1. UNIT: AXIOMS AND ELEMENTARY PROPERTIES

e Goal
e What is probability?
e What is a probability space? (mathematical model)

1.1. Axioms of probability.

1.1.1. Set of outcomes, sample space.

Examples:

1.1.2. collection of events:

Notation (set theory): EF = ENF, EUF = (E°F°)°, |, En.

¥ C 2% is called an algebra if
(1) QeX.
(2) E € ¥ implies £° € 3.
(3) E,F € ¥ implies EF € X.

Y is called a o-algebra if Ey, Es, ... all in ¥ implies

UEneZ.

(Why? later important for continuous random variables)

Examples:

1.1.3. Probability measure. A probability measure P is a function P : ¥ — [0, 1]
such that

PQ) =1

and for a countable collection of disjoint sets (F,) in ¥ we have

P(JE.) =) _P(E.).

Question 1: Find the definition of convergence in one of your math books.
Examples: = {1,....,m} with P(A) = %. Product spaces, different weights,
ordered /unordered pairs, binomial coefficients, card decks, rolling a dice, urn model,

more combinatorics.
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1.1.4. Elementary properties and not so elementary properties.
Proposition 1.1. (1) P(2) =0
(2) P(ELU---E,) = i P(Ej). = holds for mutually disjoint sets.
(3) E C F implies P(EJ)Zlc P(F).
(4) If Ey C E5 C -+, then

lim P(E,) = P(JE.).
(5) If By D Ey D -+, then
lim P(E,) = P([)E.) .

Remark 1.2. (4) and (5) seem theoretical now, but are crucial if we want to talk

about limit behaviour.

Examples:

1.2. Conditional probability.
Theory: If P(F) > 0, we define

P(EF)

P(EIF) = 5

Then P(:|F) defines a new probability measure on 3.
Remark: P(EF) = P(E|F)P(F).

Bayes formula:
P(E) = P(ENF)+P(ENF°) = P(E|F)P(F)+ P(E|F°)P(F°) .

(Mathematical simply, but tricky because F' must be chosen according to the prob-
lem).

Example 1) Three boxes with 2 pieces in it: 2 gold, 2 silver, one box gold and
silver. What is the probability of a second gold given a first gold?

Example 2) The king comes from a family of two children. What is the probability
of having a sister.

Example 3) No 3a,b, 3j, p=78.

Example 4) No 10 (p=104).



1.2.1. Independence. Two events are independent if
P(EF) = P(E)P(F) .

Proposition 1.3. E and F' independent iff E€ and F°¢ independent.
Project: Odd’s ratio.
Independence comes from independent coordinates

Proposition 1.4. If E and F are independent, then there is a probability measure

P on {(0,0),(0,1),(1,0),(1,1)} such that
P(E) = P({(070)7(071)})7 P(F) = P({(070)7(170)})v P<EF) = P({(070)})

Example: parallel circuits

Example: No 62 b) p=111.

Problem: Player A plays against the bank. When head shows up he wins a dollar
when tail shows up he loses a dollar. He starts with capital N and the game ends if
he has lost the money. What is the probability for the game to stop.

The trick: conditional probability and recursion

Example: The gambles ruin problem.

Example: more points to win (example 4i).

Example: n successes before m failures (example 5b).

Example: Laplace’s rule of succession.
Introduction to probability-361
Instructions:

e Question of the day/week-webbased

e Homework (25 %)-individual submission (always Mondays), group work rec-
ommended (2-4 students), indicate joint work, < 3 foto-copies. Mark one
problem where you wish a detailed discussion in class.

e In groups of 2 students you have to 2 prepare a short essay explaining an
application of probability to concrete problems or a theoretical exercise. Part

of the grade, posted on web.



2. UNIT 1: AXIOMS AND ELEMENTARY PROPERTIES

2.1. Axioms of probability.

e Goal
e What is probability?
e What is a probability space? (mathematical model)

Axioms of probability:

2.1.1. Set of outcomes, sample space.

Examples:

2.1.2. collection of events:

Notation (set theory): EF = ENF, EUF = (E°F°)°, |, En.

¥ C 2% is called an algebra if
(1) QeX.
(2) E € ¥ implies E° € X.
(3) E,F € ¥ implies EF € X.

Y is called a o-algebra if E, Es, ... all in ¥ implies

UEneE.

(Why? later important for continuous random variables)

Examples:

2.1.3. Probability measure. A probability measure P is a function P : ¥ — [0,1]
such that
P(Q) =1

and for a countable collection of disjoint sets (F,) in X we have

P(JE,) =) _P(E,).

Question 1: Find the definition of convergence in one of your math books.
Examples: = {1,....,m} with P(A) = %. Product spaces, different weights,
ordered /unordered pairs, binomial coefficients, card decks, rolling a dice, urn model,

more combinatorics.



2.1.4. Elementary properties and not so elementary properties.
Proposition 2.1. (1) P(2) =0
(2) P(ELU---E,) = i P(Ej). = holds for mutually disjoint sets.
(3) E C F implies P(EJ)Zlc P(F).
(4) If Ey C E5 C -+, then

lim P(E,) = P(JE.).
(5) If By D Ey D -+, then
lim P(E,) = P([)E.) .

Remark 2.2. (4) and (5) seem theoretical now, but are crucial if we want to talk

about limit behaviour.

Examples:

2.2. Conditional probability.
Theory: If P(F) > 0, we define

P(EF)

P(EIF) = 5

Then P(:|F) defines a new probability measure on 3.
Remark: P(EF) = P(E|F)P(F).

Bayes formula:
P(E) = P(ENF)+P(ENF°) = P(E|F)P(F)+ P(E|F°)P(F°) .

(Mathematical simply, but tricky because F' must be chosen according to the prob-
lem).

Example 1) Three boxes with 2 pieces in it: 2 gold, 2 silver, one box gold and
silver. What is the probability of a second gold given a first gold?

Example 2) The king comes from a family of two children. What is the probability
of having a sister.

Example 3) No 3a,b, 3j, p=78.

Example 4) No 10 (p=104).
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2.2.1. Independence. Two events are independent if
P(EF) = P(E)P(F) .

Proposition 2.3. F and F independent iff E¢ and F¢ independent.
Project: Odd’s ratio.
Independence comes from independent coordinates

Proposition 2.4. If E and F are independent, then there is a probability measure

P on {(0,0),(0,1),(1,0),(1,1)} such that
P(E) = P({(0,0),(0,1)}), P(F) = P({(0,0),(1,0)}) , P(EF) = P({(0,0)}).

Example: parallel circuits

Example: No 62 b) p=111.

Problem: Player A plays against the bank. When head shows up he wins a dollar
when tail shows up he loses a dollar. He starts with capital N and the game ends if
he has lost the money. Waht is the probability for the end to stop.

The trick: conditional probability and recursion

Example: The gambles ruin problem.

Example: more points to win (example 4i).

Example: n successes before m failures (example 5b).

Example: Laplace’s rule of succession.



3. UNIT2: DISCRETE RANDOM VARIABLES

Motivation: Random variables are properties of collected data and they also reflect
properties of experiments.
Example: Number of red cards received by a player, first time of success in a trial.

No 1c), le)

3.0.2. Discrete versus nondiscrete sample spaces.
In many applications, we only work with finite sample spaces because we may only

be able to collect finitely many data.

Definition 3.1. A set S is countable if we can write the elements in S in a list

We also allow finite lists

and call such sets finite.
Definition 3.2. A measure space (2,3, ) is called discrete if Q is countable (or
finite) and ¥ = 2%,

Example: All possible decks with uniform probability.
Example: p, = e 2 Q=N

P(A> = an-
neA

Problem: If we perform infinite many trials for head and tail then

Q = {(51,82,....) 1S € {0,1}}

is no longer countable. This leads to a mathematical problem and we have to exclude
certain (non-constructive) events from being considered.
Solution: Consider events F, which are constructed using information about n-

trials and then pass to the limit.
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Proposition 3.3. Let (2, %, i) be a countable probability space, then Q = {s1, S, .....
(or finite) and there exists (pp)n>1 such that

and

Definition 3.4. A discrete random wvariable is given by a function f :  — R

defined on a discrete probability space.
Picture:

Remark 3.5. We will later extend this definition.

3.0.3. distribution of a discrete random variable.
Let f: Q2 — R be a discrete random variable. The cumulative distribution function

is given by

Sn:

Fla) = Y P({sa}).
X (sn

)<a

Remark:* (level sets)
Definition 3.6.
Prob(X =z) = > P({s.}).

n, X (sn)=x

Lemma 3.7. Prob(f =) =0 except for countably many values. Then
Fx(a) = ZProb(f =z).
r<a

Examples: Poisson, step functions for tossing coin, urn model.
Definition 3.8. (Formal definition of a discrete random variable). Let (Q, %, P) be
a probability space. Let function X : Q — R s discrete if there are is a sequence
(xn) C R such that

(1) B, ={w: X(w)=x,} €2

(2) For every a € R

P{w: X(w) <a}) = Y _ P(E,).

rn<a
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Definition 3.9. Two random variables fi, fo have the same distribution of their

cumulative function coincide. Then for all x € R
Prob(fy =x) = Prob(fy =x).

3.0.4. Expectation and variance.

Definition 3.10. If X : {s1, s9,....} — R is a discrete random variable, then
E(X) = Y X(sn)P({sn})
18 called the expectation. Moreover,
Var(X) = E((X - BE(X))*) = E(X?) - (E(X))”

1s called the variance.
SD(X) = /Var(X)

15 called the standard deviation.
Example: Tossing a coin, A-Poisson.
Proposition 3.11. (Properties of expectation)
(1) BE(X1 4+ M\Xs) = E(Xy) + AE(X3),
(2) E(g(X)) = 2 9(X(sn))P({sn}) = 2 g(w)Prob(X = z),

E(g9(X)) = > _glan)Prob(X =a,) .
Proposition 3.12. The moment generating function is given by
Mx(t) = E(e™).

Then

E(X) = My(0), B(X?) = My(0).

Remark 3.13. Two meanings of a constant.
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3.0.5. Bernoulli, binomial, geometric, hypergeometric, Poisson.
Bernoulli and Binomial: We toss a coin, with probability p, we find head, with

probability 1 — p we find tail. We define X to be 1 for head and —1 for tail.
EX=p4+1—p=1-2p

EX?=1,Var(X) = 1—-(1-2p)* = 4p—4p°.
Moreover,
Ee™ = pe' + (1 —p)e™" = e '+ 2psinh(t) .

For n € N, we denote by X,, the gain after n trials

n

EX, = Y (1-2p) = n(1—2p).

i=1
Also
Ee*r = (pe' + (1 —p)e )",

Alternatively, we may consider Y being 1 for tail and 0 for head.
Ee™ = pel+(1—p) = 1—p(1—¢').

Ee = ' = (1—p(l—e))".
The distribution of
4=y
i=1

is called binomial with parameters (n,p)

Prob(Z, = k) = p*(1 — p)"* (Z) .

Important in many applications.
Geometric: Let us denote by W the waiting time for the first success. Then by
independence

Prob(W =k) = p(1 —p)F*.

W is called geometrically distributed with parameter p. let ¢ =1 — p, then

EW =) pk(1-p)"" =p) (k+1)q"
k=0

k=1
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With the differentiation trick one can calculate this variable.

t

0 - - e D
EeW — pet pllk=1) k=1 _ P _ ‘

Negative binomial: Let T, be the random variable in a Bernoulli such that T, = k

if the r’'th success is attained in the k-th step. Then T, = k if and only if
Yi++Y.1=r—1 and Y,=r.
By independence

PTOb(TT = k) :pProb(YI + o+ Y =r— 1)
=p Z prfl(l o p)kfr

|A|=r—1,AC{1,..k—1}

= (ﬁ B D (1=p)"p".

This is called the negative binomial distribution with parameters (7, p).
hypergeometric:

Poisson:

3.1. Unit 3.

In contrast to discrete random variables for the definition of continuous random
variables the o-algebra ¥ matters. Measure theory tells us there is no good measure
on the real line which works for all sets.

Example: Let Q = {0,1}N = {s,....|s; € {—1,1}} the sets of infinite trials of
head and tail (Bernoulli experiment) and 0 < p < 1. Let ay, ...., a,, be a fixed finite

sequence of outcomes. Certainly, we know that

number of 1’3(1 _ pynumber of 0’s

Prob({s; = a1,....5;m = am}) = p P)

Now, we consider Y to be the smallest o-algebra containing all the events
Eoyoany, = {515 -Smy Sma1 @ 81 = A1, eeey Sy = Ay ) -

Thus X contains all the events we want to talk about and is closed under comple-

ments and infinite unions.
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Example: (2 = R. We definitely know
[[a,0] = b—a

This we define B be the smallest o-algebra containing all intervals and find a measure

A: Y — [0,00) such that

Mla, b)) = b—a.

Here, X is no longer a probability measure. Moreover, there is a new feature

A({z}) =0

for every x € R.
Example: ) = R?. Same trick:

A[a,b] X [¢,d]) = |b—alld—].

Short review on measure theory.

Unit 1: Axioms and elementary properties

-What is probability? Axioms of probablitity. Examples from combinatorics (count-
ing). -Conditional probability and properties. Independence. Recursive calculations
and everydays problems.

Unit 2: Discrete random variables

-What are random variables? Discrete probablity spaces and discrete random vari-
ables, distribution, Expectation, Variation and standard deviation. Moment gen-
erating function -Bernoulli, binomial, gemetric, negative binomial, hyergeometric,
Poisson.

Unit 3: Continuous random variables

-Why do we need sigma-algebras? A minimum of measure and integration. Distribu-
tion and density function, expectation, variation and moment generating functions,
-Uniform, normal, exponential, Gamma, Beta, Cauchy distribution

Unit 4: Joint distribution, independence and conditional expectation

-How do we handle two variables simutaneously? Joint distribution. What is a

conditional expectation (discrete and continuous case)? How can we use conditional
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expectations? Building random variables on others. -Expcetations and cacluating
expectations using conditional expectation, best prediction.

Unit 5: Limit theorems

-Central limit theorem and law of large numbers, statement and use, proof using

moment generating functions.
Independence comes from independent coordinates

Proposition 3.14. If E and F are independent, then there is a probability measure
P on {(0,0),(0,1),(1,0),(1,1)} such that

P(E) = P({(0,0),(0,1)}), P(F) = P({(0,0),(1,0)}), P(EF) = P({(0,0)}).

Proof. Define

and
P({(1,0)}) = P(E)P(F), P({(1,1)}) = P(E)P(F°).
Let
E = {(0,0),(0,1)}
and
F = {(0,0),(1,0)}
Then

if and only if
P(EF) = P(E)P(F) .
This proves the assertion. [ |

Corollary 3.15. E and F' are indpendent if and only if E€ and F€¢ are independent.

Remark on conditional expectation
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If X and Y are variables, then

E[X|Y]
is a random variable of the form E[X|Y] = g(Y) for a suitable function g.

9(y) = EIX]Y =y] = lim

Similarly, we have formula for the conditional distribution function. For fixed y

E[X]|Y = y] is a random variable such that

PEIX]Y =y <t) = imP(X <tly—e <Y <y)

Y P(X <ty—e<Y <y)
= 11m
=0  Ply—e<Y <y)

Example 1: Y = >, aila, is discrete, the Ay’s are disjoint and the a;’s are

mutually different. In other words P(Y = a;) = P(Ag). Then for t = ay,

. P(th,ak—ngSak)
P(EX|Y = <t)=1
P(th,Y:ak)

= P(Y:ak) = P(XSHYZ(M).

For y # a; the limit is undefined. Similarly,

. EXa —e <y < ay
XY = =1 =

Thus g(ay) = FE[X|Ag] satisfies
EX|Y] = g(Y).
Example 2: QO = R2

P(A) = /fX,Y(QJ,y)dxdy.

X(z,y) = x, Y(x,y) = y. Then we see that
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St Fe (e y)dyds L[ fer(o g)dyde

Pz =0 -y iy
I [ fxy(@,y)dyde L fxy(zy)dyde
—infty y—e —ooy—¢
f fxy(z,y)d t
- / Pty (ely)da
f fXY x y 5o

Therefore the density of E[X|Y = y] is given by fxy(z|y)

P(EIX|Y =y € A) = /hyﬂy

Similarly,
Yy
[ | afxy(z y)dydz
E(X|Y =y) = lim =
I | fxy(z,y)dyde
—infty y—e
1 )
L[ [ afxy(x,y)dyde
:hH(l] _Oooo y;a
%f f ny(-’B,y)dydl"
—o0 y—e
[ zfxy(z,y)ds o0
:—o; = /fo|Y($|y)d95
f fX’y(fL’,y)de‘ —o0
Therefore
9(y) = /wfxw(x\y)da:

Conclusion: If XY are arbitrary random variables with joint distribution function

fxy and
9(y) = /wfxw(x\y)da:
then

EXY)(w) = g(Y(w)).
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Application: How to recover X from the conditional distribution: In the discrete

case, we have

In the continuous case, we fix € > 0
P(X<t)=) P(X <t (k—1)e<Y <ke)
keZ
=Y P(X <t|(k—1e <Y <ke)P((k—1)e <Y < ke)

kEZ

/Z Lh—1)eke) () P(X < £ (k= 1)e <Y < ke)fy (y)dy

keZ

eﬁg/mxsﬂYzwh@My

R

This implies
POYeA) = [ PX €AY =)y

R
Similarly,

P(X € A) = BE(14(X)) = E(P(X € A)Y) and E(X) = E(E[X|Y]).

Theorem: min, F|X — h(Y)|* = E[X — E[X|Y])?
Proof: Fix y and write g(y) = E[X|Y = y|]. Then

E[|X — h(Y)PIY =4] = E[X — h@m)PIY =] = EIX — g(y) + g(y) — hw)]P|Y =3

|
= B[X = g()]!] + 2B[(X — g(v))(g(y) — )Y = y] + (9(y) — h(y))*
= B[|X = g(y)I’] +2B[X — g()[Y = yl(9(y) — h(y)) + (9(y) — h(y))
= B[|X - g(y)I’] + 2(BIX[Y = y] — 9(v))(9(y) — ~(y)) + (9(y) — h(y))
= E[IX — g(y)I*] + (g(y) — h(y))®

Integrating over y = Y'(w) yields
E(IX = hY)]*) = BE(X - g(Y)[") + E(9(Y) = h(Y))* = E(X —g(Y)").

The minimum is attained for h = g. [ |
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4. INDEPENDENT DISCRETE RANDOM VARIABLES

We say that discrete random variables X and Y are independent if
Prob(X =z,Y =y) = Prob(X = x) Prob(Y =y)

holds for all x,y € R.
Remark 4.1. Let XY be independent and g, h : R — R functions. Then g(X), h(Y)

are independent.

Proof. Let z € Rand L,(g) = {r€R : g(x) =z Let w € R and L,(h) = {y €
R : h(y) = w. (Think of g(X) = X? then you have two solutions with ? = z).
Then we have
Prob(g(X) = z, h(Y) = w) = > Prob(X =Y =y)
w€Lz(9),yeLw(h)

= Z Prob(X = xz)Prob(Y =y)

x€L.(g),yELw(h)

= Z Prob(X Z Prob(Y =y)

z€L.(g) y€Ly (h)

= Prob(g(X) = z)Prob(h(Y) = w) . |
Proposition 4.2. Let X and Y be independent. Then
EXY = EXFEY .

Proof. Indeed,

EXY =) zProb(XY =z) = Y z »  Prob(X =z,Y =y)

zeR zeR x,yeRxy==z

— Z z Z Prob(X = z)Prob(Y =y)

zeR  z,yeRxy=z

= Z xyProb(X = z)Prob(Y =y)

z,yeER
= Z(L‘PTOb(X =1) Z yProb(Y =y)
T yeR
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Let us recall the moment generating function
Mx(t) = Ee'* .

Then we have
M (1) = EXFe™
for all £ € N. In particular
MP0) = EX* .
Application: If X and Y are independent, then

Eet(X+Y) — EetXetY — EetXEetY )

Therefore
Mxiy(t) = Mx(t)My(t).

By induction we have for independent random variables Xy, ..., X,
Mx 4y, () = HMX]- (t) -
j=1
This is in particular interesting if
Prob(X; =x) = Prob(X = z)
s given by the point mass function of a fixed random variable X. Then, we get

(4.1) M, tsx, (t) = Mx(8)" .

For example the moment generating function for a geometric random variable with

parameter p is given by

elp p
Mx(t) l—el(l—p) et—(1-p)
We get
! pe_t
M) =
and
A e
M) = == a=pp e -a-pp

In particular



and
20 p 2 1
EX2 — M// 0 - r_r£ _ = _ -
x(0) P P2 op
The variance is
2 1 1 1 1 1-—
Var(X) = EX> = (BEX)’ = = ———— = ——- = 2L
p p D D p p

The negative binomial distribution is given by
WT - Z X]
j=1

where X; are independent geometrically distributed with parameter p. We have

-1
Prob(W, =k) = (]: B 1)pr(1 —p)Fr

for k =r,r+1,.... For the moment generating function we get

p

My (t) = |————]".
) = [
This gives
—t
My, (t) =r b 1 pe ,
==l e —a—ar
and
2 -2t
My, () =r(r—1 P r=1 pe
L e e N e ()
P - Ipe2t pet
+r —t ] : t 3 (et 2
et=(1-p) (e"=00=p)* (e"=(1-p)
This gives
EW,. = rp
and
P’ 2

).

2

EW? = r(r — 1)][? +r(= —

D=

This is not a coincidence!

r
r

EW, =) EX; = ;.

i=1

19
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Moreover, by independence

T T

EW?=E(_X;)” = ) EX;X
j=1 g k=1
=Y EX]+ Y  EX;EX,
j=1 j#ke{1,...,r}

2 1 1
=r(—-)+r(r—1)-
(p2 p) ( )p
2r r(r—2)
P p

Both methods give the result and that minimizes the chance that we make a mistake.

Crash course on integration

5. RIEMANN INTEGRAL

Let f : [a,b] — R be a function. For any partition A = {a = a¢ < ... < a,, = b}, the

lower sum is defined by
SAS) = S min{f(e) 4 < o < oo - a)

=0

and the upper sum is defined by
SO = 3 max{F(2) :a; < 2 < appr}arn — )

i=0

If f is integrable then
@) < [ s < ngsiag)
and for every € > 0 there exists a partition such that
S(Af)—s(A f) <e.

Example: Consider f(z) = % and A, ={1,2,.....,n —1,n}. Then we have
n 1

Inn = /f(x)dx < S(A, f) =

1

3
|

| =

b
Il
—
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But also, we have

n

Inn = /f(x)dm > S(A,1,f) = Zk— —

1 k=1 k=1

+
—
e

This gives
"1
Inn < - < 1+Inn.
< ;k <

This tells us that >, + grows like Inn and in particular Y-, 1/k is co.

If we have an interval [a,b] C [0, 1], we can define the function

1 fa<zx<b
Ly (z) =
0 else

You will be not surprised to see that

/f(a:)d;v =b—a

and b — a is the length of the interval. Therefore for a subset A C [0, 1], we could
try the same: Define

1 ifzeA
1A($) = .
0 else

Although this is a good idea for intervals and we get
P(A) = L(A) =b—a

for intervals, we have a problem with A = QN [0, 1]. There we have

min{l,(z) : a; <z <a;1} =0
and

max{la(z) : ¢; <z <a1} = 1.
This gives

s(A,14) = 0 and S(A,14)

for any partition. This means that 1, is not integrable in the Riemann sense.

Riemann integrals don’t provide a good answer for P(Q N [0, 1])
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The right answer follows from the axioms of probability. Let a € [0,1] be a point.
Then, we have

1

= lim— = 0.
non

Since Q N [0, 1] is a countable set there is a list r1,rs, ... such that

n

P({a}) = P(ﬂ[a,a—i—%]) = lignP([a,a—i—%])

{7’1,7"2,..} = [O, 1] ﬂ@.

Then the second axiom gives

P([0,1]NQ) = ZP({rj}) = 0.

So there are many more irrationals than rational numbers. (Let’s hope there are
more rational students than irrational students though).

6. GENERAL INTEGRAL

In the following (£2,%, P) is a probability space. We may consider for example
Q2 =0,1] and

P(le,d]) = d—c¢
and X the smallest o-algebra which contains all the intervals. Or we may have
Q = [a,b] and
d—c
P(lc,d]) = .
(fe.d) = 5=
The third example is by far the most important one {2 = R and

Pled) = [

Here the function

3,

flx) = o

is called the density function for the normal distribution (see details) later. In the

following, we want to define how to define integration in this setting.
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Let (€,%, P) be a probability space. Our motivation is again simple. For a set

A € ¥, we consider again

1 ifzeA
1A(£E) =
0 else
and require
El, = /dP = P(A).
A
A random varaible f : Q@ — R is called simple function (f € S) if there exists
Ay, ..., A, and rq, .., 7, such that

flw) = Z rila,(w) -

For a simple function

Ef = /QfdP = ;riP(Ai).

Lemma 6.1. Let f,g € S, then

/(f+tg)dP = /fdP—l—t/gdP.

Proof: Assume f =) r;la, 9= > s;1p,, then
i=1 =1

f+tg = ZrilAi +Ztsj13j
i=1 j=1

and thus
E(f+tg) = > mP(A)+tY s;ls, = E(f) +tE(g).
i=1 Jj=1

The real problem is to show that [ fdP is well-defined, but that’s not your problem.
|

Proposition 6.2. The map f : S — R has the following properties

(1) [(f +1tg)dP = [ fdp+t [ gdP,
(2) |f fdP| < [1fldP,
(3) min(f)P(Q) < [ fdP < max(f)P(Q).
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Now, we want to define the integral for arbitrary rv’s. We assume that f: Q2 — R

is measurable. Let € > 0 and for k € Z we define
Ay, = {weQ i ke< f(w) < (k+1)e}eF
We say that f is integrable if

> max{L, [ke|} P(Ay.)

kEZ

is finite for all . In that case, we define
/ fdP = lim > keP(Ay.) .
keZ
Remark 6.3. 1) For simple functions this gives the same value.
2) (For experts) For every integrable functions there exists a sequence (f,) of simple

functions such that

i [ 1f, — fldP = o

/ fdp = lim / £udP .

3) Let B the smallest o-algebra generated by intervals in R. Then there ezists a

and

measure [ : B — [0, 00] such that

pll) = ||

holds for all intervals. The same definition replacing P with p applies to measurable
functions f: R — R.

Let us show 1) for convenience. Let f : £ — R a simple function. Then f(2) =
{a1,...,a,} has only finitely many values. Define B; = {w : f(w) = a;}. Let
g0 = min;g;la; — a;|. If € < go, then every a; belongs to at most one interval

(ke, (k + 1)e). Therefore, we have exactly n elements ki, ...., k, € Z such that

for all ¢ = 1,...,n. This implies

n

> (ke — a;)P(B)

=1

Z keP(Ay.) — Z a; P(B;)

keZ
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< Z(ai — ki) P(B;)

<e) PB) <.
i=1
Of course, we get
lli%;kgP(AkE) = ZlaiP(Ai) = E(f).

In general, we have the following theorem.
Theorem 6.4. Let L'(Q, P) the set of integrable functions. Let f,g € L*(, P).
Then

(1) f+tge LYQ, P) and

[t +19do = [ sap+e [ g

2) | [ fdpl < [1fldp.

(3) min(H)P(Q) < [ fdp < max()P(Q),

(4) Let h € LY(Q, P) be positive, f and (f,) rv’s such that | f,| < h for alln € N
and there exists a set A C Q) such that P(A) =0

flw) = lim ()
for allw € A°. Then

lim / f,dP = / fdr.

One of the important properties is that continuous function on intervals are inte-

grable and

/lf(x)dx = /fdP = E(f).



