HIGHER DIRECT IMAGES OF DUALIZING SHEAVES OF
LAGRANGIAN FIBRATIONS

DAISUKE MATSUSHITA

ABSTRACT. We prove that the higher direct images of the dualizing sheaf of a
Lagrangian fibration between smooth projective manifolds are isomorphic to the
cotangent bundles of base space. As a corollary, we obtain that every Hodge
number of the base space of a fibre space of an irreducible symplectic manifold

1s the same to that of a projective space if the base space is smooth.

1. INTRODUCTION

We begin with the definition of Lagrangian fibrations.

DEFINITION 1.1. Let X be a Kdahler manifold with a holomorphic symplectic form
w and S a normal variety. A proper surjective morphism f : X — S s said to
be a Lagrangian fibration if a general fibre ' of f is a Lagrangian submanifold
with respect to w, that is, the restriction of 2-form w|p is identically zero and

dim F = (1/2)dim X .

In this note, we investigate higher direct images of the dualizing sheaf of a La-

grangian fibration. Our result is the following.

THEOREM 1.2. Let f: X — S be a Lagrangian fibration between smooth projective
manifolds. Then

Rf.Ox =2 QL.
In particular, R f.Ox are locally free.

REMARK 1. It is known that the higher direct images of the dualizing sheaf
are locally free if the discriminant locus is a normal crossing divisor [11, Theorem
2.6], [15, Theorem 2.6], and [16, Theorem 1]. However, there is a projective La-
grangian fibration whose discriminant locus is not a normal crossing divisor. The
above theorem asserts that the higher direct images are locally free even if the

discriminant locus is not necessarily normal crossing.

EXAMPLE. Let X := Hilb*T", where T is a projective K3 surface which has
an elliptic fibration 7" — P'. Then X admits a Lagrangian fibration over P? and

whose discriminant locus is not a normal crossing divisor.
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REMARK 2. The assumption projectivity is crucial in our present proof. The
author suspect, however, that the most part of our results holds true for Lagrangian

fibrations. Please see REMARK 4 in Section 3.

Combining Theorem 1.2 with [12, Theorem 2] and [13, Theorem 1], we obtain the

following corollary.

COROLLARY 1.3. Let f: X — S be a fibre space of a projective irreducible sym-
plectic manifold over a smooth projective base S. Then S is Fano and hodge num-

bers of S are the following:

q Py _ 1 (p=4q)
h(S’QS)_{O (p #q).

Every Hodge number of S is the same as that of P, where n = dim S.

REMARK 3. Every Hodge number of a quadric hypersurface @) in P*" is same to
that of P**~! and @ is not isomorphic to P~ (n > 2). The author does not know
whether there exists an example such that a fibre space of an irreducible symplectic
manifold f : X — S whose base space S is not isomorphic to a projective space.
Recently, Miyaoka [2] announced that S is isomorphic to a projective space if f
admits a local section. Note that if f admits a local section, then S is smooth.

The author would like to state one question.

QUESTION 1.4. Under the assumptions of Theorem 1.2, we have
R fuwxs = T,

which is the dual of R'f,O = Qg. Note that wx;s is the relative dualizing sheaf
and n = dimS. Then R"'fwx/s is nef? In particular, R"™ fiwxys is ample if

X is an irreducible symplectic manifold?
Note that it is known that Rif*wx/s is weakly positive.

COROLLARY 1.5. [fdim X =4, then Ts is nef. In particular, T's is ample if X is

an irreducible symplectic manifold.

This paper is organized as follows. In section 2, we prepare for the proof of Theorem
1.2. Theorem 1.2, Corollary 1.3 and Corollary 1.5 are proved in section 3. Section
4 is devoted to the classification of singular fibres over codimension one points

which needs for the proof of Theorem 1.2.

ACKNOWLEDGEMENT. The author would like to express his gratitude to Pro-
fessors A. Fujiki, Y. Miyaoka, S. Mori and N. Nakayama for their encouragement

and suggestions. The author also thanks to Dr. O. Fujino who gave him useful
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comments. The main idea of this note is produced in author’s stay at Ecole Nor-
male Supérieure, Paris. The author wishes to thank to Professor A. Beauville who

gave him an opportunity to stay at E. N. S.

2. PRELIMINARY

We correct definitions and fundamental material which are needed in the proof of

Theorem 1.2. First we consider a relative compactification of an Abelian fibration.

PROPOSITION 2.1. Let f°: X° — A*(t1) X A"ty -+ ,1,) be a smooth projective
Abelian fibration. Assume that f° has the following properties:

(1) f° has a projective relative compactification f':Y — A",

(2) £~ p) has a reduced component for a general point p of the discriminat
locus of f'.

(3) The monodoromy matriz T of R* fSC around A*(ty) is unipotent.

(4) The rank of T — I is at most one, where I is the identity matriz.

Then there exists a projective relative compactification f : X — A" which has the

following properties:

(1) Every singular fibre of f is an Abelian variety or a cycle of several copies of
a P'-bundle over an Abelian variety. In later case, E; N E; forms a section
of the ruling of E; and E;, where E; and E; are irreducible components of a
singular fibre.

(2) The morphism f~Y(D) — D is a locally trivial deformation, where D is the
discriminat locus of f.

(3) Kx is f-trivial.

(4) Every fibre of [ is reduced.

PROOF. This proposition is essentially deduced from [17, Theorem 5.3]. How-
ever, for a complete sake and the proof of projectivity of the relative compactifi-
cation is not published, we give a proof. Let 7(#,t) be the period matrix of f°
where t = (t3,--- ,1,), m is the dimension of a fibre of f°, [} is the identity matrix
of rank k& and ¢ is the polarization matrix of f. We consider T" as an element of

Sp(m,R) by the conjugation

I 0 I, 0
T = i T i .
(b))

Let G be the semiproduct of Z and y := {a + b6;a,b € Z%¥™} with commuting
relations (a+b6)-v = ~v-(a+b6)T" for v € Z and a+bé € y. By the assumption, f’
admits a meromorphic section locally over an open set V' such that codim(A™\V) >
2. Since m (V) Z m(A™) = {1}, f° admits a global section. Hence the original X°
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is reconstructed as follows:
Xe=(HxA""'"xC"/G

where H is an upper half space. The action of G is defined by

v Hx A" xC™ — Hx A"t x C™
(s,t,2) — (s +1,t,z(Ct(exp(27is),t) + D))
a+b6: Hx A"l xC" — Hx A"t x C™

(s.4.2) o (s.Lzt (a+b6) ( 7(exp(2mis), t) )),

I,
_ A B
~\¢c D]

LEMMA 2.2. If the rank of T — 15, is zero, then there exists a smooth Abelian
fibration f : X — A" which is a relative compactification of X°. This fibration
has properties of Proposition 2.1 (1), (2), (3) and (4).

where

PROOF. By the assumption, the monodoromy matrix 7' = I5,,. Therefore the

period 7 can be extended holomorphically over A™. We construct X as follows:
X = (A" x C)/x,
where x := {a + b8;a,b € Z%*™} and the action of y is
a+bs: A"x(C" — A" x C™

(t1,t,2) — (tl,t,z—l—(a—l—bé)(T(t;’t) )).

Since f : X — A" is a smooth morphism, it is obvious that X satisfies the
assertions of Lemma. O
We consider the case that the rank of T'— [,,, is one. Since the discriminant locus
of ¢ is smooth, limy, .o 7(¢1, t) exists in a rational boundary component F, of Siegel
upper half plane and F, does not depend t. ([17, Remark (4.4)]). There exists a
matrix M € Sp(m,Z) which transform F, to F, (cf. [17, (2.3)]), where F}; is the
rational boundary component of Siegel upper half plane defined by

0 0 =
Fg/ = {( 0 Z” ) ;Z” c GL(m _g/7 C)7]m_g/ _ ZIIZ// > 0} .

Since 1" is unipotent, the transformation of 7" by M can be written

(1) YOARY i O R B
0o I, 0 b
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by [17, (2.6)]. Note that b € R' because the rank of T — Iy, is one. From this
representation of the monodoromy matrix M7"M~!, the period matrix can be

written as

Pt () ) 1000
M7ty t) = 9 log?
T( 1 ) ( tT’”(tl,t) T”(tl,t) + 27 0 b 0g i1,

where each 7%(t1,t) be a holomorphic function on A”. From [17, (2.9)], Im7" > 0
and Im7” > 0. We denote each element of yM ™! as

{(ar, a2, 81, 82) € XM~ a0, 80 € R ag, By € R}
Let v be the sublattice of yM ™! such that
X = {(a1, 09,01, 82) € XM aq = ay = B = 0},
and (0,0,0,¢) its generator. We define a toric variety M for the construction X.
DEFINITION 2.3. Let oy, be a cone defined by
o= {(u,y) € R% ku <y < (k+1)u}

Then Cloy NZ2?] is isomorphic to C-subalgebra of CloT' 1] generated by monomi-
als {t7%0, 7 w1} and there is a natural morphism SpecClo) N Z?] — SpecC[t4].
We define the toric variety M as follows:
M = U (SpecClo)y N Z%]) x 1 A
k€EZ
Note that M has a fibration M — Al and whose singular fibre is an infinite chain
of PL.

LEMMA 2.4. Let M* := M xa1 A*. Then M* =2 A* x C* and the variable v s
considered to be a coordinate of C*. We define the action of xM™1 on A"™! x
C™= 1 x M* as follows:

Lo san,0,8) & (8, 11,2,0) = (t, 11,2+ A, Bv),
where
= ar7'(t,t) + S+ (1, )
B = exp (%m(ozltT"'(tl, t) + a7 (t1,t) + ﬂz)) 1,02be,
Then the quotient (A"™' x M* x C™~1)/\xM~! = X°.

Proor. We bigin with to prove that the action is well defined. It is enough
to show that ayb/c is an integer for every element of yM™!. For each element x
of x, 1" € y. Hence x(T" — I,) C x and we have yYM ' (MT'M~" — L,,,) C
xM ™. On the contrary, (0,0,0, azb) = (a1, az, B, F)(MT' M~ — I,,). Therefore
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(0,0,0, azb) € Y for every element of Y M~ and ayb/c is an integer. If we consider

the morphism

AU A*xC™ I xC - A x A*xC™ i xC*
(t,t,2,2) — (t, 1,2z, exp(2miz/c)),

and rewrite the construction of X° by MT"M~! and M7, we obtain that A™™1 x
M x C Yy M~ = X°, O

LEMMA 2.5. The action of xM ™1 in Lemma 2./ can be extended on A"~1x C"~1x
M. This action is properly discontinuous and fized points free. The quotient X
is a relative compactification of X° and f : X — A" has properties of Proposition

2.1 (1), (2), (3) and ().

PROOF. By definition, every singular fibre of A"™! x M x C"! — A" is the
product of an infinite chain of P! and C"~!. We denote each irreducible component
of a singular fibre by V,. Since the action of YM ™' on M maps SpecCloy N Z?]
to SpecCloys(a,p)/c N Z%), Vi maps to Viga,se by this action. Hence this action
is properly discontinuous and fixed point free. The quotient X is smooth and a
relative compactification of X°. By construction, it is obvious that f satisfies the
properties (1) and (2) of Propositon 2.1. We will prove that every fibre of f is
reduced. By construction, the multiplicity of each component of a singular fibre is
same. Thus it is enough to prove that every fibre has a reduced component. The
section A" 35 (t,#1) — (t,11,1,0) € A"t x M x C"! induces a global section of
f. Hence every fibre of f is reduced. Moreover, Kx is f-trivial because there is

the holomorphic n + m-form

d
diy A Aty Adzg Ao N dzy oy A
v
which is yM ~!-invariant and nowhere vanishing on A"™! x M x C™~ 1, O

The rest of assertions of Proposition 2.1 is deduced from the following Lemma.

LEMMA 2.6. Let f : X — A" be the relative compactification constructed in
Lemma 2.2 or Lemma 2.5. Then f is projective.

PROOF. By changing birational model, we may assume that there is a mor-
phism Y — X. Let H be arelative ample divisor on Y and H' its proper transform
on X. Then H'is a big divisor on each component of a fibre of f. It T' = 1I,,,,
every fibre of f is an Abelian variety. Thus every big divisor on each component
of a fibre of f is ample. Therefore H' is ample. If T' # I,,,, we need the following

claim:
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CLAIM 2.7. Let f : X — A" be the relative compactification constructed in Lemma
2.5 and E, an irreducible component of a singular fibre of f at s. Then there is a
section e of the ruling of F,; such that —Kp, = 2e and e is nef.

PRrOOF. Let C be a smooth curve on A" such that C N D = {s}, where D is
the discriminat locus of f. We consider the restriction fo: X¢ := X xan C — C.
We denote each irreducible component of the singular fibre of fo by E; . Let
Eiy1s and E;_y ; are next components of F; i and F};, := F; ;N E;,. Since Kx,
is fo-trivial, Kg, , ~ —Fiy1s — Fiioqs. BEach E;jis a P-bundle over an Abelian
variety. Hence —Kg, , is nef. In order to prove Claim, it is enough to show that
Fiit1s and Fj;_y o are numerically equivalent on F;,. Since X, is a deformation
retract of X¢, there is a corrasping morphism ¢; : X; — X, where X; is a general
fibre of fo. Let B, := ;' (B ) and Fl = ¢ '(Fy;,). Note that B, — Fi,
is a real blow up along Fj;, and FZ»’LS is a S'-bundle over F;;,. We consider the

following Mayer-Vietoris sequences:

0—-Cx, =& Cop - & Cp — 0
is o ij,s ij,s

0 - (CXS - @Ei,s(cEi,s - @Fi],s(cFi],s - 0
From the above sequence,

0— H(X,) — @E;SHO(EJ,S) — @Fi’JSHO(F'l‘ ) “ HY(X)),

17,8
and

0 0

! !
— HYX,) — ©r, H'(E; ) % aop, HY(F,;,) —

13,8

! !
DOHYX,) B Gp H'(E],) B @ HY () — H*(X,) —

13,8 17,5

! !
0— @p, H(Fijs) — @p or, H () — ©Or, H(F;:) —0

13,8

1B !
Gp, (L) — O, 1 (F)

Note that the each column is Gysin sequence. Then dimIm(a;) = 1 and dim Ker(ay) =
2n — 2, because the singular fibre of f¢ satisfies the properity (1) of Propositon
2.1. Since dimIm(aq) + dimIm(az) = 2n, dim Ker(as) = 2n — 1. Hence /3 is not

isomorphism. The morphism [ sends
HO(Fii—l,s) @ HO(Ei+1,S) S (A1, A2) = (M[Fhcrs]) + Ae[Fiit.s]) € Hz(Ei,S)'

If Fi_q,s and Fj4q 5 1s not numerically equivalent, 3 is injection. That derives a

contradiction and we are done. O
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We go back to the proof of Lemma. From Claim 2.7, the nef cone of each irreducible
component of a singular fibre is generated by a section and divisors on an Abelian
variety. Therefore every big divisor on each irreducible component of singular fibre
is ample and projectivity of f can be shown similarly as in the case T' = I3,,. O
We complete the proof of Proposition 2.1. O

For the using later, we prove the following Lemma.

LEMMA 2.8. Let [ : X — A" be a projective Abelian fibration which satisfies
the properties (1), (2) and (3) of Proposition 2.1. Then every bimeromorphic
map ® : X --» X which commutes with f can be extended to a biholomorphic

morphism, that is, X is the unique relative minimal model.

Proor .  We derive a contradiction assuming that ® is not isomorphism. Since
X is a relative minimal model and ¢ commutes with f, ® is an isomorphism over
codimension one point of X. Let H be an ample divisor on X and H' the proper
transform by ®. If @ is not isomorphism, then H’ is not f-nef. Hence by [6,
Theorem 3-1-1], there exists an extremal contraction v : X — X. Let { be a
rational curve which is contracted by v and E an irreducible component of f~!(D)
which contains ¢. Since f satisfies the properties (1) and (2) of Proposition 2.1 and
the discriminat locus D of f is simply connected, £ — D factors ¥ — A — D,
where £ — A is a P-bundle and A — D is a smooth Abelian fibration. Hence {
must be a fibre of the ruling of K. Thus v contracts every fibre of the ruling of £ and

the exceptional locus of v has codimension one. That derives a contradiction. [

DEFINITION 2.9. Let f: X — A" be a projective Abelian fibration which satisfies
the properties of Proposition 2.1 (1) - (4). We call X as a toroidal model of type I
or Il according to the singular fibre of f is an Abelian variety or a cycle of several

copies of a P -bundle over an Abelian variety.

Next we note variations of Hodge structures. Let f : X — S be a projective
morphism between smooth manifold. Assume that there exists an open set U of S
such that f is smooth over U and D := S\ U is a simple normal crossing divisor.
Let f°: f~Y(U) — U be the smooth part of f. We denote the upper canonical
extension of H := R'f°C by “H and the lower canonical extension by “H. For the

proof of Theorem 1.2, we need the following Lemma.

LEMMA 2.10. Let f: X — A" be a projective morphism from a smooth manifold
X to a polydisk A™. Assume that [ has the following properties:

(1) The discriminant locus D of f is smooth and E = (f*D)yeq is a simple
normal crossing divisor.

(2) The morphism E — D is a locally trivial deformation.
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Let f*D =5 a;E;. Then
CFNH) 2 Qg an(log B) @) (4 — 1) E)).

PRrOOF. If dimS = 1, then this assertion is [5, VIII]. Thus “F*(H) and
f*(ﬂﬁ(mn (log E) @ > (a; — 1)D;) are isomorphic in codimension one points of S.
By the assumptions of f, [18, Theorem 3.5] and the argument in the proof of [11,
Lemma 2.11], f*(Q}(/An(log E)®5> (a; —1)D;) is locally free. Therefore we obtain

the assertion of Lemma 2.10. O]

3. CORRESPONDENCE BETWEEN HIGHER DIRECT IMAGES AND COTANGENT
BUNDLES

In this section, we prove Theorem 1.2, Corollary 1.3 and Corollary 1.5. We
begin with to consider the relation among R'f,Ox. From the following lemma, it

is enough to consider R!'f,Ox for the proof of Theorem 1.2.

LEMMA 3.1. Let f: X — S be a Lagrangian fibration between smooth projective
manifolds. Assume that R'f,Ox = QL. Then

Rf.Ox =2 QL.

PROOF. Since wyx = Oy, R'f.Ox are torsion free by [10, Theorem 2.1].
Thus R'f.Ox are reflexive sheaves by [11, Corollary 3.9]. Therefore it is enough
to show that there exists an open set U of S such that R'f.Ox|y = Q) and
codim(S\ U) > 2. Let D be the discriminant locus of f. We choose an open set U
of S such that D is smooth in U. Since a general fibre of f is an Abelian variety

( Liouville’s Theorem ) there exists a morphism
NR'[.Ox|y = R [.Ox|v.

Then « is injective because R'f,Ox|y is torsion free. By [11, Theorem 2.6],
R f.Ox|y = “Gri(H). Considering exponents of the lower extension of H, a,
is not surjective if o; (0 < ¢ < n) is not surjective. By [10, Corollary 7.6],
R"f.Ox = wg. Combining R' f,.Ox = QL. «, is isomorphism. Hence «; is isomor-

phism for 1 < ¢ < n. O

REMARK 4. The reflexiveness of R f.Ox is one of crucial point why we need

projectivity. This comes from the following decomposition theorem.

THEOREM 3.2 ([11, Theorem 3.1]). Let f: X — S be a surjective morphism be-

tween projective variety. If X is smooth, then

Rf*wX ~q.i.s. Z le*wX[—Z]
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If the above theorem valid for a projective morphism, we can replace projectivity

of X by projectivity of f in the assumptions of Theorem 1.2.

Theorem 1.2 can be deduced from the following proposition.

PROPOSITION 3.3. Let f : X — S be a projective Lagrangian fibration with a
symplectic form w. Then there exists an open set U of S such that

R'f.Ox|lv = Q
and codim(S\ U) > 2.
PRrOOF. We prove Proposition 3.3 in four steps.

STEP 1. First we consider the smooth part of f. Let Uy := S\ D, where D is

the discriminant locus of f. We consider the following exact sequence:

Tf—l(Uo) — f*TUo — 0

0— f*Q%JO — Q}—l(UO) — Q}_l(Uo)/UO — 0

From the above diagram, w defines a morphism

[y, — Q;—l(UO)/UO

because every fibre of f is a Lagrangian subvariety by [14, Theorem 1]. Since
w is nondegenerate, the above morphism is isomorphism. Therefore we obtain

isomorphisms

TUO g f*Q;_l(Uo)/UO g fl(H)
Taking the dual of above isomorphism,
(2) R'£.0x|v, = Q-

STEP 2. In order to prove Proposition 3.3, we extend the isomorphism (2)
over codimension one point of 5. Let s be a point of D such that S and D are
smooth around s. In Step 2, 3 and 4, we will show that the isomorphism (2) can be
extended on a neighborhood of s. In step 2, we treat the case that f~!(s) satisfies
the properties of Theorem 4.1 (1) and Gy = Gy = {1}. In this case, there exists
a polydisk s € A" of S and the restriction morphism f : Xan := X xg A" — A"
is a toroidal model of type I or II (See Definition 2.9). If f is a toroidal model of
type I, then f is smooth and we obtain R'f,Ox,, = Qx. around s. Thus we may
assume that f is a toroidal model of type II. Let

X°:={x € Xan|f is smooth at z}.
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We consider the following diagram:

TX° — f*TA"|X° — 0
lw

0— f*QlAn|X° - Q}(o — Q}(O/An

— 0
From the above diagram, w defines a morphism f*Tan|y. — Q}(o/An since every
fibre of fis a Lagrangian subvariety by [14, Theorem 1]. We investigate the relation

between Q}(O/An and Q}(M/An(log FE)|xo. Let us consider the following diagram:

0— f*Ql n|X° — Q}(o — Q}(O/An — 0

la LA L7
0= FOh(ogD)lxe — Ok, (logE)lxe — Q. smllogB)xe — 0.

We obtain Q}(O/S = Q}(M/An(log FE)|xo if Cokera = Cokerf3. Let x be a point of
f7YD). From Definition 2.9, if we choose a suitable local parameter z; at x and

t; at f(x), fis written as
o =t, z=t (2<q),

on a suitable neighborhood of . The generater of Cokera is f*dt,/t; and the
generaters of Cokerfd are dzy/zy and dz;/z;. The morphsim Cokera — Cokerfs
sends

f*dtl/tl — dZO/ZO —|— le/le.

It x € X°, 29 # 0 or 1 # 0. Hence Cokeraw — Cokerfs is an isomorphsim and we
obtain 0} & Q}(M/An(log FE)|xe. We conclude that

Xo/An =
[ Tan = Q% an(log E),
because codim(X \ X°) > 2. Since f*Q}(M/An(log E) = F'Y('H), we obtain
R'f.0x,, = Qhn.

STEP 3. In this step, we treat that f~!(s) satisfies the properties of Theorem
4.1 (1) and Gy # {1} or Gy # {1}. By Theorem 4.1 (1), there exists a following
diagram:

Xan & X/Gy & X = X/G, & X
I ! L 1
A" = A"/G; «— A" = A"/Gy, «— A",
First we consider the case G; = {1} and G5 # {1}. Since 7 is isomorphism on
the smooth locus of )N(/G, Xan = )N(/GQ. For a symplectic form w on X, vjw is a
symplectic form on X because v, is étale. By Step 2, viw defines an Gy-equivariant

ismorphism le*(’))g > QlAn. Take the Gy-invariant part, we obtain

R'f.0x,, = Qhn.
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Next we consider the case Gy # {1}. Let U; be the smooth locus of X /. Since 7
is isomorphism on U; and codim((X/G)\ U;) > 2, we define n,w as the extension
of w|y,. On the contrary, v is étale in codimension one, vj(n.w) is a symplectic
form on X. According to the argument in the case Gy = {1}, v} (n.w) defines a
(1-equivariant isomorphsim

R'f.0x = k...
Take a GGi-invariant part of the above morphism, we obtain

le*OXAn g Ql .

STEP 4. In this step, we treat that f~!(s) satisfies the properties of Theorem
4.1 (2). If we choose a suitable neighborfood A” of s, there is an Abelian fibration
f:+ X — A" and the restriction f : Xan := X x5 A" — A™ which satisfy the

following diagram:

Xan = X/G & X
| B K
A" = A"/G — A

where 7 is an étale morphism. Since 7 is étale, @ := 7*w is a symplectic form where
w is a symplectic form on Xan. If @ defines an isomorphism le*OX — QL we
obtain a R'f.Ox,, = Q4. by taking a G-invariant part. Thus we consider the
Abelian fibration f : X — A". By Theorem 4.1 (2), there is a birational morphism
v: W — X such that for : W — A" satisfies the assumptions (1) and (2) of
Lemma 2.10. Let F := ((fo V)*D)Ted and (fo V)*D =Y a;E;. We will show that

v*@ defines the morphism
(3) (fov) Ty, — Q4 zn(log E) @ > (@i — 1E;.

Let w be a point of (fo 1/)_1([)). On a suitable neighborhood of w, fov is written

as

Zgo"'ZZk :tl, Zk—l—i:ti (Z 22),
where z; are local parameter at w and {; are local parameter at f o v(w). The
morphism Ty — (f o v)*T'xn is written as

O gt O
9z, 0T kot

Let Wy := W\ Sing(fo 1/)_1([)). If w e Wy, one of z; (0 < ¢ < k) is nonzero.
Thus

(fov)Tan® Y (1—ai)Eilw, C Image(Tyw|w, — (f o v) Tanlw,)-
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We cosider the following diagram:

0 — Ty /an — Tw —  (fov)Tin
!

(fo V)*QlAn — Oy — Q%/V/A" — 0
o | I
0— (for)0f,(logD) — Qp(logk) — Q%/V/An(log E)y —o0.

By [14, Theorem 1], the restriction of v*@ to every irreducible component of every

fibre is identically zero. Thus v*&(a,*) = 0 in Q%/V

/& for all elements o € Tw/An-

Hence v*@ defines the morphism
(for)Tan @Y (1 —a;)Eilw, — Qyyan(log L),

Since codim(W \ Wy) > 2, we obtain the morphsim (3). Let X° := {i €
X f is smooth at 2} and V the open set of X such that v~ (V) — V is an iso-
morphism. Note that a; = 1 if E; N v='(X°) # . By similar argument in Step 2,

we obtain

Q%/V/An(log E) ® (Z(al - 1)Ei)|y—1(X°) = Qll,—l(Xo)/An‘

Since v*@ is nondegenerate on v~'(V), the morphsim (3) is an isomorphism on

V_l()N(c’ N V). Thus we obtain an isomorphism
(4) P Tanlgory = v(Qy 50 (log B) @Y (a5 = 1)Ei) | gory -

By Theorem 4.1 (2), every fibre of fis reduced. Hence X° = X\Sing(f_l([))) and
codim(X \ X°) > 2. Combining with codim(X \ V) > 2, codim(X \ (X°NV)) > 2.
Since f*TAn is locally free, we obtain the morphism (4) is an isomorphism on X

and

Tin = [o(Q)y5.(log B) © > (e —1)E).
By Lemma 2.10, f*(ﬂ%{//&n(log E) @ > (a; — 1)E;) = “F(H). We conclude that
Tin = “F'(H) and R'[.O5 = QF,. We complete the proof of Proposition 3.3. [
PROOF OF THEOREM 1.2. Under the assumption of Theorem 1.2, R! f,Ox is a re-

flexive sheaf by [11, Corollary 3.9]. Hence we obtain R'f.Oy = QL by Proposition
3.3. Then by Lemma 3.1, we obtain the assertion of Theorem 1.2. O

PrOOF OF COROLLARY 1.3. By [12, Theorem 2| and [13, Theorem 1],
/X — Sis aLagrangian fibration and S is a Fano manifold. From [11, Corollary

3.2,
W (X,wx)= > KIS, R fawx).

p+o=k
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Since wy = Oy, the right hand side of the above equation is the sum of Hodge
numbers of S by Theorem 1.2. By Hodge conjugate h*(X,Ox) = h°(X,0%).
Moreover
0 k=1 d?2
WXL ) = mod 2
1 k=0 (mod 2)
since X is an irreducible symplectic manifold. From the assumption that S is
projective, h*?(S) > 1. Combining the above results, we obtain the assertion of

Corollary 1.3. O

ProOOF OF COROLLARY 1.5. We classify S by using the classification of al-
gebraic surfaces. We begin with to prove that S does not contain curves whose
selfintersection number are negative. Assume the contrary. Then there is a bira-
tional morphism 7 : S — S which contracts curves to points. The composition
morphism 7o f is a Lagrangian fibration and not equidimensional. This contradicts
to [14, Theorem 1]. Next we investigate the irregularity and Kodaira dimension of
S. From [8, Theorem 1.1], k(.5) < 0. By similar argument in the proof of Corollary
1.3, 2¢(S) = q(X). Since k(X ) =0, ¢(X) <4 and ¢(5) < 2. If ¢(5) =2, X is an

Abelian variety. From the following Claim, S is an Abelian surface.

CraiM 3.4. Let X be an Abelian variety and f : X — S be a fibre space. Then S

is an Abelian variety.

PROOF. Let F' be a general fibre of f. Since K is trivial, F' is an Abelian

variety by [7, Theorem 12]. We consider the following exact sequence:
0—=F—-X—=X/FF—=0

Then the quotient morphism is nothing but X — S. Thus X/F = S and S is an
Abelian variety. O
We go back to the proof of Corollary 1.5. Since S does not contain curves whose
selfintersection number are negative and x(S) < 0, S is a P*-bundle over an elliptic
curve or a hyperelliptic surface if ¢(S) = 1. Moreover, S is P? or P* x P! if ¢(S5) = 0.

From these classification, we obtain assertions of Colollary 1.5. OJ

4. CLASSIFICATION OF SINGULAR FIBRES OVER CODIMENSION ONE POINTS

In this section, we classify singular fibres over codimension one points of a pro-

jective Lagrangian fibration.

THEOREM 4.1. Let f : X — S be a projective Lagrangian fibration and D the
discriminat locus of f. Assume that dim X = 2n, S and D is smooth at s. Then
there exists a polydisk s € A™ of S and the restriction morphism fan : Xan — A"

has one of the following two properties:
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(1) There is a toroidal model X of type I or IT (See Definition 2.9), an Abelian
fibration X — A™ and an action of a cyclic group Gy (resp. Gy) on X (resp.
X ) which satisfy the following diagram.

Xan 2 X/Gy & X = X)G, & X
l l l o 1
A" = An/Gl — An = An/GQ — An,

where 1 is isomorphism on the smooth locus of X /Gy and X /Gy is normal.
Moreover vy is étale in codimension one and vy is étale.

(2) There is an Abelian fibration f : X — A" and an action of a cyclic group G
on X which satisfy the following properties:
(a) X and X satisfy the following diagram:

X = X/)G & X
| | E
A" = A"/G — A"

where T is an étale morphism.

(b) For the discriminant locus D of f, f*D is a reduced divisor.

(c¢) There is a birational morphsim v : W — X such that fov: W — A"
satisfies the assumptions (1) and (2) of Lemma 2.10.

REMARK 5. In the case that dim X = 2, f is a minimal elliptic fibration and

f satisfies the properties of Theorem 4.1(2) if the singular fibre of f is a Kodaira

singular fibre of type I1, I11 or IV. If the singular fibre of f is the other types, f

satisfies the properties of Theorem 4.1(1).

Before the proot of Theorem 4.1, we investigate the monodormy around s.

LEMMA 4.2. Let f: X — S be a projective Lagrangian fibration. Assume that the
discriminant locus of f and S are smooth at s. Then there is a polydisk s € A™ of

S and the restriction fa, : Xan := X Xg A" — A" has the following properties:

(1) There is a toroidal model f+: Xt — A™ of type I or II and the action of a
cyclic group G on X which commutes with [t and satisfies the following
diagram:

Xan -5 XY/
I N
A" = A"/G,
where « is a bimeromorphic map.

(2) Let D be the ramification locus of A™ — A", Then
dim F'Gr}" HY(XT,C)% > n — 1,
where X; be a fibre of f* over a point 3 of D.
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PROOF. (1) By the assumption that the discriminant locus is smooth at s,
we may assume that S and D is smooth. Let w be a symplectic form on X and
v : Y — X a birational morphism such that £ = (f o v)*D is a simple normal

crossing divisor. We denote each component of £ by F;.

CLAIM 4.3. Let £ := > E; be a simple normal crossing variety. Then

Gry H'(E,C) = {(a;) € ®H"(E;, C); il mop, = ajlpnm, }-
PROOF. Let
Ea= 1] (Bgn-nE,)”,
g <<
where ~ means the normalization. For an index set I = {ig,-- -}, we define an

inclusion (5][
S E,N-NE, S BN NE,_ NE ,N--E, (0<7<k).
We consider the following spectral sequence [4, Chapter 4]:
EPY = [(EV C) = Ert = HPH(E, C),
where D : EP? — EPTY9 is defined by the

D> e

[I|l=p =0

Since this spectral sequence degenerates at F, level ([4, Chapter 4.8]), we deduce
Gry (H*( B, C)) = Ker(@:H"(E;,C) 2 & H ((E; 0 )™, C)).
Thus we obtain the assertion of Claim 4.3 from the definition of D. a

CLAIM 4.4. Let U be an open set of D such that f ov|se,)-11 is a locally trivial
deformation and every fibre of f o v| o)1) is a simple normal crossing variety.

Then every point s’ of U,
dim F'Gr} H (Y, C) > n — 1,
where Yy is the fibre of fov at s'.
PROOF OF CLAIM. First we show that there is a morphism
(5) (fov) Ty — Qg

for the component E; N (fov)~Y(U) # 0. By the choice of U, F; — U is a smooth

morphism. Thus there is a following exact sequence:

0— Tgyu— 15 — (fov) Ty — 0.
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From the following diagram,

0 — TEl — TY — NE)/Y — 0
l vw
0 — Ig/l, — Q — Qp — 0

we define T, — Q. by v*w. By [14, Theorem 1], the restriction v*w to each
component of a fibre of f o v is identically zero. Hence v*w(a,*) = 0 in QE U
for every element o € Tp, u and there is the morphism (5). We take a point
s € U and denote local parameters of U at s' by ¢;, (2 < 7 < n). Let E; 4 be
the fibre of F; — U over s'. From the morphism (5), oy 1= v*w(9/0t;,*)|g, ,
defines an element of HO(Ei75/,Q}Ei L) We will show that oy, (2 < j < n) are
linearly independent in HO(Ei75/,QiEi ) for non v-exceptional F;. Assume the

%3

contrary. There exists a linear combination v := Y A;0/dt; such that v # 0 and
v'o(y,#)|g , =0in H(E; 4, Qp ,)- From the definition of U, I}, is not contain
v-exceptional locus if £ is not v-exceptional. Thus there is an open set V of E

such that v*w is nondegenerate over V. For every point y € V,
TEi,s“y = {O{ E TYvy; Z/*CU(O{7 6) = 07 vﬂ E TEiys’vl/}?

because v(E; ) is a Lagrangian subvariety. However, v € T, , and v*w(v,%)|E, , =
0in H(E; o ,Ql /) That derives a contradiction. If FE; o N Evg#0, a;; = oz;vJ
on ;o N Ey g by definiton. Thus the assertion of Claim 4.4 follows by Claim
4.3. O
We go back to the proof of Lemma 4.2 (1). We choose a neighborhood A™(ty,--- ,1,)
of s such that D is defined by ty = 0 and A" NU # 0. Let (fov)*D = > ek,
and e := L.CM.{e;; E; N (fov) Y (U) # 0}. We consider a e-fold cyclic cover

d:A" > sty v ty) = (b =ty - 1,) € A"

and the normalization Y of ¥ xan A" Since Y is projective and ¢~'(u) has a
reduced component for a general point u of d~*(D), the Abelian fibration g : V —
A" satisfies the assumptions of Lemma 2.8 except the monodromy conditions. Let
T be the monodromy matrix of R'¢°C, where ¢° is smooth part of g. We will
show that 7 is unipotent and the rank of T — I is at most one. Let s’ be a point
of A" N U. We choose an unit disk A' in A" such that A' N D = {s'} and put

Al = d'(A"). We concentrate the restriction morphism
gir - Ydl = Y X An Al — A17

because the monodromy matrix of R'(g4.)2C is T, where gAl is smooth part of
gai- By [9, Theorem 11%], if we take a suitable resolution YN of YN, every fibre

of gx: : Y . — Al is reduced and simple normal crossing.
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CLAIM 4.5. Let Zz. be a resolution OfYAl. We denote the fibre of fov at s" by Yy
and the fibre of Zz1 — Al at s = d=(s") by Zx1 5 Then the induced morphism
HY (Y, C) — HI(ZAlﬁv, C) is injection.

PROOF oF CLAIM. Let Ya1 := Y Xan AL Since Ya1 and Zj, are deformation
retract to Yy and Zz. 5 respectively, it is enough to prove that HY (YA, C) —
HY(Zx.,C) is injective. From the isomorphism YAl/G > Va1, H (Ya1,C) =
HY( AAl,(C)G and H'(Yx1,C) — HI(YAl,(C) is injection. Moreover YN is a ho-
mology manifold because YN has only quotient singularities. ([18, Proposition
1.4]). Hence HI(YA“(C) — HY(Zx.,C) is injection by [3, Theoréme 8.2.4]. O
We go back to the proof of Lemma 4.2. From Claim 4.5 and Claim 4.4,

dim F*Gr}" H (Y5,C) > n — 1.

Since § is a semistable degeneration, 7' is unipotent. We consider the Clemens-

Schmid exact sequence.

0 — GV (H'(V31 5, C)) — GV (Vi 5, ) 5 Gell (Via 5, ©)),

where Y/Al - 1s a general fibre of §z:. From the above exact sequence,

dim Gr}" HY( NAlﬂ,(C) >2n —2,

Moreover, the limit Hodge structure of H*( Al C) is as follows:
0CWo=Im(T —1)C Wy =Ker(T — 1) C Wy = H'(Ya, 4).

Since dim Wy = dim W5 /W7, the rank of T — I 'is at most one. Therefore Y satisfies
the assumptions of Proposition 2.1 and there exists a toroidal model f*: X+ — A"
of type I or II such that X* is bimeromorphic to V. The Galois group G of the
covering d acts on V and therefore act on X bimeromorphically. This action
commutes with f*. By Lemma 2.8, the action of G is biholomorphic and Xt /&
is bimeromorphic to Xa» over A”.

(2) Let T be the monodoromy matrix of R'(f o r)°C around D and D := d~'(D).
For the fibre of X of f*+ over 5 € D, the action G on H'(X7,C) is determined

by the monodoromy matrix 7. Thus the function
@(3) 15— dim PGl HY(X T, C)¢

is constant on D. For the proof of the assertion of Lemma 4.2 (2), it is enough
to show pu(s’) > n — 1 for s = d~'(s'). We consider the restriction morphism
Xgl = X Xzn A' — A'. Then there is a G-equivariant bimeromorphic map

A - Xgl. We take a G-equivariant resolution of indeterminacy Zx: of YAl -—>
Xgl. By Claim 4.5, H'(Ya1 +,C) — HI(Z5175~,,(C) is injection. By Claim 4.4.
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dim F'Gr} H'(Zz1 5,C)% > n — 1. Because Zz, — Xgl is G-equivariant bimero-
morphic morphism, there is a G-equivariant isomorphism H*(Zz.,C) = H'(X?,,C).

Al 9
Since Zz; and Xgl are deformation retract to Zz. 5 and X§175~/ respectively,

FYCr) Y HY (Z54 5, C)7 = F'Gr)" HY(XF, ).

Therefore we obtain p(s’) > n — 1. O
PROOF OF THEOREM 4.1. Let f : X — S be a projective Lagrangian
fibration. By Lemma 4.2, there exists a toroidal model f* : X+ — A" and an
action of a cyclic group . The assertions of Theorem 4.1 follows the following

Proposition.

PROPOSITION 4.6. (1) If fT is a toroidal model of type I, then f~(s) satisfies
the properties of Theorem 4.1 (1) or (2).
(2) If ft is a toroidal model of type II, then f~'(s) is satisfies the properties of
Theorem 4.1 (1).

PROOF OF PROPOSITION 4.6. (1) We begin with to prove that the represen-
tation G — H°(X},C) is not trivial, where X7 is the fibre of f* at 3. Assume
the contrary. Since every fibre of f* is an Abelian variety, the action of G on X™*
is fixed point free. Thus X*/G is smooth and Kx+ /¢ is numerically trivial. Since
X7 /G has no rational curve, Xt /G is the unique relative minimal model. On the
contrary, Xa» is a relative minimal model. Therefore Xa» = X*/G. However,
Kx+/6 # 0 because Kx+ is not G-invariant. This derives a contradiction, because

Kx,, ~ 0. We need the following Lemma to prove Proposition 4.6 (1).

LEMMA 4.7. Let Xl":)' = (f*)"Y(D), where D is the ramification locus of A" —
A", Then Xl":)' — D decompose a G-equivariant smooth elliptic fibration Xg — A
and a G-equivariant smooth Abelian fibration A" — D. Moreover they satisfy the
following diagram:

Xg —~ A = D

! ! !
XE/G - A — D,

where D is the branch locus of A" — A", A — D are smooth n — 1 dimensional

Abelian fibration and A’JG = A.

PRrROOF. Let F' be a fibre of Xl":)' — D. First we show that F'/G is smooth and
q(F/G) = n— 1. Let T be the representation matrix of p : G — AutH°(F,QF).
Since G is a finite cyclic group and Lemma 4.2 (2), T" = diag(¢,1,---,1) under
suitable coordinate of H(F,Q}.). Because F is an Abelian variety, the action of
G is written (21,29, , 2,) > ((21,22, -+ , 2,) around a fixed point p of F, where

(21, -+, zy) is a local coordinate of p and ( is a n-th root of unity. Note that ( # 1
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because p is not trivial representation. The branch locus of the quotient map F' —
F/G are smooth divisors of I and F'/( is smooth. Since dim H°(F, QL)Y =n—1
q(F/G)=n—1.

Next we consider relative Jacobian of XE/G — D. Since ¢(F/G) = n—1, there
is a n — 1-dimensional smooth Abelian fibration A — D which factor XE/G — D.
We prove that « : XE/G — A is surjective and every fibre is connected. We

Y

consider the following diagram

Xg — Bl

! !
XE/G — By — A,

where XE/G — B, is the stein factorization of « and Xl":)' — By 1s the stein
factorization of Xl":)' — By. Let A, (resp. Bi,, Bsy,) be the fibre of A — D (resp.
By — D, B, — D) at p. Note that the fibre X;F of Xl":)' — D at pis an Abelian
variety and X} — By, is surjective and connected fibre. By Claim 3.4, By, is an
Abelian variety. Since By, — Bz, is a finite morphism, x(By,) < £(B1,) = 0 by
[7, Corollary 9]. From [7, Theorem 13], there is an étale morhpism B, , — B, and
BQJ, is isomorphic to the product of an Abelian variety and a variety of general
type. Thus 0 < /Q(Bm) = £(Bs,). Therefore /Q(Bm) = k(Bs,) = 0, BQJ, is an
Abelian variety and Kp,  is numerically trivial. Since By, — A, is finite and A,
is an Abelian variety, B, , is an Abelian variety. By the universal properties of
relative Jacobian, By = A. The stein factorization Xg — A of Xg — A is the
desired morphism. a
We go back to the proof of Proposition 4.6 (1). By Lemma 4.7, there is a G-
equivariant smooth Abelian fibration 7’ : A’ — D. Since A'/G = A, the action of
G on A’ is a translation on each fibre of #’. Let g be a generater of G and m the
smallest integer such that the action of ¢™ on each fibre of 7’ is trivial.

First we consider the case that H = {1}. In this case, the action of G is fix
point free. Hence X+ /G is smooth. Moreover Xt /G is the unique relative minimal
model over A" since it has no rational curves. On the contrary, Xa» is a relative
minimal model over A", Xxn» & X+ /G, Thus X satisfies the properties of Theorem
4.1 (1) if we put X = X+, Gy = {1} and G, = G.

Next we consider the case that H # {1}. Since the action of H on each fibre of 7’
is trivial and Xl":)' — A’ is a smooth elliptic fibration, every singular locus of X+/H
forms a multisection of XE/H — A’ and XE/H — A’ is a P-bundle. For every
singular point p of X*/H, (p,XT/H) = (surface cyclic quotient singularity) X
(C*"=2,0). The list of surface cyclic quotient singularities which occur above is
found in [1, Table 5 (pp 157)]. By definition, the action of G/ H on each fibre of #’
is non trivial translation. Thus the action of G/ H on X* /H is fix point free and the
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quotient morphism Xt/H — X*/G is an étale morphism. Every singular locus
also forms a multisection of XE/G — A and XE/G — Ais a P'-bundle. For every
singular point p of XT/G, (p, XT/G) = (surface cyclic quotient singularity) X
(C**=2,0). We will construct a suitable resolution X+ /G and a relative minimal
model over A™ according to singularities of Xt /(.

If every singular point pof X /G, (p, Xt /G) = (Du Val singularity)x (C**~2,0),
we take the minimal resolusion n : X’ — X* /G by using the minimal resolution of
Du Val singualrities. Then X' is a relative minimal model over A”™. The morphism
n*(Xg/G) — A is a locally trivial deformation whose fibre is a Kodaira singular
fibre of type I, I1*, I1I* or IV*. Combining that A — D is a smooth Abelian fi-
bration, we conclude that every irreducible component of n*(Xg/G) is a P'-bundle
over a smooth Abelian fibration. By similar argument in Lemma 2.8, X’ is the
unique minimal model over A". Hence Xan» = X'. It is verified that X satisfies
the properties of Theorem 4.1 (1) by X = X = X*, G| = G and G, = {1}.

If some singular point pof XT/G, (p, X+ /G) % (Du Val singularity)x (C?"~2,0),
we consider the minimal resolution w : W — X */H, which is obtained from the
minimal resolution of surface quotient singularities. Then w*(Xg/H) — A is
a locally trivial deformation whose fibre is a tree of P'. (cf. [1, pp 158]) Since
A" — D/H is a smooth Abelian fibration, w*(Xg/H) is a simple normal cross-
ing divisor and the morphism w*(XE/H) — D/H is a locally trivial deforma-
tion. Therefore W satisfies the assumption (1) and (2) of Lemma 2.10. Every
irreducible component of w*(Xg/H) is a P!-bundle over a smooth Abelian fibra-
tion. By similar argument in Lemma 2.8, W is the unique minimal resolution of
X*/H. Thus the action of G/H on Xt /G can be lifted on W and W — X*/H is
G/ H-equivariant morphism. Hence w*(Xg/H) — A’ is G/ H-equivariant. By
contracting P'-bundles along its ruling, (cf. [l, pp 158]) we obtain a G/H-
equivariant relative minimal model X of W over A"/H. Let f : X — A"/H
and )N(D/H = f‘l(D/H). By construction, X is smooth and every singular fibre
of X is reduced. The morphism Xp ; — A" is a G/ H-equivariant locally trivial
deformation whose fibre is a Kodaira singular fibre of type I'I, [I11 or IV. Thus
the normalization of every irreducible component of )N(D/H is a P-bundle over a
smooth Abelian fibration. By similar argument in Lemma 2.8, X is the unique
minimal model. Since the action of G/H on A’is non trivial translation, the action
of G/H on X is fixed point free. Thus X — X /(G/H) is an étale morphism and
X /(G/H) is a relative minimal model. Moreover, X /(G//H) is the unique relative
minimal model because X is so. Hence X/(G/H) = Xan. Therefore X, X and
W satisfies the properties of Theorem 4.1 (2). We finish the proof of Proposition
4.6 (1).

(2) First we prove the following Lemma.
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LEMMA 4.8. Let D be the discriminat locus of f and f*D = > E;. We define the
subgroup H of G as follows:

H:={g € G;g(E;)=F; foralli.}

Then there is the unique minimal relative minimal model f : X — A”/H of
Xt/H — A"/H which have the properties of Proposition 2.1 (1), (2) and (3).
Moreover
(1) There is an action of G/H on X. If an element g of G/H preserves every
irreducible component of every singular fibre, then ¢ = 1.

(2) For every point of s of the discriminat locus of f,
dim F'Gr' HY(X,,C) > n — 1,

where X, is the fibre of f at s.
(3) There exists an étale morphism v : X — X and an cyclic group G such that
X is a toroidal model of type IT and )N(/G’ ~ X,

Proor. We begin with investigation of the action of H on each E;. Let X be
the fibre of f+ over § € D. We denote each irreducible component of X by Ei;
and F}; ; :== F; ;N E; ;. From the following Claim, the action of H on H°(E; 3, Q}El )
and HO(F}; 3, Q}%) are trivial. 7

CLAIM 4.9. Let E = > FE;; be a cycle of several copies of a P'-bundle over an
Abelian variety such that Iy ; := F; 5 N\ E; 5 forms a section of the ruling of F; ;
and F;;. Assume that there is an action of a cyclic group G on E such that
dim F1Gr}" HY(E,C)¢ > n — 1. Then
(1) If F}; ;s is G-stable, then every element of HO(Fij7g,Q}?ij7§) is G-invariant.
(2) If E; 5 is G-stable, then every element of HO(E;;,Q, ;) is G-invariant.

PrOOF. Assume that some Fj; ; is G-stable and there exists a non G-invariant
element of H°(F}; ;, Q}%) Since every E; ; is a P'-bundle over an Abelian variety
and every F; ; forms a section of the ruling, there is a G-equivariant isomorphism
G HY(E,C) = HO(FZ»M,Q}%E) by Claim 4.3. Thus there exists a non G-
invariant element in /' Gr;” H'(E,C). On the contrary, dim F'Gr}" H'(E,C) =
n —1. Hence F'Gr)" H'(E,C)% = F'Gr}" H'(E,C). That is a contradiction. If
some F; ; is G-stable, we obtain the assertion of Claim by similar argument. [
We go back to the proof of Lemma 4.8. Since F; 5 is an Abelian variety, the action
of H is translation. If the action of H on Fj;; is not trivial, the action of H is
fixed point free. We put X := X+ /H. Tt is easy to check that X+ /H satisfies the
assertions of Lemma.

We consider the case that the action of H on Fj;; is trivial. In this case, every

point of F}; := ;N E; is fixed by H. We choose a point p € F;; and a local
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coordinate z;, (1 < ¢ < 2n) at p such that E; (resp. FE;) is defined by z; = 0.
(resp. z = 0.) Since F; and E; are stable under the action of H, the action of H

can be written as
(21,22, 23, +  29n) = (azy, bz, 23, -+ | 22, ),
where a,b € C*. Thus for every singular point q of X*/H,
(¢, X1/ H) = (surface cyclic quotient singularity) x (C*"~2,0).

The morphism ((f¥)*D)/H — D/H is a locally trivial deformation. Every irre-
ducible component of every fibre is a P!-bundle over an Abelian variety. The sin-
gular locus of X+ /H is contained in U,;(F;;/H). We take the minimal resolution
v: Zy — Xt/H by using the minimal resolution of a surface cyclic quotient singu-
larity. Then the morphism v*(((f*)*D)/H) — D/H is a locally trivial deforma-
tion. Since exceptional locus of the minimal resolution of a surface cyclic quotient
singularity is a chain of P!, every fibre of V*(((f"’)*b)/H) — D/H is a cycle of sev-
eral copies of a P'-bundle over an Abelian variety. Hence 7, satisfies the properties
(1) and (2) of Proposition 2.1. Every irreducible component of V*(((f"’)*b)/H) is
a P'-bundle over a smooth Abelian fibration because 7(D/H) = {1}. By similar
argument in Lemma 2.8, 7, is the unique minimal resolution of X+ /H. Therefore
the action of G/H can be lifted on Z,. Let zy : Zy — Z; be a G/ H-equivariant
extremal contraction. Let ¢ be a curve which is contracted by z,. We denote the
irreducible component of V*(((f"’)*D/H)) which contains ¢ by Ey. Since Ejy is a
P!'-bundle over a smooth Abelian fibration, ( is a fibre of the ruling of Ey. Thus
2 is the contraction of P'-bundles along its ruling. Hence Z; is smooth and it
satisfies the properties (1) and (2) of Proposition 2.1. Iterating this process, we
obtain a G/ H-equivariant minimal model X. By construction, X has the proper-
ties (1), (2) and (3) of Proposition 2.1. By Lemma 2.8, X is the unique relative
minimal model. Let g be an element of G/H. By the definition of H, g = 1 if
every irreducible component of singular fibres of Zy — A”/H are stable under the
action of g. Since at least one g-orbit is not contracted in the contracting process
Zo — X, X satisfies the assertion (1) of Lemma.

For the proof of (2) and (3) of Lemma, we consider the restriction of X. Let C be
a smooth curve of A"/ H which is stable under the action of ¢/H and which inter-
sects transversally with the discriminat locus of f at s. We consider the restrictions
(X*t/H)e :=X1T/H X anm O (Zo)o = Zo X ang € and X¢o =X X ansg €. Since
X satisfies the property (2) of Proposition 2.1, (X+/H)¢ has only quotient sin-
gularities. Hence there is an injection H'((X*/H)c,C) — H'((Zy)c, C). Thus
HY((X*T/H),,C) — H'((Zo)s,C) is an injection because (X*/H)c and (Zy)c
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are deformation retract to (X*/H)s and (Zp)s respectively. There is the G/H-

equivariant bimeromorphic morphism (Zy)c — (X*/H)c. Moreover
F'GelVHY(X*/H),, C)%H = F1GelVHY (X F, C)°.

We obtain
dim F*Gr} HY((Zy),, C)/H > n — 1,

from Lemma 4.2 (2). Since (Zy)c — X is G/ H-equivariant bimeromorphic
morphism, there is a G/ H-equivariant isomorphism H'(X¢, C) — H'((Zy)c, C).
Hence FlGr?/Hl((ZO)S, C)G/H i FIGI’{/VH1 (X, C)G/H because X is deformation
retract to X,. We obtain the assertion (2) of Lemma.

For the proof of the assertion (3) of Lemma, we need the following Claim.
CLAIM 4.10. Let f : X — A"/H and f*(D/H) =Y e;E;. Then e; = m for alli.

PROOF. Assume the contrary. Let Fjy be the component such that e, attains
minimum value of ¢; and F;, (i = 1,2) next components. We may assume that
e1 > eo. We consider the restriction X¢ and denote the restriction £; to X¢ by
Ec,;. Since f satisfies the properties (1), (2) and (3) of Proposition 2.1, each Eg
is a P'-bundle over an Abelian variety and Kg., ~ (Kx. + EC70)|E070 ~ E070|Ec,o'
Let ¢ be a fibre of the ruling of EQO. Since each intersection Eqi N ECJ forms a

section of the ruling of Ecﬂ'.
(Z eiE(M)ﬁ = €1 —|— €o —|— 60EC70.£ = 0.

Because ( is a fibre of the ruling of F¢ g, Kg.,.t = —2. From the assumption
€1 > ¢g and ey > ¢, this derives a contradiction. O
We choose a coordinate (t1,--- ,t,) of A"/H such that D/H is defined by t, =
0. Let d: A™(sy,ty,--- ,t,) — (A"JH)(ty,--- ,t,) be the m-fold cyclic covering
defined by s7" = 1, G’ the galois group of d and X=X X An/H A", Then X — X
is étale, X is smooth and every fibre is reduced. (cf. [18, Lemma 2.2]) We complete
the proof of Lemma. O
We go back to the proof of Proposition 4.6 (2). Let us consider the action of
G/H on X, which is constructed in Lemma 4.8. Since the dual graph I' of every
singular fibre of X is the Dynkin diagram of type A,, the action of G/H on T is
rotation or reflection. If the action of G/ H is rotation, the action of G/H on X is
fixed point free by the assertion (1) of Lemma 4.8. The quotient X /(G/H) is the
unique minimal model because X is so by Lemma 4.8. Hence X/(G/H) = Xan.
Therefore X, X and X satisfy the properties of Theorem 4.1 (1).

We consider the case that the action of G/H on I is reflection. If the action
of G/H is fixed point free, we prove that X/(G/H) = X and X satisfies the

properties (1) of Theorem 4.1 by similar argument in the case that the action of
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G/H on I' is rotation. Thus we assume that G/H has fixed points. We use same
notations as in Lemma 4.8 and Claim 4.10. Since X satisfies the properties (1)
and (2) of Proposition 2.1, the morphism f*(D/H) — D/H is a locally trivial
deformation and every fibre of f*(D/H) — D/H is a cycle of several copies of
a P'-bundle over an Abelian variety. Since m(D/H) = {1}, each E; is a P'-
bundle over a smooth Abelian fibration. From the assumption that the action
G/H on T is reflection, there are two G/ H-stable component in f*(D/H). If E;
is GG/ H-stable, every one form on F;, is G/ H-invariant by Lemma 4.8 (2) and
Claim 4.9, where Em is a fibre of £, — D/H Since Em is a P'-bundle over an
Abelian variety, every fibre of the ruling of E; is G/ H-stable and the fixed locus
on E; forms multisection of the ruling of £;. If sz = F,. N Ej is G/ H-stable,
every one form of Fj;, := FE;, N FE;, is G/H-invariant by Lemma 4.8 (2) and
Claim 4.9. We obtain that the action of G/H on Fij 1s trivial because Fms 1s an
Abelian variety and we assume that there exists a fixed point. Since Fj; forms a
section of the ruling of F; and F;, every connected component of the fixed locus
of X forms a multisection of the ruling of some F;. For every singular point p
of X/(G/H), (p, X/(G]H)) = (A;-singularity) x (C?"72,0). We obtain a relative
minimal model ft : Xt — A" of X/(G/H) over A"/G = A™ by blowing up
along singular locus. Let D be the discriminat locus of f*. Since every irreducible
component of (f¥)*(D) is a P*-bundle over a smooth Abelian fibration, we obtain
that X7 is the unique relative minimal model by similar argument in Lemma 2.8.
Hence Xan = X*. From Lemma 4.8, there is an étale covering X — X such that
X is a toroidal model of type II. Thus X satisfies the properties of Theorem 4.1
(1). O
We complete the proof of Theorem 4.1. OJ
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