Crash course on integration

Let (2, F,p) be a probability space. A rv f: ) — R is called simple function (f € S) if

there exists Ay, ..., A, and rq,..,r, such that

flw) = Z rila,(w) -

Here

For a simple function
Bf = [ fdp = > ra(a).
i=1

Lemma 0.0.1 Let f,g € S, then

/(f+tg)dp - /fdp+t/dgp.

Proof: Assume f =) r;ls, g= > s;lp,, then
i=1 =1

J

n

f+tg = Zrz‘lAi +itsj13j

i—1 j=1

and thus

n

B(f+tg) = 3 rp(Ai) +1 3 sily, = E(f) +1E(g) .

i=1

The real problem is to show that [ fdp is well-defined, but that’s not your problem. [

Proposition 0.0.2 The map [ : S — R has the floowing properties
1. [(f+tg)dp = [ fdp+t [ gdp,
2. |[ fdp| < [Ifldp,

3. min(f)p(Q) < [ fdp < max(f)p(S2).



Now, we want to define the integral for arbitrary rv’s. We assume that f : Q@ — R is

measurable. Let € > 0 and for k € Z we define
Ape = {weQ t ke< flw) < (k+1e}eF
We say that f is integrable if

> max{L, [ke|}p(Ay.)

ke,
is finite for all €. In that case, we define

[ fip = i3 kep(a).

keZ

Remark 0.0.3 1) For simple functions this gives the same value.
2) (For experts) For every integrable functions there exists a sequence (f,) of simple

functions such that

i [ 1= Sy = 0

/ﬂm:h?/h@.

3) Let B the smallest o-algebra generated by intervals in R. Then there exists a measure
p: B —[0,00] such that

and

pil) = ||

holds for all intervals. The same definition replacing p with p applies to measurable

functions f: R — R.

Let us show 1) for convenience. Let f : 2 — R asimple function. Then f(Q2) = {ay, ..., a,}
has only finitely many values. Define B; = {w : f(w) = a;}. Let &g = min,; |a; — q;.
If € < g9, then every a; belongs to at most one interval (ke, (k4 1)e). Therefore, we have

exactly n elements kq, ...., k,, € Z such that



for all ¢ = 1,...,n. This implies

n

> kep(Are) = > aip(B:)

keZ i=1

Of course, we get
l{%gmp(flke) = Zaip<Ai) = E(f).
In general, we have the following theorem.

Theorem 0.0.4 Let LY($,p) the set of integrable functions. Let f,g € LY, p). Then

/(f+tg)dp = /fdp+t/gdp,
2. | [ fdp| < [|fldp,

3. min(f)p(Q) < [ fdp < max(f)p(Q),

4. Let h € LY, p) be positive, f and (f,) Tv’s such that |f,] < h for alln € IN and
there exists a set A C Q such that p(A) =0

1. f+tge LYQ,p) and

fw) = tim f,()

lim / fudp = / fdp .

One of the important properties is that continuous function on compact intervals are

for allw € A°. Then

integrable and

/1 flayde = [ fdp = B



