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Abstract. It remains an open problem to study filtered Nakajima affine quotient MF•
0 (n, 1) :=

µ−1
B (0)//B and a filtered quiver variety MF•

(n, 1) := µ−1
B (0)s/B and relate the Hamiltonian reduction

of b × Cn to known varieties, where µB : T ∗(b × Cn) → b∗ is the moment map of the B-action on
b× Cn, B is the set of invertible upper-triangular complex matrices, and b = Lie(B). In this paper, we

give a summary of known results (which is precisely the regular semisimple locus of MF•
0 (n, 1)), and

propose strategies on how one could extend to all of MF•
0 (n, 1) to study the filtered affine quotient and

construct a filtered version MF•
(n, 1) of Nakajima’s quiver variety. Lastly, we give constructions of

MF•
0 (v,w) and MF•

(v,w) (which are related to the generalized Grothendieck-Springer resolutions
and KLR-algebras) for any quiver, any filtration F •, and any dimension vectors v and w, suggesting

further research.

1. Introduction

The author has proved in her doctoral dissertation that the regular semisimple locus of the Hamiltonian
reduction µ−1B (0)rss//B of b×Cn is isomorphic to C2n \∆ as varieties, where ∆ = {(x1, . . . , xn, 0, . . . , 0) :
xι = xγ for some ι 6= γ}, µB : T ∗(b × Cn) → b∗, B is the set of invertible upper-triangular complex
matrices, b = Lie(B), and b∗ = gln/n

+ ([Nev11]). In the process of proving the isomorphism of varieties,
the following rational B-invariant polynomials were discovered ([Im14a]):

Fι(r, s, i, j) = tr (jLιi)

Gι(r, s, i, j) = tr (Lιs)

Hι(r, s, i, j) = tr(Lιr)

Kγν(r, s, i, j) = [tr((Lν − Lγ)r)]−1

where 1 ≤ ι ≤ n and 1 ≤ γ < ν ≤ n.

As a result, let us now focus on the n rational functions Lι enumerated by ι = 1, . . . , n. By clearing the
denominators and multiplying these functions against variations of r, s, i, j, we claim that we will be able
to produce all the generators of C[µ−1B (0)]B . In particular, for lk(r) = r − rkk In,

M ι :=

tr

 ∏
1≤k≤n,k 6=ι

lk(r)

Lι =
∏

1≤k≤n,k 6=ι

lk(r)

is an operator whose coordinate entries are zero except in coordinates (µ, ν) for µ ≤ ι and ν ≥ ι. One
should think of these operators acting on elements in b as killing off columns of a matrix, or as creating
new coordinate entries from matrices in b∗ such that powers of the trace of the product of these matrices
give the desired polynomials for the filtered affine quotient construction.

Motivations to refine and generalize Nakajima quiver varieties come from the study of KLR-algebras
([KL09], [KL11], [Rou08]), universal quiver Grassmannians and universal quiver flag varieties ([Cra11]),
Lusztig’s triangular decomposition of the upper half U+ of the universal enveloping algebra of a Kac-
Moody algebra ([Lus90a], [Lus90b], [Lus00]), and the Grothendieck-Springer resolution ([CG10], [Nev11]),
which are important and interesting objects in representation theory and algebraic geometry.
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2. Results and strategies

We refer to the author’s doctoral thesis ([Im14a]), Crawley-Boevey ([CB92]) and Ginzburg ([Gin09])
for background on quivers and their representations.

Schofield-van den Bergh ([SvdB01]), Derksen-Weyman ([DW00]), and Domokos-Zubkov ([DZ01]) are
some of the authors who gave strategies on producing invariant polynomials for all quiver varieties. We
have proved that the regular semisimple locus of µ−1B (0) ⊆ T ∗(b× Cn) is a complete intersection, with
B-invariant generators appearing as traces of products of matrices. Such result coincides with the classical
notion that the trace of an oriented cycle (of a quiver) as well as the trace of a path that begin and end
at a framed vertex is an invariant function ([LBP90], [CB01], [Lus98]); these strategies are appliable to
Nakajima’s affine varieties and quiver varieties. This leads us to believe that C[µ−1B (0)]B is generated by
traces of products of matrices. The author has verified (up to n = 5 or 6) using computational algebraic
geometry techniques (i.e., the initial ideal reduction and Groebner basis) that µ−1B (0) is indeed a complete
intersection. We have used a well-known technique in symplectic geometry to prove that the generators of
the ideal 〈µB〉 form a regular sequence, i.e., µB = 0 is a B-equivariant complete intersection if and only
if codim{y ∈ b×Cn : dimGy = k} ≥ k for all k ≥ 1, but the proof is currently incomplete. However, the
author has obtained above results for the regular semisimple locus in [Im14b].

Furthermore, using variation of the polynomials M ι given in Introduction 1 together with the strategy
to calculate semi-invariant polynomials given in the proof of Proposition 8.2.1 in the Appendix by Gan
and Ginzburg ([GG06]), we believe this will give us all the generators to construct filtered Nakajima
quiver varieties.

3. Generalized Grothendieck-Springer resolution

In this section, we refine the constructions in [Nak98]. Let Q = (Q0, Q1) be a quiver (where cycles are
allowed) and let Qop1 be the same set of arrows as Q1 but in opposite orientation. Let Q = (Q0, Q1

∐
Qop1 )

be a double quiver, where Q1 ∩Qop1 = ∅. Let us write Q1 := Q1 ∪Qop1 . Let v = (vι),w = (wι) ∈ ZQ0

≥0
be dimension vectors and let V = (Vι)ι∈Q0

and W = (Wι)ι∈Q0
be collections of vector spaces such

that dimVι = vι and dimWι = wι for each ι ∈ Q0. For V 1 = (V 1
ι )ι∈Q0 and V 2 = (V 2

ι )ι∈Q0 , we define

L(V 1, V 2) :=
⊕
ι∈Q0

Hom(V 1
ι , V

2
ι ) and E(V 1, V 2) :=

⊕
a∈Q1

Hom(V 1
out(a), V

2
in(a)), where out(a) is the source

of the arrow a and in(a) is the sink of a. For B = (Ba)a∈Q1
∈ E(V 1, V 2) and C = (Ca)a∈Q1

∈ E(V 2, V 3),

define CB := (
∑

in(a)=ι

CaBa)ι∈Q0
∈ L(V 1, V 3), where a is the same arrow as a but in reverse orientation.

Now, we introduce a new, refined analogue of quiver representations. Given Q and v ∈ ZQ0

≥0, choose a

sequence γ1, γ2, . . . , γN = v of dimension vectors such that for all k and each vertex ι ∈ Q0, γkι ≤ γk+1
ι .

For each ι ∈ Q0, we get a filtration of Cvι by taking

Cγ
1
ι ⊆ Cγ

2
ι ⊆ . . . ⊆ Cvι ,

where each Ck is spanned by k basis elements. Define MF•
:= MF•

(v,w) = F •E(V, V )⊕ L(W,V )⊕
L(V,W ), where F •E(V, V ) :=

⊕
a∈Q1

F •Hom(Vout(a), Vin(a)) such that if Ba ∈ F •Hom(Vout(a), Vin(a))

where a ∈ Q1, then Ba preserves a fixed sequence of vector spaces at every level: Ba(Cγ
k
out(a)) ⊆ Cγ

k
in(a)

for every k and if Bc ∈ F •Hom(Vout(c), Vin(c)), where c = aop ∈ Qop1 , then F •Hom(Vout(c), Vin(c)) is the
dual of F •Hom(Vout(a), Vin(a)) such that

F •Hom(Vout(a), Vin(a))× F •Hom(Vout(c), Vin(c))
tr−→ C, (Ba, Bc) 7→ tr(BaBc)
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is a nondegenerate pairing. We denote B ∈ F •E(V, V ), i ∈ L(W,V ), and j ∈ L(V,W ), and an element

of MF•
is called filtered ADHM datum.

Let ε : Q1 → {±1}, where

ε(a) =

{
1 if a ∈ Q1

−1 if a ∈ Qop1 .

Then εB ∈ F •E(V 1, V 2) is defined as (εB)a = ε(a)Ba for a ∈ Q1. We define a symplectic form ω

on MF•
by ω((B, i, j), (B′, i′, j′)) = tr(εBB′) + tr(ij′ − i′j), where tr(A) =

∑
k tr(Ak). The product

Pv =
∏
ι∈Q0

Pvι of parabolic groups acts on MF•
via p ◦ (B, i, j) = (pBp−1, pi, jp−1), which preserves

the symplectic form ω on MF•
. The Pv-action induces the moment map

MF• µPv−→ Lie(Pv)∗ =
⊕
ι∈Q0

p∗vι , (B, i, j) 7→ εBB + ij.

The locus µPv = 0 is defined to be filtered ADHM equation,

MF•

0 = MF•

0 (v,w) := µ−1Pv
(0)//Pv = SpecC[µ−1Pv

(0)]Pv

is the filtered affine quotient, and

MF•
= MF•

(v,w) := µ−1Pv
(0)s/Pv = Proj(

⊕
i≥0

C[µ−1Pv
(0)]Pv,χ

i

)

is called a filtered quiver variety. It remains an open problem to study the algebro-geometric structure
of the filtered affine quotient and filtered quiver varieties for various quivers, filtrations, and stability
conditions.
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