1 Completeness

Claim 1: Let X, Y be Banach spaces. Then I(X,Y") is complete.
Proof: First we prove that
17 < 4(T) .

Indeed, let x € X and y* € Y*, then
" (Tx)| = [tr(T(y" @ )| < iT)ly* @l < iT) ly*| [|<]| -

Taking the supremum over all z and y*, this assertion follows from Hahn-Banach.

To show the completeness, we consider (7},) such that
i(Thi —T,) < 277,

Let
T =T+) Tui—Th.

For x € X, we have

ZH w1 — To) ()] < ZZ w1 = T) ||zl < oo

Hence T is well-defined and for every S = Z;nzl y; ® z;, we deduce from the conti-

nuity of the y’s

tr(TS)] = \Zyj () I—hm\zyj

< hgn@( TS| < (i(Th) + )HSH :
Hence, T is integral. The same argument shows that

tr(T — T,,)S)| = lim|tr(Ty, — T0,)S)]
< limi(T, —Tp,) |IS]| < 2" |15 -

Hence, T is the limit with respect to the i-norm. O

Claim 2: V), is complete.
Proof: Let (2") be a sequence such that
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We note that for all £ € IN

_1 1
okl = Joe = ai| + o] < 270 (Jan — 21|+ o)

< 2'o,(a).

Hence,

1 1
xk:xk—irg et —ap
n

is a well-defined scalar. Let n € Ny and yj, = 2 — z} where 2 = 0. Let (k;) be a

subsequence. Then, we have
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<|yk1 |p + Z |ykj+1 — Yk, |p>
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= Sl]\lip <|yk1 |p + Z |yk]’+1 — Yk, |p>

J=1

3=

N
= Sl]\lfp linrln (’qu?l - le|p + Z |<xzj'+1 o :L’Z],H) - (IZJL - xzj)v))

j=1
= suplimuv,(z™ — ") < 2'7".
N m
For n = 0 the last estimate has to be replaced by 1+ v,(z'). Taking the supremum
over all subseqeunces, we deduce x € V,, and x — 2" converges to 0 with respect to

the v, norm. O



