CHAPTER 1
Analysis

1. Sequences and series

DEFINITION 1.1. A sequence (x,,) is called increasing if
Ty < Ty

for all n < m. A sequence (x,) is called decreasing if (—x,) is increasing. A
sequence s called monotone if it is either increasing or decreasing.
THEOREM 1.2. Every sequence has a monotone subsequence.
LEMMA 1.3. A bounded monotone sequence converges.
COROLLARY 1.4. A bounded sequence has a convergent subsequence
COROLLARY 1.5. A closed bouned intervall is compact.
(Second Proof!).
DEFINITION 1.6. Lim(z,) = {z : I(ng)x = limy z,, }.
PRrROPOSITION 1.7. Lim(z,) = J,, cl({z, pln > m}) is closed.

DEFINITION 1.8. Let (z,,) be a bounded sequence. Then

limsupz, = sup Lim(z,) and liminfz, = inf Lim(x,).

Project: Show that x = limsup,, z,, if

a) For every € > 0 there exits ng such that
Tp, = T+¢€

for all n > ny.

b) For every € > 0 and n > 0 there exists m > n such that

T— &< Xy .

n
DEFINITION 1.9. )" a, converges if s, = Y aj converges.
k=1

Example: If |a| < 1, then ) a" converges.
LEMMA 1.10. If Y a, converges then lim, a, = 0.
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2 1. ANALYSIS

LEMMA 1.11. Let (b,) and (a,) be sequences such that there exists C' > 0 and ng
such that
|an| < Clby]

for alln > ngy. If >, |b,| converges, then
2
converges.

Applications: Root-test, quotient test.



