1. Practice problems-Solutions

Questions: True or false? If false give counterexample

(1) Linear independent vectors are orthogonal. no, Example

1 1
1)°\o)
(2) Every matrix n X n matrix a can be written as

a = LB

where B comes from a basis transform and L is lower triangular. Answer
yes

(3) Let vy, ..., v, € RE. The Gram-Schmidt procedure gives m orthogonal vec-
tors by, ..., by,. Answer: not necessarily, only if the v;’s are linear indepen-

dent to begin with.

Problems:
Let C = {(x,y) : 2> +2y> = 1}. Find curvature and frame at (1/v/2,1/2).

Solution: We define
cos(t)
f(t) = ( sin(¢) ) .
V2

Obviously f is injective and f[0,27)] = C. For t = T we find f(t) = (1/v/2,1/2).

1

—sin(t _ 1
f/(t):< &Eg)):mwM( l\@)’
V2 2
_ _ 1
ﬂ@=<A§§?>=wﬂM< lﬂ),
V2 2

Moreover,

(f(1), /(1)) = sin(t) + 0082“) - ”/42’
(1), F(1) = cos(tysinge) - O L

At our point this gives

and
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This gives
8
1" 92
F'(s) = < R )
9
and
8 1 4
= 2414+ = = 25
a(p) = S\[1+5 = 5Vo
The frame is given by (F'(s), F}:é‘;) |
Find area and angle for v;(z) = cos(z) and ve(z) = sin(2z) in C[—m, 7] with
(F.9) / Fl)g(e)dr
Solution: The angle is given by
(Ul,’UQ) = COS(Q)’U1HU2| .
Note that
" L™ .2 1
(v,v1) = cos”(z)dx = 5 cos”(z) + sin®(x)dxr = —.
—T —T T
Moreover, with u = 2z, du = 2dx
T 1 2 27 1
(v, v9) = / sin?(2x)dr = —/ sin?(u)du = / sin?(u)du = — .
-7 2 —27 0 T
Then with u = —z we get from cos(z) = cos(—x) and sin(—z) = sin(z) we find
(v1,09) = / sin(2x) cos(x)dx = / sin(—2u) cos(—u)du = —/ sin(2u) cos(u)du .
Thus we must have (v1,v5) = 0. Hence the angel is 90° and are is |v;|[vo] = 1. ®

Given the two lines
Li={(z,y,2):x+y+z=1x+2y+2=1}
and
L2:{(377y72) $+2y+3z:1,3x—|—y+22«:1}

Is there an intersection?

Solution: An intersection means that the four equations
r+y+z=1,
r+2y+z=1,
r+2y+32=1,
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Jr+y+2z2=1.

have common solution. You can check this by hand: Subtracting the second from
the first equation we find y = 0. Indeed, all points with y = 0 and = 4+ z = 1 solve
the first two equations.

Multiply the third equation by 3 and subtract the fourth equation for y = 0 gives

92 — 22z = 2.
Thismeansz:g,ng,y:Oand

5 6 11

—4+ - = —=#1.

7+7 77,é

So there is no solution.

You may also consider the subspace

V = span{

W = = =
— N N
W~

Then we have a procedure to calculate the smallest distance from the point (1,1, 1,1)
to the subspace V. Indeed, we first have the find an orthonormal basis. Let us do

this for

V' = span{

W = =

Then we have

[\
W = =

and
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And then
+3 1
8, 41 4
ws = — 3_’_? 3 ___1 1
1, 16 , 16 | 412 4
statsts | 3 21
41
1 1 3x65 | 1
+3 12 _41Xx42 1
4 1 12x65 | 1
= _36_5 3 +| 2 _ —iixp T 13
4 1 12x65 | 1
4142 3 12 2- 41§42 1
41 1 65 | 1
-1 —5 5% I+ Gt

Then the distance is given by the length |w,| of the vector wy

. (wlav) w (vav) w (W3,U) w

(wi,wy) ' (wa,wy) © (ws,wg)

where v =

—_ = =

1
What initial velocity is needed if you start a projectile at (0,0,0) and want to shoot

it to (10,10, 10)?

Solution: Let us assume gravitation works in the negative z axis. Then we have

r(t) = —ges,
Thus
r'(t) = v(0) — gtes
and
t2
r(t) = r(0) + tv(0) — gges-

Here v(0) is the initial velocity at (0,0,0). This gives

Clt
T(t) = Czt

t2
cst — gt

2
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Since the point (10, 10, 10) is supposed to be on the trajectory we must have ¢; = cs.

Then we choose ¢t = % and find

c1 2c]
This gives
50
10 = S0 27
and hence
10cy — 10c3 + 509 = 0
and hence )
C3\2 C3
— =) = =-5
(c1 9 ) 1 g
and hence
2
= = 44/2-5
C1 5 4 g

describes the possible solutions (but not all of them are because negative ¢; will not

get you to 10). We also see that
3 > 50g

is needed to get the process going at all. Indeed, c3 = /50g and ¢; = ¢3/2 is quite
a workable solution. [ |

Find the moving frame and curvature for
C = {(zcos(z),rsin(z),2%) : 0 < x < 27}

Make a picture.

Solution: Let
x cos(x)

flz) = x sin(x) ,

2

cos(x) — zsin(x)

sin(x) + xcos(x) ,

2 cos(x) — xsin(x)

( —2sin(x) — cos(x)
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Following our experience in class we go for x = 0, the other points being to much

calculation.
1
flo =101,
0
-1
f”(O) - 2 )
and
(£'(0), £'(0)) = 1 (f(0), f"(0)) = -1
Therefore

F'(s) = f"(0) - f10) = f(0) + f'(0) =

and curvature is #(0) = 2v/2. The frame at that point is given by

0 0

1 1
0 ) 75 ) _7§
0 L L

V2 V2

|
Let H = {(z,y,2z,w) : v +y + z+w = 5}. Find a parametrization.
Solution: This is a three dimensional space and hence we need one point and three

directions (or four points)

p1 =

b2

S O = o= O O O Ot
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4
B 0
D3 1 5
0
4
0
p =
! 0
1
This gives
—1
V1 =P2 —P1 = ,
—1
0
Vg =pP3 —P1 = )
0
—1
Ug=Ps—DP1 =

Looking at the last coordinates, we see that they are linearly independent. Thus we
get
H = {p1 +xv1 +yvo + zv3 : z,y,2 € R}.

You might want to check this by checking some points.



