Warm up test-Probability 361

Problem 1: Let 0 < ¢ < 1. Show that

Sl L

Problem 2: Show that f(x) = 2? is differentiable and calculate

/xdaz.

[y



Problem 3: How many different subsets are there in {0, 1,2}7
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1. Show that p(F, U Ey) = P(Ey) +p(E2) — p(E1 N Ey) using the axioms of probability

and their elementary consequences.

2. Let Ay, ..., A, be the boxes described in the lecture. Determine the conditional

probability to get a second gold if you got a first one.
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1. Let Q ={1,...,m} and P(A) = %. Let Aj, ..., A, be r subset such that

iP(Ai) <1.

Show that there exists an element k € A{N---N AS. (Hint: Try r = 2).



(a) Use the ’super-cute’ trick to show that

for all A > 0.
(b) Let X be Poisson distributed with P(X = n) = e~*2}. Calculate

EX?.



3. In a series of games a team wins, if it wins 3 out if 5. Let us assume the games are

independent (ignoring psychology) and that the probability of team A to win is p.

(a) Determine the formula for the probability that team A wins the series. (For

p = 1/2 you should expect ?-use this to check whether you formula is correct.)

(b) (extra credit) Let B C Q be the event that team A wins. Define X : B —

{3,4,5} to be the number of games used to win the series. Calculate

5
diP(X =1)
E(X|B) = &2
for p = 1/2. That is the expected number of games, given that team A wins.

Even for arbitrary p this number should be between 3 and 5, why?
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1. (10P) Let X be a continuous random variable with density function fx. Let o > 0.
Show that

fax(a) = —ix(5).

Solution: We have

a/a a

F,x(a) = PlaX <a) = P(X <a/a) = /fX(x)dx = /fX(:v/a)%U.

Differentiation yields

0 fx(a/a) '

Jax(a) = %0 ax(a) = 5

2. (15P) Let U be uniformly distributed over [0,1] and X be uniformly distributed
over [0, U]. Calculate the distribution of U over X.

Solution: By definition fy(u) = 1 for 0 < u < 1 and 0 else. Moreover, by

assumption
Lofo<z<u
fxp(zlu) =
0 else
Therefore
fxu(r,u) = "
whenever 0 < x < u. This yields
fX,U(ajvu)
ulr) = —————~.
Fowell) = 5 )

However, for 0 < x < 1 we have

fx(z) = /lidu =Inl/xz>0.

This yields
1
Joix(ulz) = —ulnz
In other words U has the ‘1/u-distribution’ over [X,1] and X is itself In(1/z)-

distributed (i.e. fx(x) = —1Inz) on [0, 1].




3. (20P) Let X be exponential distributed with parameter 1 and Y be exponentially
distributed with parameter X. Calculate

1
PX <1y = 1) = / Fapy (2] D)da (0.0.1)
0
Solution: In general if f; is the density function of random variable Z, then

P(Z € A) = /fz(sc)d:c.

(0.0.1) is the special case for the random variable Z = E(X|Y = 1). In order to

determine this distribution, we first determine the joint distribution function

fxy(@,y) = frix(ylr)fx(r) = ze™™e ™ = ze "Wt
Then, we get
7 —a(y+1) T emalyt) 1
B —a(y+1) _ze - /e B
= [ xe dr = ——|3° + der =
() / —(y+1)"° +1 (y+1)2

0

And hence, we get

Ixy(zly) = %{Ey’)y) _ (y_|_1)2$e—x(y+1)'

In particular for y = 1, this yields

1 1

o .’113'6_293 ) €—2z
PIX<1lY =1)= [ dze “dx = 4 5 lo + 5 dx
0 0
1 e ? 1
S T R
( 5¢ 1 +4) 3e

4. Given is an urn with m balls, a of them are green and m — a of them are red. With
probability a/m we replace a red ball by a green ball. With probability (m — a)/m
we don’t do anything. We repeat this process (such that the new replacements are
independent of the previous replacements) and denote N, the minimal number of
steps we need to turn all balls green. Find the expected value of N, in particular

for a = 1.



Solution 1: We really count all the steps. Let X be the random variable such that
X =1 if we replace red by green and X = 0 if we replace green by red.

E[N,] = P(X = 1)E(N,|X = 1)+ P(X = 0)E(N,|X =0) .

In both cases we start a new game. If X = 1, we have a + 1 green balls. If X =0,
we are as good of as before. In both cases we need an extra step to conclude. Thus,

we get

m—a

E[N,] (14 E(Nay1)) + (14 B(N,)) = 1+%E(Na+1)+ E(N,) .

a
m

This yields

LEN) = 14+ “E[N.]
m
and hence
m
E[Na] - E —|— E[Na+1] .
For the case a = m — 1, we get
m
E[Nm_l] - —_1 .
Thus for a = 1, we find
" m
ENi]= —+E[Ny] = — 4+ — + E[N;] = 27
j=1
I dx
&m | — = mlnm
x
1
Actually there is a constant v > 0 such that
>
lim =L = 4

So we expect ym Inm many steps to replace all green. For a = 2 and m = 4, we get

4 4 4 10



10

Solution 2: We only count the steps M, where we don’t do anything. We use X

as above. Then
EM, = P(X =1)E(M,X =1)+ P(X =0)E(M,|X =0).

However now, we have E(M,|X = 1) = E[M,1] because we got a green ball and

this action is not on our ticker. This yields

m—a

Ewm::%mMﬂﬂ+ (1+ E[M,).

Now, we get
m—a
BM) = " 4 B
For a = m — 1, we find E(M,|X = 1) = E[M,,] = 0 and thus E[M,,—;] = —=. In

1

this case, we get

m—a m—a m—(a+1 1
E[Ma]: —|—E[Ma+1] = ( )

a a a+1 m—1
—1

3

%—(m—a).

Ed

=a

Indeed,
E[M.] + (m —a) = E[N,]

because we have to turn the (m — a) balls green. In that case we get

-1

3

E[M;] = m( J—m+1Zymlnm —m.

| =

B
Il
—

For m = 8 and a = 6, we get here

8—6 8—7 20 10
Mg 6 T 7 42~ 21
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Final exam

Name:
I will take the maximum number of points in problem no 8 and problem no 9. (You can
get an A if you skip one of them!). The problems with *give extra credit. Let us start

with some warming-up questions.

1. (10P) Given an example of a probability space and a probability measure.

2. (10P) Given an example of two independent random variables on probability space
including the sample space and the probablity measure. (If possible justify your

claim)

3. (10P) What can you say about the distribution of the sum of two independent

normal random variables?
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4. (15P) Find a formula for the distribution function fxy(a) for a > 0 and two inde-

pendent normal random variables X and Y.

5. (15P) Calculate the third moment of a A-Poisson distribution using the moment

generating function.
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6. With probability p a coin turns up head. We continue flipping coins independently

until head and tail have shown up for the first time.

(a) (15P) What is the probability that the game ends with head? (Hint: condition

on the first outcome).

(b) (20P) Calculate the expected numbers Zyy,; of trials. What is the probability
that the game ends with head. (Hint: First consider the game Zjeqq where we
stop if head shows up. By conditioning on the first outcome show E|[Z}cqq] = L

p
Similarly, E[Zu] = l%p. Condition once more).
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7. (20P) Let X and Y be independent exponentially distributed random variables. Use

conditional probability to calculate

P(X<Y).

Extra credit: *Show that the answer is different for two independent Poisson

distributed random variables with parameter .
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8. We consider a gambler who on every play is equally likely to win or loose. This is
modeled by a sequence (X;) of independent, identically distributed random variables
(X;) such that

Our goal is two show

(a) (10P) Let X be a random variable with P(X = 1) = = P(X = —1).

Calculate the moment generating function My (t) and use the inequality
2

1 :
E(et +et) < ez (0.0.2)

to show
E [6tX]

A
¥
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(b) (15P) Let S,, = >_ X; as indicated by the problem. Show that

=1

nt2

Msn(t) S ez .

(¢) (15P) Use the Chernoff bound P(S > a) < e **Mg(t) and show

S
:‘w

P(S,>a) < e

(d) (10P) Show that
P(Si00 >20) < e 2~ 0.135.

(e) (15P) What do you obtain if you apply the central limit theorem and the
02
Chernoff bound (P(X > a) < ez for the normal distribution.
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9. The proof of the strong law of large numbers shows that for the n-sum S, = > X;
i=1
of independent identically distributed random variables (X;) and X = X, we have

1 3
4 4
E[S,] < E[X ](ﬁJrﬁ)
for all n € IN. This implies
“E[SY 15 _,
< —FE[XT. .0.
>t < FEXY (0.03)

Now, we consider a stock market with a sequence (X;) of identically distributed

normal N (0, 1) distributed random variables and the corresponding
Y, =Y, 1+ X,.

In the following you may use
E[X* < 2

for a N(0,1) distributed random variable X.

a) (20P) Use the Markov inequality and show that with probability at least 2 we
(a) ( quality p y i

have

Y, —Yo| < 2n

for all n € IN.



18

(b) (15P) Now, we don’t care what happens in the first 10 days. Note that we

have
T 1
Z n <1073+ /m3dx < 1073+ 3 X 1072 = 6x 1073 .
n>10 10
and
d n <107+ /x_de = 10724107" = 11 x1072.
n>10 10

Give an estimate for the probability such that for all n > 10, we have

Y, — Y| < 2n.

(c¢) (10P) What do you observe?
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1. Let X be a continuous random variable with denisty fx. Let a > 0. Find the
density faoix.



20

2. Let U be uniformly distributed over [0,1] and X be exponential distributed over
[0,U]. Find the distribution of U over X.



3. The joint density of X and Y is given by

Find ¢ and show that X and Y are independent if and only if a = 0.

21
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4. We have a green ball and m — a red balls. We toss a coin at random. With
probability a/m the coin ends up 1. With probability m — a/m the coin ends up
0. If 1 appears we replace red by a green ball. If 0 we don’t do anything. Use
conditional probability to determine the expected number tossing’s we need to find
all balls green if m = 6 and a = 3. Extra credit is for find a formula for general m

and ¢ = 1.



