Exam 1-Real Analysis

Name:
Problems 1,2,3,4 are obligatory. Problem 5 is extra credit (and you will need extra

credit for an AT).

(1) (15P) Given an example of a closed and bounded set in a metric space

which is not compact.

(2) (15P) State the Baire category theorem.



(3) (15P) Show that the D = {(x,y) : max(|z|,|y|) = 1} has measure 0 in R?

with respect to the Lebesgue measure in R? .

(4) (45P) On X = {0, 1}V we recall

Ia1 777777 en — {(51,(52,...,571,(5”_’_1,....) . 61 :51,....,5n:€n}

Let ¢ : X — [0, 1] defined by
¢(01, 09, ...) = Zéﬂ_i.
=1

Show that for every borel measurable set £ C [0, 1]

(Hint: Define a certain collection of subset of [0, 1], show that it is a o-
algebra and that it contains the duadic intervals, for extra credit you can

also show that this works indeed for Lebesgue measurable sets).






(5) (a) (10P) Let C' be a subset of a metric space X and zy € X. Show that
C'is closed whenever C' N B(zg, R) is closed for every R > 0.
(b) (15P) Let p(t) = ag + ta; and ¢(t) = by + tb; . Show that

1
max{ap —bol, 5 lar = bil} < d(p,q) < fao —bo| + lar = ba .

Here the distance is taken in C[0, 1] with respect to the uniform dis-
tance.
(c) (25P) Let us consider the polynomials p(t) = t*. Show that

{aopo + a1pr : ag,a1 € R}

is a closed subset of C[0, 1] (with respect to the uniform norm). (Hint:

use compactness and a)and b).
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(1) Given an example of a closed and bounded set in a metric space which is
not compact.
Solution: The unit sphere in the dgycr metric, The unit ball B(0, 1)
in C[0,1].
(2) State the Baire category theorem. Solution: Let (O,) be open dense sets
in complete metric space. Then (), O, is dense.
(3) Show that the D = {(z,y) : max(|z|,|y|) = 1} has measure 0 in R? with
respect to the Lebesgue measure.
Solution: By additivity it suffices to show that the sets {£1} x [—1,1]
and [—1,1] x {1} have measure 0. For this we observe that

{1} x [-L 1] C [l —g,£14¢) x [-1,1+¢)
And hence
m({£1} x [-1,1]) < 2e(2+4+¢) —.00.

The other parts are similar.
(4) (a) Let C be a subset of a metric space X and xy € X. Show that C' is

closed whenever C'N B(xy, R) is closed for every R > 0.
Solution: Let (z,,) C C such that x = lim,, x,,. This implies lim,, d(z,,, z¢) =
d(x,xp) is finite. we may find R = 2d(z, x¢) and ng such that d(x,, zo) <
R for all n > ng. By assumption z = lim,>,, ©,, € B(xo, R) NC. Thus
in C.

(b) Let p(t) = ag + tay and q(t) = by + tby . Show that

1
max{|a0—b0],§|a1—b1|} < d(p,q) < lag—bo| +|ar —byf.

Solution: The upper estimate is easy. p(0) — ¢(0) = ag — by implies
that

|ao — bo| < |p(0) —q(0)] < d(p,q)-
Moreover,

la; — bl' < ’al — by +ap — bo| + |ap — bo‘ < ‘p(l) - Q(l)’ + |p(0) - CI(O)’ < 2d(p, Q) .

There you go.
(c) Let us consider the polynomial py(t) = t*. Show that

{aopo +arpr = ag, a1 € R}



is a closed subset of C[0, 1] (with respect to the uniform norm). (Hint:
use compactness and a)
Solution: By a) and b) it suffices to show that

Cr = {aopo+ a1p1 : |ao| +|a1| < R}

is closed. However, f : R? — C[0, 1] defined by f(ag, a1) = aopo + a1p
is continuous and {(ag,a1) : |ag| + |ai| < R} is closed and bounded.

Heine-Borel implies the assertion.

(5) On X = {0,1}" we recall

Ia1 777777 en — {(51,(52,...,571,5”_’_1,....) . 61 :51,....,5n:en}

Let ¢ : X — [0, 1] defined by
G(61,02,..) = Y 627"
=1

Show that for every measurable set £ C [0, 1]

(Hint: You may use the information from the model problems. Define a

set, show that it is a o-algebra and that it contains the duadic intervals).
Solution: We first consider a duadic point z = i ;27" and Jyn defined
by -
Jom = [v,x+270D]

Then ¢*1(Jx7n) =1,

c,- Thus for every J,, we have

77777

m<Jaf,n) = M(¢_1(Jm,n>)'

Now, let 3 be the collection of subset of [0, 1] such that

Note that
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Now, we observe that for a countable disjoint union (E;) with E; € ¥ we

have
m(JE) = Yom(E) = Yo () = uo (UE).

Thus ¥ is a o-algebra if we can show that ¥ is closed under finite unions.
Let By, Ey € . Then E; U Ey = Ey U Ey \ Ep. Thus (0.1) and the above
implies the assertion. Finally, we note that for every interval (a,b) C [0, 1]
we have

(a’ b) = U Jx,n

JenC(a,b)
because duadic points are dense. Then

a,b) = (- %,b).

Thus the Borel algebra of [0, 1] is contained in X. If A C [0, 1] has measure
0, then
ACFE

and F is in the borel algebra and has measure 0. Thus
p(@~(4) < pe™'(E)) = 0.

Hence ¢~ !(A) has measure 0 and A is in 3. Since every measurable set is

the union of a borel set and a set of measure 0, we are done.



Exam 2

Name: For the following problems we assume that (2, %, ) is a o-finite measure

space.

(1) (30P) We consider X = (. Show that X* = (2 using the isomorphism

which associates to a sequence x = (x1, ..., z,,) the linear functional

Solution: Let ¢ : /7 — R be a linear functional. We define
ar = Plex) -
Let ¢, =1if a; > 0 and a, = —1 if ax < 0. Then we have
|ak| = [o(erer)| < [llllererll < lIoll -
This yields

Sllip|ak:| < [l¢fl and  ¢(Ai,....sAn) = Zak)\k.

k

Conversely, we consider a = (ay, ..., a,) € ¢, and
Ga(M1s o An) = ) ard
k
Then
Iga(Ars s M) = 1D axhl < Sup [ax PR
k k
This shows that ¢, is a continuous linear functional with

6all < sup o

(2) (30P) Let f: € — R be an integrable function. Show that

lim du = 0.
M(E)—>0/E‘f‘ 1

(Hint: Use approximation by simple functions and the o-continuity of the
measure. )

Solution: Let us consider a simple function g = ). r;1p, first. Then

[l = S InlutEnE) < S Inlue)
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converges top 0 for lim p(F) = 0. Now, we consider an arbitrary integrable

function f. Let € > 0 and ¢ a simple function such that

/If—g|<§.

Then there exists a 6 > 0 such that pu(F) < ¢ implies

JEE
gl < =.
B 2
This yields

Jui=[1r=a+ [1o < [1r-a+ [01<5+5=-.
[ |

(3) (30P) Let (f,) and f be integrable functions. Assume that f, converges to
f. Show that

lim/|fn]d,u = /]f]du if and only if lim/\f—fn|du =0.

(Hint: |f, — f| < |fn| + |f| and the practice problem comes in handy for
one implication.)
Solution: =—: We define g, = |f,| + |f| and Then g, converges to

g = 2| f| everywhere. By assumption

hm/gn:/g

By practice problem we deduce from |f, — f| < g, that

iim [ 1fa~ | = [tmls,~ 1 = 0.

For the converse <= we observe that

[ist= [1s < fust=1a < fim -1

Thus the assertion follows immediately. [ |
(4) (a) (10P) Let (a,) be sequence of real numbers and r € R. Let us assume
that every subsequence (a,,) has a further subsequence (ankj)j such

that

lima,, =r
7 J

Show that lima, = r.
Solution: Assume not. Then there exists an € > 0 such that for every

n € N there exists and m > n with |a,, — r| > . Inductively we
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construct my; > 1 such that |a,,, — r| > ¢ and ms > my such that

|@m, — 7| > €,... This means my, is an increasing subsequence such that
|, — 7] > €.

Obviously (@, ) does not permit a subseqeunce converging tor. M
(b) (20P) Let g be a positive integrable function and (f,,) be sequence of
measurable functions such that |f,| < ¢ holds everywhere. Assume

that f, converges to f in measure. Show that

lim / Fodp = / Fdu .

Solution: It suffices to show that for every subsequence (f,,) we find

a further subsequence such that

n§n/fnkj = /f.

However, for every subsequence (ny) we may find a further subsequence
(nk,;) such that

plfu, = f1>27) <27

Then fnkj converges to f a.e. The dominated convergence theorem

implies the assertion. [ |
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Solutions for the practice problems

1) (‘Easy question’) Let 7, > 0 and Ej € ¥ disjoint sets with finite measure. We

assume that

Z rp(Ery) < oo

Show that

J = ZTklEk

k
is integrable and satisfies

I(f) = run(Ey) .

Hint: Use Fatou and dominated convergence theorem.

Proof: By Beppo Levi

/ZrklEk :/suerklEk < sup/ZmlEk = suerk,u(Ek)
k " k<n " k<n "ok
= ZTkM(Ek) .
k

Hence f =), rilp, is integrable and we may apply the DCT for f,, = Zkgn rilg,
and f = lim, f, and majorant f.

Let f be an integrable function on R and g be a bounded measurable function. Show
that

t—0

iy [ lota) (o +1) = Fla))] = 0.

Hint: First show this for f continuous and f(x) = 0 for |x| > n. Now use the fact
that every integrable function f can be approximated by a continuous function h
such that [ |f —h| < £.

Proof: Let us assume that f continuous and f(z) = 0 for |z| > n. Let () be an

arbitrary sequence converging to 0 such that |t;| < 1. Then

lim |g(z)(f(z +t) = f(2))] = 0

for all |z|inR. Since f : [-n,n] — R is continuous it is also bounded. Let us define
C' = sup |f| and
h = sup|g[2C1 - (nt1)n+1] -

Given z € R and 0 < |t| < 1 we observe that

l9(2)(f(x +1) = f@)] < lg@@)[[f(z+ )]+ [f(2)] < hz)
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because x +t € [—(n+1), (n+1)]. Thus the dominated convergence theorem yields

iim [ lgle)(f(o +t) = F@)] = [ limlg()(7la + 1) = @) = 0.

Since (ty) is arbitrary we deduce

i [ Jota)(F(o+ )~ f)].

t—0

Now, let f be an arbitrary function and h be a continuous function with finite
support such that [ |f —h| <
web). We choose ty such that |t| <ty implies

/Ig(aﬁ)(h(az +1) — h(z))| < % .
Then we get

/|g e +1) - f(2))]

< [lo@ s+ 0 = e+ )|+ [ lgle)ha +) = b)) [ lo@)h(z) - £)

<supygy/|f<x+t>—h<x+t>r+ +sup|g|/| — f(@)]

3sup‘g| (see the notes on Lusin’s theorem now on the

2
<sup]g]/]f(x—i—t)—h(x+t)]+§5<€.

In the last line we used

(0.2) /u(ac—i—t)dm(x) = /u(m)dm(w)

for arbitrary integrable functions. This equality (0.2) is proved similarly. First
we observe that it is true for step functions (by the translation invariance of the

Lebesgue measure (very easy for step functions)). Thus the linear map
Ti(f)(z) = flz+1)
is defined on a dense subset L; with values in L; and satisfies

1T (Nl = [1f1h

on a dense set. The unique extension principle allows us to extend T} to a continuous

linear map T} on Ly (R) still satisfying

1Tl = [1f] -
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We also have a Lipschitz map I : L1(R) — R given by

/f Ydm(x

Note that now for sequence (h,) converging to f we have

LT([f]) = lm I([T(h,)]) = limI([h]) = I([f]) = /f(x)dm(x)

n

Funny enough, it requires extra work to conclude that for g € T;([f]) we have
g = Ti(f) almost everywhere. Indeed, let (h,) be a sequence of step functions which
converges to f such that || f—h,|| < 47", Then we may assume that (h,) converges to
f almost everywhere. Let F' be a set of measure 0 such that f(z) = lim,, h,(x) for all
x € F2. By the definition of the outer measure we know that ' —t = {x+t:x € F}
has also measure 0. Let z € F°N (F —t)¢. Then z +t ¢ F and hence

limh,(x) = f(x)
and
limh,(x+t) = f(r+1).

Thus T;(h,) converges to T(f) almost every where. Finally || Ti(h,) — T,(f)|1 =
|he — fll1 < 47" guarantees that T;(h,) converges to g almost everywhere. Thus
g = T;(f) holds almost everywhere and hence

[ e+ tama) = /(FQF_t)ﬂ“”dm(”f) ~ [g@am() = [ sz)dm

Don’t look at the notes and show

1) For a o-finite measure space and a positive function f with 2 < 00 you
( p p ¥

can find an increasing sequence of simple functions h,, < f such that

/ (2 = haf?) < 470

Conclude that p(f* — h? > 27") < 27" Thus h? converges to f? and

henceforth h,, converges to f a.e. Use this to show

lim/|f—hn|2 _

(2) Look at the web for the notes on the Lusin theorem and its consequences.
Show that for every function f : [-m,m| — R with [|f[*dm < oo and

e > 0 there exists a continuous function g such that

/]f—g|2dm<€.
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Solution: See notes.
2) Let (g,) be a sequence positive integrable functions and (f,,) and integrable

sequence such that |f,| < g,. We assume that f,, converges to f, g, converges to g

ligln/gnz/g
i [ = 1

(Remark: After the fact the argument can easily modified to the situation where

and

Show that

a.e. is added in all the relevant places.)

Proof: Define h,, = f, + g, which is positive. By Fatou

/f+g = /liminfhn < liminf/fn—l—/gn = liminf/fn—l—/g,

because lim,, [ g, = [ g. Subtracting [ g yields

/f < 1in%inf/—fn.

Apply the same for k, = —f,, + g, and we get

/—f < 1imninf/—fn.
lim sup / fo < / f < liminf / .

Thats it. [ |

3) We will now discuss the metric associated to ‘convergence in measure’. Let Lg

Thus

be the set of equivalence classes of measurable functions satisfying limg, .o p(| f| >
A) =0.
(1) Show that

d([f],lg]) = inf{e : w([f —gl >¢) <e}

satisfies the triangle inequality.
Proof: Let h be a further function and d([f], [h]) < €, d([f],[h]) < ¢
then
u(lf —h|>e)<e and p(lh—g|>0)<9.

Note that
{w:[fw) —gWw)|>e+dt C{w: [f(w) — h(w)] > € or [h(w) — g(w)| > 0}
C{w: [f(w) = h(w)] > e} U{w: [h(w) — g(w)| > 0}
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because |f(w)—h(w)| < e and |h(w)—g(w)| < 0 implies | f(w)—g(w)| < e+0.
Thus we have

p(lf—gl>e+9d)<e+90.
Hence

d((f],[g]) < e+9.

Taking the infimum yields the assertion. [ |
(2) Show that if ([f,]) is Cauchy with respect to d, then there exists a subse-
quence ([f,,]) such that

/’L(|fnk+1 - fnk‘ > 2_k> < 2_k .

In this case (f,,) converges a.e.

Proof: We can always pass to a subsequence such that

d([fnk+1]7 [fnk]) < 27k .
Thus (0.3) holds. We follow the standard trick

Ej = {w : |f’flj+1 _fnj| >2_j}

and
F, = U E;

Then u(Fy) < 2% and hence F = J, F; has measure 0. For w € F° we
can find k such that for all 7 > k

| fgin (@) = fu; ()] <277
Thus f(w) = lim; f,,(w) exists on [ |

(3) Show that (Lo, d) is a complete metric space.
Proof: It suffices to show that for every sequence ([f,]) satisfying
d([fns1])s [fn]) < 27™ has a limit. By the argument above, we know that

(fn) converges a.e. for a limit f. Moreover, we use
Fo=J{w: 1) = filw)] > 27}
j>n
Then p(F,) < 27" For w € F¢ we known that f(w) = lim; fj(w) con-

verges and

‘f(w) |ij+1 Zlf]-‘rl )| < 21 "
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Let € > 0 then
p(lf = ful > Q462" < 27" < (14e)2"".
This shows that
d([fa) [f]) < 277

That’s enough. [ |

4) Let a > 0. On the space vector space V of finite sequences

V = {(an) : Hnovn>noan = 0}

we define the norm
(an)ll = > e™anl
n

Show that every continuous linear functional ¢ : (V,|| ||) — R is given by a sequence
(x,) and

¢(xn)<<an)) = Zan$n

n

and
[P || = supe*"|x,] .
n

Remark: For ODE the modified norms on C(R)
111l = supe=l )

are important. Above you see a discrete analogue of this norm.
Proof: Let ¢ : V — R be a continuous linear functional of ||¢|| < 1. Then we may
define

T, = den) -

Here e, = (0---0, 1 ,0--) is the n-th unit vector. Let ¢, =1 of z, > 0

n-the position
and —1 else. Consider a = e~*"¢,e,. Then [|a|| < 1 and hence

e zn| = [o(a)] < llolllall < llol -

Taking the supremum over n € N yields the assertion. For the converse we assume

¢(xn) = ana’n

and sup,, €*"|z,| < 1. Note that this sum is convergent because only finitely many

terms are non zero. Thus we get

[P = ‘anan| = |Z€W”xne““an’
n n
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< (supe ™fan]) Y e lan| = (supe"a])l|(an)] -

n n
n

Thus we have characterized exactly the continuous functionals of norm < 1. This is

enough. [ |
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Practice problems for the final

Let 1 < p < oo and f a measurable bounded function such that f € L, show that
for all p < ¢ < oo we have f € L, and

lim [ fflg = [/ llec -
Solution: Let p < ¢ < o0 and ¢ = || f||. Note that |f(z)| < ¢ holds a.e.
Jls@lan < [1f@plr@lrn < o [15@)pdn.

Thus f € Ly(R). For the second part, we consider a natural number m > c. Let

n € N and define the simple function

nm k
b= ) o leqcen

n n
k=0
and
nm
k+1
h* = —1 +1 .
kZ_O . oe<IfI<tR

Note that h; < |f| < h* and f € L, implies that with Chebychev that m(% <|fl <
Etl) < co. By a previous hw problem we get for h € {h;,h"} and ax = k/n or
k + 1/n that
: : k E+1 .1
tin [, = (Y am(E << B = e
p—00 ke n n kem (£ <|f|<EEL)£0

Let k. be such that k. < nc < k.+ 1. Thus we get
lim [|pY]|, = ke +1/n
P
and
lim [|RY], = ke
2
This yields
1
limsup || f|l, < lm|r"|, < k.+1/n < c+—
P p n

and

1
liminf |[f], > lim |, > ko/n > c—— .
p p n

Letting n — oo we deduce the assertion. [ |

Show directly that for 1 < p < oo we have
by, = by
and that ¢%_ # (5.
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Solution: Since we proved Holder’s inequality for arbitrary measure space, we know

that
1> " anbal < O lanl?) ) [ba]?)Me

whenever 1/p +1/q = 1, i.e. ¢ = p'. Thus the mapping u : £,y — £; defined by
u((bn))((@n)) = >, anby, is satisfies

< Z|b| 1/q

We will now show that u is surjective. Indeed, let ¢ : £, — R be a linear continuous

dlan)l < (D lanl”)"?

[[u((b
map such that

We define
bn = ¢(6n)

where e, is the n-unit vector. Let m € N. From the equality consideration for the

Holder inequality, we deduce

(D [bal?)V/ < o I|Zanb < llell -

nm o 2 lanlP<1 n<m

Taking the sup over m we get

(D 1bal)e < 9l -

Since 1 < p < oo, we know that simple functions are dense. However, simple
function here correspond to finite sequences. By the unique extension principle we
deduce that the sequence (b,) defined above satisfies u(b,) = ¢ and

(D 16alDM® < [l (Ba)) e

[ will assume some knowledge in logic for proving £  # ¢;. (The argument breaks
down because simple function=finite sequences are no longer dense). Let U be a
free ultrafilter over N. Then we define

o((an)) = lima,

n,U

One can show that for every compact set and every ultrafilter ¢ the limit with

respect to U exists. Here we may consider (a,) C [—c,c| and the ask A_{n € N :
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—c<a, <0} el or A € U. The we split [-¢,0] and (0,c] in two intervals and

continue. It then easily follows that ¢ is well-define and satisfies
[¢((an)| < sup|an] .

However, ¢ does not come from an element in ¢;. Indeed, for every (b,) € ¢; and
every infinite set A we have
ok =u((b)(Larke)) = > b
neEA N>k
and ), |bg| finite implies limy ¢, = 0. However, let A € U be an infinite subset.
Then
P(Langk,e) =1

holds for all k. n
Problem 7a) and problem 7b) on page 104.
7a) If f is a monotone increasing function, then

lim £(s) = sup £(5)

sTt s<t

and

lim f(s) = inf f(s).

slt s>t

Thus these limits exist. A similar argument applies for monotone deceasing function.
Thus for a function of bounded variation g we deduce the result by writing g = f1— fo
with f; increasing.

Consider again f monotone increasing on [a, b]. Let A be the set of continuity points.

For fixed n € N we consider
1
A, = {t ,b) : i — <1
{t € (a,b) ;glf(S)Jrn < ;?gf(S)}

Let tq,....,t,, be m distinct elements. We may assume a < t; <ty < ---t,, < b. We
choose points a < 51 <t] < 89 <ty < s3< -+ <ty < Sy, <b Then

1
fO)=f(a) = fO)=f(sm)+f(sm)=f(sm-1)+ -+ [f(s2)=f(s1)+f(s1)—fla) > m—.

n
Thus A, has at most n(f(b) — f(a)) many elements. Since J,, A, is the collection
of all discontinuity points in (a,b) we are done. |
7b) Let (r,) C [0, 1] be an enumeration of the rational points and (a,) be a positive

numbers sequence such that > a, = 1. We define

f= Z anlpr, 1
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The f is obviously monotone and has jumps at all points r,, i.e. lim; ., o, f(t)+

a, = lim;_, f(t). Now, let ¢t be an irrational point. let ¢ > 0 and ng such that
> an <e. Let § =minj_y__,, |t —rj|. For every |t —s| < 0 we have
n>no
FE) = Fs)] < D fan] <.
n>ngo
That’s it. [ |

Problem 10a) and problem 10b) on page 104.
10a) g(x) = 2* cos(z~?). Let n € N and define s,,_; such that 1/s>_; = w/2+4 7 for
7 =0,.....,n. Then we have

n—1

n—1
Z 9(s5) = 9(sj41)| = Z |sh—j + Sn_jl
j=0 Jj=0
= Z ‘5? + 5371‘
j=1

>3 12 4m) 2~ )

Since ) ;1/j = oo we deduce the assertion.

For b) and g(z) = x? sin(1/z) we note that it suffices to show that ¢ is in L;. Except
for 0 we have ¢'(z) = 2zsin(1/z) + z? cos(1/x)(—z~2) = 2zsin(1/z) — cos(1/xz).
Thus ¢’ is almost everywhere bounded and thus in L;. Hence g is of bounded
variation.

Problem 16) p111)-If time permits I will explain this problem Friday in class. No I
didn’t-but here is the solution.

a) Let f :[a,b] — R be a monotone increasing function. Then we have
fla)+ [ ram < fia)

for every « € [a,b]. Thus we may define g(z) = f(a) + [, f'dm and h(z) =
f(z) — g(x). By the fundamental theorem (Lebesque differentiation theorem) we
have h'(z) = f'(z) — ¢'(z) = 0 almost everywhere. Moreover, let y < = then

W)~ h(y) = fly) — fla) - / " dm > 0

be the differentiation theorem for monotone functions. Thus A is monotone and
h' =0 a.e.-i.e. h’ is singular.

In b) and ¢) we prove the following
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LEMMA 0.1. Let f be a monotone function. f is singular if and only if for every
a<z<bande >0 and § > 0 there exists non-overlapping intervals [y;,y; + d;]
such that

Zd <e and f(x <Z (yj +d;) — f(y;) +9.

PROOF. "=": Let f besingular. Lete > 0and £ = {z : f'(z) = 0}N[a+e, b—¢].
We may find an open subset 0 of (a,b) such that £ C O and m(O) < m(F) + ¢.
For every x € E and v > 0 we may find 0 < h < 7y such that

flx+h) = f(z) <~h

By the Vitali coverging lemma we obtain non overlapping intervals ([, zx+hy]) k=1
such that

.....

th>m(Eﬂ[a—|—6,b—5])—5 >b—a—3¢.
k=1

Without loss of generality we may assume a +¢ < 11 < x1 + hy < 23 < 29+ ho <
o < Ty < Ty + Iy, < b We define yp = a and dy = 21 — y1, y; = x; + h; and
d;j = xj11 — y;. Finally d,, = b — y,,. Then

b—a = idﬁi@ > (b—a)—3a+§m:dj.
k=1 j=0 J=0
This yields ; d; < 3e. On the other hand
f(b) = f(a) =Z(f(ka+hk) f () +Zf v +d;) = f(y;)
<thk+2fyj+d F(y)))

<~(b—a) +Zf yi +d;) — f(yy)) -

This is exactly what we want to prove for x = b. However, since f’ also holds on
la, z] we are done.

"«<”: Let f = g+ h such that h is singular and g is absolutely continuous and
g(a) = f(a). Let a < x < b we want to show g(x) = g(a). Let ¢ > 0 and choose
0 > 0 such that

th <d= Z(g(xk + ) — g(ar)) < e



23

(g is absolutely continuous). By assumption we find non-overlapping interval [y;, y;+
d;] such that 3. d; < 4 and

fl@) = fla) < 3_[f(ys + ds) = fy;)] +e
Let xy, hy, such that U, [zx, 2 + hy] LjUj [y;,y; + h;] = [a, b] and the two unions only
overlap in the endpoints. Then we get
f(z) = fla) <e+ Z[h(yj +d;) — h(y;)] + Z 9(y; + dj) — g(y;)]
2e + Z[h(yj + dj) — h(y;)]
<2+ Z[h(yj +d;) = h(y)] + Y [Alws + hi) = h(ay)]
= 2%+ ;L(x) — h(a) = 2c+ h(x)k.:

Since € > 0 is arbitrary we get f(z) = h(z)+ f(a). Thus f is singular. |

PROPOSITION 0.2. Let (f,) positive singular monotone functions such that f(z) =
> [n converges point-wise. Then f is singular.

Proor. Without loss of generatily we may assume fr(a) =0 for all k£ € N. Let
a <z <be>0 6>0. Let ng be such that Z fr(z) > f(x) — 0. Obviously,

( Je) () =3722, fi(z) = 0 holds a.c. Thus we find non-overlapping intervals
no
([yj, y; + d;]) such that F,, = 14;2::1 fi, satisties 3 d; < 0 and

Fog(x) — € < [Fuo(ys + d;) — Foo ()] -
J
This implies by monotonicity of the f,,’s and by point-wise convergent that

f(a) =28 = Fug() <Y [Fug(y; + dj) — Foy (1))

J

=3 [faly; +dy) — fyy)]

j n=1

— Z Z[fn(yj +d;) — f(y))]

= Z[f(yj +d;) — f(yy)] -

Thus f is also singular-i.e. a function which creates everything out of nothing. ™



24

e) Finally consider (r,) an enumeration of the rationals and (a,) strictly positive
such that > a, < co. Then

I = Z anli, 1)

is singular by our previous proposition. Moreover, f is strictly increasing because
between two points < y we find z < r, < y and hence f(y) — f(x) > a,. |
Let © << v be finite probability measures. Let f; and f; be Radon Nikodym

derivatives such that

W(E) = / fdv and  p(E) = / Fdy

What can you say about f; and f;. In which sense is the Radon-Nikodym derivative
unique.
Solution: Consider E, = {w € Q: fi(w) > fo(w) + L}. Then

Thus v(E,) = 0. This implies f; = f5 holds v almost everywhere. Hence the
Radon-Nikodym derivative is uniquely determined up to set of measure 0 for v. B
Let 2 = {1,.....,n} and v the counting measure v(A) = |A|. Let u be an arbitrary
measure calculate the Radon-Nikodym derivative.

Solution: We consider the positive numbers

i = p({i}) .
Define f(i) = p;. Then

WE) = > = [ fan
S E
holds for every set. u
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Final exam 540-December 04

Name:
In the first three problems extra credit is given if you prove some of the statements.

You will need around 115 points (£e to be determined later) our of 125 points for
an A.

(1) (15P) State the Baire category theorem and formulate an application in

terms of uniform boundedness.
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(2) (15P) Formulate the unique extension principle. Use it to show that that for
g € C[0,1] the map T": (C[0, 1], [| [l) — (€0, 1], ][ [l) given by T(f)(t) =
f(t)g(t) extends to L]0, 1]. Can you describe the extension?
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(3) (15P) Give an example of a continuous not absolutely continuous function.
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(4) (20P) Let 1 < p <r < ¢ < o0 and f be a measurable function such that
f e Ly(R) and f € L,(R). Show that f € L.(R). (Hint: Look at the set

{z: [f(2)] = 1}).
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(5) (30P) Let (a;)_, be asequence of strictly positive real numbers and z, ..., z,, €

[0, 1] be distinct real numbers. Consider the measure
wA) =) ajlalz)) .
j=1

(a) Is it true that p << m (is absolutely continuous with respect to the
Lebesgue measure). Give a proof for your answer.

(b) Let (b;)7_; be a sequence of positive numbers and

v(A) =) bila.
j=1

Find a Radon-Nikodym derivative Z—Z. Can you find two?
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(6) (30P) Let F' be a function of bounded variation on [a,b]. Show that

b
/ [Fldm < ||Fllsy .

State explicitly the results you use in the proof. Give an example where

strict equality holds (extra credit).



