Mee Seong Im MATH506 Problem Set #2 Thursday September 11, 2008

1. Let W be the 2-dimensional irreducible module of S3 where W acts on
{a1e1+agex+azes : a1 +as+az =0} = < e; — e, e2 —e3 > whose codimension
is 1 and V the standard (3-dimensional) one. There are two other irreducible
representations of S3 (since S3 has 3 conjugacy classes there are a total of
3 irreducible representations as well): I (the trivial) and A (the alternating)
where I acts on the Ss-stable subspace {aje1 + azses +azes : a1 = az = az} of V
whose dimension is 1 and as for the representation A, it takes an element o € S5
to 41 if o is an even permutation and -1 if ¢ is an odd permutation. Thus the
dimension of A is 1. Find the decomposition coefficients into irreducibles of for
the following tensor products:

VeV (1)
VAV (2)
Sy (3)
WeWw (4)

Solution.

For VoV DOV AV: Recall that V = I & W where dim I=1 and dim W=2.
Then

VeVe(laW)e (laoW) (5)
Ieheo(Weho(IeaW)e (WeW) (6)
2lop2Wel)e (W W) (7)
=]p2Woe(WaAal) (8)
>2l 3W @ A. (9)

For VAV: VAV =A® W where W =< e; — eg,e9 — e3 >.

For S2V: In general if ey,..., e, is a basis of V, then S"V = {e;, -e;, ... €;, :
i1 <l <..<in}=2VRV/<v;®uv;—v;®v; >. So for this particular problem
S2V = {61-62,61'63,€2~63} D {61-61,62'62,€3~€3} =2W @ 21.

For W ® W: From Tuesday’s lecture, we saw that W W X W e A 1.



