MATH 256B - ALGEBRAIC GEOMETRY
LECTURE NOTES

ANTON

LECTURE 1

Why Cohomology?

Why study cohomology? Well, it is useful for determining #(X) =

I'(X, %) where X is a scheme and % is a sheaf of abelian groups on X. Key Tool
Our key tool (so far) is Exercise 11.1.8: If 0 — F' — % — F” — 0 is an

exact sequence of sheaves (of abelian groups), then

0—-T(X,7)—-T(X, %) - T(X, 7"

is exact. It is not always exact on the right. For example, Exercise I1.1.21c:
let k be a field, X = P:, P = [1,0,Q = [0,1],Y = {P,Q} with reduced
induced subscheme structure, and let %y be the sheaf of ideals of Y. Then

0— S — Ox — ﬁx/ﬂy — 0
———
i Ox 1Y X
is exact, but applying the I'(X, —) functor, we have
0-T(X, %) - T(X,0x) - T(X,0Ox/Hy)
0 k 2

where the right arrow cannot be surjective. Application 1
Given an exact sequence

0—-I1(X,7)—-T(X,7) - T(X,7")
we get a long exact sequence in cohomology
0— I'X,7) - I'X, %) - I'X,F") —
— H'(X,#') - H'(X,#) - HY(X,.7") —
— H¥(X,F') — -

Sometimes you can show H'(X,.7') = 0. Notation: HY(X,#)=T(X,F). Application 2
If X is a scheme over a field k, then H*(X,.%) is a k-vector space (where
Z is a sheaf of Ox-modules). Define

(X, .F) = dimy H'(X, F).
Then the Riemann-Roch theorem gives a formula for Z(—l)ihi(X , F) How  should
i=0 look?

The first part of this document is based on Tony’s notes from Professor Vojta’s lectures.
Two (I think) of the lectures were taken from Dave Brown. Send comments and corrections
to anton@math.berkeley.edu .
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1) We want it to have a long exact sequence (LES).

2) The LES should be functorial in the short exact sequence (SES).
That is, given a morphism of short exact sequences, i.e. a commu-
tative diagram

0 Lo}*/ F Lo}*// 0 (1)
0 g’ 9 @q" 0

there should be an induced morphism of long exact sequences, i.e. a
commutative diagram

0— H(X,7') — H(X,F) — H' (X, Z") = H\(X,F')— - (2)

A |

0— H'X,¥') — H'(X,9) — H'(X,9") — H{(X,¥9') — -
in a functorial way.

So lets require that .# +— H'(X,.%) be a functor Ab(X) L Ab, where
Ab(X) is the category of sheaves of abelian groups on X and .Ab is the
category of abelian groups.

Then we get

- 2/3 of the maps in the LES and all the vertical maps in (2)
- commutativity of 2/3 of the squares in (2)
- SES— LES is functorial

So we need
- to find functors .# — H*(X,.%) for each i € N
- for all short exact sequences, 0 — %' — .% — .Z"” — 0, and for all
1 € N, maps
6 HY(X, Z") — HTY(X, 7"
such that the LES is exact and so that for all diagrams (1), the
diagram commutes:

Some Definitions

Definition. An abelian category is a category A together with

(i) astructure of an abelian group on Hom/(A, B for all objects A, B €
A.
(i) fore every morphism A — B, a kernel A’ — A and a cokernel
B — B

such that
(1) Hom(A,B) x Hom(B,C) — Hom(A,C) is a bilinear map.
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2) Finite sums and products exist.

) Every monomorphism® is the kernel of its cokernel.

) Every epimorphism? is the cokernel of its kernel.

) Every morphism can be factored into an epimorphism followed

by a monomorphism.

(

(3
(4
(5

Some examples:

Ab
Ab(X), where X is a topological space
Mod(X), the category of Ox-modules where X is a scheme

Remark. - All kernels are monomorphisms and all cokernels are epi-
morphisms.
- If A is an abelian category, the so is A°P.
- The empty product (resp. coproduct) is an initial (final) object;
call it 0 (0’). There is a (doubly unique) morphism 0 — 0/, which is
an isomorphism (exercise).

Definition. A covariant functor F': A — B of abelian categories is additive
if for all A, A" € A, the induced map Hom(A, A’) — Hom(FA,FA') is a
homomorphism of abelian groups. Similarly for contravariant functors.

We will want H(X, —) to be additive.

Definition. A sequence A ERy RN C is exact at B if go f = 0 and the
homology of the sequence (at B) is 0.

Definition. A complex A in an abelian category Ais a set of objects Al
and morphisms d’ : A* — A" for all i € Z such that d"t! od’ = 0. By
convention, if A* is only given for i € I C Z, we assume A* = 0for i € Z~ 1.

Theorem 1.1 (Freyd’s Embedding Theorem). FEvery abelian can be embed-
ded as a full subcategory of Ab

Definition. An object in an abelian category I € A is injective if the
functor Hom(—,I) is exact®.

Definition. A resolution of an object A is a complex I' and a morphism
A — 19 such that
0—-A—-1"—=1" — ...

is exact. An injective resolution is a resolution where each I" is injective.

LECTURE 2

ker f imf
Definition. Given a morphism f : A — B, the image of f is the kernel of 1 ; 1
its cokernel, and the coimage of f is the cokernel of its kernel. A——— B
Remartk. (1) If f; + A; — B for i = 1,2 are monomorphisms, then 1 !

there is at most one g : A1 — Ag such that foog = f1 (Hom(A;, Ay) — coimf  cokerf
Hom(Aq, B) since fo mono). Thus, there is a partial ordering on
monomorphisms to B.

1A — B monomorphism if for all C, Hom(C, A) — Hom(C, B) is injective.
2A — B epimorphism if for all C, Hom(B,C) — Hom(A,C) is injective.
3The contravariant functor H om(—,I) is always left exact.
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(2) If A L. B4 ¢ with go f =0, then imf C ker g. We define the
homology at B to be ker g/imf = ker(coker f — coimg).
Definition. An abelian category has enough injectives if every object is a

subobject of an injective object. That is, there is a monomorphism from
any object to an injective object.

Lemma 2.1. In an abelian category with enough injectives, every object has
an injective resolution.

Proof. Given A € A, there is a monomorphism to some injective object I°.
dnfl

Assume inductively that we have 0 — A — [0 — ... — [»=1 & n
exact. Then there must be a monomorphism cokerd”~! — "1 with 17t!
injective. Then the sequence 0 — A — 10 — ... — [* — [*+1 O

Remark.
(1) We haven’t really used injectivity yet.
(2) In the following diagram, exactness of the horizontal sequence is
equivalent to exactness of the diagonal sequences, where K = coker(¢)
and K**! = coker(d")

0 0 0
\ N/
A K!
0_,A_€>IO_>11_1)I2_>
v NS
KO K?
7N VAR
0 0 0 0
Let X be a scheme (or a topological space), and supposed we have a
cohomology theory for Ab(X).

) ) Definition. A sheaf . € Ab(X) is acyclic if H(X,.%) = 0 for all i > 0.
Acyclic objects can

be used to com- Theorem 2.2. Suppose X as above with a cohomology theory. If a sheaf
pute cohomology.  # € Ab(X) has an acyclic resolution

0—-F -9 7l ..
then there is a natural isomorphism HY(X,.7) = h'(H(X,.7")).
Proof. We have that
0—-F -9 K"=0
is exact, so we get an exact sequence in cohomology
0— HX,.7) - H(X,.#% - H'(X,K°) - HY(X,.7) — H'(X,.7°)
N
0 70 acyclic
from which we can say that
HY(X,7) = ker(H(X, #%) — H°(X, K"))
= ker(H°(X,.#°) — HY(X, 7)) (K — ' and H° left exact)

=h(HX,.7)
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and

HYX,7)=HX,K° /im(H°(X,.#%) — H°(X, K°))
_ ker(H°(X,7°) — HY(X,.71))
~im(HO(X, .#9) — HO(X,.#1))
= W (HO(X,. 7))

(HO(X, —) left exact)

3)
We also have that
H{(X,7% - H(X,K% 5 H*\(X, #) - HTY(X, 79
—_——— —_——
0 0
for all # > 0. The exact sequences
0 — KZ N ]i-{-l N Ki+l =0
yield the isomorphisms HY(X, K't') = HI*H(X, K") for all j > 0 (since
J*1 is acyclic). Thus,
HY(X,Z)=H ' (X,K% ~...=~ HY(X,K"?).
But K*~2 has the acyclic resolution K'~2 — #~! — #% - ... so we may
apply formula (3) to get
HY(X, K%)= (HO(X, 7 00)) = p(HO(X, 7))

as desired. O
Derived Functors

Let A and B be abelian categories and let F' : A — B be a left exact
functor. Given A € A with an injective resolution 0 — A — I, define

R} F(A) = h'(F(I'))
for each 7 € N.

Lemma 2.3. Let A and B be objects with injective resolutions I' and J
together with a map f: A — B

0 1
0 AL L o4, (4)
lf
€ 60 61
0 B JO Jl

, then there are functions f': I' — J' for each i € N such that this diagram
commutes:

0 A p L 2
lf J/fO lfl
0 B € JO e Jl el

Proof. Applying injectivity of J° to eo f : A — JY, we obtain f°. Now
assume inductively that we have f°,..., f". Let K = coker(e) and K' =
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coker(di~') for i > 0, then by the universal property of cokernels, we have
amap K" — Jntl,

n—1
ot Kn 0

lf"l lf” El

Jn—l —_ " — Jn+1

And K™ «— I"! 5o injectivity of J"t1 gives us f7t1. O

Lemma 2.4. Any two choices of f = {f°, f1,...} for the same data (4) are
homotopic. That is, there is a morphism, k', of chain complexes of degree
-1 such that

en—lkn + kn—i—ldn — fn _ gn

where e~ 1 = .

Proof. Arrow chasing. O

Corollary 2.5. If f* and g* are two maps of complezes as in Lemma (2.3),
then the induced maps R'F(f),R'F(g") : R} F(A) — R, F(B) are the
same, so we can call them R§7J.F(f).

Corollary 2.6. If B= A and f = Id 4, then these maps are isomorphisms.

Proof. For two injective resolutions I" and J* of A, Lemma (2.3) tells us that

the identity induces f* and g so that I r s Commutativity of the
diagrams and functoriality tell us that

0— A——T Id =R} F(Ida) = R} ; F(Ida)o Ry F(Ida)

H l ; p Y

O0—A—J

|k

0—A——>T

and likewise with 1" and J interchanged. O

Corollary 2.7. R?F(A) is independent of I' up to unique isomorphism.
These isomorphisms are compatible with R} 7 F(f) at both ends. Thus, we

have well defined functors R'F : A — B for all i € N.
Remark. 1If I is injective, then it is F-acyclic (i.e. R*F(I) =0 for all i > 0).

Proof. 0 — I — I — 0 is an injective resolution, so R'F(I) =
W0 — F(I) —0—0— ) =0 for i > 0. 0
——
deg 0
Theorem 2.8. If F': A — B is as above, then {R'F}i~q is a 6-functor with
R'F~F.

Proof(sketch). Let A € A and let 0 — A — I' be an injective resolution,
then 0 — F(A) — F(I°) — F(I'), so F(A) = ker(F(I°) — F(I')) =
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RO(F(I')) = RYF(A). To get the morphisms, chase diagrams until you
catch one.

Given a short exact sequence 0 — A — B — C' — 0 in A with injective
resolutions I and J for A and C', we have

0 0 0
0 A B C 0
10 i

Il Jl
Then by the Snake Lemma, we have the exact sequence
0 — coker(A — I°) — coker(B — I° x J°) — coker(C' — J°) — 0

and coker(A — I°) — I' and coker(C — JY) — J! so repeat. Then
remove the top row and apply F. Note that the rows are still (split) short
exact, and apply the Snake Lemma to get the long exact sequence? Verify
commutativity of

RiF(C) _6> R A

|

RIF(C) — pitlp A

The functors R'F are called the right derived functors of F.

LECTURE 3

For effaceable functors, see the book.
Recap of what we’ve done:

(1) Given a covariant left exact functor from an abelian category with
enough injectives to an abelian category, there are right derived func-
tors.

(2) A Cohomology should have some desirable properties.

Definition. An abelian group A is divisible if for all a € A and non-zero

n € Z, there is some a’ € A such that na’ = a.
Injective
For example, 0, Q,Q/Z,R,R/Z, ... are divisible groups. A-modules

Lemma 3.1. An abelian group is injective if and only if it is divisible.

4 Anton doesn’t see how to do this.
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Proof. (=) Let A be an injective group, and let a € A,0 # n € Z, then

0—Z—=7

where ¢(1) = a. Then by injectivity, 1 exists, and n - ¥ (1) = a. Thus, A is
divisible.

(<) Let M’ C M be abelian groups, and let ¢ : M’ — A be a homomor-
phism, where A is divisible.

0O— M —M

y

Pick x € M ~ M’ and let d be a non-negative integer generator of the ideal
{n € Zinz € M'}. If d = 0, then (M',z) & M’ & Z and we can extend ¢
o (M',z) — A by setting ¢(x) = 0. If d # 0, then pick a € A such that
da = ¢(dx). Then we can extend ¢ to (M’,x) by setting ¢(x) = a. By the
standard Zorn’s Lemma argument, we can extend ¢ to a map M — A, so
A is injective. U

Lemma 3.2. The category Ab of abelian groups has enough injectives.

Proof. For an abelian group A, we define the dual A = #om(A,Q/Z). Then
a homomorphism f:+A— B hasadual f B — A. We have a natural map

A — A = Hom(Hom(A,Q/Z,Q/7Z),a — [¢ — ¢(a)]

Claim: This map is one to one.
Indeed, if it were not, then there would be a non-zero a € A such
that ¢(a) =0 for all € A. But since Q/Z is injective, we have

0 (a) A

o l
K

Q/Z

For any ¢¢ : (a) — Q/Z we have an extension ¢ : A — Q/Z so it
suffices to find ¢g : (a) — Q/Z with ¢o(a) # 0. But either (a) = Z,
in which case we can send a — 1/2 € Q/Z, or (a) = Z/nZ, in which
case we can send a — 1/n € Q/Z. Thus, the claim is true.

So A < A. Next, there is a surjection P, Z — A — 0 for some index set

1. By taking duals, we get a map

A= E/B\Z — AHom(@ 2, 7,/Q)

iel

iel

= H%am(Z,Q/Z)

=[[@/z
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—

which is divisible, and therefore injective. Also, the map A = P,/ Z
is one to one because the dual of a surjective map is one to one. Thus,

A— A< TJ[Q/Z. O

If Ais aring, T is an abelian group, and X is an A-module, then we can
put an A-module structure on J#omgz(X,T) by setting a-¢ = (x — ¢(a-x))
for each a € A

Lemma 3.3. If A is a ring, X is an A-module, and T is an abelian group,
then

Homz(X,T) = Homa(X, #om(A,T))
¢ (z— (a— ¢(ax)))

as abelian groups (also as A-modules).
Proof. exercise. O

Lemma 3.4. If T is and injective abelian group, then s#omgz(A,T) is an
injective A-module.

Proof. Given A-modules 0 — X — Y, we have

Sgoma(Y, #Homz(A,T)) —— Homa(X, #Homz(A,T)) —0

| |

Homz(Y,T) Homz(X,T) — 0

with the top row exact. U
Theorem 3.5. The category of A-modules has enough injectives.

Proof. Let M be an A-module. Embed it into an injective abelian group T,
so f: M — T. Define g : M — s#omz(A,T) by g(m) = (a — f(am)). If
m # 0, then g(m)(1) = f(1-m) # 0, so g is one to one. O

Theorem 3.6. If (X,0x) is a ringed space, then Mod(X) has enough
injectives.

Proof. Let .# be a sheaf of Ox-modules. For each x € X, %, is an Ox ,-
module, and can therefore be embedded into an injective module I,,. Define
Z = ll,ex j+Fz, where I, = I, as a sheaf at x and j : {z} — X is the
inclusion, so j..-#, is a skyscraper sheaf.

Then we have that

Som(F, J) = H Hom(F, juIy) = H Homegy (Fu, ).
rzeX zeX

By taking an injection from each factor, we get a map .# — _# which must
be an injection because it is an injection on all stalks.

Exercise: show
that the diagram
commutes



H (X, —) defined

Injective
are flasque

sheaves

10 Math 256B Algebraic Geometry Lecture Notes

Finally, we must show injectivity of ¢. Given any ¢ — %, we have
that

%Omﬁx,x (g2,xa I:c) - %Omﬁx,x (gl,l‘a I:c)
c%ﬂom(gnyj*]x) - r%()777(%1,:67j*tﬁac)
Hom(%o g, J) — Hom(Gz, F) (prod of surj is surj)

O

Corollary 3.7. If X is a topological space, then Ab(X) has enough injec-
tives.

Proof. Make X into a ringed space by setting &x to the constant sheaf Z.
Then Mod((X, Ox)) = Ab(X). O

Definition. Let X be a topological space, then the cohomology functors
H (X, —) are the right derived functors of I'(X, —) : Ab(X) — Ab.

Note: We use injective filtrations in Ab(X) rather than Mod(X) because
sometimes we will want to consider sheaves of abelian groups which are not
O'x-modules. The following theorem says that we get the same cohomology
as we would have if we used Mod(X) injectives.

Theorem 3.8 (*). If (X, Ox) is a ringed space (e.g. a scheme), then the
right derived functors Mod(X) — Ab associated to I'(X,—) coincide with
H (X, —), restricted to Mod(X).

Recall that if X is a topological space and .# is a sheaf (of abelian groups)
on X, then we say .# is flasque if pyy : F(U) — F (V) is surjective for all
open sets V C U.

Lemma 3.9. Let (X, Ox) be a ringed space. Then any injective element of
Mod(X) is flasque.

Proof. Let V. C U be open. Regard 0y and 0y as sheaves on X by extending
by zero (see exercise 11.1.19b), so W +— oy(W) if W C U and W — 0
otherwise.

We have a map Oy — Oy as Ox-modules, which is injective on stalks,
and therefore injective. Now look at

Home (Oy, F) — Home, (Oy, F) — 0.

The sequence is exact by injectivity of .#. But we have a natural isomor-
phism Some, (Oy, F) = F(U) (since a morphism is determined by the
image of 1 € 0y (U)), so #(U) — F (V) is surjective. O

Proposition 3.10. Let X be a topological space and .F a flasque sheaf on
X, the F is acyclic.

Proof. Embed % into an injective sheaf and let ¢ be the quotient.
0—-%—>9—G—N0.
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Then .# and .# are flasque, so & must also be flasque (Exercise in chapter
IT), and we get

0-TIX, %) -I'(X,”) - TI'(X,9) -0

from the same exercise. Therefore, we get the long exact sequence

0 -I(X,7) —TKX.0) —>IXx9 2
L HYX,F) —0 — HY(X,9) —
S HAX,.F) —0 — HX(X,9) — -

where the middle column is 0 because & is injective. So we have that
HY (X, F) = 0and H'(X,.7) = H71(X,9). But since ¥ is also flasque, we
have that H'~!'(X,%) = 0 by induction. O

So flasque sheaves can be used to compute cohomology.

Proof of (*). Let # € Mod(X) and let 0 — % — £ be an injective
resolution (in Mod(X)). Then h*(T'(X,.#)) computes the right derived
functors of I'(X, —) : Mod(X) — Ab. But the .#" are flasque and therefore
acyclic, and so h'(I'(X,.#")) = H'(X,.7). O

For next time, read page 209.

LECTURE 4

Last time, we showed that injective objects in Mod(X) are acyclic in
H(X,—). In particular, the right derived functors of I'(X, —) : Mod(X) —
Ab coincide with H™ (X, —)| pmod(x) -

Corollary 4.1. Let (X, Ox) be a ringed space with B =T(X, Ox). Then for
all F € Mod(X) and i € N, H(X,.Z) has a natural B-module structure.
Thus, if X is a scheme over Spec A, then the groups H'(X,.7) are A-
modules.

Remark. Let A be an abelian category with enough injectives and B and C
abelian categories. If F': A — B is left exact and G : B — C is exact, then
the §-functor {R*(G o F')} is isomorphic to {G o R"F'}.

Theorem 4.2. Let X be a noetherian topological space of dimension n.
Then H'(X,.F) =0 for all i > n and for all ¥ € Ab(X).

Note: For the rest of this lecture, X is a noetherian topological space.
Lemma 4.3. The direct limit of flasque sheaves is flasque.

Proof. Let {Z,}aca be a directed system of flasque sheaves and let V' C
U C X be open sets. Then we have that

(lim o) (V) —— (lim Fo) (V)

| |

lim .7, (U) —— lim %, (V)
— —

Grothendieck Van-
ishing Theorem



12 Math 256B Algebraic Geometry Lecture Notes

Where the bottom arrow is surjective because the .#, are flasque and lim is
an exact functor on abelian groups, and the vertical arrows are isomorphisms
by exercises I1.1.10 and II.1.11. O

Lemma 4.4. Let {%,} be a directed system in Ab(X). Then there are
natural isomorphisms for all i € N

lim H'(X, 7o) = Hi(X,lim 7).

Proof. Let C be the category of A-directed systems in Ab(X). Then (%#,) €

C. For each a, inject ., into its sheaf of discontinuous sections 4. Then

inject the cokernel of this map into its sheaf of discontinuous sections, 4.},

etc. This yields a flasque resolution 0 — %, — ¥, which is functorial in

ZFu, 50 we get an A-directed system of complexes. In particular, (4), € C.
Then we have that

li_H)lHi(X, Fo) = h_H)lhi(F(X, 9)) (definition)
& h’(hi>n I'X,9))) (lim exact in .Ab)

12

RYT(X,lim%.))  (nontrivial, need X noetherian)
—

@
——

flasque

If 0 — lim F, — hi>n5¢09 — -+ is exact, then we are done. To see that it is
exact, observe that lim commutes with taking stalks:

(lim Zq)p = lim lim 7, (U) = lim lim .%,,(U) = lim(Fa)p
PeU « a PeU
O

Lemma 4.5. Let j : Y — X be a closed immersion of topological spaces
and let F € Ab(Y). Then

H(X,j.7) = H(Y, 7)
for all i.

Proof. HY coincides for all j by definition of j,. If 0 — .# — .#" is a flasque
resolution of # on Y, then 0 — j..# — j..# is exact (look at the stalks),
so the computation is the same O

If Y C X is a closed subset, U = X \Y and .# € Ab(X), then define
Fy = j(Fly)
where j : Y «— X and Z|y = j~1.%. We also define
Fu =i(Fv)
where i : U «— X is the inclusion. Then by exercise 11.1.19, we have that
0— %y —F — Fy — 0.

Proof of Theorem. Use induction on n = dim X.
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Step 1:

Step 2:

Step 3:

Reduce to the case where X is irreducible by induction on the num-
ber of components. If the number of components is 0, then we are
done (since vacuously). If it is 1, then X is irreducible. If there is
more than one irreducible component, then let Y be one component
and let U = X \Y. Then

0— %y —F - Py —0

is exact, so by the long exact sequence in cohomology, we have the
exact sequence

HY(X,Zy) — H(X,.F) — H(X, Fy)

for each i > n, but H(X,.Z%y) = H(Y,.Z|y) = 0 by the inductive
hypothesis (and Lemma (4.5)). Then

0— (Zu)xp— Fu — (Fu)g — 0

T/

Hence H'(X, %) = H'(X, (Zv)g = H'(U, (Zv)g) = 0 by induc-
tion. Thus, H(X,.#) = 0 for all i > n.
If X is irreducible of dimension 0, then the open subsets are @ and
X, so .7 is flasque and therefore acyclic. So H'(X,.#) = 0 for all
1 > 0, as desired.
Assume X is irreducible (with n = dim X > 0). Let B be a gener-
ating set for . (e.g. [[ycx Z#(U)). Let A = {finite subsets of B},
then A is a directed system. For o € A, let .%, be the subsheaf of
7 generated by a. That is, %, is the set of sections that can be
obtained from « by restrictions and gluing.

Since X is noetherian, all open subsets are quasi-compact, so all
gluings are finite. Thus, any section of .% comes from a finite subset
of B,so ¥ = li_n}fa.

By Lemma (4.4), it is enough to show the theorem for the .%,.

Finally, we do induction on the number of elements in «. If the
number of elements in « is greater than 1, choose a proper subset
o'. Then

00— Fo — Fo — quotient — 0.
N—_——

gen by images of a \ o/

By the long exact sequence, we have
HY(X,Zy) — H(X,Z,) — H(X,quotient).

By induction on |a|, we have that the side terms are zero, and so
the middle is zero. Thus, we may assume that % is generated by
a single element (over some open set U). Then we have the exact
sequence

0—-X%—Zy—F —0

which gives us the exact sequence
H{(X,Zy) — H(X,F) - H™ (X, %).

So it is enough to show the result for Zy and its subsheaves.
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Proof for Zy: Let Y = X ~ U. We have that
0—=Zy > 7 — Zy — 0,
and Z is flasque since X is irreducible, so for all ¢ > n,
H'7Y(X,Zy) — H'(X,Zy) — H'(X,Z).
0

The leftmost term is H'~"'(X,Zy) = H'"'(Y,Z]y) = 0 by in-
duction on dimension (dimY < n). Thus, H(X,Zy) = 0 for
all 7 > n.

Proof for #: For all x € U, %, is a subgroup of (Zy), = Z. Let d be
a minimal positive element in Z such that d € %, for some
x € U. Then d € Z(V) for some open set x € V C U. Since

Z is a PID, we have that Z|y C d - Zy. But we also have that
d-Zy C Z|v, so Z|y = 7Z on V. Thus, we have

0 — Zy — % — quotient — 0.

We have already shown that H(X,Zy) = 0 for i > n, and
the quotient is a sheaf on the lower dimensional X ~ V, so

HY(X, quotient) = 0 for ¢ > n by induction on dimension.
Therefore, H (X, %) = 0 for all i > n.

O

Example: Exercise I11.2.1a. Let X = A}g for an infinite field k. Let P, Q
be distinct closed points. Let Y = {P,Q}, and let U = X \Y. Then
HY(X,Zy) # 0 (i.e. the bound given by the theorem cannot be improved).

Proof. From
0—-Zy —>7Z—Zy —0
we get
HO(X,Z) 2% HO(X, Zy) — H'(X, Zy).
—_——— —_——
Z ZXZ.
Therefore, H(X, Zy) # 0. O

Part (b)*: Show for all n > 0 that if X = A}, ¥ = union of n + 1 hyper-
planes with empty intersection (in P}) and U = X \Y, then H"(X, Zy) # 0.
In the case n = 2, we have

0—Zy— Z —Zy —0
flasque
SO
H"YX,Z) - H" (X, Zy) = H"(X,Zy) — H"(X,7Z)
0 0

so it suffices to show that H"~1(Y,Zy) # 0. Let Y’ = the three points of
intersection and let U’ =Y \ Y’. Then

O—)ZU/—>Z—>ZY/—>0
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SO

HO(Y,Z) — HO(Y, Zy:) 2% HNY, Zyr) — H'(Y, Z).
7 3 73
VA

To see that HY(Y,Zy+) = Z3, observe that U’ = U] U U} U U}, where each
U! = AL\ 2 points. So HY(Y, Zyr) = @?:1 H\(Y, ZU{) = 73 by the Mayer-
Vietoris sequence (exercise I11.2.4). Therefore, H'(Y,Z) # 0, as desired.

LECTURE 5

Note on Freyd’s Theorem: every abelian category can be embedded as a
full subcategory of Ab. This does not imply that h_II}l is always exact (just
because it is exact in Ab). For example, lim (which is the lim in Ab°P) is

— —
not exact.

Theorem 5.1 (Goal). Let % be a quasi-coherent sheaf on a noetherian
affine scheme X = Spec A, then F is acyclic.

Note: A is noetherian (Proposition I1.3.2) and .% = M for some A-module
M.

Lemma 5.2 (Key Lengma). If I is an injective module over a noetherian
ring A, then the sheaf I on Spec A is flasque.

Proof assuming Key Lemma. Let 0 — M — I be an injective resolution of
M (in ModA. Then 0 — M — I is exact (is exact). By the Key Lemma,
this is an acyclic resolution, so we have H (X, %) = h'(T(X,I')) = h'(I') =
0 for all 7 > 0. O

Lemma 5.3. Let A be a ring and J an A-module. Then J is injective if
and only if for all ideals a C A, all maps ¢ : a — J extend to A — J.
Proof. (=) Trivial from definition of injectivity: 0 —a— A
°L s .
J

(<) Let M' € M be A-modules and let ¢ : M’ — J. By the usual
Zorn’s Lemma argument, it suffices to extend ¢ to a map (M’ z) — J for
some x € M ~. M'. We have the obvious surjection M’ & A — (M’ , z). Let
a = {a € Alax € M'} be the kernel

0—a—Mo®A— (M, z)—0
a— (ax,—a)
To extend ¢, we need a map ¢ : A — J such that ¢ +v : M P A — J
vanishes on a. This is exactly what we get from the assumption. O

Lemma 5.4. Let I be an injective module over a noetherian ring A and let
f € A. Then the localization map 0 : I — Iy is surjective.

Proof. For all i € N, let b; = Ann(f*). Then 0 = by C b; C ---. By the
noetherian hypothesis, there is some r such that b, = b, = ---. Pick
z € Iy and write z = y/f™ with y € I and n € N. Define ¢ : (f"*") — I by
s fry [if af™ =0, then a € b,y = by, 50 af” = 0 and so the map is
well defined]. By injectivity, there is some ¢ : A — I such that ¢|( frtry = @

11T §3

Qco sheaves on
noetherian  affine
schemes are acyclic

0 ; (fn—l—r) —>A
L
II-\ P
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Let z =1(1), then 0(z) = f"y = x. O

Definition (Exercise 11.5.6). Let A be a ring, let a be a principal ideal
in A, and let M be an A-module. Then J = I'((M) = {z € M|a"z =
0 for some n € N}.

Lemma 5.5. Let X = Spec A, I be an A-module, a = (f) C A a principal
ideal, J =T4(I), U C X open, and Z = Z(f) = Vy. Then

J=Tz(X,I)={seT(X,I)|sp=0 for all P ¢ Z}
and
(U, J) =Ty5(U,I).
Proof.

Tz(X,[)={zcl:z—0cIpforall P¢gZ}
={rellz—0els}
=ker(I — Iy)
= {z € I|f"x = 0 for some n € N}
= {z € I|a"x = 0 for some n € N}
=To(I) = J.

For the other claim, start with the special case U = D(g), so T'\(U,J) =
Jy = (ker(I — I;))y. So x € I(U,J) if and only if there are n,m € N
such that z = g7 "y, y € I and f™y = 0. On the other hand, I'z(U, j:) =
ker(I, — (I,)s), So « € T'z(U,I) if and only if there are n,n’,m € N such
that z = ¢y, y € I and ¢" f™y = 0. Thus, r'z(U, f) = I'(U, j) in this
case. For the general case, cover U with open affine sets an glue. O

Lemma 5.6. Let A be a noetherian ring, a € A an ideal, I an A-module,
and J =To(I). If I is injective, then so is J.

Proof. By Lemma (5.3), it suffices to complete the diagram

0——b——

J

for any ideal b and any ¢ : b — J. For all b € b, there is some n such that
¢(a™b) = a"¢(b) = 0. Since b is finitely generated, we may choose one n
that works for all b. Thus, a™b C ker ¢.

Recall Krull’s Theorem: Let a C A be an ideal in a noetherian ring, and
let M C N be finitely generated A-modules. Then the a-adic topology on M
is induced by the a-adic topology on N. That is, for all n, there is some n’
such that a®M D MNa™ N. Thus, taking M = band N = A4, a”b D bna".
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So we have

A——» Al

Krull

b—\wbﬂanl/v,f 4y

¢

By injectivity of I, 1 exists such that the diagram commutes. If we can
show imt) C J, then we’re done. This is true because the image is killed by
an" O

Proof of Key Lemma. Statement:if X = Spec A is noetherian, I € Mod(A)
injective, then T is flasque.

We want to show that for all U C V, I'(V,I) — I'(U,I) is surjective. It
suffices to check the case where V = X. Let Y = Suppl = {P € X|Ip # 0}.
Now we apply noetherian induction on Y. If Y N U = @, then I'(U, f) =0
and there is nothing to show. So we may assume that Y meets U. Then
there is some f € A such that D(f) C U and D(f)NY # @. Let Z =
X~ D(f)=Z(f) and consider the commutative diagram

I=0(X,I)——T(U,I) —
J |
72(X, 1) ——T4(U,I)

L(D(f),I) = Iy (row not exact)

J=T(X,J)——TI(U,J)

Let s € T(U,I), and let s € T'(D(f),I) be its image. By Lemma (5.4)
there is some t € I'(X,I) mapping to s'. Let ¢’ = t|y € I'(U,I), so that
s—t' € Ty(U,I) [s and ' agree on D(f) = Z¢|. So it suffices to check that
the bottom map is surjective.

By Lemma (5.6), J is injective . Also, SuppJ C Y NZ C Y, so we can
apply induction on the dimension of Y = Suppl. O

Corollary 5.7 (to the Theorem). Let .# be a quasi-coherent sheaf on a noe-

therian scheme X. Then F can be embedded into a flasque, quasi-coherent

sheaf.
Proof. Cover X with finitely many open affine sets U; = SpecA;,i=1...n

For each i, Z#|y, = M; for some A;-module M;. Embed M; into an injective
A;-module I;, and let

=1

Lem 5.4: I — Iy
surjective

Lem 5.6: I inj =
J =T4(I) inj
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where f; : U; — X is the inclusion map. We have Z#|y, — I;, which is
injective for each 4, and we have

F = [l Zln) — fulD).
———r
Vi Z(VNU;)

Composing and adding these maps, we get an injection F — f!i [check on
stalks that .# — fi.(I;) is injective]. By the Key Lemma (5.2), I; is flasque

for each 1, so f;.(1;) is flasque by exercise 11.1.16d, so ¢ is flasque. Similarly,
¢ is quasi-coherent. O

LECTURE 6

Application to Corollary (5.7): Every such sheaf has a quasi-coherent
flasque resolution which can therefore be used to compute cohomology.

Also (Exercise I11.3.6) Qco(X) has enough injectives, and the resulting
derived functor cohomology theory agrees with the usual one.

Theorem 6.1 (Serre). Let X be a noetherian scheme. Then the following
are equivalent:

(1) X is affine

(2) All quasi-coherent sheaves on X are acyclic

(3) For all (quasi-)coherent sheaves of ideals % on X, HY(X,.#) = 0.

Proof. (1) = (2) is Theorem (5.1).
(2) = (3) is trivial.
(3) = (1): Assume (3) and let A =T'(X, Ox).

Claim. FEvery closed point P € X has an open affine neighborhood
of the form Xy for some f € A.

Proof of Claim. Let U be any open affine neighborhood of P, and
let Y = X \ U. Consider

0 — Syupy — Hy — k(P) — 0

where k(P) is the residue field skyscraper sheaf at P, and Y and
Y U {P} are taken as reduced subschemes of X. By the long exact
sequence, we have

HY(X, Sy) — H(X, k(P)) = H'(X, Sy ipy) -
k(P) 0 by (3)
Therefore, there is some f € I'(X,.#y) mapping to 1 € k(P). In
particular, f € mp, so P € Xy [f € HY(X, #y) C HY(X, Ox) = A].
Also, forall Q €Y, f € Sy Cmq, so Q ¢ Xy. Thus, Xy CU. Let
B =T(U,0x) and f = fly € B. Then Xp=X;NU = D(f) =
Spec By (in U). So Xy is affine. OClaim

Since X is noetherian, the sets X cover X. Take a finite subcover, Xy, ,..., Xy, .
By the handout (Exercises I11.2.16 and 11.2.17), it will suffice to check that
the ideal (fi,..., fn) € Ais all of A. Define a map of sheaves 0 — Ox by
(a1,...,a.) — > a;f;. We may assume it is onto, because if P € X, then

P e Xy, for some i and e; = (0,...,1,...,0) — f; € Ox, and f; € mp.
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Now blah blah O

Application: Exercise II1.3.1 (neat filtration trick)

Exercise I111.3.8: Lemma (5.4) (Hartshorne Lemma II1.3.3) and Lemma
(5.2) (Hartshorne Proposition I11.3.4) are false without the noetherian hy-
pothesis.

Definition. Let f: X — Y be a morphism of schemes. Then the diagonal
map is the morphism A : X — X Xy X defined by the diagram

X—Y

We say that f is separated if A is a closed immersion. In this case, we say
that X is separated over Y. A separated scheme is a scheme X which is
separated over SpecZ.

Notation:

1) In EGA, prescheme is the same as scheme in Hartshorne, and scheme
means separated scheme.

2) If f1 : X — Yj and fo : X — Y5 are morphisms in Sch(S), then
(f1, f2) is the S-morphism defined by the diagram

X

L]

Yi —— 8§

Thus, A = (idx, idx).
On the other hand, if f; : X; — Y; are morphisms for ¢ = 1,2,
then f1 x fo = (fi1opri, faopra).
Example: The affine line with two origins is not separated over k because
A C X x;, X = A? with double axes and quadruple origin contains only two
of the origins, but A contains all four. Thus, A is not a closed immersion.

LECTURE 7

Recall that f : X — Y is separated if A : X — X xy X is a closed
immersion.

Proposition 7.1. If f : X — Y is a morphism of affine schemes, then it
s separated.

Start:Fast forward

Chapter II, §4:
Separated and
Proper morphisms
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Proof. Let X = Spec A and Y = Spec B. Then X xy X = Spec (A ®@p A)
and A corresponds to the morphism A ®g A — A, a ® d’ — ad’, which is
onto. Thus, A is a closed immersion. O

Corollary 7.2. All affine schemes are separated.

Corollary 7.3. A morphism f : X — Y is separated if and only if A(X)
s a closed subset of X xy X

Proof. (=) obvious.
(<) We need to show that

(1) A is a homeomorphism onto A(X)
(2) ﬁXXyX - A*ﬁX is onto
(1) We have

X—Y

Since m 0 A : X — A(X) — X is the identity, A must be one to one, and
71 is a continuous inverse, so A is a homeomorphism X — A(X).

(2) Tt is enough to look at stalks. Let P = A(P') € A(X) for some
P’ € X. Restrict to an open affine neighborhood V of f(P’) in Y, and an
open affine neighborhood U of P’ in f~'(V). Then we've reduced to the
affine case, where we know the result holds. O

Theorem 7.4 (Valuative Criterion of Separatedness). A morphism f: X —
Y of noetherian schemes is separated if and only if the following criterion
holds: for any field K and any valuation ring R of K (Frac(R) = K ), and
for any diagram

U :=Spec K — X

T:= Speé R——Y
there exists at most one h : T'— X such that the diagram commutes.
Remark. (1) You really only need X noetherian.

(2) Criterion fails for the affine line with the doubled origin.

(3) Have to use valuation rings rather than curves.

Lemma 7.5. Let R, K,U,T be as above, and let X be a scheme, then

(a) To give a map U — X is equivalent to giving a point x € X and a
field extension k(x) — K, where k(x) = O, /m,.

(b) Giving a map T = Spec R — X is equivalent to giving points xy, 1 €
X with £, ~ zo and® an inclusion k(x1) — K such that if you let
z ={x1} € X (with reduced induced subscheme structure), then R
dominates the local ring Ox .

5231 ~~ o means that xo is a specialization of x1. i.e. xo is in the closure of {xl}
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Proof. in the works. U

Lemma 7.6. Let f : X — Y be a quasi-compact morphism of schemes,
and let Z = f(X) C Y. Then Z is closed if and only if it is stable under
specialization.

Proof. in the works. U
Remark. Since X is noetherian, A : X — X Xy X is quasi-compact.

Proof of Valuative Criterion. in the works

proof continued in next lecture

LECTURE 8
Valuative Criterion proof continued. still in the works. O

Corollary 8.1. When working with noetherian schemes:
(a) Open and closed immersions are separated.
(b) Compositions of separated morphisms are separated.
(¢c) Separatedness is stable under base extension. i.e. if f: X — Y is
separated, then f': X xy Y’ — Y’ is separated.

X xyY — X

.
Y ——Y
(d) If f: X =Y and ' : X' =Y’ are separated S-morphisms, then so
s fxfl:XxgX —Y xgY.

(e) If X EN Y L Z are morphisms and g o f is separated, then so is f.

(f) Separatedness is local on the base. i.e. f: X — 'Y is separated if
and only if there is an open cover {U;} of Y such that f~Y(U;) — U;
1s separated for all i.

(g) f: X =Y is separated if and only if freq : Xred — Yred i separated.

Proof of (e). in the works. O
Proof of (g). in the works. O
Remark. All of these things are true without the noetherian hypothesis.

Corollary 8.2 (of the Corollary). A morphism of separated schemes is
separated. More precisely, if f: X — Y with X separated (over Z), then f
1s separated.

Proof. Use (e) of the Corollary above. O

Corollary 8.3 (of the Corollary). Most schemes you work with will be sep-
arated. An exception: gluing.

In topology, a map is proper if the inverse image of a compact set is
compact. We want ]P’}g — Speck to be proper, but Ai — Speck not to be
proper.

Separatedness
on noetherian
schemes

Properness
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Definition. A morphism f : X — Y is closed if for all closed subschemes
Z C X, f(Z) is closed in Y. We say that f is universally closed if for all
morphisms Y’ — Y, the pullback of f is closed.

X —X
I ]
Y —Y
Example: A}C — Speck is closed, but not universally closed. Take Y’ =
Al so X' = AZ and f’is a projection. Then look at Z = {zy = 1}.

Definition. A morphism is proper if it is separated, of finite type, and
universally closed.

Theorem 8.4 (Valuative Criterion for Properness). Let f : X — Y be a
finite type morphism of noetherian schemes, then f is proper if and only if

U := SpecK—_;X

T:= Speé R——Y
Proof. in the works. U

LECTURE 9

A question from last time: If f : Spec K — X Xy X sends the point to
& € A, then f factors though A as a morphism of schemes.

X k(

L idx ) id
| \)(XyX—>X \k(§)<—k:(:n1)
idx l f Jf id T
k(x1)

X—Y

Since £ € A, there is some x; € X such that A(z1) = & So we get
the diagram on the right, in which every arrow must be an isomorphism

(since all the morphisms are between fields). Now Spec K — X xy X gives
k(&) = k(r1) — K, so f factors through A.

Corollary 9.1 (of the Valuative Criterion for Properness).

(a) Closed immersions are proper (but not open immersions).

(b) Compositions of proper morphisms are proper.

(c) Properness is stable under base extension. i.e. if f : X — Y is
proper, then ' : X xyY' — Y’ is proper.

XXyY/—>X

N

Y —Y
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(d) If f: X =Y and f': X' = Y' are proper S-morphisms, then so is
fxf:XxsX =Y xgY.

(e) If X 7 Y L Z are morphisms and go f is proper and g is separated,
then f is proper.

(f) Properness is local on the base. i.e. f: X — Y is proper if and only
if there is an open cover {U;} of Y such that f~*(U;) — U; is proper
for all 1.

(g) If f : X =Y iis proper, then 50 s freq: Xred — Yrea- If [ is of finite
type, the the converse also holds.

Partial Proof. In each case, we need to check finite-type-ness first. O

Again, this result actually holds without the noetherian assumption.

The Valuative criterion for properness is important, as illustrated by the
following fact.

Let Y be proper over a noetherian scheme S. Let X be a noetherian
regular S-scheme of dimension 1. Assume f is a rational map such that the
diagram

x-Luy

N\

S

commutes. Then f extends (uniquely) to a morphism X — Y.

Proof. We have a dense open U C X and an S-morphism f: U — Y. Since
X \ U is zero dimensional and X is noetherian, X \ U has a finite number
of points.

For x € X \ U, let R = Ox,. Then R is a regular noetherian local ring
of dimension 1. By remark I1.6.11.2A on page 1425, it is entire (an integral
domain), so by theorem 1.6.2A on page 407, it is a DVR. Let K = Frac R.
Let T = Spec R with ¢t = the closed point, and 7 = the generic point. Let
g: T — X be the canonical map. Let £ = ¢g(7) € X, then £ € U since it is
not a closed point of X, so we get the diagram

Spec K =Y

| ’

T = SpeCR —> S
//
X

By the valuative criterion, we get the map h. Then we can extend f by
saying f(x) = h(t).

We may assume S is affine, equal to SpecC. Let SpecB be an open
affine neighborhood of h(t) € Y, and let X’ = Spec A be an open affine

6A regular local ring is a UFD.
"For a noetherian local domain of dimension 1, TFAE: i) is a DVR ii) is integrally
closed iii) is regular iv) max’] ideal is principal.

An important
application of

the
Criterion

Valuative
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neighborhood of z € X. Let p C A correspond to z, then we get the
diagram

<—

=

NS

There is some a ¢ p such that h*(y;) € A, for all i. So replace A with A,.
Then we get a map B — A and still have x € Spec A. From an exercise, we
have that

= C[ylv"'ayr]

Homs(UN X', Spec B) —— #Homc(B,T(UNX',Ox))

T 0 T

Homg(X',Spec B) ——— Home (B, T'(X', Ox1))

So we have some f’ : X’ — Spec B restricting to f. Therefore, f extends
to X. Uniqueness follows from Exercise 11.4.2, which says that if two mor-
phisms from a reduced scheme to a separated scheme agree on a dense open
subset, then they agree everywhere. O

Example 1: The assumption that X is regular is necessary. Take X = {y? =
2?2 + 23} C Ai for k£ an algebraically closed field of characteristic
# 2. Take U = X ~ {(0,0)} and f : U — Pi, (z,y) — [z,y] the
projection from the point (0,0). Then the map cannot extend to the
point (0,0).

Example 2: The assumption dim X = 1 is necessary. Let X = ]P’%, and let
Y be the blow-up of P} at the origin, [0,0,1]. Then there is an
obvious birational equivalence between X and Y, but they are not
isomorphic.

Key Application: (Number Theory) If R is a Dedekind ring and ¥ = SpecR, K =
Frac(R), and if X is proper over Y (i.e. SpecR), then any K-
morphism Spec K — X gives a rational map from Y to X by stuff
from chapter I §4. Thus, we get a unique R-morphism Y — X (i.e.
a section of X — Y'). Therefore, X(K) = X(R).3

Recall that if A is a ring and n € N, then P}, = Proj Az, ..., z,]. If
A — A’ is a homomorphism, then P, = P’} Xgpec 4 Spec A'.

Definition. If Y is an arbitrary scheme, then P{ =P, x Y.

8Notation: For X and Y S-schemes, Y (X) means #oms(X,Y). Also, by X(K) we
mean X (Spec K).
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Definition. A morphism f : X — Y is projective if there is a closed im-
mersion i : X — P{ for some n € N such that the diagram commutes:

X =Py

N

Caution: EGA uses a more general definition.

Note: Neither definition is local on the base. Why not? For an open cover
{U;}, we could have f~1(U;) — P} with n; unbounded. Or, more
to the point, we need an &'(1) on X that works globally.

Example: If S is a graded ring, generated over Sy = A by finitely many elements
of degree 1. Then Proj S — Spec A is projective.

Proof. Let sg,...,s, € S1 beagenerating set. ThenT = Altg, ..., t,] -
S. So we have

closed

Proj S, Proj T = P}

.

Spec A

Lemma 9.2. Let n € N. Then P, is proper over Z.

PTOOf. in the WOI'kS. proof continued in next lecture

LECTURE 10

continued proof. in the works.
end fast forward

It follows that P{. — Y is proper (it is a base extension). So given a i
X—— Py

projective morphism f : X — Y we have that f = w0 is a composition of

proper morphisms, so it is proper. \\f lﬂ
The converse is false. There are proper morphisms (even over Spec k with
k algebraically closed) which are not projective. Y

Lemma 10.1 (Chow’s Lemma, ex I1.4.10). Given a proper morphism f : P£9JeCtlve mor=
X — S, with S noetherian, there is a birational morphism® ¢ : X' — X PRISINS are proper
such that f o g is projective.

Definition. A morphism f : X — Y is quasi-projective if there is an open

immersion 7 : X < X’ and a projective morphism X’ — Y such that

f=goi:

open

XC X/C closed ]P);Ev

N

(therefore, X is isomorphic to a subscheme of P} for some n)

9A birational morphism is a morphism which, as a rational map, is birational.
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Definition. A subscheme of a scheme Y is an immersion X — Y. An
immersion is a map that can be written as an open immersion followed by
a closed immersion (or vice versa (exercise)).

Theorem 10.2. If f : X — Y is quasi-projective and Y is noetherian, then
f is separated and of finite type.

Proof. Let X — X’ be an open immersion with X’ projective. Then X —
X' — Y is separated (it is a composition of separated morphisms) and of
finite type (it is a composition of finite type morphisms - Ex 11.3.3¢c; X’
noeth = X noeth = X quasi-compact). O

Near Converse(Nagata): If f : X — Y is separated and of finite type,
then there is an open immersion X < X’ with X’ proper over Y.

Definition. Let k be an algebraically closed field. A wariety over k is
an integral scheme, separated and of finite type over Speck. (i.e. it is a
separated, finite type morphism X — Speck with X integral).

It is projective (resp. quasi-projective) if the morphism is, and it is com-
plete if the morphism is proper.

Note: not everybody uses this definition. Some say X is reduced instead
of integral. Many allow arbitrary & (in which integral may be replaced by
geometrically integrall”).

In this section:
X is a topological space
- U = (Uj)ier is an open cover of X with a well ordered index set I
- % is a sheaf of abelian groups on X
C’p(Z/l, ﬂ) = H g;(Uioilmip)a with Uioi1~~~ip = Uil ﬂUi2ﬂ' . 'ﬂUZ‘p
10<i1 <--<ip
for any p € N
If o € CP(U,.7), we write its components as ay;;...i, € F (Usyiy..i,). For
arbitrary (p + 1)-tuples igiy - - - i, we write

o 0 if the tuple contains a repeat
OélOZlnva (_1)|J|a0(i0)0(i1)"'0(ip) Where U(ZO) < e K J(Zn)
Define d : CP(U, F) — CPTY U, F) by
p+1

(de)igiy-vip = Z(_l)]aiow%j'“ipﬂ ’UiO"'ip+1 :
=0

Observe that the definition is compatible with the convention for arbitrary
i0t1 - - - ip4+1. Also, we have that d? =0.
Thus, we have a complex C" (U, .F)

Definition. The Cech Cohomology of .# with respect to I is
HP(U,.F) = WP (C'U,.F)).

10y is geometrically integral if X Xgpeck k is integral. See exercise 11.3.15
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Example: X,.# as above, with & = {X}. Then CP(U,.F) = 0 for all
p#0and C°U,Z7) =T(X,.F), so

Hﬂwﬁdz{ga¢% P

In particular, Cech Cohomology might not have a long exact sequence. We
will eventually show that if all the Uj,..;, are acyclic for %, then

U, )= H (X, F).

Example: Lets find H(U, 0(1)) where
X =P} = Projk[z,y] for k a field
U ={U,V} with
U = D (x) = Speck[1/t] where t = x/y
V = D.(y) = Speckl]

Then

LU, o(1)) xI(V,0(1))
LU, Oy) xI(V,0v)

= k[1/t] x k[t]

TU NV, 6(1)

runv,ouny)

— kft] = K111

|I2

|I2

What is the map d? Recall that (1) = S(1), so

—_—

OD)|p, @) =SV @ = xk[1/1]

P

O()|p, ) =5V = yklt]

So
DU, 0(1)) = xk[1/t] = k[1/t] 51
I(V,0(1)) = yk[t] = k[t] > 1/\
NUNV,0(1)) = xk[t]; = k[t,1/t] 1/t 1

Then we have H' (U, 0(1)) = C'/im(C° — C'). But

im(I(U, 0(1) =Pkt

n<0

im(I(V,0(1)) — C') = P kt"

n>—1
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so im(C? — C1) is all of O, and therefore H' (U, 0(1)) =
H(U,0(1)) = ker(C° — C1)
=im(IU,0(1)) = T(UNV,0(1)))  (since these maps
Nim((T'(V,0(1)) = T({UNV,0(1))) are one to one)
=P n P k"
n<0 n>—1
=kt ek’ =k =01(X,0(1))
More generally, for all X,.7.U, H (U, F) = T'(X, 7).
Proof.

0 —— HOU, F) — COU, F) —— OV U, F)

M|

0——TX,Z7 —J[Z(U )—>H Z(U; nUj)

The top row is exact, and the bottom row is exact by the sheaf axioms.
Commutativity of the square tells us that ker f = ker g, as desired. O

LECTURE 11

We will show that HP(U,#) ~ HP(X,.Z) whenever U is such that
Fus,...i, 18 acyclic with respect to derived functor cohomology.
Define a sheaf version of C"(U, %) in the following way:

c*U,F) = H f*(y‘Uiomz‘p)
i0<-+<ip
where f has components fi,. i, : Uj,...i;,, = X. Then we have that I'( X, ¢P(U, 7)) =
CPU,.F). Also, define d : €P(U,.F) — €PTH(U,.F) in the obvious way.
Lemma 11.1. For all X,U,.F, the complex ¢ (U,.F) is a resolution of F
Proof. Define € : & — €U, F) =1, f«(Z|u,) by F(V) 3 s — (s|v,nv)i
Then we need to show that the sequence
0= FSeU,F) LU,z % ..

is exact.

First, € is injective because it is injective on .% (V') for all V' (since .Z is

a sheaf). So view .Z as a subsheaf of €°(U,.%). Then exactness at p = 0 is
equivalent to

ker(6°(U, F) — €' U, F)) = F.
But that follows from
ker(6°(U, F)(V) - €' U, F)(V)) = ker(CO(Ulv,ﬁzlv) — C'U|v, F|v))
(
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To show exactness everywhere else, fix x € X and j such that x € Uj.
For each p > 1, define

k:6PU,F)p — €U, F),
in the following way: given a, € €P(U, F),, lift it to €P(U,.F) (V) for some
open neighborhood x € V' C Uj;. Then for any ig < --- < ip_1, let
(KQig.ip—1 = Xjig..ip1-

Then k(ag) = (ka)g. This is well defined (independent of V).

—><€1 —><51L{J)d—>
H / H / H/
id id id
U, 7 —><51 —><51 )d—>

Claim. (kd + dk)(az) = ay for all ay € €P(U,.F ). That is, k is
a homotopy between the identity map on the complex € (U, F) and
the zero map.

Proof of Claim. Compute away:
P

(d(k(02))ig..i, = ) (=1)' (k(a));,. 5,

= -

||M~s I

o
o
\_/
M
b
o
=0
L
=
S
O
|
=

(k(d(az)))ig...ip = )J 0. ip
l+1
= Qig..ip T Z Qi i0.ip.ip | Uig..ip
Now add the two and you get .. i,- Uclaim

Since the identity map on the complex %" (U,.%#) is homotopic to the
identity, the induced maps on homologies are the same, so the homologies
are zero''. That is, the sequence is exact for p > 1, as desired. O

Lemma 11.2. Let X, U, ¥ be as usual. Then there is a map
HPU, F) — HP(X,7)
for all p € N which is natural in F

Proof. Let 0 — % — .#° be an injective resolution of .%#. Then by Lemma
(2.3), there are maps fP? for all p € N such that

00— F —S U, F) = 'U,F) L -

N

0 F——F0 90 7t

1 Another way to say this: if « is a cocycle, then we have that o = (kd+dk)a = d(ka),
so it is a coboundary.
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and the system of maps f° is unique up to homotopy. Eliminating the first
column and taking global sections, we have

0——CU,.7) =, F) 24— -

U
0—T(X, %) —TI(X, I —— -
Taking homologies, we get well defined maps
HP(U,.F) — HP(X,F)

for all p € N.
Finally, we need to show naturality. That is, we need to show that for all
maps .% — ¥, the box

HP(U, F) — HP(X,.F)
HP(U,9) — HP(X,9)

commutes. To see this, let ¢ be an injective resolution of ¢, then observe
that the diagram of complexes

cUu,#)——- 7
|l
cu,9)— ¢

commutes up to homotopy'?. Thus, when we take homologies, we get a
commutative diagram. O

Lemma 11.3. Let X, U, F be as usual. If F is flasque, then
HY(U,F) =0
for allp > 0.
Proof. For all V' C X open and for all p, we have
cPU, F)X) ——CPU,.7)(V)
I I
117 Ui..i,) —— [1F (Us..i, NV)

where the bottom arrow is surjective because it is surjective componentwise.
Thus, the top arrow is surjective. This shows that €P(U,.%) is flasque.
Thus, ¢ (U, F) is a flasque resolution of .%#, so we can use it to compute

121 Qidn’t actually check this.
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derived functor cohomology.
HY(X,7)=h{T(X,¢U,ZF)))
=h(C U, 7))
= HP(U,.F)
But HP(X,.%#) =0 for all p > 0 because .Z is flasque. O

Theorem 11.4 (Exercise 111.4.11). Let X,U,.7 be as usual. Assume that
HZ(U,-O,,,Z-?,,?]UZ.O“%) =0 forallp € N, ig < ---ip, and | > 0. Then the

maps from Lemma (11.2) are isomorphisms:

Proof. We apply induction on p.

HP (U, F) = HP(X,.F).

isomorphic to I'(X, Z.

For p > 0, assume the result up to p — 1. Embed .% into a flasque sheaf

¢, and let Z be the quotient:

0—-% -9 —-%—0

Then we get the exact sequence

If p = 0, then both cohomologies are

0— F(Usy..i,) = 9 Uiy..i,,) = RUig..iy) = H Uiy, Flu, )

That is,

0 by assumption

0-CWU,ZF)—CWUYG) —CUR) —0 (5)

is exact, so we get a long exact sequence in Cech cohomology:

0—HU,7)— HU,9) — H U R) — H U, F) — H'U,9)

———

0 since ¢ flasque

Let 0 = % — & and 0 = #Z — _Z be injective resolutions. Then, as in
Theorem (2.8), we see that /" @ _#" is an injective resolution for ¢. such

that

0 0 0
0 F % X 0
0—— 70 —— 70 x 70 e 0

Cech Cohomology
agrees with De-
rived Functor Co-
homology for the
right U
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commutes. Then we will get a diagram

0——=CUF) — s CUG) — C(UB) — 0

| | |

0—IX, /) —IX, 70 ) —T(X, F)—0
(loose end 1)
such that the rows are exact and it commutes.
Taking long exact sequences, we get

0— H'U,F) — H'U,9) — H'U, %) — H' U, F) —0

| | | l

0 —— HOU, F) — HOU,G) —— HOU, B) — H' (U, F) — 0

So the map on the right must also be an isomorphism (though we still need
to show it is the same as the map obtained in Lemma (11.2) ... this is loose
end 2).

For all p > 1, the long exact sequence obtained from (5) give us that

0 = "YU, 9)—— A\ U, %) —— H (U, F) —— H?(U,9) =
lz induction l
0 = HPYX,9)— HP7Y(X, 9?)—>Hp F)—— HP(X,9) =

To use induction, we need Z to satisfy the hypothesis. That is, we need to
check that Hl(UiO...Z-p,t@|Ui0mip) =0foralll>0,peN,and ip < --- < ip.
To see this, note that we have

0— y‘UiO.A.ip - g‘UiO.A.ip - %‘Uio.uz'p —0
exact, so the long exact sequence in cohomology tells us that

Hl(UiO---ip7g|Ui0.“ip)

— H'(Usy..ip» 0,

iQ---ip

) — Hl+1(Ui0...z‘p,9|U

i0-ip)

0 since ¢ flasque 0 by assumption

Lerr. . — ;
foralll >0, so H (U,O,,,,p,%lyi()mip) = 0, as required.
Now only two loose ends remain. proof continued in next lecture

LECTURE 12

Corollary 12.1 (of unfinished theorem). Let .# be a quasi-coherent sheaf
on a noetherian separated scheme X, and let U be an open affine cover of X.
Then the conclusion of the theorem holds. The maps from Lemma (11.2)
are isomorphisms:

HP (U, F) = HP(X,.F).
Proof. All the U, ;, are affine by exercise 11.4.3, so use Theorem (5.1). O
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Continued proof of 11.4. Loose end 1: we need to construct the commuta-
tive diagram

0o—CU,¥)—CU,Y) ———CU,Z)——0 (6)
0—IX, /) —IX, 70 ) —T(X, F)—0
To do this, we switch to sheaves:
0—C¢CUF)—CUYG)—C (U, %) (not surjective)

1 2 '3

0 I I DI A 0
Note that the sequence of sheaves is not exact on the right. We wish to

construct arrows 1,2, and 3. Assume we have constructed them up to p — 1.
Then we have the commutative diagram

4 (not surjective)

N \\ 1

0o——— (5”( — EP( Z/{ G) ——— EP( L{ R) (not surjective)

\\\

TP gP 0

where the #’s and .#’s are the cokernels of the map from (p — 2)-th to the
(p—1)-th terms in the complexes. Since each complex is exact (Lemma 11.1),
these cokernels inject into the p-th terms. If p = 0, then ¥’ = . #' = 7,
H = M=%, and X" = #" = X%, with the downward morphisms identity
maps. Note that the rows of .#"’s and .#’s are exact (to the degree shown).
The maps from the J#’s to the .#’s are the induced cokernel maps.

To construct arrow 1, note that #”/ maps to .#?, then injectivity of .#P
produces the arrow.

To construct arrow 2, consider the map ¢ : €7 (U, F) & H — €P(U,9)
given by addition of the images of the coordinates. Then

ker p = {(z, —x)|x € €* U, F)N KX}
=6"U, F)NH
= (kery) NH
= ker(¢|¢)
=ker(H — H")=H"

Also, both €P(U,.#) and J# map to P& _#P, so we get a map €U, F)®
H — IP @ _ZP by adding the images, and the kernel of this map contains
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CP(U, F)NAH =X =kerp, so we get an induced map from the image of
pto ISP 7P
0 imep U, 9G)

K
I P JP

Then we get arrow 2 from injectivity of 7 @ #7P.

To construct arrow 3, note that the existence of arrows 1 and 2 imply
that there is a map from the image of ¢ to #P (since ¢! followed by 2
followed by projection is well defined). By injectivity of #7, we get arrow
3.

Taking global sections of the front face of the diagram, we get the diagram
(6) and tie up our loose end (note that we get surjectivity of the top row).

Loose end 2: When we take long exact sequences of the rows in dia-
gram (6), we get induced maps from Cech cohomology to derived functor
cohomology, and we need to know that these maps are the same as those
obtained in Lemma (11.2). In the lemma, we constructed a map of reso-

lutions € (U, .F) EiN &, took global sections, and looked at the induced
maps in homology. The way we tied up loose end 1 makes it clear that the
maps obtained in the theorem are the same. O

Exercise I11.4.4: Let X be a topological space, and let % € Ab(X), then
we will show that
lim H'U, F) — H'(X,.7)
u
is an isomorphism.
(a) Let U = (U;)ier and V = (V}) e be open covers of X. Suppose we're
also given a function A : J — I such that V; C U for all j (that is, V is a
refinement of /). Then for all p, there is an induced map X : HP(U,F) —

HP(V,.7). To see this, define
CPN):CPU,F) — CP(V, F)
a —

where Bj,_j, = @(jo)..A(p)|Vig..s, (With the usual sign convention). As p
varies, these maps commute with the coboundary maps of C"(U,.#) and
C'(V,.F). Thus, we get induced maps NP : HP(U,.F) — HP(V,.F) for each
p. Moreover, given a refinement W = {Wy}rerx of V and p: K — J such
that Wy C V) for all k, the following diagram commutes:

HYU, F) s HY(V,.F)
(oA l”p
4%

So far, AP depends on .
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Lemma. MNP is independent of A, at least for p < 1.
Proof. If p = 0: Let a € C°(U,.7) be a cocycle (i.e. da = 0), so
0= (da)io,h = (@ip — ai1)|Ui0,i1 Vip <1
Then
(@) = 1(@)); = (arg) = augy) =0

so \(a) = u°(a) for any A and pu.
If p=1: Let « € CY(U,.F) be a cocycle, so

(da)jo j1ga = Qy o — Qoja T Aoy = 0 Vio < j1 < jo
Given jo,jl c J, let i = )\(j()),il = )\(]1),2/0 = u(jo),i/l = ,u(jl), then
(M) = 5 (@) jo, 0 = Qig,ir — iy s

= (Qig,iy — aio,i’l) + (aio,i’l - O%,i’l)

= —ay, i+ gt (o a cocycle)

= (dV)jo.jx
where v is defined by v; = —ay),u,;[v;. Thus, A (a) and p'(a) are coho-
mologous. O

More on X = (X xgY) Xyxgy Y, and when fiber products associate.
The following always hold:

(ARs B)®sC =2 A®g (B®sC) (for rings)
A®sB=B®sA

(AxsS)xg B2 AxgB (for base change)
A X8 S=A

Fix a scheme, S. Recall that &Gch(S) is the category of S-schemes,
whose objects are morphism X — S and whose arrows are commuta-
tive diagrams y _yy . An object X € &ch(S) may also be viewed as

Ned
S
the representable contravariant functor #omg(—,X) : &ch(S) — Sets,
S' — Homg(S', X) = X(5). Then an S-morphism f : X — Y corresponds
to a natural transformation of functors, ¢ : X — Y given by ¢(S’) = fo—.
Thus, given S” — S, the diagram

x(5") 25, v (g1

l S0(5«//) J/

x(5") 22 y(sm)

commutes. Conversely, given a natural transformation ¢ : X — Y, you can
define f = p(X)(idx), which is an element of Y (X) = #omg(X,Y). If you
start with f and produce a natural transformation ¢, then one may verify
that (X)(idx) = f. Likewise, one may verify that the natural transforma-
tion associated to ¢(X)(idx) is indeed ¢.

All sections are re-
stricted termwise
to the appropriate
open sets.

A neat trick for
showing schemes
are isomorphic
- a glimpse of
Yoneda’s Lemma

v(X)
5

X(X) Y (X)
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So S-morphisms are the same a natural transformations'®. Now suppose
X,Y € &¢h(S) give isomorphic functors, then the natural isomorphism be-
tween the functors induces an isomorphism of S-schemes. Thus, to show
that the two schemes are isomorphic, it is enough to find a natural trans-
formation between the functors.

One may verify that J#omg(S’, —) behaves as expected'?. For example
(X xz Y)(8) = X(5) x5y Y () = {(z,y) € X() xY(S)|fox =
goyin Z(S")}.

Yy Thus, we may calculate
JA (X x5 Y) xyxsy Y)(S') 2 (X(8") x Y (8) xy(snxvs) Y (S)
Y x S Y

={(a, B,7) € X(5') x Y(8') x Y(S")]
fXIdyT (f(a),B) = (v,7) € Y(S') x Y(S")}
X xeV = X(5) (B=7=flo))
° So (X xgY) Xyxey Y = X.

Begin Fast For- LECTURE 13

ward Some stuff about proof in last lecture. in the works.
More on products: If X,Y, Z, S are S-schemes and X — Z,Y — Z are
S-morphisms, then
(X X2Y) X8 Sl :X/ Xzt Y/
where ' := O xg 5.
Proof. For all S-schemes Y, we have that ¢/(T') = O(T) x S'(T'), so
(X' %2 Y)(T) = {7, B,7) € X(T) x $'(T) x Y(T) x $'(T)|
(a,y) and (B3,7') both lie over the same element of Z(T) x S'(T)}
= {(a,7, 8,7 )|a and 3 lie over the same element of Z(T) x S’(T)}
= (X xz Y)(T) x S"(T)
— (X x7Y) x5 8)(T)

Corollary 13.1. (X xgY) xgS5 =X'xg Y.

We were in the middle of doing Exercise II1.4.4, which states that lim HY(U, F) —
Ch IIT §5: Coho- HP(X,.Z) is an isomorphism. in the works.
mology of Projec- Let A be a Noetherian ring, and let X = P’y for some r € N. Then we
tive space will compute H* (X, &(n)) for all i € N and N € Z. Recall from §IL.5 that
if Y C P, is a closed subscheme and .% is a sheaf on Y, then

7)== PrE. #(n)

ne”L

BThere is nothing special about S-schemes. Objects in any category may be viewed
this way. It is an immediate corollary of Yoneda’s Lemma.

14 5%oms(S’, —) should be the right adjoint to something like — x5 S ... 1 haven’t
verified this.
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where # (n) = F ®g, Oy(n), Oy(n) = Ox(n)|ly =i*Ox(n) wherei:Y —
X.

Theorem 13.2. If % is quasi-coherent, then there is a natural isomorphism

I.(7) =7
(However,~ if M is a graded S-module (where Y = ProjS), then we may not
have T (M) = M. ).

Proof. Let S = Alxo,...,z,] and X =Proj S (=P7). Let # = @, ., O(n).
This is a quasi-coherent &’x-module (though not coherent), and since coho-
mology commutes with arbitratry direct sums (Lemma 4.4),

H'(X,.7) = P H'(X,0x(n)).
nex

in the works.

proof continued in next lecture

LECTURE 14

Proof Continued. in the works. O

This suggests:
Theorem 14.1. The natural pairing

HY(X,0x(n)) x H'(X,0x(—n —r—1)) = H (z,0x(-r — 1)) = A
is a perfect pairing of finitely generated free A-modules for all n.

Proof. in the works. O

more in the works.
We’ve just proved

Theorem 14.2 (II1.5.1). Let A be a noetherian ring, let X = P’y with
r € Z~g and let n € Z. Then

(a) The natural map S, — H°(X,Ox(n)) is an isomorphism. (where
S = A[xo, .. n])

(b) HY(X, ﬁx(n)) =0 for alli # 0,7 and for all n.

(¢c) H'(X,Ox(—r—1) =2 A

(d) HY(X,0x(n))x H" (X, O0x(—n—r—1)) — H" (X, Ox(—r—1))
s a perfect pairing of finitely generated A-modules for all n.

1

A

Theorem 14.3 (II1.5.2, Serre). Let A be a noetherian ring, X a projective
scheme over A, Ox(1) a very ample line sheaf (invertible sheaf) on X over
A and let F be a coherent sheaf on X. Then

(a) H%(X,ff) is a finitely generated A-module for all i, and

(b) H(X,Z#(n)) =0 for alln > 0 (depending on .F ) and for all i > 0.

PT’OOf. in the works. proof continued in next lecture
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LECTURE 15
Proof Continued. in the works. O

Corollary 15.1. For any coherent sheaf F on a projective scheme X,
I'(X,.7) is finitely generated (this generalizes Thm 11.5.19).

Corollary 15.2. Let X be a closed subscheme of P"y = ProjS with S =
Alzg, ..., xzy]. Then S, — I'(X, Ox(n)) is surjective for all n > 0.

Proof. in the works. O

Proposition 15.3 (II1.5.3). Let A be a noetherian ring and let X be a
proper scheme over A. Then a line sheaf £ on X is ample if and only if:

V. € Coh(X), H'(X,Z @ ZL%") =0 Vi>0,Yn>>0 (depending on .F)
(*)
Proof. in the works O

Definition. if X is a scheme over a field £ and % a sheaf on X, then
(X, F) = dimy H{(X, F).

Exercise (II1.5.5) in the works.

LECTURE 16

Let (X, Ox) be a ringed space. We'll be working with the category of
Ox-modules, so Hom means Homg, and J#om means Jomg,. Recall
that Zom(#,9) : U — Homg, (F|v,9|v) is a sheaf (Ex. 11.1.15).

For us, (X, Ox) will be one of

(i) a scheme, or
(ii) X = {point}, Ox = some ring A, so Mod(X) = Mod(A).

Definition. Let (X, Ox) be a ringed space, and let .%# be a sheaf of Ox-
modules. Then
Ext' (%,

are the right derived fuctors of Hom(#,
Ert' (F,

-)
are the right derived functors of #om(.%#,—). (Note that Mod(X) has
enough injectives)

-)
-)

, and

Motivation:

(a) Hom and #om are basic functors, so it makes sense to look at thier
derived functors.

(b) Used in duality.

(c) (Ex. I11.6.1) Ext!(.%#,¥) parameterizes extensions of # by 4. An
extension is a sheaf .#' such that

09— —.F —0.

Lemma 16.1. If . is an injective Ox-module and U C X is open, then
S\u is an injective Oy -module.
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Proof. Say we have a diagram of &y-modules with the top row exact:

0 F <&
I
Then we have
0 nF N
Ex.

]I(]’U) II.1.19 7

where j : U — X is the inclusion and j is as in (Ex. I1.1.19). By injectivity
of ., there is a map ¢ : i¥ — # extending this diagram. Restricting to
U, we have ¢|y : (19)|lu =9 — Ay, as desired. O

Proposition 16.2. For any U C X, &xt'(F,9)|y = Ect'(F|u,9|v) natu-
rally.

Proof. Let 0 — ¢ — #° be an injective resolution of 4. Then, by the
lemma, 0 — ¢|y — |y is an injective resolution of ¥4|y, so

Et'(F,9)|v = h'(Hom(F,9))|v
= h'(Hom(F|u,9|v))
= &rt(Fv,9|v)-

Proposition 16.3 (I11.6.3).

(a) Euti(Ox,9) :{ ’ gz;g

(b) Ext'(0,,9) = H\(X,9) for all i.

Proof. (a) &xt'(Ox,—) are the right derived functors of ##om(Ox, —), which
is the identity functor, which is exact.

(b) Ext’(€0x,—) are the right derived functors of Hom(&x, —), which is
the functor I'(X, —), whose right derived functors are H*(X, —). O

Proposition 16.4 (I11.64). If0 — %' — % — Z" — 0 is a short ezact
sequence of Ox-modules, then we have long exact sequences

0 — Hom(Z",9) — Hom(.#,¥) — Hom(F',94) — Ext'(F",4) — ---
and

0 — Hom(F",4G) — Hom(F,9) — Hom(F',G) — Ext (F",4) — - -

Proof. Let 0 — % — " be an injective resolution. Then by injectivity, we
the exact sequences

0 — Hom(.#", ") — Hom(.#,.7") — Hom(%',.#") — 0.
Applying the Snake Lemma gives the result. Similarly for the second long
exact sequence. O



40 Math 256B Algebraic Geometry Lecture Notes

Lemma 16.5 (I11.6.6). If .7 is an injective Ox-module and £ is locally
free of finite rank, then & @ £ is also injective.

Proof. Recall from Ex I1.5.1 that . = s#om(%, Ox) and
(a) L =% )
(b) Hom(Z,7)= .7 ® < for all sheaves .7
(¢) Hom(¥ ® #,9) = Hom(.Z, #om(ZL,9)) for all #,9. More gen-
erally, it is true that
Hom (.7 ® F2,9) = Hom (%, #Hom(Fe, L))
for all %1, %9,9.
Thus, Hom(—, .# ® %) is equal to Hom(— ® £, .#), which is the composite
of two exact functors, and is therefore exact. O

Note that

—
=

b),(c) . .
Hom(Z ® £,9) = Hom(ZF,9 ®ZL) = Hom(F,9)2 LY

Proposition 16.6. If £ is locally free of finite rank and 7,9 € Mod(X),
then

(a) Ext'(F @ £,9) = Ext'(Z,9 @ ) and

(b) Ext'(F @ L,9) =t (F, 9 @ L) = Ect(F,9) 2 L.

—

Proof. Let 0 — ¥ — £ be an injective resolution. Then (a):
Ext(Z ® £,9) = h'(Hom(F @ £,.7"))
= h'(Hom(Z, 7 @ 2))
= Ext'(#,9 @ %) (F ©.Z injres of 4 @ L)
And for (b), the first isomorphism is “the same”. We also have that
Ert'(F,9 @ L) = h'(Hom(F, I @ L)
= hi(AHom(F, 7)) @ L
= &t (F,9) 2 L
O

Corollary 16.7. We know Ext’ and &xt’ when the first argument is locally
free of finite rank:

Ext'(Z,9) = Ext'(Ox @ £,9)
= Ext!(0x,9 @ .2)
= H(X, 92 .92)
and
Eut'(L,9) = Eut'(Ox,9) 2 &L
{ Y27 ifi=0
0 ifi #0

15why is the second isormophism true?
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Proposition 16.8 (HI.6 5). Suppose we have a locally free resolution of F
(i.e. an exact sequence --- — L — Ly — F — 0, where £ are locally free
of finite rank for all 7). Then for all 9,

Ext'(F,9) = h'(AHom (L, 9)).
Proof. in the works O

Proposition 16.9 (II1.6.8). Let X be a noetherian scheme. Let F# be a
coherent sheaf on X, and let 4 be any sheaf of Ox-modules. Then for all
r€X,andi €N,

Ext'(F,9)y = Extly (F0, %)

Proof. This is a local question, so we may assume that X is affine, say
X = Spec A with A noetherian, and .# = M where M is a finitely generated
A-module. Then ther is a free resolution

=L —>Ly—M—0

giving the locally free resolution L. — .% — 0. So
Ext (F,9), = hi(Hom(L.,9)),

hi(AHom(L.,9),)
W o9
(L
(

(
(

B(((L)e @0y, D))

ht Homg, , (L)zy%))
Extﬁx (F2sYy).

O

Proposition 16.10 (I11.6.9). Let X be a projective scheme over a noether-
ian ring A, let Ox (1) be a very ample line sheaf on X over A; let F and 4
be coherent sheaves on X, and let 1 € N. Then

[(X, &ct'(F,9(n))) = Ext'(F,9(n))
for all n > 0 (depending on i).

Proof. If i = 0, then its true for all .#,¥%,n by definition of J#om, so assume
1> 0.

If % is locally free of finite rank, then we compute that the left hand side
is 0 for all n (Prop 16.3), and the right hand side is zero for n > 0 (Cor 16.7
and Thm 14.3). In general, by Corollary (I1.5.18), there is a short exact
sequence

0—-%—&—F —0
where & is a finite direct sum of twisted structure sheaves. Then for n > 0,

& @ % (n) has no higher cohomology (by Thm 14.3), so Ext!(&,%(n)) =
for all © > 0. g
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LECTURE 17

Definition (An alternative definition). Let B be an A-algebra (A 7, B),
then 2p/4 is the B-module described by generators db for all b € B and
relations

da =0

d(b1 + bz) = dby + dby

d(b1bg) = bydby + badby

for all a € A and b; € B. Equivalently, d is A-linear and satisfies the Leibniz

condition!S.

Proposition 17.1 (I1.8.3A: First Exact Sequence). If A — B — C are ring
homomorphisms, then
Qp/a®@pC — Qcgia — Qoyp — 0
db® c— cdb, dc— dc

is an exact sequence of C-modules.
Proof. Surjectivity is obvious (you are simply imposing more relations). The
kernel of the second map is generated by the “new” relations, {db = 0|b €
B}, which is clearly the image of the first term. O

Example: If B is the polynomial ring A[z;];c;, then Qp/4 is the free B-
module generated by dz; for all i € I'7.

Proof. By the universal property of Qp/4, we get

d
B——8p/a
|
| 3 dr;—1

B

This gives a map 2g/4 — [1; B. The kernel of this map is zero (anything
mapping to zero must be d(something w/ no z’s) = 0. And for any element
of the product, it is easy to construct an inverse image'®. O

Proposition 17.2 (Second Exact Sequence). If A — B — C' is a sequence
of ring homomorphisms with B — C' surjective, and with kernel I, then

I/I2 b—db®1 QB/A ®pC same QC/A 0
—_—————

19
Qp/a/IQp/a

18 an exact sequence of C-modules.

Proof. Since B — C' is surjective, 2g,c = 0, so by the first exact sequence,
the second map is surjective. The first map is well-defined since

d(bi1be) ® 1 = dby ® ba + dbs @ by = 0.
16 trivial. <: da = adl = ad(1- 1) = 2ad1, so da = 0.

17 Anton and Dave say I has to be finite.
18Not if I is infinite.

6I1.8: Differentials
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Now we show exactness in the middle. It is clear that the composition of
the two maps is zero. Conversely, if > ¢;db; = 0, then it is a C-linear
in the works O

Corollary 17.3. IfC = Alx;]ics/a, then Q¢ 4 is the C-module described by
generators dz; and relations df = 0 for all f € a (or for all f in a generating
set for a).

Corollary 17.4 (of the Corollary). If A — B and A — A’ are A-algebras
and B'= B®a A, then
Qprjar ZQpa @ B (=Qpa®a A)
Proof. in the works (for Anton). O
Corollary 17.5. If S is a multiplicative subset of B, then
Qg-15/4 =57 Qp)a.
Proof. Qg-1p/4 has the generators d(s~1b). Then db = d(s - s7hob) =
s~ -ds+s-d(s71b), so
d(s7tb) = s7tdb — s bds

so you don’t really get any new relations (exercise). ]
Sheaves of Differ-
Now we pass to sheaves over schemes. If X is a scheme over Spec A, then gptials

there is a unique sheaf Qx4

LECTURE 18

Last time: If Y = Spec A and X = Py, then there is an exact sequence
0—Qx/y — o(-1)" — ox — 0.
By base change from SpecZ, this is true for arbitrary Y. By Exercise
IL.5.16b, we have that A"t @(—1)"t1 = O(—n — 1) = ALO(—1) @ A"Qx )y

Definition. Let X be a non-singular variety over an algebraically closed
field k. Then the canonical sheaf is wx = A"{Qx/;, where n = dim X.

Soif X =P}, thenwy = &(—n—1). Concretely, say X = Proj k[zo, ..., xy].
Then on Dy (xo) = Speck[ys,...,yn] for yi = xi/z0, Qx/KlD, (2) 18 free
with generators dyi,...,dy,. Thus, wx|p, (s, is free of rank 1, generated
by dyi A -+ A dyp,.

On D, (x,) = Specklro/Tn, ..., Tn_1/Tn], Qx/k|D, (2,) s generated by
d(wo/zn), -, d(Tn-1/Tn), 50 Wx|p, (z,) 18 free, generated by d(zo/xn) A
e ANd(Tp—1 /).

On D4 (z9) N Dy (xy,), this generator is

d(1/yn)ANd(y1/yn) A=+ N d(Yn—1/yn) =
= (—y; 2dyn) A (yitdyr — v 2ndyn) A - A (Y dyn—1 — Y 2yn—1dyn)
=~y "y, Adyr A+ A dyn—1

which has a pole of order n+1 at y,, = 0. So the divisor of d(z¢/xy), ..., d(Tn-1/2y)
is —(n + 1){z,, = 0}, and

L(—(n+1){z, =0}) = O(—n —1).
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ity

dualizing sheaf!
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In our computations on P", we computed H*(P%, €(q)) and came up with
the perfect pairing

Hom(Ox, O(r)) xH"(Piwhat???

Hom(O(—r—n—1),w)

in the works

Theorem 18.1 (II1.7.1). Let k be a field and X =1P}. Then
(a) H"(X,wx) = k
(b) Fiz such an isomorphism. For all # € €oh(X), the pairing
Hom(%,w) x H(X,#) — H"(X,w) = k
is a perfect pairing of finite dimensional vector spaces over k, and
(¢) For alli >0, there is a natural isomorphism
Ext'(Z,w) = H" (X, Z)
which for i = 0 is the isomorphism comming from the pairing (b)
(and isn’t canonical).

Proof. in the works O

Definition. Let X be a proper scheme over a field k, of dimension n. A
dualizing sheaf for X (over k) is a coherent sheaf w$ on X which represents
the contravariant functor

Cob(X) — Mod(k)
given by % — H"(X,Z)". That is,
H™"(X,—) = Hom(—,w%).
Given « : Hom(—,w$) — H™(X,—)', we have
a(w%) : Hom(wk,wg) — HM(X,w% )
idwg( —t

So a gives us a t : H"(X,w$) — k. Conversely, given such a ¢, there is
at most one « inducing it because for all .# and for all ¢ : ¥ — w5, the
diagram

w Hom(w%,w%) — H™(X,w%)
¢T HOm((ﬁM%)J lH"(X@)
7 Hom(Z,ws) 220, mn(X, ZY

commutes. So
a(F)(¢) = [H" (X, F) HY(X,w%) Sk € HYX, 7). (%)
If « exists, then it gives an isomorphism
a(F) : Hom(F,ws) = HY (X, .F)
for all .#, and by (%) it is the map associated with the pairing
Hom(Z,w%) x H*(X,.F) — H"(X,w%) & k

H™(X,$)
—
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and conversely?’

Corollary 18.2. The dualizing sheaf, if it exists, is unique up to unique
isomorphism.

Lemma 18.3. Let k be a field, P = PY, and let X be a closed subscheme
of P of codimension r (i.e. r = infzcx ircodim Z). Then

gxt%(ﬁx,a)p) =0
foralli <.
Proof. in the works O

Note that X doesn’t have to be equidimensional.

LECTURE 19
Recall the lemma from last time: if P = ]P’iv ,and X C P has codimension
r, then &xt'y(Ox,wp) =0 for i < r.
Lemma 19.1. Letk, N, P, X and r be as before, and let w$ = &xtp(Ox,wp).
Then for all Ox-modules F, there is a functorial isomorphism
Hom(.%,w%) = Extp(F#,wp).
Proof. in the works U

Theorem 19.2. Let X be a projective scheme over a field k. Then X has
a dualizing sheaf.

Proof. We may assume X # @. Embed X — PY = P, and let n = dim X,
r = codim pX = N —n. Let w§ = &xt"(Ox,wp). Then for all Ox-modules
Z,

9. 8.

Homy (Z,w%) = Exth(F,wp) = HN"(P,.Z) =~ H'(X,.7)
functorially in .. O
Theorem 19.3 ((part of) Duality). Let X be a non-empty projective scheme
over a field k; let ws be a dualizing sheaf for X, and let n = dim X. Then
for alli € N and . € Coh(X), there are natural maps

0" : Exty (Fwg) — H" (X, F)
which for i = 0 reduces to the isomorphism in the definition of the dualizing

sheaf.

Proof. Pick a projective embedding X C P = ]P’kN . We have a surjection
& — F — 0, where & is a finite direct sum @ &(—q) for ¢ > 0 (Cor
I1.5.18). Then

Ext'(&,wk) = @D Ext’(0 =P H (X wi(g) =0

for all i > 0, so &xt!(—,w%) is coeffacable for i > 0. Also, H""(X,ﬂ)’ are
contravariant d-functors, agreeing with Ext'(—,w$) in degree 0. Thus, but
Theorem III.1.3A, there are maps of delta functors, as desired, and these
are the 0% we seek. O

20what?
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Remark. We didn’t need k to be algebraically closed.

Definition. A non-empty noetherian scheme X is equidimensional (of di-
mension n) if all of its irreducible components have the same dimension

Definition. A scheme X is Cohen-Macaulay if all its local rings are Cohen-
Macaulay.

A finite dimensional local ring (A, m) is Cohen-Macaulay if depthA =
dim A. Here depth of A is the maximal length of a regular sequence in A. A
reqular sequence is a sequence x1,T2,...,ZT, € m such that x; is not a zero
divisor in A/(x1,...,z;—1) for all .

Facts about Cohen-Macaulay rings and schemes:

(1) A regular scheme is Cohen-Macaulay (I1.8.21Aa).
(2) A locally complete intersection inside a regular scheme of finite type
over a field is Cohen-Macaulay.

Proof. Let Y C X be a locally complete intersection with X regular
and of finite type over a field. Let P € Y. After shrinking X, we may
assume Y is globally a complete intersection, cut out by X1, ..., X,.
Thus, Oy p = Ox p/(x1,...,x,). By I1.8.21Ac, z1,...,2, is a regu-
lar sequence in Ox p, so by 11.8.21Ad, Oy p is Cohen-Macaulay.

To apply I1.8.21Ad above, we need to check that

r = dim ﬁX’p — dimﬁy’p.

We always have the inequality >. We may assume that X = Spec A,
and Y = Spec A/I, in which case
dim ﬁ)@p =ht 4P
=dim A — depth 4 P

and

dim Oy p = htA/[P
= dim A/I — depth 4/, P
=dim A/I — dim(A/P) (since .# C P)

LECTURE 20

Last time we showed that if Y is a locally complete intersection in a
regular (or Cohen-Macauley) scheme X, then Y is Cohen-Macaulay.

To find an example of a non-Cohen-Macaulay scheme, we look to contra-
dict facts we know about Cohen-Macaulay rings, like

Theorem 20.1 (Eisenbud Cor 18.10). In a Cohen-Macaulay ring, all asso-
ciated primes are minimal.
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If k is a field and A = k[z,y]/(2?, zy), then is has an embedded point,
so Spec A is not Cohen-Macaulay. To see this directly, let m = (z,y) C A.
Then A, is not Cohen-Macaulay since dim A, = 1, but depth A, = 0 since
all elements of the maximal ideal are zero divisors.

By I1.8.21Ab, if A is a local Cohen-Macaulay ring, then any localization
of A at a prime ideal is also Cohen-Macaulay. Thus, a scheme X is Cohen-
Macaulay if and only if all of its local rings at closed points are Cohen-
Macaulay.

Remark. Let Y be a locally complete intersection in a Cohen-Macaulay
scheme X, and let .# be its ideal sheaf. Assume that Y is equicodimensional
(all irreducible components are of the same codimension, 7). Then .#/.#?
is a locally free sheaf on Y of rank r.

Proof. We may assume Y is globally a complete intersection in X, cut out
by x1,...,z,, and that X is affine, say X = SpecA. Then .# = I for
I =(x1,...,2,). We have that

(A/D)" _’I/I2 , (a1,...,ap) Hzaﬂi

is well defined and onto. We need to show that it is injective.

Suppose not. Then there is a prime P € A such that (kernel)p # 0.
Clearly I C P. Replace A with Ap. Then A is Cohen-Macaulay and local,
and x1,...,z, is a regular sequence. Let (by,...,b,) be a nonzero element
of the kernel in question. We may assume b, ¢ I. Then ) bz; € I%, so
Y biz; =Y cix; with ¢; € I for all i. Then we have that > (b; — ¢;)x; = 0.
Since b, ¢ I = (x1,...,x,), it is non-zero in A/(x1,...,z,—1). Thus, we
have that z, is a zero divisor (or 0) in A/(z1,...,2,—1). Contradiction. O

Theorem 20.2. Let X be a non-empty projective scheme of dimension n
over an algebraically closed field k, and let w be a dualizing sheaf for X
(over k). Then TFAE:
(i) X is equidimensional and Cohen-Macaulay
(i) for all locally free sheaves .F on X, H" 4(X,.Z(—q)) = 0 for all
i >0 and q¢ > 0 (depending on F ).
(iif) the maps 0' : Ext'(#,w%) — H""{(X,.Z)" are isomorphisms for all
i and for all coherent sheaves % .

Proof. in the works U

Corollary 20.3. Let X be an equidimensional Cohen-Macaulay projective
scheme of dimension n over an algebraically closed field k (e.g. a non-
singular variety of dimension n). Let % be a locally free sheaf on X and let
wS be the dualizing sheaf. Then there is a natural isomorphism for all i:

H'(X,7)=H" (X, 7 9w%).
Proof.
H" (X, 7) = BExty (F,0%) = Extl (O, F @wg) = H(X,.7 Qwk).
O
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Remark. In proving Lemmas I11.7.3 and I11.7.4, we only used duality for P,
so the proofs actually give

Theorem 20.4. Let P be an equidimensional Cohen-Macaulay projective
scheme of dimension N over an algebraically closed field k, and let X be a
non-empty closed subscheme of P of dimension n. Then

w = Exty " (Ox,wp)

Definition. Let A be a ring, fi,..., fr € A. Then the Kozul complex of A
is the complex K. = K.(fi,..., fr) defined by K = free A-module of rank
r,and K; := A'K, and d : K, — K,_1 is given by

p
eil/\---/\e,-pHZ(—l)]_lf,-jeil/\---/\éij/\---/\e,-p
j=1

for all i1 < --- < ip, where {e1,...,e,} is the standard basis for A”. Note
that d?> = 0. If M is an A-module, then se define

K(fi,...vfe,M) =K (f1,...,fr) ®a M.

LECTURE 21
Recall the previous definition.
Proposition 21.1. If fi,..., fr is a reqular sequence for an A-module M,
e [(Froeo O if
_ M/(fi, )M ifi=0
hz(K(flaafﬁM))_{ 0 ZfZ>0
(1 = 0 is trivial ... you don’t even need the regular sequence.) Thus, if M
is free, the Kozul complex is a free resolution of M/(f1,..., fr)M.

Theorem 21.2. Let X be a locally complete intersection closed subscheme
of P = IP’{CV, with ideal sheaf % . Then

Wk =wp @ N (F /I
In particular, the dualizing sheaf is a line sheaf on X.
Proof. in the works O
Remark. This works for any field.

Next: Compare w% with wx when X is a non-singular variety.
We prove half of a theorem from chapter II:

Theorem 21.3 (I1.8.17). Let X be a non-singular variety over an alge-
braically closed field k. Let' Y C X be an irreducible closed subscheme, and
let .7 be its sheaf of ideals. Then Y is non-singular if and only if

(1) Qx/y is locally free, and
(2) the second exact sequence is a short exact sequence
0— 59?2 — Qx/p ® Oy — QY/k — 0.

In this case, % |.%? is locally free (on'Y ) of rank r = codimY and Y is a
locally complete intersection in X.

Half Proof. in the works O
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LECTURE 22
Corollary 22.1 (Adunction formula). In this situation,
wy 2wy @ A(I ) Iy

Proof. By Exercise I11.5.16d, A"(2x/, ® A"(F/F?). The left hand side is
(N"Qx/p) ® Oy = wx ® Oy. Here n = dimX and ¢ = dimY. Also,
Ny, = wy, s0

Wy Zwx @ Oy QN (I ]IV = wx @ N'(F | I?).

O
Corollary 22.2. If X is a non-singular projective variety, the wg = wx.
Proof. Embed X into P = ]P’kN and let .# be the sheaf of ideals. Then
Wk Zwp N (I I?) = wy.
O

Corollary 22.3. If Y C X are non-singular varieties over an algebraically
closed field k, and .Z is the ideal sheaf of Y, with r = codimY then

Wy 2wk @A(I L.

Proof. w§ = wy, wy = wy. Actually, if X is a non-singular projective
variety over k (k = k for now) and Y is a locally complete intersection
closed subvariety with ideal sheaf .#. Then wy = wy ® A"(#/.#2). Same
proof as before. O

in the works

LECTURE 23

Homework comments:

1st problem: Ampleness. Given a coherent sheaf .% on a Noetherian
scheme X, Supp % is defined as a set, and is closed. Then % can be
viewed as a sheaf on Y, but it is not a sheaf of &y modules (therefore not
coherent).

Example: X = SpecZ, .% = Z/4Z. Then Y = Supp # = {2}, but .7 is
not a sheaf of Oy modules if we take Y = SpecZ/27Z (since Z/4Z is not a
module over Fy. We have to take a different subscheme structure on Oy to
get this to work out, and Vojta claims that this can always be done. See his
solution to (III ex.4.2).

Lemma (III 2.10) is better than (III ex.4.1).

With induction proof in part (d), need to be sure that the reduction to
X,Y integral is ”inside” the induction. Why? Because a proper closed sub-
scheme of an irreducible scheme might not be irreducible (you know, take
two points).
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The proof of (¢) was indeed similar to (b), so instead of just saying that,
the proper thing to do is to generalize!!!

Lemma 23.1. Let ¢ be a coherent sheaf of ideals on X and F a co-
herent sheaf on X. LetY be the closed subscheme corresponding to #. If
H{(X,IF)=0and H(Y, |5 .F) =0 (actually, the correspondinig sheaf
on'Y for some i, then H(X,.7) = 0.

Then phrase (b) and (c) in terms of the appropriate coherent ideal sheaves.

2nd problem: If I is an injective A-module,then Iis injective in Zco, but
not necessarily in .Zod(X).

Generally, if % is a full abelian subcategory of 2, and if X € % is injective
in 2, then it is injective also in ¥. But not necessairly conversely.

Back to III.S8.

Theorem 23.2. Let f : X — Y be a projective morphism of Noetherian
schemes, let O(1) be a very ample sheaf on X over Y, and let F be a
coherent sheaf on X. Then

(a) The natural map f* f.F (n) — F is surjective for n >> 0.
(b) R'f.7 is coherent for every i.
(¢) R"'f.%(n) =0 fori>0 and n >> 0.

Proof. The question is local on Y - as Y is quasi compact (it is Noetherian!)
we can find an n for each part of a finite affine cover, and then take the
largest n - and we can assume that Y is affine, say Y = Spec A.

(a) By (IIT 8.5), R'f,.Z(n) = f.#(n) = H(X,#(n))* = M¥. Then
for any open affine Spec B in X, we have by (II prop.5.2) that f*f,.#(n) =

M ®p Bon X.
So our map f*f..#(n) — Z(n) is defined (at the global section level) by
M®aB M 2 T'(Spec B, Z(n))

m & b—— mb.

By prop (IT 5.17), for large enough n the sheaf is generated by global
sections, so the map is surjective at the stalk level, and thus surjective.

(b) By (IT18.5), Rif,.# (n) = H'(X,.Z(n))" is coherent because H'(X, .7 (n))
is finitely generated (III 5.2(a))for all ¢ and n.

(c) By (IIT 5.2(b)), Rif..Z(n) = HY(X,.Z(n))* =0 for i > 0 and large

enough n. O
6I11.9: Flat Mor-

phisms Definition. Let M be an A-module. We say that M is flat (over A) if the
functor M ® 4 — is exact, i.e.

0N —-N-N"—0
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exact implies
0> MuN - MUN-—->Mxx4N" -0
exact.

Also, M is faithfully flat if the converse of the above is also true.
Examples:
e A free module is flat,a nd is faithfully flat iff it’s non-zero. In par-
ticular, if A is a field, then everything is flat.
e 7/nZ is not flat over Z. Indeed, let p|n and tensor

0-Z—-PZ—Z/pZ—0
with Z/nZ to get
Z/nZ —P Z/nZ —7? — 0

Example: S~!A4 is flat over A for any multiplicative system S (i.e. "local-
ization is exact’).
Properties of Flatness

Theorem 23.3. Let B be an A-algebra, and let M, N be A and B modules,
resp. Then
(a) M is flat over A iff the map M ®4 a — M is injective for every
finitely ideal a A.
(b) If M is flat over A, then M ®, B is flat over B.
(¢) Transitivity: if N is flat over B and B is flat over A, thhen N is
flat over A.
(d) M is flat over A iff M, is flat over A, for all p € Spec A
(e) Let 0 > M' — M — M" — 0 be an ezxact seq of A modules. Then
M' and M" flat imply M flat. M and M" flat imply M’ flat.
(f) If M if a finitely generated module over a Noetherian local ring A,
then M is flat iff its free.

Proof. (a) "M ®4 —” is a right exact functor, and .Zod(X) has enough
projectives (in fact, every module has a free resolution). The right derived
functors of M ® 4 — are called Tor{ (M, —). It is known that M is flat over
A iff Tor (M, N) = 0 for all i > 0 and N, iff Tor{!(M,a) = 0 for all i > 0
and finitely generated ideals a of A.

(b,c) (M flat over A = M ® 4B flat over B)<= N@p(M®aB)) 2 N®aM.

(d) True because Tor commutes with localization.

(e) Comes from the left exact sequence in Tor:

-+ —— Tor{!(M’, N) — Tor{"(M, N) — Tor{'(M", N) ——

— M QIN———MROIN ——M"@ N——0

We see that if Tor/(M’, N) = Tor(M”,N) = 0 (i.e. M’ and M" are
flat), then Tor (M, N) = 0 and M is flat too (similarly if M and M" are
flat, M’ is also).

(f) O
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Definition. Let f : X — Y be a morphism of schemes and let .# be a sheaf
of Ox-modules. For z € X, we say that % is flat over Y at z if %, is a flat
Oy, §(z) module (via the map 7 Oy.f(z) — Oxz. We say that .7 is flat
over Y if it is flat over Y at x for all x € X.

We say that X is flat over Y if Ox is flat over Y. We say that f is flat if
X is flat over Y.

Proposition 23.4. (a) An open immersion is flat.

(b) Flatness is preserved under base change.

(¢c) Composition of flat morphisms is flat.

(d) A morphism f: X — Y s flat iff for all open affines, Spec A CY
and for all Spec B C f~1(Spec A), B is flat over A (i.e. flatness is
local).

(e) If X is noetherian and F is coherent, then % is flat over X iff it is
locally free.

Proof. (a) The stalks are the same.

(b)-(e) follow from the algebraic properties above.

Also, flatness is local on the base (because its local upstairs). If f : X — Y
and f': X’ — Y’ are flat morphisms over S, then the product is flat. Indeed,
see Vojta’s solution of IT ex.4.8 - (a) is not needed for (d). O

Examples:

e Closed immersion are generall not flat: SpecZ/pZ — Spec Z is not
flat. Indeed, by (d) above, it is flat iff Z/pZ is flat over Z.

e Blowing ups are generally not flat. I'm not going to try to tex this.
Just look at the simplest blow up possible.

LECTURE 24

Addendum: why part (b) of flatness lemma is true - (M flat over A =
M ®4 B flat over B)<= N @p (M ®4 B)) 2 N ®4 M.
Cohomology commutes with flat base change:

Proposition 24.1. Let

X ——X
|
y' —2L 5y
Be a cartesian square of noetherian schemes, with f separated and of finite

type, and u flat. Also, let F be a quasi-coherent sheaf on X. Then there is
a natural isomorphism (as sheaves on'Y')

wR' f.(F) = Rlg,(v*F)

Proof. By locality and naturalness, we may assume Y and Y are affine, say
Y = Spec A and Y’ = Spec A’. Then

R'f.(F)=H(X,Z)"
WR U (F) = (H (X, Z)) @4 A= (H(X,F) @4 A)Y
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R'g.(v*'F) = H(X' ,v*.F)v’
So we need a natural isomorphism
HY(X,F)®a A = H(X' v'F)
Use Cech cohomology: let U be an open affine cover of X. Say U =
(Ui)ier with U; = SpecB;. Then let U = v™'U = U = (v (U}))ier =
(Spec B; ® 4 A');cr. This is an open affine cover of X’.
Then we have

HY (X, F)@4A Zh(C (U, F))@4A =Zf1amess W (€ (U, F)24A") = K(€ (U V' F)) = H(X',v* F)
O

Flat Families We want to exclude things like blow ups, where the di-
mension of fibres is not constant. For flat morphisms, this cannot happen.

Proposition 24.2. Let f : X — Y be a flat morphism of schemes of finite
type over a field k. Let v € X, let y = f(x), and let X, be the fibre of f
over y. Then dim, X, = dim,X - dim,Y, where dim,; X = dimOx ,

Proof. Step 1: Reduce to the situation where Y is affine and there is a
unique closed point, and y is that point. (say a local ring). Let Y' =
Spec Oy, and let X’ = X Xy Y’. Then X, is unchanged, and so are all the
local rings involved. (Now X and Y are covered by open affines which are
localizations of k-algebras of finite type.

Step 2: Reduce to Y reduced. Base change to Y;eq. All of the local rings
are replaced by quotients by ideals contained in the nilradical. So essentially,
nothing is changed.

Step 3: The rest. Prove by induction on dim Y. Note that dim Y =
dim,Y".

Base case: If dim Y = 0, then Y has a unique minimal prime, which
is also maximal. Thus Y is spec of an artin ring (it has a unique maximal
ideal, which is also minimal), and since Y is reduced (this excludes products
of fields), Y = Spec E for some field £. But then X, = X, so we're done.

Inductive Step: If dim Y > 0, then the maximal ideal of 0y, contains
a non-zero element ¢, which is not a zero divisor. (Later). Thus,

0— Oyy —' Oyy
is exact. By flatness(?),
0— Ox, =" Ox,

is exact. Let Y/ = Spec Oy, /(t). By the Hauptidealsatz and the fact that
Oy, is catenary (7)
dim ,Y' =dim ,Y — 1
Let X' = X xy Y'. Then Oy , = Ox ,(f*t). By flatness, f#t is not a zero
divisor (or 0), so dim X’ = dim , X — 1.
Finally, X?’J = X, since t € m,. So we're done by induction. O
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Corollary 24.3. Let f: X — Y be as in the statement of the proposition.
Assume also that Y is irreducible. The the conditions

(i) X is equidimensional of dimension dimY +n
(i) Xy is equidimensional of dimension n for ally € Y (closed or not).

are equivalent.

Proof. (i) — (ii). Pick y € Y, let Z be an irreducible component of X, and
let x € Z be a closed point not lying in any other irreducible component.
By the proposition,

dim,Z = dimZ = dim, X, = dim,; X — dim,Y
Also,
dim, X = dimX — dim{z}
and likewise
dim,Y = dimY — dim{y}.

But now, since z is a closed point of X, k(x) is a finite (and therefore
algebraic) extension of k(y). Thus,

dim{z} = tr. deg(k(x)/k) = tr. deg(k(y)/k) = dim{y}
Therefore the right hand side is dimX — dimY’, which by (i) is n = dimZ.

(i7) — (i): Let Z be an irreducible component of X, let x € Z be a
closed point not lying in any other irreducible component, and let y = f(z).
Then y is a closed point of Y, because k C k(y) C k(z) (which are algebraic
extensions). By the proposition (and assumption (ii)),

n = dim, X, = dim,; X — dim,Y = dim,Z — dimY

Associated Primes: Assume Noetherian throughout.

Definition. Let A be a ring. An associated prime of A is a prime ideal
equal to the annihilator of some element of A. Not every element of A has
its annihilator equal to some prime. You can even do this more generally
for modules, just take associated primes to be the annihilators of elements
of M.

Theorem 24.4. (Eisennbud Thm 3.1): Let A be a noetherian ring. Then

(a) it has only finitely many associated primes
(b) the union of the associated primes is the set of zero divisors of

A(u{o})

Remark. All minimal primes of A are also associated primes. And these
associated primes localize nicely: If S is a multiplicative subset of A, then a
prime of ST1A is an associated prime iff the corrsponding prime of A is an
associated prime. In other words:

Ass(S7TA)“ =7 (AssA) USpecS™tA
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Definition. Let X be a (locally noetherian) scheme. Then an associated
point of X is a point € X such that the maximal ideal of Ox, is an
associated prime of Ox .

If A is noetherian, then the set of associated points of Spec A corresponds
to the set of associated primes of A (by this comment about localization).

Can almost fill in the ‘later’ above, but need one more thing. Okay, sev-
eral more things.

Proposition 24.5. Primary Decomposition: If A is a noetherian rind,
then we can write (0) = q, N --- N g, where the q; are primary ideals (this
is more natural using Eisenbud’s definition, which we don’t know offhand ).
A primary ideal satisfies (for xy € qi,x &€ q; = y™ € q; for some n).

Remark. Note that if q is primary, then \/q is prime. If g, N --- N g, = (0)
is a minimal primary decomposition (r minimal), then ,/g; are distinct and
are exactly the set of associated primes of A.

Primary decompositions localize well:

Definition. An embedded prime in a noetherian ring A is a non-minimal
associated prime. An embedded point in a noetherian scheme is an asso-
ciated point that is not the generic point of an irrreducible component.

Proposition 24.6. A reduced noetherian scheme X has no embedded points.

Proof. This is a local question, so we may assume that X = Spec A is affine
(where by assumption A is reduced).

Then 0 = nil(A) = intersection of the minimal primes of A. In fact it
is the intersection of all primes of A, but if a prime is not minimal its not
needed in the intersection. This gives a primary decomposition of 0 in A.
So all associated primes are minimal. O

The union of the minimal primes in not the maximal ideal because its of
dimension greater than one, and by prime something, if you have the maxi-
mal ideal, and you have some primes that are strictly contained in that, then
their union is not the whole maximal ideal because, its an exercise. But its
basically prime something... “later”...

Actually, a little more is true:

Remark. (Eisenbud Ex. 11.10) A noetherian ring is reduced iff it has no
embedded primes and its localization at each minimal prime is a field.
Intuition: Non-zero nilpotents in a ring A correspond to ’fuzz’ in Spec A.
'Fuzz’ on a dense open subset of an irreducible component occurs iff the
localization at the corresponding minimal prime is not a field. Embedded
points correspond to fuzz nt spread over an irreducible component. Ex.

Spec k[z, y]/(zy, y?)
This embedded stuff might be useful for the homework...
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You’d like to represent a number theory problem as a problem over SpecZ
or spec of a ring of integers in a number field.

Proposition 24.7. Let f : X — 'Y be a morphism of schemes. Assume that
Y is integral and reqular of dim 1. Then f is flat iff all associated points of
X lie over the generic point of Y.

Proof. “=” Let x € X be a point lying over a closed point y € Y. We
want to show that x is not an associated point. Then Oy, is a discrete
valuation ring, so its maximal ideal contains a nonzero element ¢, which is
a nonzerodivisor since Y is integral. By flatness, f#t is not a zero divisor
in Ox 4, so = is not an associated point of X.

Because if it was that would mean that the mazximal ideal would be an
associated prime. Multiplication by t is injective in Oy, so it is in Ox
too.

Remark: We didn’t need Y to be regqular, or even dimension 1. We just
needed Y to be integral of dimension greater than zero. O

LECTURE 25

[[The last proposition of the last lecture was missing some hypothesis -
like noetherian.]

Proposition 25.1. Let f : X — Y be a morphism of noetherian schemes.
Assume that Y s integral and reqular of dim 1. Then f is flat iff all asso-
ciated points of X lie over the generic point of Y.

In particular, if X is reduced, then f is flat iff all irreducible components
of X dominate Y

Proof. ‘=" last time.

‘" Let x € X, and let y = f(x). We need to show that the local rings
are flat, i.e. 0, x is flat over 0 y.
Claim. A module M over a PID R is flat iff it is torsion free.

Proof ‘=’ Suppose M has torsion, say t = 0 with x € R, m € M, both
# 0. Then M is not flat because multiplication by z is an injection from R
to R (since R is a domain and x is non-zero, but it aquires a kernel after
tensoring wiht M.

‘=’ We need to show that a @ M — M is injective for all ideals a [[which
are all finitely generated since A is a PID]]. We may assume a # (0). Then
a = (z) for some x € R, and so a ® M = M, and the map is multiplication
by x on M. That’s injective because M is torsion free. O

Case 1. If y is the generic point then Oy, is a field so there’s nothing to
show.
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Case 2. here, y is a closed point. Then Oy, is a d.v.r. Suppose Ox ; is
not flat over Oy,. Then it has torsion: there exists some nonzero t € Oy,
s.t. multiplication by f#t is not injective in & X,z Then f #t is a zero divisor,
so it lies in some associated prime p of Ox ;. This gives an associated point
2’ € X. But f(2') = y since [[as there are only 2 prime ideals in a PID]]
p N Oy, contains t # 0. Therefore p N Oy, # (0), so f(z') # the generic
point, contradicting our assumption that all associated points lie over the
generic point.

Example. Q is flat over Z, therefore it is torsion free. But it’s not free.
O

Hard Work - Scheme Theoretic Closure, Schematic Denseness,
and Associated Points.

Recall (IT ex.3.11(d)): Let f: Z — X be a morphism with Z noetherian.
Then there exists a unique closed subscheme Y of X such that f factors
through Y, and such that if f factors through any other closed subscheme
Y’, then Y C Y’ schematically (# D .#’). This is the closed scheme
theoretic image of f.

Definition. Let i : Z — X be a subscheme of a noetherian scheme X. Then
the scheme theoretic closure of Z is the closed scheme-theoretic image
of 7.

Definition. Z is scheme-theoretically dense if its scheme-theoretic clo-
sure is all of X (as a scheme). An open set is scheme theoretically dense if
the corresponding open subscheme is.

Example X = Speck(z,y]/(2?,xy) (i.e. the y-axis with an embedded
point at (0,0)). Let U = X — {(0,0)}. Let A = k[z,y]/(2?,7y). Then
U = SpecA,. But A, = (k[z,y]/(x))y, = k[y],. Since U is reduced, its
scheme theoretic closure is X,oq = Spec k[y|, so U is not schematically dense.
(Note that U is dense set-theoretically). (You can compute the scheme-
theroetic closure of Spec B — Spec A by finding ker(A — B)).

Proposition 25.2. An open subset of a noetherian scheme is chematicallly
dense iff it contains all of the associated points.

Proof. This is a local question, so we may assume X = Spec A is affine. Let
U be an open subscheme [[equivalently an open subset]]. Lets let q;N---Ngqy,
be a minimal primary decomposition of (0) in A. [[This is where we use the
fact that A is noetherian.]] Let p; = /s, so p1,--- ,p, are the associated
primes of A.

‘<=’. Say U contains p1,- -+ ,pn, and let a be the ideal associated to the
schematic closure U of U. Since p; € U, and U C U, we have (A/a),, /o =
Ay,. Therefore, for any f € a, f = 0in Ay,, so Ann(f) meets A/p;. By prime
avoidance [an actual term in Eisenbud’s book, or just by general messing
around], there is some x € Ann(f) such that x € p; N --- N p,. Therefore z
is not a zero divisor (and z # 0), so f = 0. Therefore a = (0), so U = X



58 Math 256B Algebraic Geometry Lecture Notes

and therefore U is schematically dense.

‘=" Suppose its false. Then U is schematically dense but without loss of
generality p, &€ U. We may assume {i : p; 2 p,} = {1,--- ,r}; r < n. Let
a=gq;N---Ngy. By minimality, a # (0). So it will suffice to show that
U C Spec(A/a).

Let p € U. Since p, € U, p, /4 p [make this arrow squiggly], so p,, Z p.
Therefore p  p;, for all ¢ > r. Let S = A/p; then S meets p; for all i > r,
so S71q; = (1) for all i > r. Therefore (0) = N, S7lq; = Ny S 1qi =
S~la, so S~'a = (0). Therefore p € Spec(A/a). (f € a = Ann(f) meets
S = f € p primeness). also (A/a),/q = Ay, since LHS = Ap/a/p = A,/(0).
So U C Spec(A/a) as schemes [[here he drew a big frowny face with x’ed
out eyes]|. O

Proposition 25.3. Lelt Y be an integral, reqular, moetherian scheme of
dimension 1, let P € Y be a closed point, and let X C IP”;,/P be a closed sub-

scheme which is ﬂaﬂwer y/P. Then there exists a unique closed sobscheme
X of Py such that X OIP’?,/P = X and X is flat over Y.

Proof. Existence Let X be the schematic closure of X in Py. We didn’t
add any associated points, so its still flat.

Uniqueness. Suppose X' also saatisfies the condition. We have to
have X' Coubschemes X (by definition of schematic closure). since X is not
schematically dense in X', X’ contains some associated point not in X.
Then that point lies over P (because where else could it lie), contradicting
flatness. O

[[We didn’t really need the fact that we were in P{,. We just wanted to
be concrete, and in applications we only use P{.. In practice you could use
any noetherian scheme in place of P{..]]

The last application has to do with bases of arbitrary dimension.

Theorem 25.4. Let T' be an integral noetherian scheme, and let X C P,
be a closed subscheme. Then for each point t € T (closed or not), lets let
P, € Qz] be the Hilbert polynomial of the fiber Xy = X xp k(t) (which is
a closed subscheme of PZ(t) - calculate the Hilbert polynomial by calculating

dimensions of things over k(t)).
Then X is flat over T iff P; is independent of t.

Proof. Recall the definition of Hilbert Polynomial: P; is characterized by
Py(m) = dimyy H°(Xy, 0(m)) for all m > 0. Also, k(t) is not necessarily
closed, but by a flat base change, we can pass to the algebraic closure.

We will prove this theorem by first generalizing it: More generally let .7
be a coherent sheaf on X. Then we can write .%; = Z|x, = i*.%, where
i : Xy — X is the inclusion map. So we have a Hilbert polynomial of .%;”

Py(m) = KO(Xy, Zi(m)), m > 0.

So we may assume X = P (let .# = 04 x [[literally waved hands and said
‘usual trick’]]).
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Also, we may assume T = Spec A, with A a local noetherian ring.

So the situation is T' = Spec A as above, X = P, and .¥ is coherent on
X. [[Now we prove some claims]].

Claim 1. .7 is flat over T iff H*(X,.Z(m)) if a free A module (of finite
rank - this part always holds) for m > 0.

Proof. ‘=’. Let % be the standard open affine cover of P [[ofthand
I can’t think of why it has to be the standard one, but why not?]]. Then
H' U, F(m)) = H(X,F(m)) = 0 for all m > 0 So the sequence (imagine
the kernels and cokernels)

0 — HYX, Z(m)) — C°(U, F(m)) — C' U, F(m)) — - — C" U, F(m)) — C"(U,F(m)) — 0

(no verb either).

All the CY(U,.F(m)) are flat over A. [[Twisting by m doesn’t affect
flatness - you can check it locally, and it is unaffected locally. So then
you have a short exact sequence on the right where everything is flat, and
working your way back all the kernels and cokernels are flat too.]| Splitting
this into short exact sequences, you get that 7 is flat over A for all ¢, so
HY(X,.%(m)) is flat over A by (III 9.1A(e)). Also, H*(X,.#(m)) is finitely
generated, so by (III 9.1A(f)), its free (of finite rank).

O

LECTURE 26

We were showing: A projective morphism is flat if and only if the Hilbert
polynomial is independent of y € Y.

The Setup: T" = Spec A, where A is local noetherian domain. X = P,
and .% is a coherent sheaf on X. It will suffice to show that TFAE:

(i) Z is flasque over T.
(i) H°(X,.#(m)) if a free A-module (of finite rank) for all m > 0.
(iii) The Hilbert polynomial, P; of .%; on X; is independent of t € T'.

We have already shown that (i)= (ii)
(ii)= (i): Choose mq such that H°(X,.%(m)) is free for all m > mg. Let

M =D, >m, HO(X,.Z(m)). Then M = T(F ) m>my, 50 M = D F) imsmy =
F. Since M is free, it’s flat over A, so .# is flat over A (on open affines it’s

~ of localizations of M).

Lemma 26.1. Let T, A, X as above, and let & be coherent on X. Then
HY( Xy, Fi(m)) =2 HO(x, F(m)) @4 k(t) for allt € T and m > 0.

Proof. We may assume that ¢ is the closed point of T (replace T with T" :=
Spec O and note that 7" is flat over T, then LHS unaffected by base change
and RHS is tensored with A’ := ;). Given a finite generating set for the
maximal ideal of A, we have an exact sequence

A" - A— k() —0 (%)
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so we can get the exact sequence “(x) ® 4 F”:
F" - F — F — 0.
Therefore,

HO(X, F (m)") —— HO(X, F (m)) —— H'(X;, Fy(m)) ——0

Jz I 30

HY(X, Z(m))" — HY(X,Z(m)) — H(X, Z(m)) ®4 k(t) — 0

The top row is exact by some homework exercise for m > 0, and the bottom
row is exact for all m because it is (*) ®4 H(X,.%# (m)) (and tensor is right
exact). And the diagram commutes. Therefore, you get the isomorphism
on the right. O

(ii)=(iii): The Lemma implies that the rank of H°(X,.% (m)) is dimy,y) HY(X—
t, Z#i(m)) for all t € T and m >; 0. The RHS is P;(m) for all m > 0, and
the LHS is independent of ¢.
(iii)=-(ii): Recall I1.8.9: A finitely generated module over A (as above) is
free if and only if M ®4 K and M ®4 k have the same dimensions over
the fraction field K and the residue field k, respectively. In our case,
H°(X,.7(m)) free is implied by dimy(,y HY(X,.Z (m)@ak(7)) = dimy) HO(X,.Z(m))®4
k(t) where 7 and ¢ are the generic and special points of T', respectively. By
the Lemma, the LHS is P(m) for m > 0, and the RHS is P;(m) for m > 0.
So we’re done.

Remark. To prove flatness, it’s enough to compare Hilbert polynomials at
closed and generic points.

Corollary 26.2. Let T be a connected noetherian scheme, and let X be
a closed subscheme of P7., flat over T'. Then the degree, dimension, and
arithmetic genus of Xy is independent of t € T.

Proof. By base change to an irreducible component of 7' (with reduced in-
duced subscheme structure), we may assume that 7" is integral. Then use
the fact that the Hilbert polynomial is independent of ¢ € T (all of these
things are determined by the Hilbert polynomial). O

Exercise I11.9.1: Let f : X — Y be a flat morphism of finite type of
noetherian schemes. Then f is an open®' morphism.

Proof. Let U C X be open. Then f(U) C Y is constructable (Ex. I11.3.19),
meaning that it is a closed set minus a constructable set of lower dimension.
By Ex. I1.3.18c, it will suffice to show that f(U) is stable under generization.
That is, if y € f(U) and n € Y such that n ~ y, then n € f(U). To see
this, let Spec A C Y be an open affine neighborhood of y (thus, n € Spec A).
Let x € f~'(y), and let Spec B be an open affine neighborhood of z in

2For all open U C X, f(U) CY is open.
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UnN f~'(SpecA). Then B is flat over A. Let p,p’,q be prime ideals of
A, A, B (resp.) corresponding to y,n,x (resp.)
q9C B
‘ ‘ﬂat
ppcpcAa

There is a prime q’ of B lying over p’ such that ¢ C q. let £ € U C X be
the corresponding point. Then n = f(§) C f(U), as was to be shown. O

Exercise 111.9.4: Let f : X — Y be a morphism of finite type of noetherian
schemes. Then {x € X|f flat at x} C X is open.

This is a relative version of non-singularity (almost). For this section, k
is any field (not necessarily algebraically closed), and all schemes considered
will be assumed to be of finite type over k (or locally of finite type).

Definition. Let f : X — Y be a morphism of schemes over k (as above),
then f is smooth of relative dimension n if

(1) f is flat

(2) if X" and Y’ are irreducible components of X and Y (resp.) such
that f(X') CY’, then dim X’ = dim Y’ + n.

(3) for all z € X (closed or not), dimy,(,)(Qx/y @ k(x)) = n.

Remark.
(i) By (1) and Cor II1.9.6, (2) is equivalent to
(2’) for all y € Y (closed or not), X, is equidimensional of dimen-
sion n.
Also, (3) is equivalent to
(37) for all z € X, dimy(,)(x, /k(y) ® k(x)) = n where y = f(z).
Qx,/k(y) 1s really Qx/y pulled back to X,.
So (2) and (3) just concern the fibers X,.
(ii) Smoothness of relative dimension n is local on X (therefore local on
the base) in the sense that f : X — Y is smooth of relative dimension
n if and only if there exists an open cover (U;);er of X such that
fu, is smooth of relative dimension n for all i. So we can define
f: X — Y is smooth of relative dimension n at x if there is an open
neighborhood U C X such that f|y is smooth of relative dimension
n. Then f is smooth of relative dimension n if and only if it is at each
point in X. Also, {x € X|f smooth of relative dimension n} C X is
open.

Examples:

i) For any Y, P and A{ are smooth over Y of relative dimension n.
Y Y
It is enough to show it for A}, since Py is covered by open affines
isomorphic to A}..

Proof. (1) Flatness is ok. (27) is easy: dimy,) A} = n. (37) Qpn /v
is free of rank n; ditto for its fibers.

§111.10:

ness

Smooth-
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(ii) Let Y = Speck with k algebraically closed. Then X is smooth over
Y of relative dimension n if and only if X is non-singular of pure
dimension n if and only if X is regular of pure dimension n.

Proof. The second equivalence comes from Chapter I. The first con-
dition is equivalent to the third is given by I1.8.15. O

Caution: We do need k algebraically closed here (see Ex I11.10.1).

Proposition 26.3.

(a) An open immersion is smooth of relative dimension 0.

(b) (Base Change) If f: X — Y is smooth of relative dimension n, and
Y’ — Y is any morphism, then f': X' := X xy Y’ — Y’ is also
smooth of relative dimension n.

(¢) (Composition) If X Ly % 7 are smooth of relative dimension n
and m, resp., then go f : X — Z is smooth of relative dimension
n—+m.

(d) (Products) if f: X —Y and f': X' =Y’ are smooth S-morphisms
of relative dimensions n and n', resp., then f xg f': X xg X' —
Y xgY' is smooth of relative dimension n+n'. (Book’s special case:
Y=Y'=5)

Proof. (a) is trivial. (d) follows from (b) and (c) by published proof of
Exercise 11.4.8d.

(b): Flatness is immediate. For (2’) and (3’), let ¥/ € Y/ and let y € YV
be the image of 3y'. Then Xz,/’ = Xy Xp@y) k(). k(y') is a finite extension of

k(y), so it doesn’t affect dimension®?. And it doesn’t affect (3’) O

LECTURE 27

Comments on the homework:

e I'(—) does not commute with ® (in general).

e Fixercises 9.3cd give ways in which 9.7 fails when dimY > 1.

e You do need to prove that t®@ z ty®@w # 0 in (z,y) ® A

e In 9.3c, to show that I C k[z,y, z,w| is primary, you can use the
fact that it’s homogeneous in z and w, but you cannot immediately
reduce to working with homogeneous elements.

All schemes today are assumed to be of finite type over appropriate field.
Loose end from last time: Let X be a scheme over &, let £’ be an extension
of k, and let X’ = X x;, k/, then dim X’ = dim X

Proof. Let Spec A be an open affine in X, and let A’ = A ®; k¥, so that
Spec A’ = 771 (Spec A), where 7 : X’ — X is the projection. By Noether’s
normalization lemma, there is a subring B C A with k C B, B & k[zq,...,z,],
and A is finite over B.

22506 next lecture
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Then B’ := B @y k' is & K'[x1,...,2,], and A’ is finite over B’. Then
dimA" = dimB’ = r = dim B = dim A (Note that A is integral over B;
then dim A > dim B by lying over and going up for integral extensions, and
dim A < dim B by incomparability for integral extensions). Then dim X =
max4 dim A = max4 dim A’ = dim X". O

Also, m : X’ — X is onto. To see this, we may assume that X = Spec A.
We have that £’ is faithfully flat over k, so o’ is faithfully flat over A (by
base change: M Q@ k' = M @4 (A k') =M ®4 A’ =0, 80 M =0). Then
Spec A’ — Spec A is surjective by homework.

Also, all irreducible components of X’ dominate irreducible components
of X. This follows from going down for flat extensions.

Back to smooth morphisms. We were proving part (c) of the proposition:

if X EN Y 4 Z are smooth of relative dimension n and m, resp., then gof
is smooth of relative dimension n + m.

Proof. (1) flatness is obvious.
(2) Let X', Y’ and Z’ be irreducible components of X,Y, Z, respectively,
such that f(X') C Y’ and g(Y’) C Z'. Then dim X' = dim Z’ + n + m by

(2)
(3) Use the first exact sequence: let x € X, let y = f(x), and z = g(f(z)).
Then

[ Qyz — Qx/z — Qx/y — 0
is exact, so
[ Qyiz @ k(r) — Qx/z @ k(z) — Qx/y @ k(z) — 0
— —— ————
(Qy/z®k(y)) k() dimygy=n

dimension of first term over k(x) is m, so the dimension over k(z) of the
middle is < n + m.
Show the other inequality. Note that z € X, so

By (2'), for g o f, X, has pure dimension n + m. Let X’ be an irreducible
component of X, containing . By the second exact sequence:

P Qx, /k(z) = Qxr/kz) — 0
is exact where i : X’ — X, so

Qx, k(=) @ k(@) = Qxrp(z) @ k() — 0

Qx, /(=) Dk()
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is exact, so it suffices to show that Qx_/(.) ® k() has dimension > n +m.
We know that x//.) has rank > n + m at the generic point, and it
is coherent, so the rank does not decrease when you specialize to x (use
Nakayama’s Lemma). O

Theorem 27.1. Let f : X — Y be a morphism of schemes (of finite type)
over k. Then f is smooth of relative dimension n, if and only if
(1) f is flat.
(2) for all y € Y, the geometric fiber Xy = Xy Xy k(y) is regular of
pure dimension n.

Proof. (=) (1) is obvious. (2): by base change, X is smooth over k(y), so
it is regular by (I1.8.8 or 11.8.15).

(<) (1) implies condition (1) for smoothness. (2) implies (2’) for smooth-
ness (all fibers have the same dimension, so geometric fibers have the same
dimension). (2) also implies (3’) for smoothness. To see this, note that

QXg/@ is locally free of rank n by I1.8.8, which implies that QXQ/@@) k(y)

has dimension n for all y, which implies that Qx /() ® k(x) has dimension
n for all z € X, since ng/@ = Qx, /k(y) Ok(y) k(Y) O

Corollary 27.2. Let f : X — Y be a morphism of schemes (of finite type)
over k. Then f is smooth of relative dimension n if and only if f is flat and
Xy is smooth of relative dimension n over k(y) for ally € Y. (second part
equivalent to (2))

Smoothness over a field:

Theorem 27.3 (EGA IV 6.74a). Let X be a scheme of finite type over a
field k, and let k' be an extension field of k, let X' = X x . k', letm: X' — X
be the projection, let ' € X' and let x = w(z"). Then

(a) If X' is reqular at 2’ then X is reqular at x.
(b) The converse holds if k' is separable over k.

Corollary 27.4. Since 7 is surjective,

(a) X' is reqular implies that X is regular, and
(b) the converse holds if k' is separable over k.

Note that (b) is false in general (Ezx 10.1).

Corollary 27.5. Let X be a scheme of finite type over a perfect field k. If
X s reqular, then it is smooth over k.

Proof. X xj, k is regular, so X is smooth. O

Corollary 27.6. If X is smooth over an arbitrary field k, then it is reqular
by (b) (k is separable over k).

Proof. X x, k is smooth over k, so X X}, k i s regular, so X is regular by
(a) (of the first corollary). O

A “more self-contained” proof:

Lemma 27.7. Let k be a field. Then A} is reqular.
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Proof. We need to show that k[z1,...,x,] is a regular ring. This follows
from Matsumura, Commutative Ring Theory [1986], Theorem 19.5%3. Tt is
also Eisenbud, Exercise 19.3 O

Proposition 27.8. Let X be a smooth scheme of finite type over a field k.
Then X 1is regular.

Proof. We may assume X = Spec A is affine. Choose a generating set
T1,...,xp € A, so k[z,..., 2] - A, 50 X — A}. By Matsumura Thm 19.3
(a localization of a regular local ring at a prime ideal is regular), it suffices
to show that X is regular at x for all closed points z € X. Let & be the
local ring ﬁA?@’ let m be its maximal ideal, and let I be the kernel of the
surjection & — Ox ;. Then I Cm (z € X). Let d = dim Ox, = dim, X.
Use the second exact sequence:

I % Q) 90 Ox0 S Qi — 0
is exact, so
I/ @ k(@) S Qo @r (@) 5 Qoy @ k() — 0
| S —

—_———
dim n over k(z)  dim d over k(x)

is exact. Let » —n — d, and pick fi,..., f» € I such that ¢'((f;mod I? ® 1)
generate kero/. Let ' = O/(f1,...,fr). It is local with maximal ideal
m' =m/(f1,..., fr). Then m’/m? = m/(m? + (f1,..., f,;)) has dimension
>n—r =d over k(z). But also ' maps surjectively to Ox 4, so

dimy ;) m’/m’? > dim 6’ > dim Ox , = Stuck
is also exact. (]

Next: Etale morphisms
Definition (Ex 10.3). Let f : X — Y be a morphism of schemes (of finite
type) over k. Then

(a) fis étale if it is smooth of relative dimension 0.
(b) f is unramified if for all x € X, letting y = f(z), we have my-Ox , =
m, and k(x) is a separable algebraic extension of k(y).

Example: Let R = Z[v/2], then Spec R is étale over SpecZ except at the

prime (\/5) C R. (These are not schemes over a field, but the same principles
apply.) At other primes, there may be residue field extensions, but they are
separable.

LECTURE 28

All schemes still of finite type over a field.

Continued Proof. X smooth of relative dimension d over k ... we were show-
ing that X is regular. All notation as in last lecture.

231f R is regular and noetherian, then so is R|[z]
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We need dimm’/m2 <n —r =d.

(I/12) @ k(z) — Qo @ k(z) —2 Qoy /e @ k(z) — 0

| | i

m/m? ———— Qg ® k(r) ——— Qp() )k —— 0

may be 0

By arrow chasing, the images of fi,. .., f» in m/m? ar linearly independent
over k(z). Thus, the dimension of m’/m’? is n —r = d. Then by the list
of inequalities from the last lecture, equality holds. So ¢ is a regular local
ring. So 0" is entire (I1.6.11.1A), so (0) is prime in &”, and it is the unique
minimal prime, so it doesn’t go away in Ox . Thus, ' = Ox,. So X is
regular at x. O

Next: Instead of étaleness, we’ll do the jacobian criterion for smoothness.

Lemma 28.1. Let 7 —2— X , be a commutative diagram of schemes (of

N

Y
finite type) over k. Let z € Z be a closed point, with x = j(z). Assume that
j is an immersion and that ¢ and 1 are smooth of relative dimensions d
and n, respectively (at z and x, resp.). Let & be the sheaf of ideals defining
Z in some open neighborhood of x € X. Let r = n — d (the codimension of
Z in X). Then

(a) There is an open neighborhood U ov x in X and sections fi,..., fr €
SJ(U) such that the images df1, ..., df, in Qx/y ® k(x) are linearly
independent, and

(b) Any such fi,..., fr generated & in a (possibly smaller) open neigh-
borhood of x.

Proof. We may assume that Z — X is a closed immersion. Let 0 = Ox .,
m = maximal ideal in &, I = ker(Ox, — 07 .) = Y; note that I C m. We
have a commutative diagram with exact rows:

(I/12) ® k(z) —— Qx/y © k(z) —X— Qy)y @ k(z) —— 0

l T

m/m2 ——— Qx, k() © k(@) —— Q) k) — 0

where y = (z) = ¢(z). Here, 0 = 0 @ k(y) = Ox,» = 0/m,0, and
m = moO. For part (a), pick fi1,...,f, € I so that their images form a
basis for kera/. Let [ = [0 = ker(O — Oz,/k(y)), and let fioo. frel
be the images of fi,..., fr. If we put bars on everything in the top row
of the diagram, then as in the previous proof, fi,..., f, generate I, so by

Nakayama’s Lemma, f1,..., f. generate I, so some open neighborhood U >
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x in X, fi,...,fr extend to sections of #(U) (by defn of a stalk), and
generated .#(U) by coherence (after shrinking U). O

Corollary 28.2. In this situation (one smooth thing, Z, inside another
smooth thing, X ), Z is a locally complete intersection in X of codimension
r.

In the proof of the Lemma, we assumed that z is a closed point, but
we don’t really need that. If Qx/y is locally free (e.g. if X is integral,
(II1.10.0.2), or X = A}, then the lemma holds for all z € Z. To see this,
let z € Z be any point. Shrink to open neighborhoods of z and z such that
Z — X is a closed immersion, and y,y is free. Then at a closed point 2
such that z ~ 2/, the conclusions of the Lemma hold.

But actually, we don’t the assumption on X because we just need z to be
a closed point in its fiber Z,, and then use the fact that Qx/y ® k(z) is a
localization of Qx/y ® k(z').

Lemma 28.3. Let ¢ : X — Y be a smooth morphism of schemes over k of
relative dimension n, and let f € T'(X,Ox). Let xo € X a point such that
xo € Z(f) (i.e. f € my,), and the image of df € QX/Y ® k(xo) is nonzero.
Then Z := Z(f) is smooth of relative dimension n — 1 overY at zg. Also,
Qz/y @ k(z0) = (Qx)y @ k(x0))/(image of f).

Proof. The condition on df is equivalent to z ¢ Supp(ker(Ox Y0 x/v))s

so replace X with an open neighborhood of xy such that this condition (on
df) holds for all x € Z (in place of x(). Also,

(D)) @ k(@) S Qxpy @ k(x) = Qv @ k(z) — 0
is exact and the image of ¢’ has rank 1, so (3) holds at z for all z € Z, and
the last sentence in the lemma is true.
To show (2'), note that f is non-zero in Ox, .z, which is a regular local
ring, and therefore entire, so f is not a zero divisor, and therefore (by
Hauptidealsatz)

dim; Z = dim 0z, ,
=dim 0z, . /(f)
=dimOx, . — 1
=dim, X, -1=n-1
Thus, (2’) for Z holds for all x € Z. here y = ¢(x)

To show that Z is flat over Y, pick x € Z, and let y = ¢(z). Then by
smoothness, X, is regular at z, so O, . is a regular local ring, and therefore
entire. And again, f is non-zero in this ring, so it is not a zero divisor, so

0— ﬁXy,x L ﬁXy,x - ﬁZy,x —0
is exact, so
0— ﬁX,x ® k(y) - ﬁX,x ® k(y) - ﬁZ,m ® k(y) —0
is exact. Also,

ﬁX,x i’ ﬁX,x — ﬁZ,x —0
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is exact, and forms part of a flat resolution for &7 ;. over Oy,,. So Toriﬁx’g” (Oz.2.k(y)) =

ker(Ox ,®k(z) A, Ox +®k(y))/(something). Therefore, Torlﬁx'”(ﬁz,w, k(y)) =
0. Therefore, 07, is flat over Oy, (Bourbaki; Comm Alg II1§5 No. 2 Thm
1 and some proposition a few pages later). This holds for all z € Z, so Z is
flat over Y.

So Z is smooth at x over Y of relative dimension n — 1. O

Jacobian Criterion

for Smoothness
Theorem 28.4 (Jacobian Criterion for Smoothness). Let Z be a subscheme

of codimension r is a scheme X, which is smooth over Y of relative di-
mension n. Then Z is smooth over Y at a point z € Z if and only if:
locally ot z € X, the sheaf of ideals defining Z can be generated by r ele-
ments fi,..., fr, and the differentials dfy,...,df, are linearly independent
over k(z) in Qx/y ®@k(z). Moreover, if this hold, then Z is smooth of relative
dimension n —r over Y.

Proof. (=) This is given to us by Lemma (28.1)
(«<=) This follows from repeated applications of Lemma (28.3). O

Next: Etale morphisms.

Lemma 28.5. Let k be a field, and let (R, m) be a noetherian local k-algebra.
Assume that the residue field k' := R/m is a finite separable extension of k,
and that m? = 0. Then dimy Qr/p @K = dimpm (= dimy m/m?).

Proof. Let aq,...,a, be a basis for m over k¥’. Pick t € R such that t € R/m
is a primitive element for k¥’ over k, and let f € k[T] be its irreducible
polynomial. Note that f € R[T], and f(¢t) € m, but f'(t) € m (since £’ is
separable over k).

We have a map ¢ : k[T, Xy,...,X,| — R defined by T +— t, X; — a; for
all i, and k is fixed. Note that ¢ maps (T)** onto R/m and that (Xi,..., X,)
onto m. So ¢ is onto. Since f(t) € m, there are g1,...,9, € k[T, X1,..., X,]
such that f — > ¢;X; € ker¢. Also, X;X; € ker¢ for all 4,j (including
i =7). let a be the ideal generated by these elements.

Claim. a = ker ¢

Proof. a € ker ¢ by construction. Then the other inclusion follows by noting
that dimyg k[T, X1,...,X;]/a < dimp R = (r + 1)[K" : K]
|:|Claim

Then Qg ® K = Qr/i/mQR )y, is described by generators dt, day, . . ., da,
over k' and relations f'(t)dt = Y (a;dg; +g;da;) and a;da; + ajda; € m, so
~—~ ——

unit eEm

Qpr/r ® k' has basis day, . .., da,. O

24,
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LECTURE 29

Homework(12): For the last problem, you may assume that k is alge-
braically closed of characteristic different from 2 and 3.

Comment on last homework(11): Z’ should be noetherian.

Comment of homework 10: X C P", then there may be line sheaves on
X which do not come from line sheaves on P". For example, take the 2-uple
embedding i : P! — P2. Then i*0(1) = €(2), so you can only get the
0(2n)’s on P*. Thus, PicP" — Pic X may not be onto.

A reference for what we’re doing on smoothness: Bosch, Lutkebohnert,
and Raynand, Neron Models §2.2.

Last time: If (R, m) is a local noetherian k-algebra such that m? = 0 and
k' = R/m is finite separable over k, then

0—>m/m2 — QR/k®k’, _’Qk’/k — 0
— S~~~
m 0

is exact.

Corollary 29.1. If (R,m) is a local noetherian k-algebra such with k' =
R/m is finite separable over k, then m/m? — Qi ® k' is an isomorphism
(cf. 11.8.7)

Proof. Apply the earlier lemma to R/m?. Note that m?/m* — Qr/k ®
(R/m?) — Q(r/m)/k — 0 is exact. This gives

(m/mz) & k‘/ g QR/k & k’/ = Q(R/mQ)/k ®k‘l — 0
m/m?2

O

For today, all schemes are of finite type over k. Recall that étale means
smooth of relative dimension 0. f : X — Y is unramified if for all = €
X, writing y = f(x), we have k(z) is separable algebraic over k(y) and
my, - Ox , = m, (X of finite type implies k(z) is finite separable over k(y)).

Exercise 111.10.3 Let f : X — Y be a morphism, then TFAE:

(i) f is étale
(ii) f ds flat and Qx/y =0
(iii) f is flat and unramified

Proof. (i= ii) flat is obvious. Also, (3) in smoothness condition implies that
Qx/y @ k(z) = 0 for all z., so by Nakayama, we have Qx/y = 0.
(ii= iii) Let x € X and y = f(z). By the second exact sequence,

mg/ms — Qxy ® k(z) = Q) /i) — O

and Qx/y = 0 implies that Qj(;)/k,) = 0 which implies that k() is sepa-
rated and algebraic over k(y) (I1.8.6A)

Assume my, - Ox, # m, (ie. §). We have Ox,, = Ox, ® k(y) =
Ox o/myOx .. This is a noetherian local k-algebra as in the corollary, with

maximal ideal not zero. Thus, Qﬁxy,x/k(y) ® k(z) # 0. Thus, 0 =;; Qx/y ®
k(r) = Qx, /ky) @ k(z) # 0. contradiction.
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(iii= 1)Check (1),(2’),and (3’) in the definition of smoothness. (1) is
obvious. For (2’), (3’), note that Ox,, = Ox./myOx 2 =iii Ox /My =
k(z). (2’) holds because dim, X, = dim Ox,, = dimk(x=0. (3’) holds
because Ly, k() @k () = Qo /k(y) Ok (T) = Qo) /() OF(T) =sep alg 0 T

Eisenbud 4.4:Let R be a ring. If n elements of the R-module R™ generate
it, then they form a basis.

Corollary 29.2. Let R be a ring, and let

67

M =S M-—-M'—0

be and exact sequence of R-modules. If M' and M" can be generated by n
and m elements, resp, and if M is free of rank n 4+ m, then « is injective,
and the given generating sets are bases of M' and M".

Proof. exercise. O

Proposition 29.3. If f : X — Y is smooth of relative dimension n, then
Qx/y is locally free of rank n.

Proof. The question is local on X, so we may assume that X = Spec A.
Pick a closed immersion ¢ : X — Ay . The second exact sequence gives

0 .x
I)75% %0 Quyyy — Qxyy — 0

where .# is the sheaf of ideals defining X in Ag . Taking stalks, we have

P
(F)I%)e = (i QAQ/Y)HE — (Qx/v)e — 0

The middle thing is free of rank N — n, and the two other things can be
generated by N —n and n elements, respectively. By the corollary, (2x/y )
is free, so {2,y is locally free of rank n. O

Lemma 29.4. Let f : X — Y be a smooth S-morphism of smooth S-
schemes. Then the canonical sequence

0— f*Qys — Qx5 — Qxy =0
is exact and locally split.

Proof. For all x € X, the first exact sequence gives an exact sequence

(" Qys)e == (x/8)2 = (x/y)e — 0

in which the terms are locally free and the ranks add up, so by the corollary,
a, is injective, and the short exact sequence is split. O

Proposition 29.5 (Another Jacobian Criterion). Let f : X — Y be an
S-morphism of smooth S-schemes. Consider the conditions

(i) f is smooth
(ii) the canonical map f*Qy g — Qx/g is locally left invertible
(iii) for all z € X, the map (f*Qy/s) ® k(x) — Qx g ® k() is injective
Then (i)=(ii)=(iii). If Y = AY, then (iii)=(i) (actually, this assumption
is unnecessary).
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Proof. (i=ii) follows from the most recent lemma.

(ii=-ii) obvious.

(iii=1) Since Y = AY, f is given by coordinates fi,..., fy € I'(X, Ox).
Then (iii) is equivalent to the df; being linearly independent in € x/5 @ k()
for all z € X. We may assume that X is affine. Embed i : X — A, let .¥
be the sheaf of ideals, and let r be the relative dimension of X over S. Pick
rzeX.

Lift fi,..., fnx to functions fi,..., fx on a neighborhood of z in A?.
Also, let hi,...,hy—r be a generating set for .# near x (by the Jacobian
Criterion).

Consider the composite morphism

r
XA X xg YO AT xg Y = AT

Here Y has relative dimension IV over S and X has codimension m — r in
P¢, so the image of the composition has codimension N + m — r.
Let t1,...,ty be the coordinate functions on Y = AY. Then (locally)

X C AV has local defining equations hq,...,hy,—, and t1 — f1,...,tn — fN.
—_————
first factor graph morphism

Claim. These functions satisfy the earlier Jacobian criterion for smoothness
at the image, «', of x in A.

Proof. The images of dhy,...,dh,,_, form a basis for the kernel of Am/s ®
k(z) — Qx/s ® k(x), which is isomorphic to the kernel of Qym /v ® k(z) —
Qxxgv/y @ k(2). So we need to know whether d(t; — f;) are linearly inde-
pendent in Qx,y/y ® k(z'). The dt; are zero (t; are functions on Y), so we
are looking at —df;, which are linearly independent in Qy,g ® k(x) by (iii).

Claim

O

Corollary 29.6. Let X be a smooth scheme over S, and let f : X — Y be
an S-morphism, where Y is smooth over S. If f is étale, then the natural
map

[ Qys — Qx5

is an isomorphism, and the converse holds if Y = Ag (actually, it always
holds).

Proof. If f is étale, then it is smooth, so
0— f*Qys — Qx5 — Qxy =0

is exact, but (x/y = 0, so we get our isomorphism.
For the converse, use (ii)=(i) to get that f is smooth, and then Qy/y =0
from the first exact sequence to get relative dimension 0.

Theorem 29.7 (“étale over affine”). A morphism f : X — Y is smooth
of relative dimension n at a point x € X if an only if there is an open
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neighborhood x € U C X and an étale morphism g : U — AY. such that

U—9>A’{,

]

Y

commutes

We are saying that locally, near X, it looks like the affine fibers. previous
corollary is like implicit function theorem.

LECTURE 30

Last time: We did Corollary (29.6). Compare this with the inverse func-
tion theorem.

We also did Theorem (29.7)

Proof. (<) f|v is a composition of smooth morphisms, so it is smooth, of
relative dimension 0 +n = n.

(=) Pick local sections gy, ..., g, of Ox near x such that dgy,...,dg, form
a basis for {2x/y near z. Let U be an open neighborhood of =, where this
happens. Let g : U — A} be the map given by (g1, ..., gn) (think of the g; as
maps X — A%,) Then note that €2 Ap v 18 free with basis dxq, ..., dx,. Then
g*QA%/Y is free with basis g*dx1, ..., g"dz,, but these are just dgi,...,dg,
because ¢g*dx; = d(g*x;) = dg;. So

Q*QAQL,/Y - QX/Y
is an isomorphism, so g is étale. U

Riemann-Roch (for curves): For this section, curves (varieties of dimen-

sion 1, thus over an algebraically closed field) are assumed to be projec-
tive and non-singular (= smooth). If X is such a curve, we have that
Pa(X) = pg(X); call this value g(X) or the genus. We have that g > 0
(since one of these is the dimension of some H'), and all integers > 0 occur.

Divisors and line sheaves on curves: Weil divisors and Cartier divisors are
the same thing. Recall that a Weil divisor is of the form ) npP, where the
P are closed points, and np are integers, almost all of which are zero. A
Cartier divisor is a pull-back for a dominant (i.e. finite) morphism of curves.
If f € K(X)* and P € X aclosed point?®. Then € p is a dvr with fraction
field K(X), so we can get np = v(F) € Z. note that np = 0 for almost
all P. Thus, we get a principal divisor (f) = Y npP. Two divisors are
equivalent (D ~ Ds) if the difference is principal. We get a homomorphism
K(X)* — DivX. The cokernel is the group of divisor classes, C1X. For all
D, we can define a line sheaf 0(D) (or £ (D)), defined as a subsheaf of the
constant sheaf K (X). Then 1 € K(X) corresponds to a non-zero rational
section of O(D), called 1p.

Given a rational section s # 0 of a line sheaf .Z’, form a divisor as follows:
Given P € X, let sy be a local generator for .# near P, then s/sp € K(X)*,

25We're usually using closed points ... if I don’t say it, I probably meant to.
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so let np = v(s/sg). This is well-defined, so define (s) = > npP. For two
rational sections s,t # 0 of £, (s) — (t) is a principal divisor, equal to the
principal divisor (s/t) (note that s/t is a non-zero rational function). More
generally, if s1, s5 are rational sections of .2 and %, resp., then s; ® s3 is
a non-zero rational section of .4 ® %, and (s1 ® s2) = (s1) + (s2). Also,
recalling 1p as a rational section of &(D), we have (1p) = D. Recall also
that 0(Dy+D3) = 0(D1)®0(Ds), so we get an isomorphism C1X = Pic X,
taking D to (D). The reverse map is obtained by taking any non-zero
rational section, and taking its divisors. All of this is functorial.

A divisor D = Y npP is effective if np > 0 for all P. Let s # 0 be a
rational section of .Z, then (s) is effective if and only if s € I'(X,.%).

Definition. Let D be a divisor on X. Then the complete linear system,
written |D)|, is the set of effective divisors linearly equivalent to D.
DI 1= 1 (H'(X, 6(D)) ~ {0})/K*
given by (s) «— s, and E = D+(f) — f (in K(X), thisis {f € K(X)* : D+
(f) > 0}). Then |D| has an algebraic structure of dimension h°(X, &(D)) —1
N——_— ——

=:(D)
A linear system associated to D is a subset of a complete linear system
corresponding to a linear subspace of HY(X, 0(D)) ~ {0}. D; ~ D, implies
that I(Dy) = I(D3).

All of this behaves nicely with respect to pull-backs (via dominant mor-
phisms of curves).

Definition. If D =Y npP, then deg D = > np. If D is principal, say (f),
then deg D = 0.

Proof. If ¢ : X — Y is a finite (= dominant) morphism of curves and FE is
a divisor on Y, then

deg(¢" D) = (deg ¢)(deg E)
—_——
[K(X):K(Y)]
= k — length of fibers over closed points

The function f gives a finite map (provided f € k; f € k = (f) = 0, so

deg D =0) ¢: X — P'and f = ¢*2 50 (f) = (¢*2) = ¢"(2) = ¢*([0] — [o0)),

so deg D = (deg ¢) (deg(z)) = 0. O
————

0
Thus, the degree gives well-defined group homomorphisms:
Cl X —Z
K
PicX —Z

Since X is a curve, wx = /\IQX/k = Qx/p. Any divisor of X associated
to wy is called “the” canonical divisor of X, written K.
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Theorem 30.1 (Riemann-Roch for curves). Let X be a curve over k, let
K be a canonical divisor of X, and let D be any divisor on X. Then

I(D)—I(K—-D)=degD+1—g
where g = g(X) (Note that the LHS is independent of the choice of K )
Proof. Note that I(D) = h%(X, €(D)) and
(K —D)=h(X,0(K - D))
= h°(X,wx ® 6(D)")
—duality hl (Xv ﬁ(D))
so LHS = x(0(D))
Now show:
(1) x(0(D)) = deg D is independent of D
(2) compute x(&'(D)) for one particular D
Start with (2): if D = 0, then &(D) = Oy, and x(0x) = h%(X,Ox) —
hY(X,0x)=1—g. So x(O(D)) =degD =1—gif D=0.
Now we’ll do (1): x(O(D+ P)) = deg(D + P) = x(0(D)) — deg D for all
—_————
deg D+1
D, P. That is, x(0(D + P)) = x(O(D)) + 1
Regard P as a reduced closed subscheme of X; i : P — X. Its sheaf of
ideals is (—P), so
0—0(-P)— 0Ox — k(P) —0
~——
skyscraper

is exact. Tensor with &(D + P), and note that k(P) ® 0(D + P) = k(P)
———

locally triv

near P
(non-canonically),so
0— ﬁ(D) — ﬁ(D—l—P)—>k:(P) —0
is exact, so
X(0(D + P)) = x(0(D)) + x(k(P)).
x(k(P )—ho( Op) — h'(X,i.0p)
h(P, ﬁP) h'(P, Op)
=1-0=1
O
What happens if D = K7 I(K) —1(0) = deg(K) + 1 — g, so we have that
(0x)=g-1
—x(Ox)=g—

deg(K) =2g — 2.
To compute K, pick any f € K(X) \ k. Compute (df) (where df is the
rational section of Qx ;).

Lemma 30.2. Let D be an effective divisor. Then degD > 0, and if
deg D =0, then D = 0.
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Lemma 30.3. Let D be a divisor on X with (D) # 0. Then deg D > 0,
and if deg D = 0, then D is principal.

Proof. Apply the earlier lemma to some effective divisor F, linearly equiva-
lent to D (such an E exists by the assumption). O

Proposition 30.4. If X is a curve of genus 0, then X = P!

Proof. let P # @ be two distinct points on X, and apply RR to D = P— Q.
Then (P - Q) —I(K —P+Q)=deg(P—Q)+1—g. Sol(P—Q)=1,s0
~——

deg=—2 0 1
since deg(P —Q) = 0, P—Q is principal. Then f gives a morphism X — P!,
which is thus an isomorphism. U

LECTURE 31

Comments on Homework 12:

(i) Common mistake (#1) was failing to realize the difference between
a closed point and a rational point. X defined by 3% = 2P — t.
There is a point in X corresponding to the point (tl/ P 0), namely
P = Speck[z,y]/(y,z? —t). Then k(P) = k(t'/?). This is a closed,
but not rational point.

(ii) (#2) This can be used to define étale (provided you rephrase it not
to require that k(z) — 0,

(iii) (#3) This is an example of the general principal that irreducible
components in Spec % x,» can be separated in an étale cover.

Back to Riemann-Roch. Again, curves are smooth and projective over an
algebraically closed field k, until we say otherwise.

Recall that we have deg : Pic X — Z well-defined surjective group homo-
morphism.

Definition. Pic°X = the kernel of deg, which is {.Z € Pic X|deg(.#) = 0}.

If X has genus 0, then X =2 P!, so Pic X = Z (via n < €(n), so Pic’X
is trivial. In genus > 0, Pic X is non-trivial. Pick two distinct points P, Q.
Then (P — Q) % Ox (lest X = P1), so Pic’X # 0.

Genus 1 curves: Let X be a curve of genus 1 and fix Py € X. Then we
have a map ¢ : X (k) — Pic’X given by P+ O(P — Py).

Remark. The canonical divisor K is ~ 0. By RR applied to the divisor 0,
1(0)—U(K)=1=1(k)=0. Sol(K)=1. But deg K =29g—2=0,s0 K ~0
by an earlier lemma.

Proposition 31.1. ¢ as above is a bijection.

Proof. 1-1: ¢(P) = ¢(Q) & P — Py~ Q — Py ~ P —Q ~ 0, which cannot
happen (lest X = P1)
Onto: Pick .Z € Pic’X, and let D be a corresponding divisor. Apply RR
to D + Fy:
l(D+P0)—l(K—D—P0):1—1-1—9:1.
so l(D+Py) = 1,s0 D+ Py ~ Q, for an effective divisor Q. Then D ~ Q— Py,
0 2 = §(Q) O
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Corollary 31.2. There is a canonical (depending on choice of Py) group
structure on X (k) given by ¢ and the group structure on Pic 0X.

Definition. An elliptic curve is a smooth curve of genus 1 over a field k
together with a choice of rational point Py € X (k).

Note that ¢(P0) = ﬁ(PO — Po) =
call it 0 from now on.
Apply RR to some multiples of [0]:
WD) — 1K — [0]) =141 — g =1 =dim(H’(X, 6((0])) = k)
0
where we think of €([0]) as a subsheaf of K (X
1(2[0]) = 2

asis of HO(X 0(2[0])) is 1, .

]) =3 ... basisis 1,z,y.

=4 ... basis is 1, z,y, 22

5 ... basis is 1,x,y,x2,xy.

=6 ... basis is 1,z,y, 22, zy, (22 or y?).

COx, so Py is the identity element. Let’s

). Similarly

>
o

So 1,xz,y,22, zy, 22, y? are linearly dependent over k, and the resulting
function f does involve y? and 2. By Exercise 1.3, X ~ {0} is affine, and z,y
generate its affine ring: (H°(X, &(n-[0])) has basis 1, z, y, 2%, 2y, 23, 2%y, ...),
so k[z,y] maps onto the affine ring, and the kernel is (f). So X is the
projective closure of Speck[z,y]/(f) in P2. So it is a non-singular cubic in
P2, and it has only one point at infinity, namely 0.

If the characteristic of k is not 2 or 3, then we can do a linear coordinate
change so that f is y? = 42> +ax+b with a,b € k. This is called Weierstrass
form.

Let P = (zo,y0) € X, and let P’ = (zo, —yo). Then [P] + [P'] ~2-[0]
because (z — xg) = [P] + [P'] — 2[0]. So P’ = —P in the group. Also, if
P, @, R are colinear, then

[P]+ [Q] +
so P+ @Q + R =0 in the group law, so Q + R = P'.

Varieties over arbitrary fields: now k may not be algebraically closed.
Examples:

[R] — 3[0] = the principal divisor (equation of the line)

(i) Let k be a field. On A} = Spec k[z], you have the generic point, plus

the closed points; also, {closed points} «+ {irreducible monics}/action of Auty (k)

(ii) v2 € A(b, only it is paired with —/2. SpecQ[z]/(2? — 2). kP =
Q[v2]. it is a closed point, but not a rational point.

(iii) Let k = Fp(t). Then ¥/t € Al, realized as Speck[z]/(zP —t). When
we base change to k, we get Speck[z]/(z — t'/P)P
duced.

So the point ¢t'/? in A,lf is not geometrically reduced.

Likewise Spec Q[z]/ (22 —2) becomes Q[z]/(x —+/2)(z + v/2) which is
reducible, so our point is not geometrically irreducible. (See Exercise
11.3.15)

, which is not re-
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What about At? This situation is similar:
{closed points}“ =" k™ /(action of Autyk)

Grothendieck Topologies: (reference: Vistoli, Notes on Grothendieck topolo-
gies fibered categories, and descent theory?°)

General idea: If you had a smooth map of complex manifolds f : X — Y,
you can work near P € X by finding a local section of f near f(P). You can’t
necessarily do this with schemes because the Zariski topology is too coarse
(exceptions: P(&), etc.). One way to appoximate the classical topology is
to work in & x,z- Then you have

Spec o X,z

3 l
Spec ﬁAyJ(x)

The image is cut out by f1,..., f. € t,/m2. These can be lifted to mod m?
to f1,..., fr € my~m2. Lift to f1,..., f, € Ox(U) for some open neighbor-
hood. Take the closure Z(f1,..., fr) to get Z C X closed subscheme.
Z may have many sheets over Y, and you can’t keep one and throw out the
others. But you do have f|z is étale at = (x = P). You can base change to
Z:

X =Xxy Z

I

VA

Of course f|z is not étale everywhere, but it is in a Zariski-open neighbor-
hood of .
This is called working locally in the étale topology.

Definition. Let C be a category. A Grothendieck topology on C is, for each
object U, a collection of covers of U, where a cover is a set of morphisms
{U; — U} in C satisfying:
(i) if V' — U is an isomorphism in C, then V' — U is a cover.
(i) if {U; — U} is a covering and V' — U is a morphism, then U; xy V
exists in C, and {U; xy V'} is a covering (of V')
(iii) if {U; — U} is a covering, and {V; ; — U;};e is a covering for each
i, then the composites {Vj; — U} form a covering.
Example: Let C = category of schemes. Given U € C, a covering is a
collection {U; — U} of open immersions whose images cover U.
(i) ok
(ii) if {U;} cover U, then {f~1(U;)} cover V.
(iii) trivial

This is how the Zariski topology is realized as a Grothendieck topology.

26This is on the arXiv.
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Definition. The Grothendieck topology on U is the collection of open cov-
ers.

Remark. Grothendieck topologies versus the earlier kind:
e open sets are now morphisms
e intersections are now fibered products over U
e unions are now obsoleted by looking at covers

Definition. A site is a category with a Grothendieck topology.

Another example of a site: fix a field k. Let C = category of schemes
of finite type over k. Given U € C, a covering of U is a finite collection
{U; — U} of étale morphisms such that the union of the images is all of U.
This “is” the étale site.

Exercise 10.5 says: if a (Zariski) sheaf is locally free as a sheaf on the
étale topology, then it is locally free under the Zariski topology.



