1. Continuous functions and sequences of continuous functions

DEFINITION 1.1. Let (X, d) be a metric space. A sequence (f,) of functions is called

equi-continuous if for every x € X, € > 0 there exists 6 > 0 such that

d(z,y) <d=|f(x) = fly)l <e
forally e X.

LEMMA 1.2. Let (f,) be a sequence of equi-continuous functions such that

fla) = lim £,(2)
exists for all x € X. Then the limit function f is continuous.
Remark: This means that Cy(X,R) is complete.

DEFINITION 1.3. (f,) converges uniformly to f if

limsup| f,(x) — f(a)| = 0.

noreX
Project: (Dini’s theorem)
LEMMA 1.4. Let (a,) be a sequence and C' > 0 such that |a,| < C™ for alln > ng.
Then the sequence of partial sums (f,) defined

fulz) = Zakxk
k=1

is equi-continuous on (—C,C').

COROLLARY 1.5. Under the assumptions above

flx) = Z apz®
k=1

is well-defined and a continuous function on (—C,C).
Examples: > (—1)"z,. e* = 3 ‘”k—lf sin(x), cos(z).
PROPOSITION 1.6. lim(1 + %)"k:l el
Project: Mean-value theorem for continuous functions.
PROPOSITION 1.7. Let f : [a,b] — [c,d] be a monotone continuous function, then
the inverse function is continuous.
Application: e**¥ = e%e¢¥ In(zy) = In(z) + In(y).
Application: f(z) = 2" yields z» = f~!(z).
DEFINITION 1.8. Ifa € R and b > 0 we define
pr — paln(®)
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Properties: (b1by)® = b{bg. b1 T2 = papo2, (p21)*2 = p*92 In particular,



