Mee Seong Im Hodge Theory May 21, 2008

The following set of notes has been taken from Differential Geometry II
course at UIUC with Professor Christopher J. Leininger. Some modifications
have been made and additional details have been provided but if you see any
typos or if you have any questions, feel free to submit them to mim2 (at) math
(dot) uiuc (dot) edu.

Let ¢ =<, > be an oriented Riemann metric on a manifold M = M™ and
A QM) — Q4(M) be the Laplace operator. The Laplacian is a second order

differential operator which is a generalization of A = — Z?=1 68,—; on R™.

Let HY(M) = ker(A) N Q4(M) be harmonic g-forms.

Corollary of Hodge Theorem. For a compact manifold M, Q4(M) = A(Q9(M))
@ HYU(M) and HY(M) = Hi,(M).

Discussion of A.

The pairing <, >, induces a metric on the cotangent space T M called
<, >, s0 that the isomorphism

T M — T M (1)
ve< s >=10 (2)

is an isometry.

Note: If z!,...,z™ are coordinates on an open neighborhood U C M, then
<, > is described by (gi;) with gi; = (32, 5% ) . We also obtain g* = (da’, da?)
and g" g = 4}

The pairing <, >, also induces <, >,, on AT M by

(' A NPT Pt A AYT) = det ((¢F, 7)),

which we extend linearly. We view the pairing as an inner product on APT M
with APTx M L AN9T M whenever p # q.

*-operator.

Let M = M™ be an n-dimensional manifold. Let % : Q*(M) — Q*(M). More
specifically, x : Q4(M) — Q" 2(M). Since we define the x-operator pointwise,
x: NIT M — A"~ 9T, M can be defined and A?T, M = A"~ 9T, M are isomorphic
as vector spaces.

x for cases when ¢ = 0,n. The pairing induces a volume form v € Q"(M).
Let vy, = e A Ae™ € A"(T), M) with e',...,e" being oriented orthonormal
basis for T M. Then * : A°T* M = R — A"T,, M is a map so that *1 = v and
*v = 1.

For 0 < q < n, the *-map is defined as x(e* A ... Ae?) = et A .. Aem.
Alternatively, we consider the pairing <, >,,: AYT M x ATy M — R and
*A AT M x A"~9Tx M — R that maps

(nma ,um) — *(nm A ,um)~



This gives us an isomorphism between AT M and A"~9T M and this is con-
sidered to be the x-map.

Note: (s m) = * (ftm A %) = % (N A *fhyy,)

Example. Let w € Q'(M) and @ is dual to w. We let *w = 15v, which is
the contraction of the dual vector into volume form v. So for w,, = te! for some
t,

kW, = xtel =txel =te2 A...Ne™.

On the other hand, we obtain

Loy Vm = LteyVm = tleyUm (3)
= tie, (e' Ao AE™) (4)
=t A...NeM) (5)

so both sides make sense.
We see that v, is the unique representative of orientation with ||v,|| = 1
and #x = (—1)?(»~P) hecause for example, given an orthonormal basis €', ..., e

on T3 M, applying the *-operator once gives x(e* A...AeP) = ePTL A Ae™ while
applying it twice gives us ##(e*A...AeP) = x(ePTI A Ae™) = (—=1)P(P =Pl AL AeP.

Now let’s define 6 : QI(M) — Q4= (M) where § = (—1)"4tD+1 x dx and
A = dd + dd.

Try checking that A : C°(R") — C®°(R") is A = —>"" | 9*/0x%.

Now what is the Laplacian A,, on C*°(M) = Q°(M)?

A(f) = (3d +dd) (f) 6

(6)
=ddf +dof = ddf because dé =0 (7)
= (1)@ s d(xdf) (8)
= (=1)*"™ % digraas)(v) since grad(f) =V f=df (9)
= — *digraa(s)(V) (10)
= — % Lgrqa(s)(v) by Cartan Lev = div(§)v = (die + ted) v (11)
= — s div(grad(f))v (12)
= —div(grad(f)) (13)

Note that the Cartan form tells us how flow changes the volume form. So
for harmonic g-forms H?(M) = ker(A) N Q9(M) and for f € HO(M), Af =0
if and only if the gradient flow preserves volume. Also on a compact manifold,
fe€HIM)=H],(M) is a locally constant g-form.

For a 1-form w, —div(w) = dw, and dw = 0 if and only if @ preserves volume.
Now for a 1-form to be harmonic, Aw = 0 < dw = 0 (it is closed) and dw = 0
(it is co-closed). By Frobenius Theorem we say that there is foliation. That is,
let M be an n-dimensional manifold and let A = {A,}aeca be a partition of M
so that M =[], A, with each A, being path-connected. If there exists a cover
U of M by open sets {U }rey with each U homeomorphic to R (or R’} ) so that



@ # A, NU is a parallel translation of the hyperplane R"~¢ in R™, then A is
called a foliation of M of codimension ¢ with 0 < ¢ < n.

For n = 2, we have a surface and there is an isothermal orientation preserving

coordinates for the pairing <, >, z',2? so that g;; = pd;;. So ¢ = (x',2?) :

U — V C R? is conformal which preserves do(S*) = S*.

Now, we might ask ourselves what might be the Laplacian in these coor-

dinates on Q°(M), assuming da' | do? and ||dz!|| = ||dz?||? The *-operator
gives us *dx!' = da?, *dz? = —dz' and A = 6d + d6 = §d. So

8d(f) =6 (frrda' + fradz?) (14)

= (—1)2PHDH g 4 (forda' + fr2da?) (15)

= —xd(fnda® — freda?) (16)

= —x (fode’ Ada® + fraeda’ A da?) (17)

= —h(xl, 1'2) (lezl + frzrz) . (18)

Since h(x!,22)dz* Ada? = v, Af =0 foig + fore2 = 0.
Note that *A = Ax, §A = Ad, and Ad = dA.

From this point on, let’s assume that M is a compact manifold and v is a
volume form. Define <, > on QP(M). Let p,n € QP(M). Then

</m7>=/ /M*n=/ (tms ) V-
M M

The pairing is bilinear which one can easily check and it is positive definite:

<u7u>=/ uA*u=/ < iy i >V >0
M M

since <, >,, is an inner product on AP(T; M). So for all m € M, < iy, fim >
>0, and =0 < p,, = 0. So we define | ||| = /< i, o >
Proposition. For compact manifolds, J is the adjoint of d:

<dw,n>=<w,in >

Proof. Without loss of generality, let w € QP~1(M), n € QP(M). We have
d(wA*n) = dwAxn+ (=1)P~LwAd(*n) = dw A *n—w A*dn. By Stoke’s theorem,

0= [y dlwAsn) = [, doNxn— [, wAxdn=<dw,n>—<w,dn>. X
Corollary. A is self-adjoint: < Aw,n >=< w,An > .
Proof .
< ddw + ddw,n > =< déw,n > + < ddw,n > (19)
=< dw,dn >+ < dw,dn > (20)
=< w,don >+ < w,ddn > (21)
=<w,An> X (22)



Proposition. Aw =0 < dw =0 and dw = 0.

Proof. (<) Obvious.

(=) Suppose Aw = 0. Then 0 = < Aw,w > = < ddw,w > + < ddw,w > =
< dw,dw > + < dw,dw > = ||6w||? + ||dw]||? So ||dw]| = 0 and ||dw|| = 0 imply
0w =0 and dw = 0. X

Corollary. Harmonic functions f € H°(M) on a compact manifold M are
locally constants.

Corollary. We have an injective map H? (M) — HY,(M).

Proof . Let p € HP(M) with [p] = 0. Then p = dw for some w, which implies
||| =< pt, p >=< dw, p >=< w,ép >=0. So = 0. X

Corollary. Harmonic forms H?(M) on a compact manifold M is finite di-
mensional. Moreover, singular, simplicial, de Rham, and Cech cohomology with
real coefficients are all finite dimensional.

Example. Let w € Q'(M) with dw = 0. On an open contractible set U C M,
H},(U) = 0 implies we can take w|y = df so that f(m f w, df =w Wlth
mg € U.

Whenever w # 0, ker(w) is a distribution and w # 0 implies df # 0 and thus f
is a submersion. So f~!(c) is a submanifold with T5,,(f~1(c)) = ker(dfm) = wm.-

For w closed, ker w is completely integrable.

Now suppose [ w : 71 (M, mg) < ¢ >— R is a homomorphism onto a cyclic
image < ¢ > for some c. We can then define F := fmo w:M—R/<c>x=5!
that takes m — fnTo w so that F*(dt) = w.

Suppose w € HY (M) and [ w:m (M, mp) »<c>—R. Let F: M - R/ <
c>and m: R — R/ <¢>. Locally w = dF (= F*(dt)). Since U is an open
contractible subset of M, we have a lift F: U — R so that F'=mo F. Since w
is exact, dw = 0 and dw = 0. So AF = (A f+ 6d)F = 6dF = dw = 0. So F is
a harmonic function, and F' is locally harmonic.

If k = dim(Hip(M)) = H}(M) and w!,...,w* are basis for H*(M), then
(fwh o [WF) + m(M,mg) - A — R* where A C R is a discrete lattice
with R¥/A = T*. So F = (fmo wl, ..., fmo wk) : M — TF is a locally harmonic
k-tuple.

Note that on T, dz' A ... Adz* form a basis for H!(T¥) with F*(dz?) = w’.

More generally, F' *(tjdxj ) is a harmonic representative of de Rham cohomology
class.

Hodge Decomposition Theorem. H? (M) is finite dimensional and QP (M)
can be decomposed as an orthogonal direct sum QP (M) = A(QP(M)) P HP (M)

= (do (P (M)  0d(QF (M) @ HP (M) = d(2P~(M)) @ 6(QF+1 (M) D HP (M

In particular, Aw = n has a unique solution if n 1L H?(M).

It is an exercise to show that the above equalities hold true. Hint: use
properties discussed earlier.

Now let’s show that Aw = 1 has a solution for n € (HP(M))*.

If Aw = 9 then for up € HP(M), < n,u > = < Aw,pu > = < w,Apu >
=< w0>=0 Son € (HP(M))J‘ and the solution w gives us a bounded

).



linear functional on QP(M), I, : QP(M) — R so that for all p € QP(M),
lo(p) =<w,p>and I, (Ap) =< w, Ap >=< Aw, u >=<1n, 14 > .

By Schwarz inequality, |l,(u)] = | < w,p > | < ||w]||||e]] = ¢l|p|], where
c € R. So I, is a bounded linear functional.

We say a bounded linear functional { : QP(M) — R is a weak solution to
Aw =nif [(Ap) =<n,u>.

Regularity Theorem. Let n € QP(M) and let | be a weak solution of
Aw = 7. Then there is an w € QP (M) with [ = 1,,.

Note that the converse holds true as well: if [ = [, then Aw = 7.

Theorem. Let {y, } C QP(M) be any sequence with ||uy|| < cand ||[Ap,]| <
c for all n. Then there is a Cauchy subsequence {j,,} in QP(M).

Recall the Hodge Decomposition Theorem. H? (M) is finite dimensional
and QP(M) decomposes as a orthogonal direct sum

OP(M) = A(QP(M)) P H? (M)

Equivalently, Aw = 7 has a solution w if and only if € (HP(M))*

Proof of HDT. We need to show (H?(M))™ = A(HP(M)). Since A is self-
adjoint, let p € HP(M). Then for w € QP(M), < Aw,p >=< w,Ap >=<
w,0 >= 0. So A(QP(M)) C (HP(M))" . Now we need to show that (HP(M))" C
A(QP(M)).

I claim that there exists a ¢ > 0 so that for any u € (HP(M))l, [lpl] <
cllApll.

Proof of the claim. If not, then there exists {u;} so that ||g;|| = 1 and
[|Apj|| — 0. By the above theorem, we can pass to a subsequence so we can
assume that our original sequence {yu;} is Cauchy. Let [ : QP(M) — R be
defined by I(n) = lim; oo < n,p; > . It’s clear that [ is linear. Since 0 <

()] = limjoo | < nyp5 > | < Timjoo |1l[|lp5]] = [[n]l; the map [ is also
bounded. Moreover by Schwarz, 0 < |[(An)| = lim;o| < An,p; > | =
lmj oo | < 1, Ap; > | < limjo |n]|||Aw;]| = 0. So [ is a weak solution to

Aw = 0. By regularity theorem there is a form w € QP(M) with [ = [,,. In other
words, I, =< -,w > is a solution to the equation, and I,,(An) = 0 which implies
Aw = 0. If we also have [,,; — [, then p; converges to w. So {y;} C (HP(M))l,
[l1;]| = 1, and lim; oo pt; = w € HP(M). But (HP(M))™" and HP (M) are closed.
This is a contradiction. This proves the claim.

Now we need to show that (HP(M))™ C A(QP(M)), so let n € (HP(M))™".
Define a linear functional [ : A(QP(M)) — R where (Au) =< n,u > . Show
that the linear functional is well-defined: if we have u, p’ with Ay = Ay/, then
we need to show < n,u >=< n,u’ > . Since Ay = Ap', A(p — /) = 0. Then
p— ' € HP(M) is harmonic. So < n,pu > — < npu >=<nu—p >=0
since n € (HP(M))*. So <, u >=<n, ' > and the functional is well-defined.
Also by Schwarz inequality, [1(Ag)] = | < 7,4> | < |lalllal < IIall - ell Al =
c'||Apl|. So the functional is bounded.



Hahn-Banach theorem tells us that [ extends to a bounded linear functional
onl:QP(M)— Rand for all p € QP(M), I(Au) =< n, > . So l is a weak solu-
tion. By Regularity theorem, [ = I, and Aw = 1. So (HP(M))™ C A(QP(M)).
This proves the other direction of the Hodge Decomposition theorem. X

Recall that HP (M) — HYp(M) is injective.

Theorem. We have an isomorphism H? (M) = HY (M)

The key idea of the proof is that we invert the Laplacian by defining Green’s
operator G : QP(M) — (HP(M))* = A(QP(M)) by we project to the comple-
ment of the kernel and then invert; i.c., let Il = I — H : QP(M) — (HP(M))*
be the orthogonal projection map, A : (HP(M))™ C Q(M) — (HP(M))" is an
isomorphism, and G : QP (M) — (HP(M))" so that Ao G = IL

Lemma. Any operator T' that commutes with A commutes with G. In par-
ticular, *G = Gx, 6G = GJ, dG = Gd, and AG = GA.

Proof of Theorem. Let [w] € HYp(M). Then dw = 0. We need to find har-
monic representative (form) for w. So it suffices to show [H(w)] = [w]. By
Hodge Decomposition theorem, w = A(Gw) + H(w) = d0Gw + §(dG)w + H(w)
= d(0Gw) 4+ 0G(dw) + H(w) = d(0Gw) 4+ 6G(0) + H(w) = d(6Gw) + H(w). Thus
[w] = [H(w)]. X

The next proposition tells us that that the harmonic representative is the
best representative with respect to the metric.

Proposition. The harmonic representative of [w] € HY, (M) is the unique
norm minimizer in the class.

Proof. Let w € HP(M) be the harmonic representative and let n € QP~1(M).
We need to check that ||w|| < ||w+dn||, and with equality if and only if dn = 0.
So

[lw +dnl|* = [lw]]* + [ldn||* + 2 < w,dn > (23)
= llwll* + lldn||* +2 < dw,n > (24)
= [lwl[* + [ldn][* +2 < 0,7 > (25)
= |lwll* + lldn||* (26)
= ||w||? if and only if dn = 0. (27)
We do have that dn = 0 because || - || is a norm. X



