all orders exist
on S.

The paper is organized as follows. Section 2 provides basic results
about relative Schottky sets, and Section 3 basic facts about quasicon-
formal maps. Our main tool in obtaining quantitative estimates is the
transboundary modulus introduced by O. Schramm, and it is discussed
in Section 4. Uniform properness of conformal maps between the in-
teriors of relative Schottky sets with finitely many peripheral circles
is addressed in Section 5, and geometric properties of such maps are
established in Section 7, after the discussion of the fixed point index in
Section 6. Section 8 deals with analytic properties of quasisymmetric
maps between relative Schottky sets. Theorem 1.1 is proved in Sec-
tion 9. Locally bi-Lipschitz uniformization is presented in Section 10,
and a local quasisymmetric rigidity in Section 11. Section 12 contains
a proof of Theorem 1.2.

Acknowledgment. The author is grateful to Mario Bonk for nu-
merous conversations that inspired this work. In fact, the conclusion of
differentiability in Theorem 1.2 is his conjecture, stated after the local
bi-Lipschitz property was established using a somewhat different tech-
nique. Several facts, in particular Lemma 8.2, the author has learned
from Mario.
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2. RELATIVE SCHOTTKY SETS

If S is a relative Schottky set in a domain 2 C C, we write
S = Q\ UjerB;, where B; are pairwise disjoint open discs with the
closures B;, i € I, contained in Q. The family of discs {B,;}ic;, nec-
essarily countable, is uniquely determined by S as the collection of
complementary components of S in 2. Unless stated otherwise, we
assume that the family of peripheral circles {0B;}:es is a disjoint col-
lection, i.e., 0B; # 0B, for all 4,j € I,i # j. If I is finite, we call the
interior of S a relative circle domain, following [14].

The following lemma will be used repeatedly.

Lemma 2.1. Let S be a relative Schottky set (or a relative circle do-
main) in a domain € in the plane and l,, be a curve in Q0 with end
points p,q € S. Then there exists a curve I, in S (or S\ 092) whose
end points are p and q. In particular, S is connected. Moreover, if 1, ,

is rectifiable, then so is I, ,, and

length(1}, ) < (7 + €)length(l,),

where ¢ = 0 if S is a relative Schottky set and € > 0 if S is a relative
circle domain.

Proof. We prove this statement for S being a relative Schottky set.
The case of a relative circle domain requires a minor adjustment.

We enumerate the peripheral circles of S, say in the order of decreas-
ing radii. Let 0B; be the first peripheral circle in the list that intersects
lpq- If p; and ¢; are the first and the last points of [, , that belong to
0B;, then we replace the part of [, , between p; and ¢; by the shortest
arc of 0B; with the same end points. Replacing [, , with this new curve
and proceeding down the list, we obtain the desired curve [, . All the
stated properties of l;’q are immediate from the construction. O

Proposition 2.2. Let S be a relative Schottky set in a domain 2 C C
and C' be a topological circle embedded in S. Then S\ C' is connected
if and only if C' is a peripheral circle of S.

Proof. 1If C' = 0B; is a peripheral circle, then S\ C' is connected by
Lemma 2.1, because S’ = S\ C' is a relative Schottky set in Q' = Q\ B,.

Now assume that S\ C'is connected. By the Jordan Curve Theorem,
C\ C consists of two connected components D; and D, and therefore
S belongs to one of them, say D;. Since C' is embedded in S, the
boundary 0f2, and hence the complement of {2, must also belong to D;.
Thus Dy consists of the union of discs bounded by peripheral circles of
S. If this union consisted of more than one disc, then Dy would contain
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a point in S, which is impossible. Thus D, coincides with a disc B;
bounded by a peripheral circle of S, and hence C' = 0Dy = 9B; is a
peripheral circle. U

Corollary 2.3. If f: S — S is a homeomorphism between relative
Schottky sets in planar domains, then the image under f of every pe-
ripheral circle of S is a peripheral circle of S.

3. QUASICONFORMAL MAPS

Let F': X — X be a homeomorphism between two metric spaces
(X,dx) and (X,dg). The dilatation of F' at p € X is defined by

. LF<p7 7")
) Hr(p) = limsup —22
(2) r(p) im sup (o1

where
Lp(p,r) = sup{dg(F(p), F(q)): q€ X, dx(p,q) <r}, and
lr(p,r) = mf{dx (F(p), F(q)): q€ X, dx(p,q) = r}.

The map F' is called quasiconformal if

sup Hr(p) < +oc.
peX

A quasiconformal map F: X — X is called H -quasiconformal, if
Hp(p) < H forevery p € X.

If H =1, the map F is called conformal.

It is immediate that every n-quasisymmetric map is H-quasiconfor-
mal for H = n(1). The converse holds for Ahlfors regular Loewner
spaces, such as S",R™, or U", n > 2, see [16]. Suppose that X
and X are Ahlfors n-regular metric measure spaces, n > 1, X is a
Loewner space, and X is linearly locally connected. Let f be an H-
quasiconformal map from X to X. If X and X are bounded spaces,
then f is p-quasisymmetric. If X and X are unbounded and f maps
bounded sets to bounded sets, then f is n-quasisymmetric. In both
cases 17 depends on H and the data of X and X.

A homeomorphism F' between two domains in C is quasiconformal
if and only if F'is absolutely continuous on almost every line in 2 and
there exists k, 0 < k < 1, such that

|F5| < k|F|
for almost every z € (), where

F,—l a_F+a_F F—l a_F_a_F =x+1
*2\ 0z Z@y 0 2\ 0x Z(?y o ET e
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A Beltrami coefficient in a measurable set K C C is a measurable
complex-valued function p defined on K such that

esssup{|u(z)|: z€ K} < 1.

If F' is an orientation preserving quasiconformal map between two do-
mains in C, the quotient F3/F, is a Beltrami coefficient, and it is de-
noted by pp. If F' is orientation reversing, then we define yp = pz. The
Measurable Riemann Mapping Theorem states that if p is an arbitrary
Beltrami coefficient in a domain €2 C C, the Beltrami equation

Fr = u(2)F,

has an orientation preserving quasiconformal solution F'. See [1] and
[17] for these and other facts about quasiconformal mappings.

Each Beltrami coefficient 1 in a measurable set K C C defines a
conformal class of measurable Riemannian metrics ds* on K by

ds® = \(2)|dz + u(z)dz)?,

where A is a measurable function in K that is positive almost every-
where. 3

If /i is a Beltrami coefficient in a measurable set K' C C that defines a
measturable Riemannian metric ds? and F': Q — Q) is a quasiconformal
map from a domain €2 to a domain {2 that contains K, then there exists
a well-defined pull-back measurable Riemannian metric ds®> = F*(ds?)
on K = F~'(K), and it lies in a conformal class determined by some
Beltrami coefficient v. We denote v = F*(u), and call it the pull-back
Beltrami coefficient.

If S is a Schottky set, the subgroup Gg of the group of Mobius
transformations generated by reflections in the peripheral circles of S
is a discrete group, and it is called a Schottky group associated to S,
see [6, Section 3]. The sets m(S), m € Gg, form a measurable partition
of the set

Soo = UmEGsm(S)a
i.e., for every two distinct elements m; and my of Gg, the sets my(S)
and mo(S) intersect in a set of measure zero.

If S is a positive measure Schottky set in the plane and p is an arbi-
trary Beltrami coefficient in S, then there exists a well-defined Beltrami
coefficient i in S, such that p., = p on S and which is invariant
under Gg, i.e.,

m*(foo) = Hoo
for all m € Gg. This follows from the fact that m(S), m € Gg, form a
measurable partition of S.,. We extend pio, to C\ Sy by zero, and let
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F be a solution to the Beltrami equation
F; = oo (2) F.

The map F is quasiconformal in the plane and it maps S to a Schottky
set S, see [6, Lemma 7.2].

Since the Euclidean and the spherical metrics in C are conformally
equivalent, a homeomorphism between two domains in C is quasicon-
formal in one of these metrics if and only if it is quasiconformal in the
other. Thus the map F above extends by F'(co) = 0o to a quasicon-
formal homeomorphism of S?, and since S? is a Loewner space, it is a
quasisymmetric map. We collect these facts in the following lemma.

Lemma 3.1. If S is a positive measure Schottky set in the plane and
1 is a Beltrami coefficient in S, then there exists a quasiconformal
homeomorphism F of the plane with pp = p on S, that maps S to a
Schottky set S. Moreover, the map F, extended by F(00) = o0, restricts
to a quasisymmetric map of Schottky sets SU{oo} and SuU {o0} in the
sphere.

Conformal maps are known to preserve the conformal modulus of a
curve family. Quasiconformal maps may change the conformal mod-
ulus. The following lemma is elementary and we leave details to the
reader.

Lemma 3.2. Let U be the unit disc in the plane and z1, 29,23, and
zy be four distinct points in positive order on the boundary OU. Let T’
be a family of all curves in U or the punctured unit disc U* with one
end point in the arc of OU between z; and z3, and the other in the arc
between z3 and z4. Then the conformal modulus of I" is a positive real
number and there exists a homeomorphism F of U, quasiconformal in
U, such that the conformal modulus of

P={i=F(y): yel}
15 different from that of T'.

4. SCHRAMM’S TRANSBOUNDARY MODULUS

Let A be a finitely connected domain in the plane with boundary
components Cy, Cq,...,C,, and let I' be a family of curves in C. A
mass distribution p in A is an assignment of a non-negative measurable
function z — p(z) on A and non-negative numbers p;, i =0,1,...,n,
to Cy,C4,...,C,, respectively. We say that a mass distribution p is
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admissible for T if

I,(v) = / p(2)|dz] + Z pi >1 forall yel.
N4 i yNC;#£D
The total mass of a mass distribution p is defined as

mass(p) = [ edudy+ Y ot
A

i=0
The transboundary modulus of T' with respect to A is defined as
mod4(I') = inf{mass(p): p is admissible for I'},

see [22]. Recall that for the conformal modulus Mod(I") of a family of
curves I' one only uses the mass function z — p(z).

The transboundary modulus is a conformal invariant. Namely, if f
is a homeomorphism of the plane, conformal in A, then

mod (") = mod ) (f(T)),

where f(I') = {# = f(v): v € T'}. The proof is immediate. Other, less
elementary properties of the transboundary modulus are stated and
proved below.

If B is an open (or a closed) disc in the plane with radius r, and ¢ is
an arbitrary positive number, we denote by ¢ B the open (or the closed)
disc with the same center as B and whose radius is tr.

Lemma 4.1. Suppose that Q2 is a bounded domain in the plane and B
is a disc contained in € such that A(0B,02) > 6 > 0. Then the closed

disc (14 8)B is contained in €.
Proof. Since 6 < A(0B,09) and diam(9B) < diam(0f?), then
20r < dist(0B, 092),
where r is the radius of B. Thus
(14+6)r < (1+20)r <r+dist(0B,00Q),
and hence (1 +0)B C Q. O

The following lemma is well-known, see [4, Lemma 4.2] and [15,
Exercise 2.10]. We give a proof for the sake of completeness.

Lemma 4.2. Suppose that {By, Bs, ..., B} is a collection of disjoint
discs in the plane, ay,as,...,a, are non-negative real numbers, and
A > 1. Then there exists a constant C' > 0 that depends only on A,
such that

n

2 n
(3) / (Z a’iX)\Bi) drdy < Cza?/XBidxdyo
i—1

=1
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Proof. Let ¢ € L* = L*(R?, dxdy). We denote the non-centered maxi-
mal function of ¢ by M(¢), i.e.,

M(o)(z,y) = sup ﬁ /B (s, t)|dsdt,

where B is an open disc containing (x,y) and |B| denotes its area.
Then

/Zaix,\giqﬁ(s,t)dsdt‘ =
i=1

<Yk [ M) y)dody =3 |3 o M(6) (o y)dedy
i=1 B; i=1

n

Z a; X B;

=1

Z a; o(s, t)dsdt’
i=1 YABi

n

Z a; X B;

=1

<\?

1M (@)]1e < HX

o]z,
L L2
where H is an absolute constant. The last inequality is the maximal

function inequality and it can be found in [25]. This gives

n n
E a; X \B; E a; X B;
i=1 i=1

Inequality (3) follows with C' = HM?| since the discs By, Bs, . . ., B, are
disjoint. O

Using this lemma we can prove that there is a uniform lower bound
for the quotient of the transboundary modulus of a curve family with
respect to a relative circle domain to the conformal modulus.

< H)\?
L2

L2

Proposition 4.3. Suppose that ) is a bounded planar domain and
A=Q\ U?Zlg 18 a relative circle domain in ), such that 0B;, i =
1,2,...,n, are d-relatively separated from 02 for some § > 0. Let I’
be a family of curves in £ that connect a set in €2 to a subset of the
boundary 0S). Then there exists a constant ¢ > 0 that depends only on
0, such that

cMod(T") < mod(T).

Proof. Let r; denote the radius of B;, ¢ = 1,2,...,n. To prove the
inequality, we let € > 0 be arbitrary and let
p=Ap(z),pi: z€A, i=1,2,...,n}

be an admissible mass distribution for the transboundary modulus such
that

mass(p) < moda(T) + €.
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We extend the function z — p(z) by zero in the discs B;, i = 1,2,...,n
and define a mass function on €2 by

j29) )+ Z X(1+5)B

This mass function is admissible for I'. Indeed, if v is an arbitrary
curve in ', then

lo(0) = [ patelasl = [ ( +25—X(1+5 )i

> / p(2)ldz] + / e

> /Mp<z>|dz|+ Z pi=1p(7) = 1.

i: yNOB; £V

The second inequality holds due to the fact that (1+ 6)B; is contained
in 2 by Lemma 4.1, and our assumption that + connects a set in ) to
a subset of 92. It remains to estimate the total mass of pq in terms of
the total mass of p:

mass(pq) :/09(2)261376@
Q

2(/A( dmdy—l— ( 15— X(146)B )dedy>
gz(/A da:dy—l—Cil ZQ/ )dmdy)

< 2max {1, %}mass(p)

IN

< 2max {1, %}(modA(F) +e).

The second inequality is an application of Lemma 4.2; the constant C'
depends only on 4. Since € is arbitrary, we conclude that

Mod(T") < 2max {1, %}modA(F).

O
The following result will be needed below to establish the uniform
properness of conformal maps between relative circle domains.
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Lemma 4.4. Suppose that 2 is a bounded domain in the plane and
A = Q\ UL, B, is a relative circle domain in ). Assume that there
exists 0 > 0 such that 0B;, i = 1,2,...,n, are §-relatively separated
from 09). Let zg € 02 and let T' be the family of curves (we assume it is
non-empty) in Q so that each curve v € I' connects the complementary
components of

Lr={z: d<|z— 2| <2'd}

for some d > 0. Then mods(I") goes to zero as | increases to infinity,
independent of d.

Proof. If OB; intersects L;, it is contained in

, (16 1
El:{z: mm{ﬁ,é—l}d§|z—zo|§ (1+5>2ld}.

Indeed, since

dist(0B;, 09) < 2ld
diam(90B;) ~— diam(9B;)’

5§ < A(OB;,09) =

we have diam(0B;) < 2!d/§, and the upper bound follows. For the
lower bound we consider two cases. If diam(0B;) < d/2, then for
z € B; we have |z — zp| > d — d/2 = d/2. Now let diam(0B;) > d/2.
By Lemma 4.1, (1 + §)B; is contained in . Thus zy ¢ (1 + §)B;, i.e.,
|zi — 20| > (14 d)ry, where z; is the center and r; is the radius of B;.
Therefore, if z is any point in dB;, then

|z — 20| > |2i — 20| — ri > r; > (6d) /4.

Now we consider a mass distribution p in A defined as follows. The
mass function on A is given by

|dz|/(1log(2)|z — z0]), 2z € ANL;
p(z) =
0, zZ e A\ﬁl

On 0B;, 1 =1,2,...,n, we set the mass distribution to be

i

_ Jdiam(9B;)/(llog(2)dist(0B;, 20)), 0B; N Ly # 0;
00, 9B;NL =0.
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This mass distribution is admissible for I'. Indeed, if v € I, then

o) = | a
8 YN(ANLY) llog(2)|z — 2

* Z llog(2)dist(0B;, 2o)

i: OB;NLF#D,
YNOB; #£D

> 1 / =
~ 110g(2) Jyop, 12— 20| T

Next we estimate the total mass of p. First we observe that since
d < A(0B;,09), then diam(9B;) < dist(0B;, z9)/J, and hence

dlSt(@BZ, ZQ) 2

1 . _
T 1/5(d18t(83i, zp) + diam(0B;)).

Now,

mass( )—/ dedy
PI= o, Plog2(2)]z — 22

(diam(DB;))?
t 2 e @) st dB,
i OBiNL D & 6 <0

1 </ dxdy
<
2 log2(2) o, 12— 20

+(1+%)2 Y (diam(05:)) )

i: OB;NL;i70 (dist(9B;; 20) + diam(0B;))*
1 dady 1\*4 / dady )
< +{1+<) =
2 1Og2(2) </£l |z — 20|? ( (5) ™ Jey |2 — 2|
1 1\*4 dady
< ———(1+(1+5) =
= 2log*(2) ( ( (5) 7r) cl |2 — 2|

raples (o e ()

The last expression tends to zero as [ goes to infinity. U

5. UNIFORM PROPERNESS

Let Q and Q be Jordan domains in C, and let A = Q\ U, B; and
A=0Q \ UL B be relative circle domains. Suppose that g: A — A
is a homeomgrphlsm that is conformal in A, takes 9Q to 99, and
g(0B;) = 0By, i = 1,2,...,n. By using reflections in circles dB;
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and 0B;, i = 1,2,...,n, we can extend the map ¢g conformally in
a neighborhood of 9B;, i = 1,2,...,n. Thus all the derivatives of
g are defined on 0B;, i« = 1,2,...,n. Also, we can extend g to a

homeomorphism of C by extending it in each B; and to C\ Q. The
resulting map is still denoted by g.

Lemma 5.1. Assume that for some 6 > 0 and i € {1,2,...,n}, we
have A(OB;,02) > §. Then there ezists a constant 6 > 0 that depends
only on & such that o )

A(0B;,00) > 0.
Proof. By [14, Theorem 1.3], there exists a continuous increasing func-
tion ¢: [0,00) — [0, 00), with ¢(0) = 0, such that
(4) Mod(dB;, 09Q) < ¢(Mod(9B;,99)).
On the other hand, FEuclidean spaces are Ahlfors regular and
Loewner, which implies that there exist decreasing homeomorphisms
2/)1, ’lﬂQl (0, OO) — (0, OO), with
(5) P1(A(9B;, 09)) < Mod(0B;, 09);
Combining (4) and (5) we obtain

Vi(A(0B;,00)) < ¢(¢a(A(0B;,09))).

Since we assume that A(9B;, 92) > §, we conclude that

U1 (A(0B;,00)) < ¢(¥2(6)),
A(aém 352) > 1 (p(¥a(6))).
]

Lemma 5.2. Suppose that there exist 6 > 0 and € > 0, such that
Jor some i =1,2,...,n, dB; is d-relatively separated from O and the
closed disc B; in C, whose boundary is OB;, contains a point that is at

least distance € from OS2. Then there exists € > 0 that depends only on
d and € such that dist(0B;,00) > €.

Proof. If diam(0B;) < €/2, then dist(0B;,092) > ¢/2. If diam(9B;) >
€/2, then since § < dist(9B;,00)/diam(9B;), we have dist(0B;, 092) >
Je/2. O

The proposition that follows establishes the uniform properness of
the map g¢. It is understood that the distance from any set to an empty
set is infinite.
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Proposition 5.3. Suppose that there exists § > 0 such that 0B;, i =
1,2,...,n, are d-relatively separated from OS2, and for some o > 0 a
triple of points p1,pa, and p3 on 0) satisfies

dlSt<pz7p]) > g, dlSt(f](pz)»g(P])) > g, Z?] = 17 2737 i 7é ]
Let K be a compact set in Q such that dist(K,9Q) > & for some & > 0,

and let K = g_l(f( N /Zi) Then there exists a positive constant € that
depends only on 9,0, and € such that

dist(K,00) > e.

Proof. We assume that K N A is not empty, otherwise the conclusion
is immediate. .

Let  be a point in K N A and p = ¢g~'(p). The point p cannot be
close to all three sides of the topological triangle €2 with vertices py, po,
and p3. Therefore there exist a constant C' > 0 that depends only on
o (and on ), and an arc w of 92 between two of the points p; and p;,
such that

dist(n,,w) > C,
where 7, is a line interval that connects p to J€2 and has the shortest
length, i.e.,
length(n,) = dist(p, 092).
Let I', be the family of curves in {2 connecting 7, and w, and let fp

be the corresponding family of curves in Q connecting 7, = g(7,) and
@ = g(w). The invariance of the transboundary modulus gives

mod 4(T,) = mod ;(T,).
We argue by contradiction. We assume that p is very close to 9. By
Lemma 5.1, there exists § > 0 that depends only on 4, such that 9B;
is d-relatively separated from €2, ¢ = 1,2,...,n. Proposition 4.3 then
implies that there exists a constant ¢ > 0 that depends only on 4, such
that mod 5(I'y) > cMod(I',). Since Q2 is conformally equivalent to the
unit disc U?, and U? is Loewner, there exists a constant ¢ > 0 that
depends only on ¢ and € (and on ), so that Mod(I',) > ¢. Thus
mod 4(T,) = mod (') > ¢’

with ¢’ = ¢c.

Let z, € 09 denote the endpoint of 7,, other than p, and let d, =
length(n,). Since dist(n,,w) > C and d, = dist(p, 052), the number of
all dyadic annuli

{z: 2%, < |z —z,| <2814}, k=0,1,2,...,
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that separate 7, from w has a lower bound N, that depends only on
p and C, and N, increases to infinity as p goes to 0€). Therefore,
as p approaches 02, mod(I'y)) must go to 0 by Lemma 4.4, which
contradicts the estimate mod4(I',) > ¢”, where ¢’ = ¢¢’ depends only
on 0,0, and €. O

In the proof of Proposition 5.3 we used the assumption that
0B;, i =1,2,...,n, are d-relatively separated from JS2 for some ¢ > 0.
Lemma 5.1 shows that in this case OBy, i =1,2,...,n, are o-relatively
separated from 92 for some ¢ depending only on d. Therefore we also
have the following proposition.

Proposition 5.4. Suppose that there exists 6 > 0 such that 0B;, i =
1,2,...,n, are d-relatively separated from OS). Assume that for some
o > 0 a triple of points py,p2, and p3 on 0S) satisfies

Let K be a compact set in Q0 such that dist(K,00) > € for some € > 0,
and let K = g(K N A). Then there exists a positive constant € that
depends only on 9,0, and € such that

dist (K, 0Q) > €.

6. FIXED POINT INDEX

Topological facts such as the Argument Principle, the Poincaré-Hopf
Index Theorem, or the Circle Index Lemma were used for establishing
rigidity properties notably by Z.-X. He and O. Schramm [11], [13], and
M. Shiffman [24].

IfF:K— Kisa map between two sets in C, a point p € K is called
a fized point of F' if F(p) = p. Let v be an oriented Jordan curve in
C and let F': v — C be a continuous map without fixed points. The
index of I on + is the winding number with respect to the origin of
the closed curve

{F(z2) —z: z € v}.

Now suppose that F': 2 — C is continuous, where €2 is a domain in C,
and assume that p € €2 is an isolated fixed point of F'. The index of
I at p is defined as the index of the restriction of F' to the boundary
0D of a closed disc D contained in § that contains p in its interior and
does not contain any other fixed points of F. Here 0D is positively
oriented with respect to D. Using homotopies shows that the index at
p does not depend on a choice of D. It is easy to check that if F' is
complex analytic at an isolated fixed point p, then the index of F' at p
is positive.
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The following version of the Poincaré-Hopf Index Theorem can be
found in [11].

Theorem 6.1. Let A C C be a bounded domain whose boundary con-
sists of finitely many disjoint Jordan curves oriented positively with re-
spect to A. Let F: A — C be a continuous map defined on the closure
of A. Assume that F does not have any fized points on the boundary
0A, and has only finitely many fixed points in A. Then the index of the
restriction of F' to OA, i.e., the sum of the indices of the restriction of
F' to each component of A, is equal to the sum of the indices of F at
all its fixed points.

We say that a Jordan curve 7 in the plane C encloses a set K if K
is contained in the Jordan domain in C whose boundary is . Another
result from [11] that we need is the following Circle Index Lemma. A
version of this was known to K. L. Strebel [26].

Lemma 6.2. Let v and 5 be Jordan curves in C, positively oriented
with respect to the Jordan domains that they bound. Let f: v — 7 be
an orientation preserving homeomorphism.

1. If v encloses 7, or 4 encloses 7y, then the index of f is equal to one.
2. If v and 7 intersect in alt most two points, then the index of f is
nonnegative.

Proposition 6.4 below uses Theorem 6.1 and Lemma 6.2 to establish
an important for us relationship between a conformal map of relative
circle domains and a Mobius transformation that coincides with it at
a point up to the second order. First we need the following elementary
lemma.

Lemma 6.3. Given a point p and a conformal map g in a neighborhood
of p, there exists a unique orientation preserving Mobius transformation

m that satisfies m(p) = g(p), m'(p) = ¢'(p), and m"(p) = ¢g"(p).

Proof. Without loss of generality we may assume p = 0. Let m be

written as
_az+ b

with ad — bc = 1. Then the constants a, b, ¢, and d satisfy the following
system:

L =9(0),
i2 = g,(o)a
% — H(O),
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Note that since g is assumed to be conformal, ¢’(0) # 0. This system
has two solutions that lead to the same transformation m:

o= /701 - G0N,

—()
9'(0)
. g"(0)
OO
d=+ 1
g'(0)

O

Proposition 6.4. (cf. [13, Lemma 3.4]) Let mﬂ@ be Jordan do-
mains in C, let A =Q\ u;;_lE and A = Q\ UP, B; be relative circle
domains, and let g: A — A be a homeomorphism that is conformal
in A. Let p be a point in A, and let m be the Mdbius transformation
that satisfies m(p) = g(p), m'(p) = ¢'(p), and m"(p) = ¢"(p). Then
g(0Q) Nm(99Q) # 0.

Proof. Assume for contradiction that g(9Q) N m(09Q2) = 0. Let ¢ be
the Mobius transformation given by

U(z) =p+ z%p-

This is the reflection in the circle of radius one centered at p. In
particular we have ¥ (p) = oo and ¥ o b = id. We use 1 to replace p
by co. We introduce an auxiliary map

h=vom ogoi.
Since m and g agree at p to the second order,
mtog(z) =2+0((z—p)?), asz—p.
For the map A this gives
h(z) —z—0, asz— oc.

The map h is analytic in ¢(A)\{oo} since the only solution to h(z) = oo
in 1 (A) is z = co. Since non-constant analytic functions are open maps,
there exists € > 0 such that for every a, 0 < |a| < ¢, the equation

(6) h(z) —2z—a=0

has a solution in 1(A) \ {oo}. We can choose such a # 0, sufficiently
close to 0, so that 0¢(Q2) and its image under z — h(z) — a do not
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intersect, and each 0B;, i = 1,2,...,n, intersects its image under
z +— h(z) —a in at most two points. We choose a circle 9B centered at
the origin with radius so large that the interior B contains a solution
to Equation (6) along with all the peripheral circles of ¥(A), and such
that the index of z — h(z)—a on 0B is zero. The latter can be achieved
because a # 0.

Now we compute the index of the restriction of z — h(z) — a to
the boundary of ¥/(A) N B, oriented positively. Since 9i(€2) does not
intersect its image under z — h(z) — a, the index on 9 () is non-
negative according to Lemma 6.2. Therefore this index is non-positive
if the orientation of 0¢(Q2) agrees with that of the domain ¥(A) N B,
because 01 (€2) is an interior boundary component for that domain.
Likewise, our choice of a ensures that the index is non-positive on each
0B;, i =1,2,...,n, when its orientation agrees with that of ¥/(A) N B.
Since the winding number on 9B is zero, we conclude that the winding
number on d(¢(A) N B) is non-positive. However this is impossible by
Theorem 6.1, because the map z — h(z) — a is analytic in ¥(A) N B
and has at least one fixed point there, a solution to (6). O

7. GEOMETRIC PROPERTIES

As in Section 5, let 2 and Q_be Jordan domains in C and let A =
Q\ U, B; and A = Q\ U, B; be relative circle domains in Q and
Q, respectively. Also, let g: A — A be a homeomorphism that is
conformal in A, takes 99 to 0Q, and g(dB;) = 0B;, i =1,2,...,n.

The following version of the Schwarz—Pick Lemma for relative circle
domains can be found in [11, Lemma 0.6]. Versions of the Schwarz-Pick
Lemma for circle packings are contained in [3], [19], [20].

Lemma 7.1. Let U C C be the open unit disc and assume that 0 C
U C Q. Then g is a contraction in the hyperbolic metric in the sense
that if p,q € ANU, then

duyp(9(P), 9(9)) < duyp(p; 9),

where dyy,, denotes the distance in the hyperbolic metric of U. In par-
ticular, if 0 € A, then |g'(0)] < 1.

The proposition that follows establishes the uniform local Lipschitz
properties for g and ¢’. Such properties for maps between circle pack-
ings were established by Z.-X. He and O. Schramm [13, Lemma 4.2 and
Lemma 4.3] in order to prove that the maps between circle packings
converge to the conformal map between the domains as the sizes of
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circles go to zero. Our situation is different in that circles do not touch
and do not degenerate.

Proposition 7.2. Suppose that there exists § > 0 such that 0B;, i =
1,2,....,n, are d-relatively separated from 0. Also assume that for
some o > 0 a triple of points pi,p2, and ps on the boundary of €
satisfies

diSt<pi7pj) 20, diSt<g<pi)7g(pj)) >0, 4,7=123 1 7é J-
Then for any compact set K C ) there exist L and L', with L > 1 and
L' > 0, such that g is L-bi-Lipschitz and ¢’ is L'-Lipschitz on K N A,
1.e.,

@ o=l < lo(p) ~ 9(@)| < Lip ],

(8) l9'(p) — g'(@)] < L'lp—ql,

for all p,q € KN A. The constants L and L' depend only on 6,0, and
K.

Proof. Without loss of generality we may assume that K is connected.
Let € be the distance from K to 0f). There exists a constant Cx >
0, depending on K, such that any two points p and ¢ in K can be
connected by a curve [, , contained in the €/2-neighborhood N/, of K
with

length(l,4) < Cklp — q.

Suppose that {B;}icr,, Io € {1,2,...,n}, is the sub-collection of all
discs that intersect the closure N./;. From Lemma 5.2 we know that
dist(0B;, 092) > €, i € Iy, for some € > 0 that depends only on ¢ and
€. Let

K/ - NE/2 U (UiGIOBi)'
The set K’ is a compact subset of 2, and
dist(K',09) > ¢’ = min{¢/2, €'}

The proof of Lemma 2.1 shows that p and ¢ in K can be connected by
a curve [, . contained in K’ N A such that

length(l, ) < Cklp —ql.

To prove (7), we start by obtaining a uniform bound for |¢'| on K’NA.
If p € K' N A, then dist(p, Q) > €”. Therefore

T 29D SV 2 -p)
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Now, for
1 "
Z2) = ———=-(gle z2+Dp)— ,
91(2) diam () (9("z+p) — g9(p))
Lemma 7.1 gives |¢}(0)] <1, i.e.,
diam(Q)
/
19'(p)] < —
The right-hand side inequality in (7) now follows by integrating ¢’ over
..
P.q
To prove the other inequality in (7), we apply the same estimate to
¢~ '. By Lemma 5.1, there exists a constant ¢ that depends only on

§ such that 9B;, i = 1,2,...,n, are é-relatively separated from 9.
Proposition 5.4 gives € > 0 that depends only on ¢, ¢, and ¢, such that
for K = g(K N A) we have dist(K,0Q) > €.

To prove (8), it is enough to establish a uniform bound for |¢g”| on
K' N A. Indeed, since g” is continuous in A\ 9, the same uniform
bound would hold in K’ N A, and integration of ¢" over [}, , would finish
the argument. Let p be an arbitrary point in K’ N A, and let m be the
orientation preserving Mobius transformation such that

m(p) = g(p),m'(p) = ¢'(p), and m"(p) = ¢"(p).

It exists by Lemma 6.3. We have dist(p,0) > ¢’, and by Proposi-
tion 5.4 there exists ¢”, depending on 0, o, and ¢, such that

dist(g(p), 0Q) > &".

Let n = min{e’:, ¢"}. According to Proposition 6.4 there exists g € 0f)
with m(q) € 092. Thus for this ¢ we have

(9) lg—pl=n, [mlq) —m(p)| = n.
Also, by the first part of this lemma we have
(10) im'(p)| = |g'(p)] < L,

where L depends only on § and e.
Let m be written in the form

m(z) = %, ad — be = 1.
Then we obtain
/ o 1 " o —2c
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According to (9),

lq — pl
< Im —m = .
n < |m(q) (p)] op + dlcq + ]
This gives
lq — pl
leqg+d| < L—PL
lep + dln
Hence
lq — pl
lclg—p)| <leqg+d|+|—cp—d < ———+|cp+d
lcp + dn

Now we divide by |q — p||cp + d|? to get
|c| 1 1
5 S o 2
lep+dP ~ |ep+df'n  |g = pllep+d|

Since
1

lep + dP? = [m'(p)],
we use (9) and (10) to conclude that
_ 2|¢| < 2L+ L
lep+df = n

19" (p)| = [m"(p)]

8. ANALYTIC PROPERTIES

The following lemma for Schottky sets appears in [6]. The proof for
relative Schottky sets follows the same lines. We include a proof for
the sake of completeness.

Lemma 8.1. Let f: S — S be an n-quasisymmetric map between two
relative Schottky sets S and S in domains Q and Q of the complex
plane C, respectively. Then f extends to an H-quasiconformal map
F:Q — Q, where H depends only on 1.

Proof. Let S = Q\ UX,B; and S = Q\ U2, B;. By Corollary 2.3, f
sends a peripheral circle of S to a peripheral circle of S. We assume that
f(8B;) = dB;, i = 1,2,.... Using the Ahlfors-Beurling extension [1]
and the fact that a disc in the plane is an Ahlfors 2-regular Loewner
space, we can extend each map

f‘aBiZ 8BZ—>8552, i:1,2,...,

to an n;-quasisymmetric map of B; onto B?i, where 7; is independent of
7. These maps patch together to a homeomorphism F': €2 — € whose
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restriction to S agrees with f and whose restriction to each disc B; is
an n;-quasisymmetric map onto B;.

It remains to show that there exists a constant H > 1 that depends
only on 7, such that for every z € Q, the inequality (2) is satisfied.
Below we write a < b for two quantities a and b if there exists a
constant C' that depends only on the functions n and 7, such that
a < Ch.

If z is inside one of the peripheral circles of S, then (2) follows from
the definition of F" with H = 1,(1). Thus we need to consider only the
case z € S.

Since S is connected by Lemma 2.1, there exists ro > 0 such that
the circles 0B(z,r) intersect S for 0 < r < ro. Let r € (0,7] and
w € 0B(z,r) be arbitrary. Since F|g = f is n-quasisymmetric, it is
enough to show that there exist points v',v” € SN IB(z,r) with

(11) |F(v") = F(2)| S [F(w) = F(2)| S [F(v) = F(2)].

If this is true, then Lp(z,7)/lp(z,r) is bounded by a quantity compa-
rable to n(1).

The inequalities (11) are trivial if w itself is in S, because we can
choose v = v” = w. Thus we assume that w is not in S, i.e., it lies
in an open disc B; bounded by one of the peripheral circles 0B; of S.
Let v" denotes one of the points in 9B(z,r) N dB;, and let ' be the
point of intersection of 9B; and the line segment [z, w]. Since

lw—u'| < —=d], Ju' —z| <] =2, O =] <20 — 2|,
the triple {z,v’,u'} is in S, and the triple {w, v, u'} is in B;, we have

|F(w) = F(2)| < [F(w) = F(u)] + [F(u) = F(2)]
SIF@) = Fu)|+ |F() = F(z)| S [F() = F(2)].

This shows the right-hand side of (11). To prove the left-hand side
inequality, we choose v” in the same way as v’, namely to be a point
in the intersection 0B(z,7) N 0B;. We choose u” to be the preimage
under F of the point of intersection of the line segment [F(z), F/(w)] and
F(0B;). Again, the triple {z,v”,u"} is in S, and the triple {w,v”, u"}

is in B;. We need to consider two cases. If [u” — z| > %r, then we have
|v" — z| < 2|u”" — z|, and therefore

[F(") = F(2)| S 1F(W") = F(2)] < |F(w) = F(2)].
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If, on the other hand, |u” — z| < 37, then we have [v” —u"| < 3Jw —u"],
and thus

|F(v") = F(2)| < [F(0") = F(u")[ + |F(u") = F(2)]
S F(w) = Fu")| + [F(u") = F(2)| = [F(w) = F(2)].

This completes the proof of (11), and thus of (2) and the lemma. O

It is known that quasiconformal maps satisfy the N-property, i.e.,
they send sets of measure zero to sets of measure zero. It turns out that
linear combinations of quasiconformal maps also possess this property.

Lemma 8.2. A linear combination of quasiconformal maps defined on
a domain ) C C sends sets of measure zero to sets of measure zero.

Proof. Let E be a subset of ) of measure zero. Without loss of gener-

ality we may assume that the closure E is compact and is contained in
Q. Let € > 0, and let {B(z;,7;)}ier be a cover of E with

10r; < dist(z;,092) and Zr? < e
il
Assuming that each disc B(z;,r;) intersects E, the union U;e;B(z;, 1)
is contained in some compact set in €). By a basic covering theorem,
see e.g., [15, p. 2|, there exists a disjoint subfamily {B(z;, ;) }ier, such
that
Uier B(zi, i) € Uier, B(zi, 5r5) € Q.

Now suppose that F' is a H-quasiconformal map defined on Q. By [15,
Theorem 11.14], F' is n-quasisymmetric in B(z;, 5r;) with n depending
only on H. This, combined with [15, Proposition 10.8], gives

(12) diam?(F(B(z;, 5r;))) < Cydiam?(F(B(z;,15))),
for i € Iy, where C depends only on H. Also, since F|p(, 5, is 1-
quasisymmetric,

diam?(F(B(z,1;))) < Charea(F(B(z;,1;)))

13
(13) z@/ Jr(x,y)dzdy,
B(zi,ri)

1 € Iy, where the constant Cy depends only on H, and Jp is the Jaco-
bian of F'. Combining Equations (12) and (13), for ¢ € I, we obtain

diam?(F(B(z, 511))) < Cs / Te(z,y)dzdy,
B(zi,r;)

where C3 = C1C5 depends only on H. The set F(FE) is covered by
the sets in the family {F(B(z;, 5r;)) }bier,- Therefore its measure is not
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greater than

Zdlam (F(B(z,5r;))) < 6’32/ (x,y)dzdy

icly icly Y Bziri)
= Cs / Jr(z,y)dedy.
UZEIOB(Z'MTZ)

Since the Jacobian of a quasiconformal map is locally integrable, the
last integral can be made arbitrarily small by choosing an appropriate
€.

Now if Fy, Fs, ..., F} are quasiconformal maps and aq, g, . . ., ay are
constants, then

> diam* (a1 Fy + -+ - + o Fy) (B2, 5r7)))

i€l

< CiYy ) lagPdiam®(F(B(z;, 5r5)))

i€ly j=1

k
<G5y |ij|2/ Jr, (@, y)dedy.
j=1 Uierg B(z:,mi)
Here the constant Cy depends only on k, and C; = C5C}. Since each of
the integrals in the last sum can be made arbitrarily small, the lemma
follows. 0

9. PROOF OF THEOREM 1.1

From the definition of a relative Schottky set S in a domain (2 in S?
it follows that S” = SU(S?*\ Q) is a Schottky set in S? whose peripheral
circles are those of S.

Assume that S’ has measure zero and let f: S — S be a quasisym-
metric map from S to a relative Schottky set S in a domain Q. Since
S’ has measure zero, S is dense in S/, and quasisymmetric maps take
Cauchy sequences to Cauchy sequences, we can extend the map f to a
quasisymmetric map f’ defined on S’. The image S’ of S” under f’ is
a Schottky set in S?. Indeed, extending f’ homeomorphically in discs
bounded by the peripheral circles of S” we obtain a homeomorphism of
S? onto a subset €’ of S*. An application of the Borsuk-Ulam Theorem,
see, e.g., [18, Chapter V, Corollary 9.4], shows that {2’ must be all of
S2. Thus S’ is a Schottky set in S? whose peripheral circles are those
of S, and f’ is a quasisymmetric map from S’ to S’. By Theorem B,
the map f’, and hence f, is the restriction of a M&bius transformation.
Thus S is rigid.
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Now suppose that S’ has positive measure. We consider two cases,
depending on whether S is dense in S” or not.

First we assume that S is dense in S’. By Theorem B there exists
a quasisymmetric map f’ from S’ to a Schottky set S’ in S? that is
not the restriction of a Mdobius transformation. The map f’ extends
to a homeomorphism of S? by extending it in discs bounded by the
peripheral circles of S’. The restriction f = f’|s is a quasisymmetric
map of S onto a relative Schottky set, and it cannot be the restriction
of a Mobius transformation because S is dense in S’.

Now we assume that S is not dense in S’. We identify S? with
C U {0}, and without loss of generality we assume that 2 C C. Then
C\ Q is a non-empty open set. Let D be a connected component of this
set. Then D is a either a simply connected domain or an annulus with
one boundary component at co. By the Riemann Mapping Theorem,
see, e.g., [9, Chapter II, §2], there exists a conformal map G from D
onto the unit disc U or the punctured unit disc U* in the plane.

Let 21, 29, 23, and z4 be distinct points in U in positive order. We
consider the family I' of curves in U* that connect two disjoint arcs of
OU, one with end points z; and z3, and the other with end points z3
and z4. Let ' be the family of curves in D given by

F={y=G"(3): 7€T}.
Let H be a quasiconformal map defined in U that changes the confor-
mal modulus of I'. Such a map exists by Lemma 3.2. By conformal
invariance, Mod(I') = Mod(I"), and thus H o G changes the conformal
modulus of I'. Let pgoq be the Beltrami coefficient of the quasiconfor-
mal map H oG in D, and we assume that ppg.g is extended by zero to
S"\ D.

By Lemma 3.1, there exists a quasiconformal homeomorphism F' of
the plane such that pur = pigog on S’, and that maps S’ onto a Schot-
tky set S’ in C. The map F restricts to a quasisymmetric map f of
S to a relative Schottky set S in a domain . The map f cannot be
the restriction of a Mébius transformation. If it were, then F'|yp would
coincide with a Mobius transformation, and in particular F' would pre-
serve the conformal modulus of I'. But since urp = ppyog in D, the
map

HoGoF*t: F(D)— H(U)
is conformal. This leads to a contradiction because
HoG=(HoGoF YoF

changes the conformal modulus of T'. O
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10. PROOF OF THEOREM 1.4

The following result is contained in [23, Theorem 4.2], see also [12].
Previous uniformization results of this type can be found in [7], [10].

Theorem 10.1. Let Q and Q be Jordan domains in C, and A be a
relative circle domain in Q. Let p; € OQ and p; € 9Q, i = 1,2,3,
be two triples of distinct points in positive order. Then there exists a
conformal map g from A to a relative circle domain A in Q, whose
continuous extension to A maps p; to p;, 1 =1,2,3.

Let X be a metric space and Ki, Ky C X be two subsets. The
Hausdorff distance disty (K, Ks) is defined as the infimum of all € €
(0, 00] such that

K, C NE(K2) and Ky C NE(K1)7

where N (K') denotes the open e-neighborhood of a set K C X. The
definition immediately gives that disty (K5, Ky) = 0 if and only if K1 =
K.
We say that a sequence {A,} of sets in X Hausdorff converges to a
set S C X, if
disty(An, S) — 0 as n — oc.

The Hausdorff convergence of sets can be checked using the following
simple observations. If {A,,} converges to S, then for each p € S there
exists a sequence {p, } such that p, € A, and p, — p. Conversely, if for
some p € X there exist a subsequence {4, } of {4, } and corresponding

points p,, € A,, with p,, — p, k — oo, then p € S. In particular,
this implies that if p € X \ S, then p € X \ A, for large n.

Proof of Theorem 1.4. Let p; € 9 and p; € 0Q, i = 1,2,3, be
two triples of distinct points in positive order. Let {0B;}°; be the
collection of peripheral circles of S. For each n = 1,2, ..., we consider
a relative circle domain A, = Q\ U™, B;. Let g, be a conformal map
from A,, to a relative circle domain An in 2 whose continuous extension
to 0A, still denoted by g,, satisfies g,(p;) = pi, ¢ = 1,2,3. Such a map
gn is guaranteed by Theorem 10.1.

By Proposition 5.4, the maps ¢,', n = 1,2,..., are uniformly
proper, and by Proposition 7.2, the maps ¢,, n = 1,2,..., are uni-
formly locally bi-Lipschitz. Thus a subsequence {fln]} Hausdorff con-
verges to a relative Schottky set S in Q. Indeed, for each peripheral
circle 0B; of S, its image under g,, n > n,;, is a circle contained in a
compact subset of Q independent of n, and whose radius is uniformly
bounded above and below.
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According to Proposition 7.2, for every compact set K in 2 the
maps ¢, j = 1,2,..., are L-Lipschitz on K NS with a constant L
that depends only on § and K. Using the Arzela-Ascoli Theorem [21,
Theorem 7.23], we conclude that there exists a subsequence of {gy,}
that converges uniformly on K to a continuous map fx on K NS.
Exhausting €2 by a sequence of compact sets, we can find a further
subsequence {gnjl} of {gn,} that converges locally uniformly in S to a

continuous map f from S to S. By symmetry, we can also make sure
that {gg] i} converges to a continuous map h from S to S.
Propositions 5.3, 5.4, and 7.2 imply that the map f is a homeomor-
phism between S and S with f~! = k. It is a locally bi-Lipschitz map
as a limit of uniformly locally bi-Lipschitz maps. U

11. PROOF OF THEOREM 1.5.

By pre- and post-composing f with Mobius transformations that
preserve U we may assume that one of the peripheral circles of S,
say 0Bj, and its image 0B; are centered at the origin. Let 0B be
an arbitrary peripheral circle of S, other than 0B;. Further post-
composing f with a rotation and a dilation (or a contraction) with
respect to the origin, we get a locally quasisymmetric homeomorphism
fr from S to a relative Schottky set in a disc Ug centered at the origin,
such that fg(0B) has the same Euclidean center as 0B.

We consider two cases depending on whether all of the equalities of
circles

(14) QU =0U, fp(0By)=0B;, and fg(dB)=0B

hold or not.

Assume first that there exists B, say B = B,, such that at least
one of the equalities in (14) does not hold. By applying yet another
Mobius transformation m to fp, we can make sure that in this case
either m(dD) is contained in D, or m(D) contains 0D, where D = Up,
or the discs bounded by fg,(0B;) and fp,(0Bs), and D = U, By, or By,
respectively. This can be achieved as follows. If none of the equalities
of circles in (14) holds, we are done. If only one of the equalities holds,
then we apply a dilation with the center at the corresponding circle
and a coefficient close to one. If two of the equalities hold, then we
apply a Mobius transformation that has a repelling point at the center
of one of these circles and an attracting point at the center of the other,
with coefficients close to one. In the case when these circles are U
and 0B, it is simply a dilation with a coefficient close to one.
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Our assumption now implies that there exist constants ¢ > 0 and
ro, 0 <719 < 1, such that

(15) Im(fp,(2)) —z| > ¢ forall zeSN{z: ro <|z] <1}

Let r, 7o < r < 1, be chosen so that By, By C {z: |z| < r}, there
is no peripheral circle of S that intersects both, {z: |z| = ro} and
{z: |z| = r}, and there is no peripheral circle that touches {z: |z| = r},
i.e., has only one point of intersection with it. Such r exists because
peripheral circles of a relative Schottky set do not touch the boundary
of the corresponding domain and there are only countably many of
them. Let C, be a curve obtained from {z: |z| = r} by replacing
each arc contained inside a peripheral circle of S by the arc of this
peripheral circle contained in {z: |z| < r} and with the same end
points. It is a Jordan curve since peripheral circles are disjoint. We
may also assume that r is chosen so that the curve C,. obtained in this
way does not intersect its image under m o fp,. This is still possible
because U N'm(0Up,) = B and no peripheral circle of S touches OU.

Let €, denote the domain in C bounded by the curve C,.. Then
S, = SN, is a relative Schottky set in 2., which follows from the
choice of C). The map m o fp, is quasisymmetric in S, because f
is locally quasisymmetric. Using Lemma 8.1, we can extend m o fg,
to a quasiconformal map F' defined in €),.. By Lemma 8.2, the map
z — F(z) — z sends S, to a set of measure zero, and therefore in any
neighborhood of the origin there exists a full measure set of a such
that F'(z) —a # z for all z € S,. In addition, such a can be chosen
to satisfy the following properties: the inequality F(z) — a # z holds
for all z € C,, which follows from (15); similar to the corresponding
properties for mo fg,, either F(0D) —a is contained in D, or FI(D)—a
contains 0D, where D = 2., By, or Bs; since the number of peripheral
circles is countable, for each peripheral circle 0B; of S,, F(9B;) — a
intersects 0B; in at most two points.

Since F, = F — a does not have fixed points in S, U C,, there are
only finitely many peripheral circles of S, that enclose fixed points of
F,. Now we consider a finitely connected domain A obtained from (2,
by removing B1, B», and finitely many other closed discs bounded by
peripheral circles of S, that enclose fixed points of F,. Since F, does
not have any fixed points in A, by Theorem 6.1, the index of the re-
striction F,|c, is equal to the sum of the indices of the restrictions of
F, to the peripheral circles of S, that are boundary components of A.
Here C) is oriented positively with respect to €2, and the peripheral
circles are oriented positively with respect to the discs in C that they
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bound. However, according to Lemma 6.2, the indices of the restric-
tions of F, to C,,0B, and 0B, are equal to one, and the indices of
the restrictions of F, to other peripheral circles are non-negative. This
gives a contradiction.

Assume now that for every B all the equalities in (14) hold. In this
case f must be a rotation, which can be seen as follows. Since S has
measure zero, every point in S is an accumulation point of peripheral
circles of S. This implies that the restriction of f to every peripheral
circle of S coincides pointwise with a rotation. This further implies
that f preserves the distances between any two points in S. Indeed, let
p and ¢ be a pair of points in S and [, , be the line segment connecting
them. By choosing r sufficiently close to one, we can find a domain €2,
as above that contains [, ,. The map f is quasisymmetric in S, = SN€Q,,
and therefore, by Lemma 8.1, it has a quasiconformal extension F, to
Q... Since S, has measure zero and F,. is quasiconformal, there is a pair
of points p’ and ¢’ in €2,, such that p’ is close to p, ¢’ is close to ¢,
the line segment [,y , C €2, connecting p’ and ¢’ spends zero length in
Sy, and F, is absolutely continuous on [y ,. Since the restriction of f
to every peripheral circle coincides with a rotation, f maps ly o to a
curve that has the same length, i.e., f does not increase the distance
between points. Applying the same result to f~!, we conclude that f
is an isometry. Since f preserves 0Bj, it is a rotation. O

12. PROOF OF THEOREM 1.2.

Let p be an arbitrary point in .S. We fix three distinct points py, po,
and p3 on the boundary of €2 so that when we travel counterclockwise
along 0, the indices are encountered in the increasing order.

Let {0B;}32, be an indexed collection of peripheral circles of S. For
eachn =1,2,..., we consider a relative circle domain

A, =Q\U",B;.

Let g, be the conformal map from A, onto a relative circle domain in
the unit disc U, so that under the continuous extension of g, to the
boundary, 0f2 corresponds to OU, and the triple of points py, ps, p3 is
mapped to the triple 1,4, —1, respectively. Such a map g, is unique.
As in the proof of Theorem 1.4, using Proposition 7.2 and the Arzela-
Ascoli Theorem it follows that a subsequence {g,;} of {g,} converges
locally uniformly to a locally bi-Lipschitz map ¢g: S — S’, where S’ is
a relative Schottky set in U. By Proposition 7.2, the first derivatives
gr, n = 1,2/..., are uniformly locally Lipschitz in 2, and by the
proof of the same proposition they are uniformly locally bounded in
2. Thus another application of the Arzela-Ascoli theorem gives that
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for a further subsequence of {g,}, whose index sequence we still denote
by {n;}, we have {g;j} converges locally uniformly to a continuous
function h: S — C, which has to be locally Lipschitz. We conclude
that for every compact set K in €2 and every € > 0, there exists J € N
with

|9n, (@) — 9(@)] <€, |gn, (@) —h(@)| <€, qe KNS, j=

We will prove that

(16) im 29 =90) 0
q—p,qeS q—p

Let € > 0 be arbitrary. We assume that a point ¢ is contained in an
open disc centered around p that is contained in €2, and consider a curve
l,, in S that connects p and ¢ and such that length(l,,) < 7|q — p|.
Such a curve exists by Lemma 2.1. Since {g; } converges to h on
compact sets in €2 and by choosing ¢ to be sufficiently close to p, we
may assume that

6, ()= A < /2, h(z) = h®)| < /2, 2 € lpgy j > J
Then

In; (q) — In, (p) B h(p)‘ fl ‘gilj (2) = h(p))dz
q—p q—7p
190, — o)l
B | = pl
<me, 32>
Taking the limit as 7 — oo we obtain
‘Q(Q) —g(p) h(p)‘ < e

q—7p
for ¢ sufficiently close to p, establishing (16). Since g is locally bi-
Lipschitz, h(p) # 0.

Applying the same arguments to S, we obtain a relative Schottky
set S in U and a locally bi- Lipschitz homeomorphism g: S — S’ that
is differentiable at every point in S. The composition jo fog~!is a
locally quasisymmetric map between relative Schottky sets S’ and S’
in U. By Theorem 1.5, the map go fog~! must be the restriction to S’
of a Mobius transformation. This implies that f is locally bi-Lipschitz
in S. The chain rule completes the proof.

O



[1]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

RELATIVE SCHOTTKY SETS 35

REFERENCES

L. Ahlfors, Lectures on Quasiconformal Mappings, Manuscript prepared with
the assistance of Clifford J. Earle, Jr. Van Nostrand Mathematical Studies,
No. 10, D. Van Nostrand Co., Inc., Toronto, Ont.-New York-London 1966.

L. Ahlfors, Conformal invariants. Topics in geometric function theory,
McGraw-Hill, Inc., 1973.

A. F. Beardon, K. Stephenson, The Schwarz-Pick lemma for circle packings,
Ilinois J. Math. 35 (1991), no. 4, 577-606.

B. Bojarski, Remarks on Sobolev imbedding inequalities, Complex analysis,
Joensuu 1987, 52-68, Lecture Notes in Math., 1351, Springer, Berlin, 1988.
M. Bonk, Uniformizing Sierpinski carpets, preprint.

M. Bonk, B. Kleiner, S. Merenkov, Rigidity of Schottky sets, Amer. J. Math.,
to appear.

M. Brandt, Fin Abbildungssatz fiir endlich-vielfach zusammenhdngende Gebi-
ete, Bull. Soc. Sci. Lett. Lédz 30 (1980), no. 3.

G. David, S. Semmes, Fractured Fractals and Broken Dreams. Self-similar Ge-
ometry through Metric and Measure. Oxford Lecture Series in Mathematics
and its Applications, 7. The Clarendon Press, Oxford University Press, New
York, 1997.

G. M. Goluzin, Geometricheskaya Teoriya Funktsit Kompleksnogo Peremenno-
go. (Russian) [Geometrical Theory of Functions of a Complex Variable] Second
edition. Edited by V. I. Smirnov. With a supplement by N. A. Lebedev, G. V.
Kuzmina and Ju. E. Alenicyn. Izdat. “Nauka”, Moscow 1966

A. N. Harrington, Conformal mappings onto domains with arbitrarily specified
boundary shapes, J. Analyse Math. 41 (1982), 39-53.

Z.-X. He, O. Schramm, Fized points, Koebe uniformization and circle packings,
Ann. of Math. (2) 137 (1993), no. 2, 369-406.

Z.-X. He, O. Schramm, Koebe uniformization for “almost circle domains”,
Amer. J. Math., 117 (1995), 653-667.

Z.-X. He, O. Schramm, On the convergence of circle packings to the Riemann
map, Invent. Math. 125 (1996), 285-305.

Z.-X. He, O. Schramm, On the distortion of relative circle domain isomor-
phisms, J. d’Analyse Math., Vol. 73 (1997), 115-131.

J. Heinonen, Lectures on analysis on metric spaces, Springer-Verlag, New York,
2001.

J. Heinonen, P. Koskela, Quasiconformal maps in metric spaces with controlled
geometry, Acta Math., 181 (1998), 1-61.

O. Lehto, K. I. Virtanen, Quasiconformal mappings in the plane, Second edi-
tion. Springer-Verlag, New York-Heidelberg, 1973.

W. S. Massey, A Basic Course in Algebraic Topology. Graduate Texts in Math-
ematics, 127, Springer-Verlag, New York, 1991.

B. Rodin, Schwarz’s lemma for circle packings, Invent. Math. 89 (1987), no.
2, 271-289.

B. Rodin, Schwarz’s lemma for circle packings. II, J. Differential Geom. 30
(1989), no. 2, 539-554.

W. Rudin, Principles of Mathematical Analysis, Second edition, McGraw-Hill
Book Co., New York 1964.



36 SERGEI MERENKOV

[22] O. Schramm, Transboundary extremal length, J. d’Analyse Math., Vol. 66
(1995), 307-329.

[23] O. Schramm, Conformal uniformization and packings, Israel J. Math., 93
(1996), 399-428.

[24] M. Shiffman, Uniqueness theorems for conformal mapping of multiply con-
nected domains, Proc. Nat. Acad. Sci. U.S.A. 27, (1941). 137-139.

[25] E. Stein, Singular Integrals and Differentiability Properties of Functions,
Princeton Mathematical Series, No. 30 Princeton University Press, Princeton,
N.J. 1970 xiv+290 pp.

[26] K. L. Strebel, Uber das Kreisnormierungsproblem der konformen Abbildunyg,
Ann. Acad. Sci. Fenn. 1 (1951), 1-22.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 W. GREEN
STREET, URBANA, IL 61801, USA
FE-mail address: merenkov@uiuc.edu



