
Mee Seong Im Introduction to Logic and Proofs Sunday June 15, 2008

Problem 3.24 [page 73]. Let m be a natural number. Find the flaw in
the statement below. Explain why the statement is not valid, and change one
symbol to correct it.

If T is a set of natural numbers such that 1) m ∈ T and 2) n ∈ T implies
n + 1 ∈ T , then T = {n ∈ N : n ≥ m}.

Solution. Using set notations, T should be written as the following:

T = {n ∈ N : 1. m ∈ T and (1)
2. n ∈ T ⇒ n + 1 ∈ T}. (2)

So let S be defined as S := {n ∈ N : n ≥ m}, as in the book.

Check : Is it true that S ⊆ T?
Let n be in S. Then n is greater than or equal to m. Since m is in T , we

have m + 1, m + 2, m + 3,... are all in T . So since n satisfies the conditions to
be in T , n is in T . So T contains S, i.e., T ⊇ S.

Check : Is it true that T ⊆ S?
Now let n be in T . If n is greater than or equal to m, then n is in S. If n is

less than m, then n is not in S.
Thus T 6⊆ S because it is possible that T may be a proper set containing S.
So the mistake is the equal sign after the word then, and a corrected version

is:

If T is a set of natural numbers such that 1) m ∈ T and 2) n ∈ T implies
n + 1 ∈ T , then T ⊇ {n ∈ N : n ≥ m}.
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