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Abstract

We consider a class of nonlinear Schrodinger equation in three space dimensions with an attractive
potential. The nonlinearity is local but rather general encompassing for the first time both subcritical
and supercritical (in L2) nonlinearities. We study the asymptotic stability of the nonlinear bound states,
i.e. periodic in time localized in space solutions. Our result shows that all solutions with small initial
data, converge to a nonlinear bound state. Therefore, the nonlinear bound states are asymptotically
stable. The proof hinges on dispersive estimates that we obtain for the time dependent, Hamiltonian,
linearized dynamics around a careful chosen one parameter family of bound states that “shadows” the
nonlinear evolution of the system. Due to the generality of the methods we develop we expect them to
extend to the case of perturbations of large bound states and to other nonlinear dispersive wave type
equations.

1 Introduction

In this paper we study the long time behavior of solutions of the nonlinear Schréodinger equation (NLS) with
potential in three space dimensions (3-d):

iowu(t,z) = [-Ar + V(z)Ju+g(u), t€R, zcR> (1.1)
u(0, ) = uo(x) (1.2)

where the local nonlinearity is constructed from the real valued, odd, C? function g : R — R satisfying
lg"(s)] < C(|s]** + |s]*?), s€eER0<a; <az<3 (1.3)
which is then extended to a complex function via the gauge symmetry:

g(e’s) = e“g(s) (1.4)

The equation has important applications in statistical physics describing certain limiting behavior of Bose-
Einstein condensates [7, 17, 9].

It is well known that this nonlinear equation admits periodic in time, localized in space solutions (bound
states or solitary waves). They can be obtained via both variational techniques [1, 26, 21] and bifurcation
methods [20, 21, 15], see also next section. Moreover the set of periodic solutions can be organized as a
manifold (center manifold). Orbital stability of solitary waves, i.e. stability modulo the group of symmetries
u e~ %y, was first proved in [21, 28], see also [11, 12, 22].

In this paper we show that solutions of (1.1)-(1.2) with small initial data asymptotically converge to a
bound state, see Theorem 3.1. Asymptotic stability studies of solitary waves were initiated in the work of
A. Soffer and M. I. Weinstein [23, 24], see also [2, 3, 4, 6, 13]. Center manifold analysis was introduced in
[20], see also [27].
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The main contribution of our result is to allow for subcritical and critical (L?) nonlinearities, 0 < a; < 1/3
in (1.3). To accomplish this we develop an innovative technique in which linearization around a one parameter
family of bound states is used to track the solution. Previously a fixed bound state has been used, see the
papers cited in the previous paragraph. By continuously adapting the linearization to the actual evolution
of the solution we are able to capture the correct effective potential induced by the nonlinearity g into a time
dependent linear operator. Once we have a good understanding of the semigroup of operators generated by
the time dependent linearization, see Section 4, we obtain sharper estimates for the nonlinear dynamics via
Duhamel formula and contraction principles for integral equations, see Section 3. They allow us to treat a
large spectrum of nonlinearities including, for the first time, the subcritical ones.

The main challenge is to obtain good estimates for the semigroup of operators generated by the time
dependent linearization that we use. This is accomplished in Section 4. The technique is perturbative, and
similar to the one developed by the first author and A. Zarnescu for 2-D Schrodinger type operators in [15],
see also [16]. The main difference is that in 3-D one needs to remove the non-integrable singularity in time
at zero of the free Schrodinger propagator:

€A o ~ [t 732,

We do this by generalizing a Fourier multiplier type estimate first introduced by Journé, Soffer, and Sogge
in [14] and by proving certain smoothness properties of the effective potential induced by the nonlinearity,
see the Appendix.

Since our methods rely on linearization around nonlinear bound states and estimates for integral operators
we expect them to generalize to the case of large nonlinear ground states, see for example [6], or the presence
of multiple families of bound states, see for example [25], where it should greatly reduce the restrictions on
the nonlinearity. We are currently working on adapting the method to other spatial dimensions. The work
in 2-D is almost complete, see [15, 16].

Notations: H = -A+V;

LP = {f : R? — C | f measurable and [, |f(z)|Pdz < oo}, [|fl, = (Jge |f(x)|pdx)1/p denotes the
standard norm in these spaces;

<z >= (1 + |z]*)"/?, and for o € R, L? denotes the L? space with weight < z >27, i.e. the space of
functions f(x) such that < z > f(z) are square integrable endowed with the norm || f(z)[[zz = || <z >¢
f(@)ll2; _

(f,9) = [z f(x)g(x)dx is the scalar product in L? where zZ = the complex conjugate of the complex
number z;

P, is the projection on the continuous spectrum of H in L?;

H™ denote the Sobolev spaces of measurable functions having all distributional partial derivatives up to
order n in L2, || - ||z~ denotes the standard norm in this spaces.
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2 Preliminaries. The center manifold.

The center manifold is formed by the collection of periodic solutions for (1.1):

up(t,r) = e Flpp(z) (2.1)
where £ € R and 0 # ¢ € H?(R?) satisfy the time independent equation:
[—A+ Ve +9(¥E) = EYg (2.2)

Clearly the function constantly equal to zero is a solution of (2.2) but (iii) in the following hypotheses on
the potential V' allows for a bifurcation with a nontrivial, one parameter family of solutions:

(H1) Assume that



(i) There exists C' > 0 and p > 3 such that:

L |V(z)|<C<xz>"", foralzeR3
2. VV € LP(R3) for some 2 < p < oo and |VV(z)| — 0 as |z| — oc;

3. the Fourier transform of V is in L.
(ii) 0 is a regular point! of the spectrum of the linear operator H = —A + V acting on L?.

(iii) H acting on L? has exactly one negative eigenvalue Ey < 0 with corresponding normalized eigenvector
1. It is well known that ¢g(x) is exponentially decaying as || — oo, and can be chosen strictly
positive.

Conditions (i)1. and (ii) guarantee the applicability of dispersive estimates of Murata [18] and Goldberg-
Schlag [10] to the Schrédinger group e~*#¢. Condition (i)2. implies certain regularity of the nonlinear bound
states while (i)3. allow us to use commutator type estimates, see Theorem 5.2. All these are needed to obtain
estimates for the semigroup of operators generated by our time dependent linearization, see Theorems 4.1
and 4.2 in section 4. In particular (i)1. implies the local well posedness in H' of the initial value problem
(1.1)-(1.2), see section 3.

By the standard bifurcation argument in Banach spaces [19] for (2.2) at E = Ej, condition (iii) guarantees
existence of nontrivial solutions. Moreover, these solutions can be organized as a C' manifold (center
manifold), see [15, section 2]. Since our main result requires, we are going to show in what follows that the
center manifold is C2?. We note that for three and higher dimensions this has been sketched in [13], however
they show smoothness by formal differentiation of certain equations without proof that at least one side has
indeed derivatives.

As in [15] we decompose the solution of (2.2) in its projection onto the discrete and continuous part of
the spectrum of H :

YE =aYo+h, a=(Yo,VE), h=PyYg.

Projecting now (2.2) onto ¥y and its orthogonal complement = Range P, we get:

0=h+ (H—E)"'P.g(apo + h) (2.3)
0 = E— Eo—a (¢, g(atho + h))

Although we are using milder hypothesis on V' the argument in the Appendix of [20] can be easily adapted
to show that:
F(B,a,h) =h+ (H — E)"' Pg(ato + h)

is a C? function from (—00,0) x C x L2 N H? to L2 N H? and F(Ey,0,0) = 0, D, F(Ey,0,0) = I. Therefore
the implicit function theorem applies to equation (2.3) and leads to the existence of d; > 0 and the C?
function h(E,a) from (Eq — &1, Eg + 1) x {a € C : |a] < §1} to L2 N H? such that (2.3) has a unique
solution i = h(E, a) for all E € (Ey — 61, Eg + 61) and |a| < 6. Note that, by gauge invariance, if (a, h)
solves (2.3) then (e?a,e?h), 6§ € [0,27) is also a solution, hence by uniqueness we have:

WE,a) = l%iL(E, la)). (2.5)

Because 1) is real valued, we could apply the implicit function theorem to (2.3) under the restriction a € R
and h in the subspace of real valued functions as it is actually done in [20]. By uniqueness of the solution
we deduce that h(E, |a|) is a real valued function.

Consider now the restriction of h(E,a) to a € R, |a| < &;. This is now a real valued C? function on
(Eo — 61, Ep + 01) x (—01,61) which, by (2.5), is odd in the second variable. We now differentiate (2.3)
with h = iL(E, a), to obtain the following estimates for the first and second derivatives of h on (E,a) €

Isee [10, Definition 6] or M, = {0} in relation (3.1) in [18]



(E() — (51,E0 +51) X (—51,51) :

O B.a) = ~(DWF) (B, h(B, a)(H — B)™Pug'aty + h(B,a)) o] = O(lal*)
CL(E0) = (DWF) B 0, h(E, ) (H — B)*Peglavo + H(E,a))] = Oal**)
P B.a) = ~(DuF) | (= B Py (BB, ) (ww‘;’;) = O(faf*)
%(Eaa) = O(‘a|1+a1) = th l 2ch (01/)0 + h) <Z/1o ah)
- (D) l )" Py o + ) (wo ah) o
(.0 = O(al**™) = +(DF)™ | (H — E) Pog (a4 ) <§g> ]

oh

— (D) [ (H — B) " Peg(arbo + h) — 2(H — E)*P.g/ (a¢o+h)aE

where we used Dy, F(E,a,h(E,a)) is invertible with bounded inverse and D, F(E,0,0) = I, (H — E)~!
bounded and analytic operator in E € (Eg — 61, Eg + 01), and ¢/(s) = O(s'71), g"(s) = O(s*1) as s — 0.
Replacing now h = h(FE,a), (E,a) € (Fo — 01, Fo + 01) X (—0d1,01) in (2.4) we get:

E — By = a~ (o, glavo + h(E,a))). (2.6)

To this we can apply again the implicit function theorem by observing that G(E, a) = E—FEy—a~! (10, g(ato+
h(E,a))) is a C! function from (Ey — 01, Eo + 01) x (—61,01) to R with the properties G(Ep,0) = 0,
OrG(Ep,0) = 1. We obtain the existence of 0 < § < 41, and the C'! even function E: (=6,0) — (Ey—6, Eg+90)
such that, for |E — Fy|, |a| < 6, the unique solution of (2.4) with h = h(E, a), is given by the E = E(a). Note
that F is C? except at a = 0 because G is C? except at a = 0, and:

dE 0.G(E(a),a)

i = - " P 0 ai
da Y 0GB~ U™
i = O(la]**! fe 11 th <1
W(a) (|al ) or a # 0, recall that 0 < oy < 1.
If we now define the odd function:

h(a) = h(E(a),a), —i<a<d

we get a C? function because, for a # 0, based on the previous estimates on the derivatives of h and E, we
have

- - ) . -
Pho b RE @ (BT ) PR AE PR
da2‘"’  OF da®> = OFE? \ da 0Eda da = 0a? ’
hence, by L’Hospital
Ph,  def . M(a) -0 d*h
a0 = I = I (@) =0

We now extend h to complex values via the rotational symmetry (2.5):

h(a) = ﬁﬁw(\an, jal).

We have just proved:



Proposition 2.1 There exist § > 0, the C? function
h:{a€RxR : |a| <6} — LN H?,

and the C* function E : (=0,6) — R such that for |E — Ey| < & and |(o,VE)| < § the eigenvalue problem
(2.2) has a unique solution up to multiplication with €, 6 € [0,2n), which can be represented as a center

mamnifold: ' 4
Ve = apo + h(a), E=E(la]), (o, h(a)) =0, h(e?a)=e"h(a),|a| <. (2.7)

Moreover E(|a|) = O(Ja|**21), h(a) = O(Ja|***1), and for a € R, |a| < 6, h(a) is a real valued function with
Gat (@) = O(la]™)

da?

Since vo(z) is exponentially decaying as |z| — oo the proposition implies that 95 € L2. A regularity
argument, see [23], gives a stronger result:

Corollary 2.1 For any o € R, there exists a finite constant C, such that:

| <2 > ¢pllr: < Collvplm:.

Remark 2.1 By standard regularity methods, see for example [5, Theorem 8.1.1], one can show ¢ € H®.
Hence by Sobolev imbeddings both ¥ and Vg are continuous and converge to zero as |x| — oo.

Remark 2.2 By standard variational methods, see for example [21], one can show that the real valued
solutions of (2.2) do not change sign. Then Harnack inequality for H* (N C(R?) solutions of (2.2) implies
that these real solution cannot take the zero value. Hence ¥p given by (2.7) for a € R is either strictly
positive or strictly negative.

In section 4 we also need some smoothness for the effective (linear) potential induced by the nonlinearity
which modulo rotations of the complex plane is given by:

Dgly; [u+ iv] :g/(¢E)“+ig(lZ}If)Ua Ye 20

namely:

(H2) Assume that for the positive solution of (2.2) we have g’/(w\E), % € L'(R3) where f stands for the
Fourier transform of the function f.

In concrete cases the hypothesis may be checked directly using the regularity of g, the solution of an
uniform elliptic e-value problem. In general we can prove the following result:

Proposition 2.2 If the following holds

(H2?) g restricted to reals has third derivative except at zero and |g"'(s)| < &1,% +Cs271 s>0,0<a; <
Qa2;

-
—

then for the nonnegative solution of (2.2), Vg, we have ¢'(vg) € L' and % c L.

We will give the proof in the Appendix.

We are going to decompose the solution of (1.1)-(1.2) into a projection onto the center manifold and
a correction. For orbital stability the projection which minimizes the H' norm of the correction is used,
see for example [28], while for asymptotic stability one wants to remove periodic in time components of
the correction. Currently there are two different ways to accomplish this. First and most used one is to
keep the correction orthogonal to the discrete spectrum of a fixed linear Schrédinger operator “close” to the
dynamics, see [15, 20]. For example in [15] the linear Schrodinger operator is —A + V' and the correction is
always orthogonal on its sole eigenvector g, hence the decomposition becomes

u = atbg + h(a) + correction, where a = (g, u).



Second technique is to use the invariant subspaces of the actual linearized dynamics at the projection, see
for example [13]. While more complicated the latter is the only one capable to render our main result. Since
there are slight mistakes in the previous presentations of this decomposition we are going to describe it in
what follows.

Consider the linearization of (1.1) at function on the center manifold ¢ g = atpg + h(a), a = a1 + iag €
C, la| < ¢

—— = —iLy,[w] — iBw (2.8)

where

Luglu] = (“A+V — Ewt Dggyfu] = (-A+V ~ Bt S22 2 00s)

(2.9)
Properties of the linearized operator:

1. Ly, is real linear and symmetric with respect to the real scalar product R(-, -), on L?(R3), with domain
H?(R3).

2. Zero is an e-value for —iL,, and its generalized eigenspace includes {%ﬁf , %ﬁ’j }

The real linearity of Ly, follows from (2.9). For symmetry consider first the case of a real valued
Y = aby + h(a), a € (—6,6) C R. Then for w = u +iv € H*(R3), u,v real valued we have

Ly, lu+ ] = Ly[u] +iL_[v]

with L [u], L_[v] being real valued and symmetric:

Lifd = (—A+V B+
L_[v] = (-A+V—-E)v+ Mv.
Ve

To determine the expression for L_ we used the rotational symmetry (1.4):
9(e"r) = e“g(vp)
and we differentiate it with respect to 6 at § = 0 to get
Dgy,[ivE] = ig(YE). (2.10)
Now,
R(Lus [ v, 1 1) = R(L [, un)+ (L [0], 01) = R, Ly [ur )+ R0, L [o1]) = Rk, Ly i1 +i01])

hence Ly, is symmetric for real valued ¢ g.
For a complex valued function on the center manifold ¢¥g = awo + h(a), a € C, |a| < § there exists
6 € [0,27) such that a = |a|e®® and

Vi = e (lalho + h(la])) = e®yp™

where wge“l is real valued and on the center manifold. Using again the rotational symmetry of g (1.4) we
get:
i0 —i0
Lyg[w] =€ Lyreale” w]. (2.11)
Since €% is a unitary linear operator on the real Hilbert space L?(R?) and, due to the argument above,
L,%eaz is symmetric we get that L, is symmetric.

For the second property, we observe that substituting w = it in (2.9) and using (2.10), (2.2) we get

Ly, live] =i(-A+V — E)Yg + g(¥g)] =0.



Hence zero is an e-value for —iL,,, and z% for a # 0 and Yy = lim,_g 21/% for a = 0 are the corresponding
eigenvectors. Moreover by differentiating (2.2) with respect to a; = Ra € R or a3 = Sa € R we get
. Vg OF
s | 50| T " 9a;
J J
OFE

Since 5= = E'(\a|)% € R we deduce that (?Z’T?, j = 1,2 are in the generalized eigenspace of zero. Note
that, by differentiating h(e?’a) = e¢®h(a) with respect to 0 at = 0 we get Dh|,[ia] = ih(a) and, via (2.7),
Diglqfia] = ig. Since the differential can be written with the help of the gradient:

g, j=1,2.

. . Mg ;. NE ;.
frd D = —_— TP
g VE|alial Ba; Ria] + Das Slial,
we infer that 5 5 5 5
g € span ﬂ, Vi or equivalently ¢ g € span< ¢ Vi N Vi
Oa,’ Oas Oa1 ' Oas

where the span is taking over the reals?.
One can now decompose L?(R3) into invariant subspaces with respect to —iLy,,:

OYE OYE
2 3\ _ o
L*(R )—5pan{aa1 ' Bas }EBHa.

The standard choice is to use the projection along the dual basis:

Ho = {¢1, d2}+

where the orthogonality is with respect to the real scalar product, and ¢, ¢ are in the generalized eigenspace
of the adjoint of —iL,, corresponding to the eigenvalue zero, and ¢, is orthogonal to %wa but not to %wa

while ¢9 is orthogonal to %Z’Tf but not to %be. Since Ly, is symmetric we have (—iLy,)* = Ly,i and a

direct calculations shows that one can choose

g g
¢1__Zaa27 ¢2—Zaa1
as long as R(: %‘ﬁf, %ﬁf) # 0. But
W WE, o B
§R<Z aal ) 8(12 > - §R<Z¢O7Zw0> - la ata=0

and since ¥y is C? in a1, as we have:

Remark 2.3 By possible choosing § > 0 smaller than the one in Proposition 2.1 we get:

g OYp o 1
= > —. .
§R<Z 8a1 s 8a2> %<Z¢07l’l/10> = B (2 12)
Consequently, for |a| < 4,
o ovr ovpT 23y _ o g Op
He = {—z Das )1 Ba; } , and L*(R”) = span B0, Dag & Hg- (2.13)

Our goal is to decompose the solution of (1.1) at each time into:

U:1/1E+77:m/}0+h(a)+77, nEHa

which insures that 7 is not in the non-decaying directions (tangent space of the central manifold) span { %ZE , %wE }
1 az
of the linearized equation (2.8) around 1 g. The fact that this can be done in an unique manner is a conse-

quence of the following lemma?:

20ne can actually show that, for small |a|, zero is the only e-value of —iLy,, and the corresponding eigenspace is spanned

by M—E, 7 = 1,2. However this is not needed in our argument.
Oda

3This is an immediate consequence of the implicit function theorem but we find the proof in [13] to be incomplete.



Lemma 2.1 There exists §; > 0 such that any ¢ € L*(R?) satisfying ||$||L> < 81 can be uniquely decomposed:

¢ =vE+n=ay+h(a) +n

where a = a1 +iaz € C, |a| < 6, n € H,. Moreover the maps ¢ — a and ¢ — 1 are C' and there exist
constant C' independent on ¢ such that

lal <2[8llz2,  lInllze < Cllollze-
Proof: Consider the map F : {a = (a1,a2) € R? : |a| <} x L*(R?*) —» R x R :

e
8&2 ’

Flan,aa,0) = (RG220 - ve) RIS, 6 - vr) (214

where g = abg + h(a), a = a1 + iay. Since h(a) is C?, F is a C'! map and:

F(0,0,0) = 0
OF

——(0,0,0) = Ie
ﬁ(al,ag)( ) R

where for the calculation of the Jacobi matrix we used (2.12).
The implicit function theorem implies that there exist d; < 6 and a C' map:

F = (F,F):B(0,§) Cc L*(R?) — R xR

such that the only solutions of
F<a17a27¢) =0

in |a| = |a1 +iaz| < 2, |||z < d2 are given by

(a1 = Fi(¢), a2 = F5(), 8).
Now, for an arbitrary ¢ € B(0,52) C L*(R?), since

¢ =g +n=ap+h(a) +n

with a = a1 + ias € C, |a| < §3 < 6, n € H, is equivalent to F(ay,as,¢$) = 0 we get that there is a unique
choice: ~ 5
al:F1(¢)7 a2:F2(¢)a U:¢*a¢0*h(a)-
Moreover, by choosing §; < d2 such that
IDEs|| <2 Vo e L*(R?), [gllz2 < &

where the norm is the operator norm from L?(R?) into R x R, we get, for all ¢ € L?(R3), ||¢]|z> < d; :
lal = \/af + a3 < 2[|¢]| >

nlle <l0llL2 + lvele <[lc2 + lal + [[R(a)]2 < @] 2

where C' > 3 + 28Up,ec |a|<s, [[Dhall- Note that the existence of 6; is insured by the continuity of DF and,
from the implicit function theorem:

and

DFy = DyF|y—o

and the latter has norm one being the projection operator onto .
This finishes the proof of Lemma 2.1. [J



Remark 2.4 Both the decomposition (2.13) and Lemma 2.1 can be extended without modifications to H—1(R?)
the dual of H' because %pTE € H', j = 1,2. In this case {u,¢) denotes the evaluation of the functional

peH ' atue H'.

We need one more technical result relating the spaces H, and the space corresponding to the continuous
spectrum of —A 4V :

Lemma 2.2 There ezists 6 > d3 > 0 such that for any a € C, |a|] < 92 the linear map Py, : He — Ho is
invertible, and its inverse R, : Ho — H, satisfies:

[Rall2. < Coli¢lz o € R and for all ¢ € HoN L%, (2.15)
IRCller < CpllCllLe, 1< p<ooand for all ¢ € HoN LP (2.16)
Rl = Ru (2.17)

where the constants C_,, Cp, > 0 are independent of a € C, |a| < 0.

Proof: Since 1y is orthogonal to Ho, by continuity we can choose § > d5 > 0 such that v ¢ H, for
la] < b5. Consequently P.|3, is one to one, otherwise from ¢ € H,, ¢ # 0, P.¢ = 0 we get ¢ = 2t for some
z € C, z # 0 which contradicts ¢ ¢ Hq.

Next, for |a| < 62 we construct R, : Ho — H, such that:

PCR(IC = C7 VC € HO~ (218)
Since P, is the projection onto {1y }*, condition (2.18) is equivalent to

RaC = ¢ + 200 (2.19)
for some z € C. To insure that the range of R, is in H, we impose

OYE _ oy O0vE OYE
Rz(—i——=, o) = —R( Zaag’ Zaal’

Mg
8@2 ) wO

8@1 ’

¢, R o) = —R(@ Q- (2.20)
This linear system of two equations with two unknowns, Rz and Sz, is uniquely solvable whenever 1y ¢ H,.
Note that for a = 0 the system becomes: z = (¢, ().

In (2.19) we now choose z to be the unique solution of (2.20) and obtain a well defined linear map
R, : Ho — H, satisfying (2.18).

Consequently, P.|, is also onto, hence invertible and its inverse is R,. Moreover, by the continuity of
the coefficients of (2.20) with respect to a we can choose dy < o such that, for all |a| < &5 :

OYE OYp
< _ 2 2- A
<2 RO 4 68 o) (2.21)
Hence, via (2.19) and Holder inequality we get:
8’(/)E 2 8¢E 2
< =
IRaClly < il + 2||¢0||Y||C||Y\/ 15|+

which, for the choice Y = L2 _(R3), Y* = L2 _(R3) respectively Y = LP(R?), Y* = LV (R3), % + ﬁ =1
give (2.15), respectively (2.16). The constants are independent of a due to the continuous dependence of
%’ﬁ?, j=1,20na € C in the compact |a| < d2, and their exponential decay in time, see proposition 2.1 and
corjollary 2.1.

Now, P, commutes with complex conjugation because it is the orthogonal projection onto 1o and v is
real valued. Then (2.17) follows from R, being the inverse of P..

The proof of Lemma 2.2 is now complete. [

We are now ready to prove our main result.




3 Main Result

Theorem 3.1 Assume that the nonlinear term in (1.1) satisfies (1.3) and (1.4). In addition assume that
hypothesis (H1) and either (H2) or (H2’) hold. Let py = 3 + a1, p2 = 3 + ag. Then there exists an ¢ such
that for all initial conditions ug(x) satisfying
vl g ol o} < ro=1
maxiy ||Uo L ||UO||HL S €0, — — =
Lr2 Py P2
the initial value problem (1.1)-(1.2) is globally well-posed in H' and the solution decomposes into a radiative
part and a part that asymptotically converges to a ground state.
More precisely, there exist a C function a : R — C such that, for all t € R we have:

u(t,x) = a(t)o(x) + h(a(t)) +n(t, x) (3.1)
Ye(t)

where Yp(t) is on the central manifold (i.e it is a ground state) and n(t,x) € Ha), see Proposition 2.1 and
Lemma 2.1. Moreover there exists the ground states states g, and the C' function 6 : R — R such that
limyy| .o 0(t) = 0 and:

lim [¢p(t) — e "= Dyp, g2 12 =0,

t—too

while n satisfies the following decay estimates:

IN

()| 2 Co(an, az)eg

£
m®) e < Cran, az2) >

(L [

A

p1 =3+ a1

and, for po =3+ ag :

0 1.1 2
(i) if o = 3 or 3> o1 > gEe then

€0

p2 < —T
@)L= < 02(0417012)(1 )

(ii) if a; = ﬁ then
log(2 + [¢])

pe < s e e
[n()llze- < 02(0417012)50(1 PG

(iti) if an < g2y then )
[n(t)][Lr2 < Ca(0n, az) .

1+3aq
2

(L+1t])
where the constants Cy, C1 and Co are independent of gg.

Remark 3.1 Note that the critical and supercritical cases % < oy < 3 are contained in (i). Our results for
these cases are stronger than the ones in [20, 23, 24] because we do not require the initial condition to be in
L2, o > 1. Compared to [13] we have sharper estimates for the asymptotic decay to the ground state but we

require the initial data to be in LP2. To the best of our knowledge the subcritical case oy < 1/3 has not been
treated previously.

Remark 3.2 One can obtain estimates for the radiative part n in LP, 2 <p <p; =3+ai, orpt <p<
po = 3 + ag by Riesz-Thorin interpolation between L? and LP* respectively between LP* and LP2.
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Proof of Theorem 3.1 It is well known that under hypothesis (H1)(i) the initial value problem (1)-(2) is
locally well posed in the energy space H! and its L? norm is conserved, see for example [5, Cor. 4.3.3 at p.
92]. Global well posedness follows via energy estimates from ||ug|| g1 small, see [5, Remark 6.1.3 at p. 165].

We choose ¢ < 7 given by Lemma 2.1. Then, for all times, ||u(t)||z2 < J1 and we can decompose the
solution into a solitary wave and a dispersive component as in (3.1):

u(t) = a(t)o + h(a(t)) +1(t) = Yu(t) +n(t)

Moreover, by possible making ¢ smaller we can insure that that ||u(t)||z2 < eo implies |a(t)] < d2, t € R
where J5 is given by Lemma 2.2. In addition, since

ue C(R, H'(R?) N CH(R, H'(R?)),

and u — a respectively u — n are C!, see Remark 2.4, we get that a(t) is C* and n € C(R, H)NC*(R, H™1).

The solution is now described by the C! function a : R € C and n(t) € C(R, H))NCY(R, H~1). To obtain
their equations we plug in (3.1) into (1.1). Then we get

on

ot

where Ly, is defined by (2.9)

+ Dipglaa’ = —i(Ly, + E)n — Eivg — iF2(vg,1n) (3.2)

d
Lyyn=(-A+V - E)n— Z£9(¢E +en)le=o

and Fy(¢g,n) denotes the nonlinear terms in 7,

Fals, ) = gl + 1) — 9(m) — gl +n)le=o (3.3)

Fi(¢YE.m)

Then projecting (3.2) onto the invariant subspaces of —iLy,, Hq, see (2.13) and the span{ %ﬁf, %ﬁf}, we

obtain the equations for n(t) and a(t) :

% = —i(Lyy + E)n—iFs (¢, n) — F2(Yp,n) (3.4)
Dipplaa’ = —Bipg + (b, n) (3.5)
where
Fy(op.m) = R(— Z%ﬁf ;_in(wEJ?» opp | R %ifv —iF5(YE,n)) Op (3.6)
R—iGeE, 5a)  Om RiGar ag) O
B1($E,n) Bz (YE,m)
In order to obtain the estimates for n(t), we analyze (3.4). The linear part of (3.4) is:
¢
B Ly + B = (CAH VI~ i (1) +20)lemo (3.7
((s)=v
Define Q(t, s)v = ((t). Then using Duhamel’s principle (3.4) becomes
n(t) = Q(t,0)n(0) — /Ot Qt, s)[iFa (¥, ) + Fa (g, n)lds (3-8)

It is here where we differ from the approach [6, 20, 23, 24]. The right-hand side of our equation contains
only nonlinear terms in 7. However the challenge is to obtain good dispersive estimates for the propagator
Q(t, s) of the linearization (3.7), see Theorems 4.1 and 4.2.
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In order to apply a contraction mapping argument for (3.8) we use the following Banach spaces. Let
p1 =3+ a; and py = 3 + ag,

3(1 14 |¢)™
Y; = {u e L*NLP* N LP? : sup(l + \t|)3(;‘ (1 +t) ~||w||Lr2 < 00, sup |Jul|Lz < oo}
t t

1
,’7)
Z p1 < 00, SUP —————

endowed with the norm

- L i)
1 1?3(é Pl)uf su(—u sup ||u

. ( +| |) ! H ”L"la tp [10g(2+|t|)}m7 ” ”L”?a tp” HL2}
for : = 1,2,3, where n; = ns :3(% — p%), ng = #, my =m3 =0 and mgs = 1.

Consider the nonlinear operator in (3.8):

MM=AQ@@WM%W+EWEM®

Lemma 3.1 Consider the cases:
20[2 . 20[2 2@2

11
Lar>-or->a > 2 . 9= "2 . 34, <2
M= 37N T3 0 TN T 3B an) T T 3B )

Then, for each case number i: N :Y; — Y; is well defined, and locally Lipschitz, i.e. there exists C; > 0,
such that

v, < Cil

[Nup — oMy %)l
Note that the Lemma gives the estimates for 7 in the Theorem 3.1. Indeed, if we denote:

= Q(t,0)n(0),

then
[olly; < Colln(O)ll o 1
where Cp = max{C, Cp}, see theorem 4.1. We choose ¢ in the hypotheses of theorem 3.1, such that

Coen < %(\/1 +2/C; — 1)

Then by continuity there exists 0 < Lip < 1 such that:

2— L3 ~
lolly, < =2 (/1 +2Lip/Ci — 1).

Let R = L|v|ly,/(2 — Lip) and B(v, R) be the closed ball in ¥; with center v and radius R. A direct
calculation shows that the right-hand side of (3.8):

Ku=v+ Nu

leaves B(v, R) invariant, i.e. K : B(v, R) — B(v, R), and it is a contraction with Lipschitz constant Lip on
B(v, R).

By the contraction mapping argument, (3.8) has a unique solution in Y;. We now have two solutions of
(3.4), one in C(R, H') from classical well posedness theory and one in C(R, L? N LP* N LP?), p; = 3 + ay,
po = 3+as from the above argument. Using uniqueness and the continuous embedding of H' in L2NLP*NLP2,
we infer that the solutions must coincide. Therefore, the time decaying estimates in the spaces Y7_3 hold
also for the H' solution.

Proof of Lemma 3.1 Let u1,us be in one of the spaces Y;, i = 1,2,3. Then at each s € R we have:

Fy(¥r(s),ui(s)—F2(Yr(s), ua(s)) = g(¥r +u1) — g(¥E +u2) — Fi(YE,u1) + F1(YE, ug)

1
= / [ d 9(VE + ug + 7(u1 — ug)) — d(i_g(wE +7(uy — u2))|r=o |dT

//ds ar? 9(¥p + s(uz + 7(u1 — u2)))ds dr

12



Using the hypothesis (1.3) we have |g(u)| < C(|u[?>T* + Ju|[*T*2), then taking the derivatives with respect
to 7 and s and estimating the integral we get:

|Fo (g, u1) — Fa(p, ug)] < CL(1E|" + [¢e]*)(Jur] + Jusg|)|ur — usl (3.9)
Ay
+ (lua 7+ Jug ") fur — ug| + (Jua 2 + Jug "2 [uy — g ]
A As

By (3.6) and Hélder inequality, for any 1 < ¢ < co we have:

1Esm,un) — Fatwmle < C(| G2 NBE ], + 1B |52, sls + sl e)
T (e e S e N e IR [ CRT)

< Ol Al oy + 1 A2l Loy + (A3l 10 ),

where the uniform bounds on ‘M’E € H?(R?), j = 1,2, follow from their continuous dependence on scalar a,

and |a(t)| < d2, t € R.
Now let us consider the difference Nu; — Nug

(Nug — Nug)( / Q(t, s)[iF2(vE(s), ur(s)) — iFa(¥r(s), us(s)) + Fa(vp(s), u(s)) — Fa(vp(s), ua(s))lds
(3.11)

e /P2 Estimate :
t
1 = Nuallos < [ 190695t s € (241 s + 14l + 2l + 20l 1) s
To estimate the term containing A;, observe that

1(el™ + [¥el**) (ur] + lu2))lur = ualll oy < [I[Ye[* + [$p|*Ls(urllLre + lluzllze:)lur — vz Lre

with % + p% = —pl, . Using Theorem 4.2 (see also Remark 4.1), we have for each case number i: and
2
Uy, Uz € Y;:

t
/0 196 5) vy oo Al vy s

[log(2 + |s])]*™

t
C(p2)
< [ =Ll + el s — )
o |t—sz7s) (1+ [s[)2n
C(p2)C1Cy
= ﬁ(|\u1\\n + [luzlly;)llua
(1+ [¢)*C
here Cy — (e log(2+sDP™eds oS 1 and ) — o
where Cy = sup, | 108(2““)] - PR = Sy oo since 2n; and C1 = sup, [||[Ye|* +

|E|*2] 6. The uniform bounds in t € R for HwEHLQ s, j = 1,2 follow from the continuous dependence
of Y = a(t)o + h(a(t)) € H*(R?) on a(t) and |a(t)| < d2, t € R.

To estimate the terms containing A, observe that

a2 o) un = wall] oy < ([0 + [zl 257 s — w2l o

13



since & = 2t and
P1 p1

6(1 1-6)(1 6(1 1-06)(1
Il 4+ ol s —wall gy < (5 a1 500 a5 g )

x||uy — U2||9Lp1 lug — U2||1L§0

where pi, =2+ a)(F+ z%)’ 0 < 0 < 1. Again using Theorem 4.2 (see also Remark 4.1), we have
2

t
/0 196 9)]1 s 0u | Asll oy ds

- / Clpz)  (lually™ + lluzlly ™l — wally,
— 1 1 @ 1
b = s[*3 772 (L [sl)*= 72
CClon@ 4 INI™ (| s 1+
A uzlly ) lwr — ue|ly;

where the different decay rates n; depend on the case number in the hypotheses of this Lemma:

1. corresponds to 3( % +3 ) > 1, and C5 = sup,(1 + |t| 375;) fo pTp p— ds s < 09
jt—sl” 2772 (141> 7 52
@ 4 1y — 1+ 72 ds .
2. corresponds to 3(% pz) =1, and C3 = sup, 1og(2+|t\) fo PR == < 005
3. corresponds to 3(% + 7 ) < 1, and C5 = sup,(1 + |¢|) = fot 4= < 0.

I_ 1 3(SLy 1T
|t*5|3(2 p2)(1+|s|)d( 5 +p2)

To estimate the term containing Az, observe that
Il [*F2 + fua [0 |ur = wa| || oy < (Juallphe® + luzl| gh52) llur — s Lo

since i = 2;% Again using Theorem 4.2 (see also Remark 4.1), we have

t
/0 128 )]y oo | Asl] oy ds
< / Clps)  [log(2 + [s)]Heam:
T o - sPETE) (LA s

C(p2)CiCs|log(2 + [t])]™
(L+ [¢))m

([l + luz )l = uallv;ds

/ 1 1
(lually 2 + lJuzllyT ) Jur — uzlly,

(A+[tp™e f [log(2+]s])]ZFe2)™ids
0

where C5 = sup, [1Og(2+|t|) pE < oo since (2 + ag)n; > 1.

1
) )(1+|S‘)(2+0‘2)"i

e [P Estimate : From (3.11) we have
t

[Nuy — Nug|[re: () < H/ Q(t, 8)[iF2 (YE(s), ur(s)) — iFa(Yr(s), ua(s))]ds| L
0

e / 190 ) vty [ Bt (8), w1 (5)) — Fa(tbis(s), us(s)] ;s

For the second integral we use (3.10) with ¢ = p} and the previous estimates on A;, A, A3z to
obtain the required bound. For the first integral moving the norm inside the integration and applying
LP1 — LP1 estimates for Q(t, s) and (3.9) for the nonlinear term would require the control of As in L.
The latter, unfortunately, can no longer be interpolated between L? and LP2. To avoid this difficulty we
separate and treat differently the part of the nonlinearity having an Aj like behavior by decomposing
R3 in two disjoints measurable sets related to the inequality (3.9):

Vi(s) = {z € R? | [R(¥5(s,2), uz(s, 7)) = Fa(Yp(s,2),u1(s, )| < CAs(s,2)},  Va(s) =R\ Vi(s)
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On V5(s), using polar representation of complex numbers, we further split the nonlinear term into:

ZFQ(wE(Sv l‘), u1($> 3:)) - iFQ(qu(Sa CE), U‘?(Sa x)) = ew(s’m)CA3(57 J’J)
—|—ele(s’r)[|iF2(¢E(s, x),ur(s,x)) —iFa(Yr(s,x),uz(s,x))| — CAs(s,x)]

G(s,x)

where, due to inequality (3.9), |G(s,z)| < C(A41(s,z) + A2(s,x)) on Va(s). Then we have:
| 2 9liPa(5). 01 (4)) = iPa(wp (o). wal)lds = [ 291 = x(5) Gl

+/0 Q(t, 5)[x () (iFa(Y(s), ua(s)) — iFa(¥p(s), uz(s))) + (1 = x(5))e’* CA(s)]ds

1(t)

where x(s) is the characteristic function of Vi (s). Now

|| / (t,8)(1 — x(s)G(s)ds] L < / 196 5) g o CUAS) g + [ As(8)]],,)ds

and estimates as in the previous step for A; and Ay give the required decay. For I(t) we use interpo-

lation:
[’

@) lze < IO M@0 < I11(2) (/ 12t ) ot o 145 ] 0t dS)

1 1
where p% =104 p%. We know from previous step that the above integral decays as (1 + \t|)_3(5_5)

and below we will show its L? norm will be bounded. Therefore

sup(1 + [¢)*E 50| I(t) || o < 00
t

and the LP! estimates are complete.

L? Estimate : To estimate L? norm we cannot use L? — L? estimate for Q(t, s) because that would
force us to control L2(®2+2) which cannot pe interpolated between L? and LP?, py = as + 3. We avoid
this by using the decomposition:

T(t,s)v=[PQ(t,s) — e "HEIPJy ie. Q(t,s) = RynyT(t,s) + Roye 9P,

For T'(t, s) we will use ' — 2 estimates, see Theorem 4.1, while for e "“#(=5) P we will use Stricharz

estimates L{°L2. We will also use a decomposition of the nonlinear term similar to the one for LP!
estimates that will allow us to estimate in a different manner this time the terms behaving like Ao, see
(3.9). All in all we have:

t
[Nuy — Nual|2 < / 1t s)|| L2 r2 | Fo(VE, ui) — Fo(YE, uz)||L2ds
0
t
[ Rageyll o2 / 1T )y o CUAL g, + 3],y )ds
t
[ Rall o2 / 1T )] ,oCllAall by ds

t t
+||Ra<t)HL2HL2H/ eﬂH(tfs)Pc(Al(S)+A3(8)d8||L2+||Ra<t)\|L2HL2H/ e MU= P, Agds|| 2
0 0

For the first integral we use Theorem 4.2 part (i), (3.10) with ¢ = 2 and the estimates we have already
obtained for A;, A and Az. We deduce that this integral is uniformly bounded in ¢ € R. Similarly we
get uniform boundedness of the second and third integral by using Theorem 4.1 part (iv).
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For the fourth integral we use Stricharz estimate:

UM|WQ2UA|WQﬂ

where 7—2 + 7% =1, and % =3 (% - p%) . Using again the estimates we obtained before for A; and

sup || [ e HETI P Ads|| . < O
teR  Jo

As. we get:

og(2 + [s))P™% 1%
14105, < O [ [ B (s + ol s = sl

< CuiCs([lurlly; + lJuzlly;)[lua

2m ;] .
where Cs = [, %ds < oo since 2n;y' > 1 and:
s k2

(log(2 + [s]))Fre2rmis | 157 1o
1451555 < O [ 4 e 4] (i vl = el
< Co( oMy %) |

J (log(2+]s])) *+2)mi7s
R

where Cg (1+|s]) (2+a2)n@‘12

ds < oo since (2 + ag)n1vg > 1.

Similarly, for the fifth integral:

1
aup | [ e P tdse < ([ 14007 05)
teR 0

where & + L =1, and 2 =3 (1 — L1 ). Furthermore we have
Y1 Y1 Y1 2 p1

ds o7
A3l o, <C [/ K
Ml < Cra R (14 [s]) G50 (

< CusCro([lually™ + lluz |y ™) ur = wally,

v+ llually )

where C1p = fR 3(2+(isl)7/(;,;)d3 < 00 since 3(24’0‘1)75(% a 1%1) >1.
(1+[s]) rrom

The L? estimates are now complete and the proof of Lemma 3.1 is finished. O
We now finish the proof of Theorem 3.1 by analyzing the dynamics on the center manifold and showing
it converges to a ground state. Using the fact that

Rlia) + ?E Slial

0
iy = Dip|alia] = 8%’15

ag

equation (3.5) becomes

Dyslala’ +iFa) = SR +ial + SES(a'+ i8] = ) = ) G + ba(wp 1) 5
Hence
|’ +iEa| = /% + 52 = b(t)
and
[la(®)e s 20| = ey

Since b(t) = /% + 33, and

o oY
H 5 ﬂmmﬁ+wﬂm>HE

pr < Das

1421l o < ClnlTes + 0l 2252 + Il ZE™)
LP1
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B2 < (Al py + [l 4a]] 1421l oy < ClnlZes + 0l 22572 + Il ZE™)

LP1

LPZ

|5:1...

e

we get 0 < b(t) < C(1 + [t])'° for some & > 0, in each of the cases (i), (#4) and (iii) in the Theorem 3.1.
Then, for any € > 0 we have

ot ! t
‘a(t)e”ﬂ B(s)ds _ q(t")etlo B()ds| < / b(s)ds < e (3.12)
t/

for t, ¢’ sufficiently large respectively sufficiently small. Therefore a(t)e’ I3 E(9)ds has a limit when ¢ — o0.
This means

ei jot E(s)ds,(/)E — a(t)ei jot E(s)dswo + ezjot E(S)dsh(a(t)) _ a(t)ei jJ E(S)ds¢0 + h(a(t)ezjﬂt E(s)ds) _ ’lr/)Eioo

Above we used h(e’a) = ¢h(a), see Proposition 2.1. In addition |a(t)| — a+ as t — + at a rate |¢t| 0.
Since E(s) = E(|a(s)| is C' in |a| on |a| < &, we deduce |E(+s) — E+| < C(1 + s)7° for s > 0 and some
constant C' > 0. If we denote

b(t) = —

E(s) — Exds, t>0

then limy o 0(t) = 0 and
lim e FE =0y (1) = yp, .

This finishes the proof of Theorem 3.1. [J

4 Linear Estimates

Consider the linear Schrédinger equation with a potential in three space dimensions:

za (—A+V(x))u
u(0) = ug
It is known that if V satisfies hypothesis (H1) (i) and (ii) then the radiative part of the solution, i.e. its
projection onto the continuous spectrum of H = —A + V| satisfies the estimates:
i 1
le™ * Peuoll 2 | < Crr— lluoll 2 (4.1)

1t

for 0 > 1 and some constant Cp; > 0 independent of ug and ¢t € R, and

—_

le™"" Peuollz» < C, [[uoll»r (4.2)

PG

for some constant Cj, > 0 depending only on 2 < p. The case p = oo in (4.2) is proved by Goldberg and
Schlag in [10]. The conservation of the L? norm gives the p = 2 case:

le™"* Peuo|| 2 = ||uo]| 2

The general result (4.2) follows from Riesz-Thorin interpolation.
We would like to extend these estimates to the linearized dynamics around the center manifold. We
consider the linear equation, with initial data at time s,

.d
i~ e R0
s = v
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where i (Y5, ¢) = Lg(p +0)|em0 = 2-9(u)lumppC + 2= g(u)|u=y . For the sake of simpler notation, we
will use F1(Q).

By Duhamel’s principle we have:

¢(t) = eiiH(tfs)v(s) - i/t e =Ty (O)dr (4.3)

In the next theorems we will extend estimates of type (4.1)-(4.2) to the operators (¢, s) and T'(t, s)
considering the fact that ¢z (¢) is small. Recall that

T(t,s) = P.Q(t,s) —e 9P, ie. Q(t,s) = RypT(t,s) + Raye 9P,

Theorem 4.1 There exists €1 > 0 such that for |[(x) Vg | g2 < €1 there exist constants C', Cp, > 0 with the
property that for any t, s € R the followings hold:

C
i) Q) gy < ————
(@) [t s)llz—r2 TEATEE
Icll fors<t<s+1
.. Tt < t—sl|2
(@) [T s)llpope < <1+|is|>% fort>s+1
(43i) T(t,s) € L}(R,L* — L2 )N L¥®(R,L* — L2 )
. C o
(iv) Hﬂ(t,s)l\m%gﬂgi‘t "D forall2<p<L
s :
% fors<t<s+1
_s|'27p
1Tt )l g2 < § 76

W fort>5+1

Proof of Theorem 4.1 Fix s € R.
(i) By definition, we have Q(¢,s)v = ((t) where ((t) satisfies equation (4.3). We project (4.3) onto
continuous spectrum of H = —A +V :

t
§t)=e MO Pw —i / e” U= PPy (R,&)dr (4.4)

where £ = P.(. We are going to prove the estimate for P.Q(t, s) by showing that the nonlinear equation
(4.4) can be solved via contraction principle argument in an appropriate functional space. To this extent let
us consider the functional space

X1 = {ue CR, L%, (R%))] 31;13(1 +(t=9)?[[u®)] 2, < oo}

endowed with the norm .
Jullx, 2= sup{(1+ (¢ = ) u(t) 12} < o0

Note that the inhomogeneous term in (4.4) & = e~ *#(#=%) Py satisfies & € X and

1€ollx, < Cwrllvllz (4.5)

because of (4.1). We collect the £ dependent part of the right hand side of (4.4) in a linear operator
L(S) : X1 — X1

L(s)€](t) = —i / ¢~ P [Fy (R, 6)]dr (4.6)

We will show that L is a well defined bounded operator from X; to X; whose operator norm can be made
less or equal to 1/2 by choosing e; sufficiently small. Consequently I'd — L is invertible and the solution of
the equation (4.4) can be written as £ = (Id — L)~ '&. In particular

€llx, < (1= IZID €0l x, < 206l
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which in combination with the definition of 2, the definition of the norm X; and the estimate (4.5), finishes
the proof of ().

It remains to prove that L is a well defined bounded operator from X; to X; whose operator norm can
be made less than 1/2 by choosing £; sufficiently small.

t
IL(s)§@)lz2 S/ le™ TP 12 pe |1 (Raé) |2 dr
) (4.7)
On the other hand
IF1(Ra€)llrz < 14a)® (sl + 19502 || Raéll 2| < (617 +e1™2) €2,
and using the last three relations, as well as the estimate (4.1) and the fact that £ € X; we obtain that

1 1
3 3 dr
LD (s

t
1L ()3 —x; < (17 4 £772) sup(1 + [t — SD%/
t>0 s (

< (e et sup(L |t — ) S CEF™ +e)

- £>0 1+ 522
Now choosing €1 small enough we get
1
HLHX1HX1 < 5
Therefore ~
1RO, p—
[ 1) 2_,12 =~ 7 13
Bomboe = (14t —s))8
and o
192 s)llz 2 <NRa@yllzz —r2 1Pt )22 < Atl—st
by Lemma 2.2.
(7i) Recall that _
PAQ(t, s)v = T(t,s)v 4+ e HE=) py (4.8)
Denote:
T(t,s)v =W(t) (4.9)
then, by plugging in (4.4), W (¢) satisfies the following equation:
t
W(t) = —i / e~ iH=) p I (R~ =) padr +[L(s)W](t) (4.10)
S

f(@®)

By definition of T'(t,s) (4.9) it is sufficient to prove that the solution of (4.10) satisfies

% fors<t<s+1

Wt , < t—s|2

W@z, < Clolr - for ¢ > s5+1
(1+|t—s|)2

Let us also observe that it suffices to prove this estimate only for the forcing terms f(t) because then we
will be able to do the contraction principle in the functional space in which f(¢) will be, and thus obtain the
same decay for W as for f(t).

This time we will consider the functional space

Xy ={u € C(R,L2,R%)| sup (1+[t—s|)?|ullp2 <oo, sup [t—s|*|uf2 < oo}
[t—s|>1 - [t—s|<1 -
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endowed with the norm

Il sup, |t — 5|2 ||ul| .2 for [t —s| <1
U = 7
X supy (1+ [t — )2 Jufl g2 for [t —s[ > 1

Now we will estimate f (t). First we will investigate the short time behavior of this term. If s <t < s+ 1.
Recall that F;(u) = (wE +71u) = Sau (W) |u=yppu + %g(u)|u:¢Eﬂ = guU + ggu.

t
£Ols2, <) [ e DR (Rue 1 Poyar s
S
For the term guRae’iH(T’s)Pcv we have
t . .
o / ||6_1H(t_7—)chuRae_’LH(T_S)PC’UdT”L2

t
<[(z) 7l / le™ =) M=) Pg, Rye™ 7= Poo| e dr

t
C I R
< / 7“ E sup ||gull1l|vl|rdr < C| vl = sup ||GullL: < oo
s — S

— sl
and for the term gz Roe™™("=%) P.v we have
/ e D P gu Ree'® =) Povdr|| 2

t—s

s+77 ) ) _
< H< > GHL2/ ||e—zH(t+s—2‘r)e—zH(‘r—s)chaRaezH(‘r—S)Pcv||Lmd7.

t
+/ le™ "D P2~ p2_[l(2)7 gaRae™ ) Pev| padr

+iz=
</S+ C:«v.supllgllulvllud“’/t L||< )7 gall2lle™ ) Pev|| L dr
s [t +s—27|2 sptze (L[t —1)3/2

lvllr

T sup([|gallLr + [[{x)7 gallL2) < o0

I

There we used J-S-S type estimate; see Appendix for t = 7 — s; |7 — 8| < 1. For the long time behavior of
f(t), we will split this integral into three parts to be estimated differently. For ¢t > s + 1,

t+s t

s+3 2
f(t):/ _|_/ _|_/
s s+3 =3
S

—_—— —
I Iy I3
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Then for ¢t > s + 1,

1

sty .
H11||L30 < ||<l‘>_g/ e—zH(t—s)IDCF’l(]%ae—zH(‘r—s)PCU)dT||L2

s—‘,-% ) ) )
< H <-75>_0||L2 / He—zH(t—s)ezH(v——s)chuRae—zH(r—s)Pc,UHLOO dr

st3 ) .
+ ” <x>_a”L2 / He—zH(t+s—2r)e—zH(T—s)chﬂRaezH(T—s)PC,UHLoo dr

s-‘r%
< ||<x>*0||L2/ y |3||eZH(T ) PoguRae T Py prdr

st3 C - — iy
+||<x>*<f||L2/ 7% 5 |§|\e*l (7=9) P.ga R =% Pu|| padr
s S — 21|z

1 1

lt—s|2  |[t—s—1|2

s+%
) [ supllgalo + gl olrdr
S

1
(14t —s|)?

< Clla) =7 aa (

< Cl{@) =7 || sup(l|gullr + [IgallL+) [l s

For the second integral we have

t+s

2 . .
e, < [ 7 1M R g g 1 (Rae™ = P13

2

t+s
= C .
= / @) a] O palle ) Py e
(4t —7])3
t+s

C”’UHLl /T dr < C”U”Ll
THEDE Jery - T (L4t —s))B

I3 is estimated similiar to Io.
(497) From (4.10) we have

(@)= W (t) = / t<x>*”e*iH<t*T>Pc[F1(Rae*”’“*s>Pcv)]df + / t<x>*”e*iH“*T>Pc[F1(RaW ()ldr
Then

1) W @)l zzes < | / t

C .
n " —zH(T—s)PC H
T @) (e Dlwadr]

+| / T 1@l + 1@ gal) )W (et

t

S COK|zrlvllz> + 1Ol Kl [(2) = W12 22
Where K(t) = (1 + [t|)~3/2. For the term (z)° F}(R,e” "' Pw) = (2)7 (g Rae” 't P.ov 4+ gaRae ' Pov) we
used ||[()27gul|L~ and |[{x)?7ga||L is uniformly bounded in t since |g,| = |ga| < C(Jp|* T + [YE|tTe2)

and the Kato smoothing estimate H<$>7U€7thPcU||L§(R,Lg) < Cllv[|z. Choosing e small enough we get
[{z)="W||122 < co. In other words T(t,s) € L7 (R, L* — L2 ). And similarly

t
-0 ¢ o —tH(T—s
[{z) " W ()| L2 S/ (1+|t77_‘)3/2||<x> Fi(Rae™ =9 Po)|| 2 dr

t
¢ 20 20 —0
+/S m(”(@ GullLe= + [[{2)* gall Lo )|[(x) " W ()| 2 dT
< Cllollze + &1 Cl[@) " W2
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This finishes the proof of (iii), T'(t,s) € L}(R, L? — L% )N L (R, L2 — L2 ).
(iv) By Riesz-Thorin interpolation between (i) and (ii4) (the Lg° part) we get the desired estimates. O
The next step is to obtain estimates for Q(t, s) and T'(¢, s) in unweighted L? spaces.

Theorem 4.2 Assume that ||{z)°Yp| g2 < &1 (where €1 is the one used in Theorem 4.1). Then there exist
constants Cy, C% and Cw, for allt, s € R the following estimates hold:

(7’) HQ(t) S)HL2~>L2 < CQa ||T(t7 S)HLQ—»L2 < C’2

1
. Cu Coolt — 8|2 for|t—s| <1
(i) [1Q@ s)pr—pe < TEeEL 1T, s —pee < { Itfﬁ for |t —s| > 1

(iit) Tt )L p2 < C5,  for p=6
Remark 4.1 By Riesz-Thorin interpolation from (i) and (i7), and from (i) and (iii) we get

_ G
It — 5|3(%—%)

{ Cplt — s|(%_%) forjt—s| <1
C

||Q(t78)||LP’—>LP < , forall 2<p<o

||T(ta S)HLIJ/*;LP

IN

) for|t—s| >1 > forall 2<p<oo
|t75| 2 p

I7(t, S)HLP/—>L2 < Cp, forall 2<p<6

Proof of Theorem 4.2 Because of the estimate (4.2) and relation P.Q = T + e *H(¢=3) P, Tt suffices to
prove the theorem for T'(t, s).
(i) To estimate the L? norm we will use duality argument to make use of cancelations.

IF@ONZ> = (f (1), f(1))

(e7 =) p Ry (Rye =) pa)) e~ =TV PPy (Rye 7' =) P))dr' dr

~

&+
=N

~+
~+

e

(Rae H=9) Py, e Hr—)p [y (Rae_iH(T/_s)Pcv))dT'dT

((2)? Fy (Rae =) P ) (2) =7 H ") P, Fy (Rye =7 =*) Pu)\dr' dr

Y
Y

< 1Py (Rae™ =) Pv) |2 e =) PRy (Rae ™ M =) P) |2 _dr'dr
t ) t C P—
< | &) Fi(Rae T P)| 12 / WHWE(RJW “Pov)|| 2drdr
) t C ) ’
< Cll(e)” Fi(Rue™ 1 Poo) paa / T ol @ AR Pl
<C

1K 22 [ () Fi(Rae™ " Pev)|[ 722 < CllvlZz < o0

At the last line, K'(t) = (1+ |1§_|)_3/2 and we used convolution estimate. For the term ()7 Fy (Rue "t Py) =
()7 (guRae™ ™" Pv + gaR,e™' Pv) we used the Kato smoothing estimate ||(z)~7e™ " Pl 2 12) <

22



Cllv|l 2. We will estimate L? norm of L similiar to f.

IL(s)W 72 =

(L(s)W, L(s)W)
= / e HHE=T) p (W (7)) dr, / e =T p Ry (W (7))dr')
= / / (FL (W (1)), e =) pF (W (7)) dr'dr

S/ (@) gull + {2) gall o) | (z) =" W]| L2

t
></ CK(r = 7)([{x) gull Lo + [{2)" gallLoe)[[{x) =W || L2dr"dr
t
<Cll)  Wilzzzz| [ CK(r = )llw) Wiz dr
< OlK ||z [(2) " Wlz2L2 < oo
By Theorem 4.1 (i44), |[(x) "W ||r212 < oo.
Therefore we conclude || T(s,t)|z2—r2 < C and ||Q(s,)||z2 2 < C

(i) Let us first investigate the short time behavior of the forcing term f(¢). We will assume s <t < s+1,

L2

t
1)~ = | / ¢~ =7 Py (Rye 79 PLu)dr | o

t—s

s+
/
S

. HeiiH(tiT)PCHLlﬂLinfty||9ﬂ§aeiH(Tis)Pc77”L1dT
4
t
v
t t—s
S

t
t

t
= / He_iH(t_s)Pc||L1—>L‘>0 ”eiH(T_S)chuRae_iH(T_s)PcUHleT

||€_iH(t+s_2T)Pc||L1~>L°° He—iH(T—s)chﬁﬁaeiH(T—s)Pc@HLl dr

||€_iH(t+s_2T)PC||L1~>L°° He—iH(T—s)chﬂﬁaeiH(r—s)PC@HLldT

C S"r% C
3 Sup||9u||L1||v||L1dT+/ ———z sup || gall: [[vllpadr
— 32 s [t + s —27|2

_t o
T
s+iz2 [t —T[2

t
c ~
||gaHL1||U||L1d7'+/ . WSUPH%HUHU”leT
t-tg -
[v][z

<

1
|t
t

PR (lgallzr +sup(llgullLr + [1gallL1))

Now let us investigate the long time bevaviour of the forcing term f(t)
seperate f(t) into four parts as follows,

f(t)/ss+i~~+/:i~-+/tt
——

+}

. We will assume ¢ > s+ 1 and

Bl

—_———  ——
L I Is
We will start with I for which we are away from the singularities around 7 = s and 7 = t. Then for I; and
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I3 we will use J-S-S type estimate to remove the singularities.

Lt S , .
Il < / e I P(guRae ™ T Pov + gaRae T Pe) | oo dr
S+Z
G Be. , _ .
< [ lguRae T Pl + ga e ™ P12

+y [t—7[3

1

i C ,
< / ——(lgullzr + llgall)lle™ T Pov|| e dr
s+1 |t — T‘ 2

=i C v
1
< [ Sl + lgaloo) lollee g
S

+p =73 |7~ 5|2

<C HUHL1

T Jt—s|2

(lgullzr + llgallz)

st1 , .
|I1]| L < / |e =) p et (7= P g Rye ("= Py|| Lo dr

sti o ) .
+ / Hesz(t+sf2'r)esz('rfs)PCgﬁRaezH('rfs)PC@”LmdT

sti O , ,
</ < ||elH(T_s)chuRae_zH(T_s)Pcv||L1dT

It —s|2
s+ C , _
+ / — e I P g R, T Pg|| o dr
s [t +s—27|2
st 1 1
S/ C( 7+ g)sup(IIgZHLl + llgallcllvllLrdr
s [t—sl2  |[t—s—1]|2
[v]| 2
T ft-s)?

t
I I3]| o < / 1||e*zH(t*ﬂPCguRaezH(t*T)Pce*ZH@*S)PCU||Loodf
t77

4

t
+ / ||6_iH(t_T)chﬂﬁaeiH(t_T)PceiH(t+S_2T)PC’(7||Lood7'
-}
o]l
|t — 5|2

Now it remains to show that L(s)WW is bounded in L>°. Again to remove the singularities we will split
the integral in different parts. Let us consider s <t < s+ 1,

t
L(s)W = / e HO=T) p By (R, W (7))dT

t T
_ / e D PR, / e PR Ry ) o) 4+ R (R, ())]dr' | r

t T
+ / e_iH(t_T)chﬁﬁa[/ TP [F (Rye=H(T=9) Pv) + Fy (RaW(T/))]dT/} dr
All the terms will be either of the following forms

t T
Ly :/ eﬂ'H(t*T)chuRa/ efiH(T*T/)PcX(T’)dT’dT

S
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LQ:/ “HET P g R, / H=) P X (7 dr' dr

where X (7') = guRae " H T =) P, g Rae ™ =) P65, g  RaW ('), ga RaW (77) -
In what follows we will add e (=) and e~ (=7 terms after guRs and gz R, then we will estimate the
terms in a similiar way as we estimated I; and Is.

t T
L1:/ eiiH(th)chuRaeiH(th)/ eiiH(tiT/)PcX(T,)dT/dT (4.11)

t
Ly = / e HHE=T) P g Ryett (=) / e =247 p X (7 dr' dr (4.12)
S S
e For X(7') = guRae (7'~ Pu we have
t
| L1l o 3/ e HE=T) P.g, Ryet = T)IIL“L‘”/ e E=) P || 11 oo €T =) Pogy Rye ™' =9) Poy|| prdr' dr

/ IIgu||L1/ T —— | Gullz vl prdr’dr < OVE=s|jv|lr < Cllvllpr for s <t <s+1

it
ILalli < [
s

t
- / t ||eizH(tiT)chﬁRaelH(tiT)||L°°—>L°°
t—1=5

—s

1 ) _ o ) ) , — . ,
e O P 1 ||gﬂRa/ e H=) pe =) P g Ry =) Po|| padr'dr

-
8 / ||€71'H(25+sf2'r)Pc”Ll_)LOO ”efiH(‘r’75)chﬂ§aeiH(‘r’fs)Pcl—}”leT/dT
S

<)

t T
~ C ~
+/ ||9a||L1/ ————z | Gallu vllprdr'dr < CV/|t = sf|lv] s
t—tzs s |t+s—27|2

C T C
gl [ Gl ol

e For X(7') = gaﬁaeiH(T/_s)PJ) we have

t
1Ll < / e~ P Rt D[ o
S
t—s

s+=7 X , . ’ — . ’
J| / e 2P| e 77 PgaRae™ 77 Pt rdr’
S

p_t=s

4 . — .
[ e T g R Pt s
s+

+/ e I e 2P g e T Pgy Ry ) Pt dr | dr

tfs t—s
T C 1 C C
1 ldT +/ _— = 17d7'l
Ny e e O e A P
T C N
[ eSS l@lnd el
t— 45

t=s |t 45— 27/|2
<OVt =sllv]z
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st N N
||L2||Loc / ||€ iH(t— T)P guR 6 —7) ”LOO_)LOQ [/ |‘671H(t727+2-r 75)67,H(T 75)chuRaesz(T 7S)PCU||LoodT/
/ ||efiH(t72T+T,)Pc||L1_,Loo ||guRaefiH(TLS)Pcv||L1dT’} dr
s+iz= T

. stize C o C ”UH !

o] s [ C g
S [ e g el vy

< OVt = sl[[v] e

e For X(7') = g,R., W (') and gz R, W (7') we will change the order of integration,
L1 ([ </ / e T Pg, Ry | oo - pecle TP 11 po | gu R W (') | 1 drdr”’
/ / 19l =y |3 @) gl 2 |W 2 drd”

CllvllL
GullLr 1T GullL2 1
< [t S e

<CVt—s ||1)HL1

dr'

topt—t _ . ,
HL2||LOO < / / ||671H(t7’r)Pc||Ll_>LOo ”guRaesz(‘rf'r )chuRaW(T/)HleTdT/

t
+ / / - He—zH(t—T)chuRaezH(t—‘r) ||L°C—>Loo ||e—zH(t+'r _2T)chuRaW(Tl)||Loc drdr’

/ / T plgalis e T R sl R ()

e o
+// ng”LlﬁngRaW(T/)HleTdT/

[t + 7/ — 272

/ P lgallz2 12} gullLoe W (7| L2 dr’

/”gu”L o —— 7 @) gull L2 [[W () 2 dr’
< OVt = slf|vfl

Similarly we will investigate the long time behavior of the operator L(s) for ¢t > s+ 1.
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-1
[ L3][ poe S/ le= =T PRy (RaW (7)) | Lo dr
1

t74 .
< / e Bl s e |y (RaW (7)) | 1

1

t—1 C o o
< [ e el + N sl W iz e

C t=1 C
< 3 / V] 5 dT < 5 l[v]l
t—s[zJs  (1+4]|r—s])? It —s|z

In L, we will plug in (4.10) once more:

t
L= / e~ HU=T) Py (R,W (7)) dr
t7

1

4
/t
t—

t
+ / le=#H=" p.g, R,
t—

1
1

P g, R, | / TP R (R =) P) + Ry (RW (7)) ]dr | dr

1
I S

S

[ / =) P [F(Rye 070 Pov) + PR | dr

Again we will add e(t=7) and e #H({=7) terms after guR, and gzR,. Then all the terms will be similar
to Ly, La, (4.11) — (4.12) respectively. After seperating the the inside integrals into pieces, we will estimate

short time step integrals exactly the same way we did short time behavior by using JSS estimate, and the
other integrals will be estimated using the usual norms.

e For X(7') = guRae ("' =%) P.uy we have

t
Lillm < [ e Py Ry e
t77

4

S+i . . / . ’
[/ le= = P 1 pee €T =9 Pg, Rye™ =) Po|| 1 dr’

t—1 ) , .
+ / ) ”e_lH(t_T )‘PcHLlHLOQ ”guRae_lH(T _S)PC/U”LOQdT/
s+3

o
t—

Cllv[[r:

<
T t— s

e HEI P oo [ ) Progy Rye ™ H 0 Pua|adr’ | ar

1
4

t
Lallim < [ e 0 Pugu R e
t—1

4
S+% . ) ’ P . !
x [/ e HEs=2N P 11 po e T =9 Pga Reet (7 =) Po|| L1 dr!
S
e 2P| 1 e lga Rae™ 7 ) Pt adr’

||87iH(t+572T)PC||L1_>Loo ”efiH(T’,s)chaﬁaeiH(T',S)PcﬁnleT/ dr

< C”UHLS1
|t —s|z
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e For X(7') = gﬁﬁaeiH(T/_s)PJ) we have

t
nmms/|wwwmwmwwmmw
t—

1
1

sti , — o
% {/ ||e—zH(t+s—27— )PCHLl—)LOQ ||e—ZH(T —s)chﬁRaezH(r _S)PC/D”leT/
S
t-1 , o
* / le= T i poe||ga Rae™ 7 =) Pt || prd!
S

”efiH(tJrsf?r’)PC”Ll_)Lw ”efiH('r'7S)chﬁﬁaeiH(T'7s)PC1—)”Lld,]_/] dr

1
4

' i C e C
<[ g[S+ [l
Tk oy =

T C

~ ’

e U O
t—1 —

ol

o= !

<C

t _ sti S —
||L2||L°° = / ||e_lH(t_T)chﬁRaelH(t_T) ||Loo‘>LOQ |:/ He—zH(t—2T+2‘r —s)ezH(T —S)chuRae—zH(T _S)PCU”LOC dT/
s s

.
+ / ||efiH(t72T+T,)PC||L1_,Loo||guRaefiH(TLs)Pcv||L1d’r'}dT
S

+i
t s+i C T C ||UH !
S -l 1|:/ A 1{|v 1d7'/+/ u ! L dT/ dr
/S galler| | |t—27+27'/—8|%”gu”L Iellz ol |t_2T+T/|%”g"HL | — 53
< CHUHL;
|t —s|2

e Ly, Ly terms corresponding to X (7') = g, R, W (7') and gz R, W (/)

t T
Ly || < / e H ) Pgy Rye 7| oo oo / e HE=TVP || 11 poo | gu RaW (7') | o dir' dir
t— 1

1 S

t T
o ¢ Cllvllz
< v ——[[(@)? 2 ——————dr'dr
< e [ e s
N e N R - ¢ C
g/ / < ||UHL1 3d/]__'_-/v . ||UHL1 3d7— dT/
= [ st (L] = s])2 gt =72 (L+ | = s))?
< C”UHL;
£ — s}

t T
| Lallpe < / e ) Pga R || poe 1o / e T2 P11 po||guRaW (7)) || prdr dr

t—i s
t

<
t—1
t

<
t—1

4

~ T C C”’UHLI ’
ga |l Lt — [T Ugu s ———— = d7'd7

T+s

2 C C T C C
[ Gy, el ]
s [t+7" —27]2 (1+|7" —s|)2 s |t =72 (14 |7/ —s])2

2

_ Cllolly

- |t—s|%
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Now combining all the above estimates we get

Clt—slz for|t—s| <1
¢ for [t —s| > 1

W)l < {

3
[t—s|2

This finishes the proof of (i7).
(7i1) We split f given by (4.10):

s+1 t
f:/ ...+/
s s+1

——

—_—
I I

For I; integral, it suffices to show that | g, (7)Ree™*#("=%) Pw||;» € L1[s,s 4+ 1]. Since g,(7) has bounded
derivatives we have ||, (7) — gu(8)||zs < C|7 — s|, then by Hoélder inequality in space,

1(9u(7) = gu(5)) Rae™ T Pev|| 12 < ||gu(7) = gu(s) || zslle™ T Pv| s € L}
Now it suffices to show ||g,(s)Ree " ("=%) P,v||12 € L. For any & € L? we have

lgu(s)Rae™ T Pev|| 12 = (3, gu(s)Rae™ T Pov) = (79 Pgy(s) R, 0) < || P.Ragu (s)d| o [|0l] Lo

er?

Since L2[s,s + 1] — Ll[s,s + 1], [|e?"=%) P.R,g.(5)d| s € L}.
t . , &

el < C( [ Ngulae " Pl ar) " +0( [

s+1 s

1
7

t
o —iH(T—s) v ¥
([ a2 ply, ar) "+ |

+1
t 1
dr 57
SC(/ ) <%
s+l |7 —s[°' 27

At the first inequality we used Strichartz estimate with (-, p) with v > 2 and the last inequality holds since
3(5 — 1%)7’ > 1 for p =6 and v > 2. Similarly we will estimate L(s)W.

t 1
» ||gﬁ§aeiH(T*S)Pc17||ﬂL’;, dr) "
t

-

IN

/ ; ’
(@) gal” s, €29 Pa||7, dT) g
+1 L2 —o

1
7

t
LW Ol < C( [ louha + 9TV, dr)°

-

t
<o [ 1@+ 9l IWIF dr)”
t N

“( (14— iDs(;;W)” <00

Hence T'(t,s) : LP" — L? is bounded for p = 6. This finishes the proof of part (iii) and the theorem. [J

IN

5 Appendix

5.1 J-S-S type estimates

In [14] the authors obtain the following estimate?:
Theorem 5.1 If W : R" — C has Fourier transform We LY(R™) then for anyt € R and any 1 < p < 00

we have: i ' W
||€_lAtW€lAtHLP'—>LP < ||‘/I/v||L1

4Their theorem is stated differently but the proof can be easily adapted to obtain the advertised estimate
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In what follows we are going to generalize the estimate to the semigroup of operators generated by —A+V :

Theorem 5.2 Assume V : R" — R and W : R"® — C have Fourier transforms in L'(R™). Then for any
T > 0 there exist a constant Cp independent of W such that for any =T <t < T and any 1 < p < 00 we

have: 4 , -
||€_Z(_A+V)tW€l(_A+V)t||LP;_>LP < CTHW”Ll

One can choose Cp = exp(2||V || 1 T).
The proof relies on existence of finite time wave operators:

Lemma 5.1 If V : R" +— R has Fourier transform in L'(R™) then for any T > 0 there exist a constant Cr
such that for any =T <t <T and any 1 < p < 0o we have:

et A=A S Op[Wlpr, (€28 oo < O |[W ]| 1

One can choose Cr = exp(|V |1 T).

Proof of Lemma: Let
H=-A+V

then H is a self adjoint operator on L? with domain H?, (note that V € L>)) hence it generates a group of
isometric operators:

et 12 12 teR.
Consequently: ' '
Qt) = e MteA . 12 2 tER, (5.1)
is also a family of isometric operators. Their infinitesimal generators are:
CiTCf — _je—iHty oA _ _ —iHt —iAL ity —iAt
Q(t) Qo(t)
Hence .
Q) =1L~ i | QE)Qu(s)ds (52)
0
where _ '
t) = AV e AL P [P 1<p<
QO( ) ) p

is bounded uniformly by ||V ||, see Theorem 5.1.

The contraction principle shows that for any 7> 0 and any 1 < p < oo the linear equation (5.2) has a
unique solution in the Banach space C([—T,T], B(LP, L?)). Since on L? () LP the solution is given by (5.1)
and 2 () L? is dense in LP we obtain that for any —7 <t < T and any 1 < p < oo, e Hte—iAL hag g unique
extension to a bounded operator on LP. Applying the L? norm in (5.2) we get:

t
QM) Lr <1 +/0 1Q(s) e[V [l Lrds
and by Gronwall inequality:

1Q@W)|| e < eVttt < elVInT  for — T <t<T.
A similar argument can be made for Q*(t) = e"Atetft,
The Lemma is now completely proven.

Proof of Theorem 5.2: For H, Q and @Q* as in the proof of the previous Lemma we have:

e—thWEth _ e—the—zAt ezAtWe—zAt 62AtelHt.

Q(t) LP—LP bounded Q*(t)

Hence using Theorem 5.1 and Lemma 5.1 we get for any 1 < p < 00:
e W EHY | Lo e < VI T W) 1, for —T <t<T.

The theorem is now completely proven.
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Remark 5.1 To obtain the linear estimates in Section 4 we used Theorem 5.2 in the form:
€W Rae™ | oo < C|W]|p1,  for 0<t<1

where W is the effective potential induced by the nonlinearity, see next subsection, while R, is the linear
operator defined in Lemma 2.2.

To see why the above estimate holds consider f € LP () L?*(\Ho. Then by (2.19) we have for a certain
z=2z(f)eC: ‘ . ‘ ‘ .
elHtWRae—thf _ ethWe—thf 4 ZeZHtW¢0.

Theorem 5.2 applies directly to the first term on the right hand side, while for the second term we use, see
NE

(2.21):
e
< P —_—
|Z| = 2||f||L \/H aa2 I + H 8(11

and the fact that 1 is an e-vector of H with e-value Ey < 0 hence

1 1
) 7—"_7,:1
r’ p p

le ™ Wl Lr = [l We™ ety || 1o < CIW || [0l 2o

where again we used Theorem 5.2.

5.2 Smoothness of the effective potential

In this section we will prove Proposition 2.2 i.e. g@) and (%)

From by Corollary 2.1, we have g € H? which implies ¥y € L? for 2 < p < co. Also from (1.3), by
integrating, we get |¢'(s)| < C(|s|*T* + |s|1T92). Hence |¢'(vr)| < C(|Ye|*T™ + [Yp['T*2) € L? and
9" (V)| < C([vp|™ + [¢p|*?) € L. Now we have

—_— 1 —_—
1@l = g (L €70 (W) e
1 —
< I\Wllmll(l +1€1%)g (V)| 2
< (g @)z + | A (V)| 2)
<

Clg'Wn)llze + 189" (¥p)L2)

€L?

So it suffices to show that Ag’(¢) € L2. Similarly it is enough to show that A(%) € L2

Ag'(Vp) = g" (Ve)IVUs|* + ¢" (Ve) Avg (5.3)
—_————
cL>~ elL?
wnd (W), 9"(Ws) . g(Ws) g(Up) (5)  9(Vp)
gWwe), 9 WE) 9\¥E 9WE 2, (9\WE) 9WE
A( s )=( VB 2 ng +2 ¢3E )N Ve + ( = ¢2E ) Avg (5.4)
T eL?

We will use the following comparison theorem proved in [8, Theorem 2.1] to get the upper bound for the
V¢ and lower bound for ¢ p:

Theorem 5.3 Let ¢ > 0 be continuous on R3\ K and A > B > 0 for some closed set K. Suppose that on
R3\ K, in the distributional sense,

Alpl > Algl;  Ap < By
and that || < ¢ on 0K and ¢, ¢ — 0 as x — co. Then || < ¢ on all of R3\ K.
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Note that W—E and Yg are continuous and M—E, g — 0 as |x|] — oo. Hence
Oz Oz

[Yp|tTe2) — 0 as 2 — oo.

‘g(wE)
VE

< C(lyplt*tor +

First we need the standard upper bound for 5 > 0. For any A < —F, there exists C4 depending on A such
that ¢ < Cae~ VA2l Indeed if R is sufficiently large, on R? \ B(0, R) we have

2V A

(Jf’E)}w > Ap, and Ap=Ap— |\|F<p < Ay
x

and on 0B(0,R) we have ¢y < C'Ae’\/z‘g”| for Cy big enough. Then by Theorem 5.3 we have g <
Cae VAl on R3\ B(0, R).
To get the lower bound for ¢z we will choose ¢ = 9 and ¢ = Ce~V42l2l in Theorem 5.3. On R3 \ B(0, R),
fix e > 0, A2 > —FE + 2¢ and choose R large enough such that 2|T\/§ < ¢ for || > R. Then from (2.2) we
have

Ay =[-E+V(zx)+

B = B+ V@lvn +0e) < FE+V + L < B+
and for Ay > —F + 2¢ we have
2];?7/1 > (—E+e¢e)

Choose C such that Ce~VA2lzl < Y on OB(0,R). Then by theorem 5.3, we have Ce—VAzlel < Vg for

|z] > R.

We will show that for ) = awE and ¢ = Ce™ VAl where A; < —E hypothesis of the theorem 5.3 is satisfied.
Differentiating the elgenvalue equation (2.2) with respect to x; we get

Let 5 )
F=max{0, £} and S<={r R a‘ff! Sup) and Sy = fr e B 32| 2 )
1
Fix Ay < —E, choose R large enough such that —F + V(z) + ¢'(¥g) — gxl A; on |z| > R. Let

S =S<UB(0,R), then on R\ S we have

0x1 ‘ =z A awE‘

8331

Now, by continuity of % there exists Cy such that "%’—E

g are continuous we have ‘ %wE =Yg < CoeVAilzl op 0S<. Soon 05, we have ‘ ek}
Therefore by theorem 5.3, we have |Vipg| < Ce~VAilz]

Now we can prove Proposition 2.2

Proof of Proposition 2.2 By (H2’) we have |¢"'(s)| <

eVAilzl < O on |z| = R. Since both on 81/’—’15 and
< max{Cy, Cy}eVArlel

+ 057 5>0,0< a; < as; then

=rTy al

9" (V)| Viel?| < e a1|V¢ |2
and "w) . g(s) . g(n)
g E _29 E 9 v v 2
G %+¢E>|w\|<¢lm|w|

Using the estimates for |Vig| and ¥ g and choosing 21/A; > \/As, we get that Ag'(¢Yg), A (g(wE)) € L2

Hence we get the desired estimates for ¢’(¢g) and %.
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