Mee Seong Im Introduction to Logic and Proofs Saturday July 5, 2008

1. Prove that if m|a and m|b, then m|gcd(a, b)
2. Show if a|n and b|n, then abln - ged(a, b).
3. Prove lem(a,b) =

gcd( ,0)°

1. Proof. There are some integers s and ¢ so that ged(a,b) = as + bt. Since
m|a and m|b, m|as + bt. So m|gcd(a,b).

2. Proof. Since a|n, there is some integer k so that n = ka. Since b|n, there
is some [ € Z so that n = [b. So

n - ged(a, b) = n(as + bt) = nas + nbt = (Ib)as + (ka)bt = (Is)ab + (kt)abd.

Since ab divides the right hand side, ab divides n - ged(a,b) as well.

3. Proof. Take n = lem(a, b) Then by Part 2, ab|lem(a,b) - ged(a,b). So
ab < lem(a, b) - ged(a, b), i.e., gcd(a 5y < lem(a, b).

On the other hand, there exist p and ¢ so that a = p - ged(a,b) and b = ¢ -
ged(a, b). So ab = pbged(a,b) and ab = aq ged(a,b). So ab/ ged(a, b)(= pb = aq)
is an integer multiple of a and b. Since n = lem(a, b), n|-—2

ged(a,b)
Son < gcd(a b)’

Hence lem(a, b) =

ie., lem(a,b) < ﬁz,b).

ab
ged(a,b)



