
1. Excursion: Convex functions

Definition 1.1. Let I be an interval. A function f : I → R is called convex if

f(λx + (1− λ)y) ≤ λf(x) + (1− λ)f(y)

holds for all x, y ∈ I, 0 < λ < 1.

Lemma 1.2. Let f : [a, b] → R be continuous, differnetiable on (a, b) such that f ′ is

increasing. Then f is convex.

Proof. Let x ∈ [a, b]. We will show that

g(z) =
f(y + z)− f(y)

z

is monotone increasing on (0, b−x). Indeed, by the fundamental theorem and change

of variables we deduce for z1 < z2 and λ = z1

z2
(s = λt, ds = λdt

g(z1) =

z1∫
0

f ′(s)
ds

z1

=

z2∫
0

f ′(λt)
λdt

z1

=

z2∫
0

f ′(λt)
dt

z2

≤
z2∫

0

f ′(t)
dt

z2

= g(z2) .

Now, we fix y < x and u = λx + (1− λ)y = y + λ(x− y), z1 = λ(x− y), z2 = x− y.

Then, we get
f(y + z)− f(y)

λ(x− y)
≤ f(x)− f(y)

(x− y)
.

This implies

f(λx + (1− λ)y) ≤ f(y) + λ(f(x)− f(y)) = λf(x) + (1− λ)f(y) .

Proof of ??. Let x, y > 0. Since − ln x is convex we have

− ln(
1

p
xp +

1

q
yq) ≤ 1

p
(− ln xp) +

1

q
(− ln yq) .

This shows by the monotonicity of exp that

1

p
xp +

1

q
yq ≥ eln x+ln y = xy .

Minkowski’s inequality is proved.
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2. Continuous functions between metric spaces

Continuous functions ‘preserve’ properties of metric spaces and allow to describe

deformation of one metric space into another. There are three different (but equiv-

alent) ways of defining continuity, the ε-δ-criterion, the sequence criterion and the

topological criterion. Each of them is interesting in its own right.

Definition 2.1. Let (X, d) and (Y, d′) be metric spaces. A map f : X → Y is called

continuous if for every x ∈ X and ε > 0 there exists a δ > 0 such that

(2.1) d(x, y) < δ =⇒ d′(f(x), f(y)) < ε .

Let us use the notation

B(x, δ) = {y : d(x, y) < δ} .

For a subset A ⊂ X, we also use the notation

f(A) = {f(x) : x ∈ A} .

Similarly, for B ⊂ Y

f−1(B) = {x ∈ X : f(x) ∈ B} .

Then (2.1) means

f(B(x, δ)) ⊂ B(f(x), ε) .

Or in a very non-formal way

f maps small balls into small balls .

Our aim is to prove a criterion for continuity in terms of so called open sets. This

criterion illustrates simultaneously the role of open sets and its interaction with

continuity and has a genuinely geometric flavor.

Definition 2.2. A subset O of a metric space is called open if

∀x ∈ O : ∃δ > 0 : B(x, δ) ⊂ O .

Examples:

O = (−1, 1) , O = R , O = (−1, 1)× (−2, 2)

are open in R, (R2, d2) respectively.

Remark 2.3. The sets B(x, ε), x ∈ X, ε > 0 are open.

Proposition 2.4. Let (X, d), (Y, d′) be metric spaces and f : X → Y be a map. f

is contiuous iff f−1(O) is open for all open subsets O ⊂ Y .
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Proof. ⇒: We assume that f is continuous and O is open. Let x ∈ f−1(O),

i.e. f(x) ∈ O. Since O is open, there exists an ε > 0 such that B(f(x), ε) ⊂ O. By

continuity, there exists a δ > 0 such that

f(B(x, δ)) ⊂ B(f(x), ε) ⊂ O .

Therefore

B(x, δ) ⊂ f−1(O) .

Since x ∈ f−1(O) was arbitrary, we deduce that f−1(O) is open.

⇐: Let x ∈ X and ε > 0. Let us show that

B(f(x), ε)

is a on open subset of (Y, d′). Indeed, let y ∈ B(f(x), ε) define ε′ = ε− d′(y, f(x)).

Let z ∈ Y such that

d(z, y) < ε′

then

d(f(x), z) ≤ d(f(x), y) + d(y, z) < d(f(x), y) + ε− d′(y, f(x)) = ε .

Thus

B(y, ε− d′(f(x), y)) ⊂ B(f(x), ε) .

By the assumption, we see that f−1(B(f(x), ε)) is an open set. Since x ∈ f−1(B(f(x), ε)),

we can find a δ > 0 such that

B(x, δ) ⊂ f−1(B(f(x), ε)) .

Hence, for all x̃ with d(x, x̃) < δ, we have

d′(f(x), f(x̃)) < ε .

The assertion is proved.

Examples:

(1) Let (X, d) be a metric space and x0 ∈ X be a point , then f(x) = d(x, x0)

is continuous. Indeed, the triangle inequality implies

d(d(x, x0), d(d(y, 0)) = |d(x, x0)− d(y, x0)| ≤ d(x, y)

This easily implies the assertion.

(2) On Rn with the standard euclidean metric d = d2, the function f : Rn → Rn

defined by f(x) = d(x, 0)x is continuous.
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(3) (Exercise) The function f : R3 → R3, f(x) = (cos(x1), sin(x2), cos(x1)) is

continuous.

Definition 2.5. Let (X, d), (Y, d′) be a metric space. The space C(X, Y ) is the set

of all continuous functions from X to Y . Let x0 ∈ X be a point. Then

Cb(X, Y ) = {f : X → Y : f is continuous and sup
x∈X

d′(f(x), f(x0)) < ∞}

is the subset of bounded continuous functions.

Proposition 2.6. Let (X, d), (Y, d′) be metric spaces and x0 ∈ X. Then Cb(X, Y )

equipped with

d(f, g) = sup
x∈X

d′(f(x), g(x))

is a metric space.

Problem: Show that d is not well-defined on C(R, R).

Proof: d(f, g) = 0 if and only if f(x) = g(x) for all x ∈ X. This means f = g. Let

us show that d is well-defined. Indeed, if f, g ∈ Cb(X, Y ). Then

sup
x

d′(f(x), g(x)) ≤ sup
x

d′(f(x), f(x0)) + d′(f(x0), g(x0)) + d′(g(x0), g(x))

≤ sup
x

d′(f(x), f(x0)) + d′(f(x0), g(x0)) + sup
x

d(g(x0), g(x))

is finite. Let h be a third function and x ∈ X. Than

d′(f(x), g(x)) ≤ d′(f(x), h(x)) + d(h(x), g(x)) ≤ d(f, h) + d(h, g) .

Taking the supremum yields the assertion.

Proposition 2.7. Let (X, d) be a metric space. Then C(X, R) is closed under

(pointwise-) sums, products and multiplication with real numbers. (C(X, R) is an

algebra over R).

Remark 2.8. Let X = N and d(x, y) = 1 of x 6= y and d(x, y) = 0 for x = y. (This

is called the discrete metric). Then C(X, R) is an infinite dimensional vector space.

Proof of 2.7. Let f, g ∈ C(X, R) be continuous and x ∈ X. Consider x′ ∈ X.

Then

fg(x)− fg(y) = f(x)g(x)− f(y)g(y) = (f(x)− f(y))g(x) + f(y)(g(x)− g(y))

= (f(x)− f(y))g(x) + f(x)(g(x)− g(y)) + (f(y)− f(x))(g(x)− g(y)) .

Let ε > 0 and ε̃ = min{ε, 1}. We may choose δ1 > 0 such that

d(f(x), f(y))(1 + |g(x)|) <
ε̃

3
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holds for all d(x, y) < δ1. Similarly, we may choose δ2 > 0 such that

d(g(x), g(y))(1 + |f(x)|) <
ε̃

3
.

Let δ = min(δ1, δ2) and d(x, y) < δ. Then we deduce that

d(fg(x), fg(y)) = |fg(x)− fg(y)| < ε̃

3
+

ε̃

3
+

ε̃2

9
< ε̃ ≤ ε .

Thus fg is again continuous. The other assertions are easier.

Corollary 2.9. The polynomials on R are continuous.

Lemma 2.10. Let 1 ≤ p ≤ ∞ and x, y ∈ Rn, then

1

n
1
p

dp(x, y) ≤ d∞(x, y) ≤ dp(x, y) .

Proof. The last inequality is obvious. For the first one, we consider x, y ∈ Rn

and 1 ≤ p < ∞, then by estimating every element in the sum against the maximum

dp(x, y)p =
n∑

i=1

|xi − yi|p ≤ n max{|xi − yi|p} .

Taking the p-th root, we deduce the assertion.

Corollary 2.11. Let 1 ≤ p, q ≤ ∞, then the identity map id : (Rn, dp) → (Rn, dq)

is continuous.

Proof. We have for all x ∈ Rn and ε > 0

Bdp(x,
ε

n
) ⊂ Bdq(x, ε) .

This easily implies the assertion.

Corollary 2.12. The metrics dp define the same open sets on Rn.

Definition 2.13. Let (X, d) be a metric space. We say that a sequence (xn) con-

verges to x0 if for all ε > 0 there exists n0 such that for n > n0 we have

d(xn, x0) < ε .

In this case we write

lim
n

xn = x

or more explicitly

d− lim
n

xn = x .

A sequence (xn) is convergent, if there exists x ∈ X with limn xn = x.
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Examples: d2 − limn
1
n

= 0, dd3 − limn 3n = 0. (What axioms of the natural

numbers are involved?).

Proposition 2.14. Let (X, d), (Y, d′) be metric spaces and f : X → Y be a map.

Then f is continuous if for every convergent sequence (xn) in X

lim
n

f(xn) = f(lim
n

xn) .

Proof: ⇒: Let x = limn xn and ε > 0, then there exists a δ > 0 such that

d(y, x) < δ ⇒ d′(f(y), f(x)) < ε .

Let n0 ∈ N be such that

d(xn, x) < δ

for all n > n0, then

d′(f(xn), f(x)) < ε

for all n > n0. Hence

lim
n

f(xn) = f(x) .

⇐ Let x ∈ X and assume in the contrary that

∃ε > 0 ∀δ > 0∃y : d(y, x) < δ and d′(f(x), f(y)) ≥ ε .

Applying these successively for all δ = 1
k
, we find a sequence (xk) such that

d(xk, x) <
1

k
and d′(f(xk), f(x)) ≥ ε′ .

and thus

lim
k

xk = x .

By assumption, we have

lim
k

f(xk) = f(x) .

Hence, there exists a k0 such that for all k > k0

d(f(xk), f(x)) < ε .

a contradiction.
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3. Complete metric spaces and completion

Complete metric space are crucial in understanding existence of solutions to many

equations. Complete spaces are also important in understanding spaces of inte-

grable functions. We will review basic properties here and show the existence of a

completion.

We will say that a sequence in a metric space is a Cauchy sequence of for every

ε > 0 there exists n0 ∈ N such that

d(xn, xm) < ε

for all n, m > n0.

Definition 3.1. A metric space (X, d) is called complete, if every Cauchy sequence

converges.

Proposition 3.2. The space (R2, d1) is complete.

Proof: Let xn be a Cauchy sequence in (R2, d1). Then xn = (xn(1), xn(2)) is a

sequence of pairs.

Claim: The sequences (xn(1))n∈N and (xn(2))n∈N are Cauchy sequences.

Indeed, let ε > 0, then there exists an n0 such that

d1(xn, xm) < ε

for all n, m > n0. In particular, we have

|xn(1)− xm(1)| ≤ |xn(1)− xm(1)|+ |xn(2)− xm(2)| ≤ d1(xn, xm) < ε

for all n, m > n0 and

|xn(2)− xm(2)| ≤ |xn(1)− xm(1)|+ |xn(2)− xm(2)| ≤ d1(xn, xm) < ε .

Therefore, (xn(1)) and (xn(2)) are Cauchy.

Since R is complete, we can find x(1) and x(2) such that

lim
n

xn(1) = x(1) and lim
n

xn(2) = x(2) .

Claim: limn xn = (x(1), x(2)).

Indeed, Let ε > 0 and choose n1 such that

|xn(1)− x(1)| < ε

2

for all n > n1. Choose n2 such that

|xn(2)− x(2)| < ε

2
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for all n > n2. Set n0 = max{n1, n2}, then for every n > n0, we have

d1(xn, (x(1), x(2)) = |xn(1)− x(1)|+ |xn(2)− x(2)| < ε

Thus

lim
n

xn = x

and the assertion is proved.

Examples:

(1) Let X = R \ {0} and d(x, y) = |x − y|, them (X, d) is not complete. The

sequences ( 1
n
) is Cauchy and does not converge.

(2) Let p be a prime number. On the set of integers, we define

ddp(z, w) = p−n ,

where n = max{n : pn divides (z−w) }. This satisfies the triangle inequal-

ity. The sequence (xn) given by xn = p + p2 + · · ·+ pn is a non convergent

Cauchy sequence.

Theorem 3.3. Let n ∈ N. The space (Rn, d2) is a complete metric space.

Proof. Similar as in Proposition 3.2 using the following Lemma .

Lemma 3.4. Let x, y ∈ Rn, then

d2(x, y) ≤
n∑

i=1

|xi − yi| .

Proof. We proof this by induction on n ∈ N. The case n = 1 is obvious.

Assume the assertion is true for n and let x, y ∈ Rn+1. We define the element

z = (x1, ..., xn, yn+1), then we deduce from the triangle inequality

d2(x, y) ≤ d2(x, z) + d2(z, y)

=

(
n+1∑
i=1

|xi − zi|2
) 1

2

+

(
n+1∑
i=1

|zi − yi|2
) 1

2

= |xn+1 − yn+1|+

(
n∑

i=1

|xi − yi|2
) 1

2

.

To apply the induction hypothesis, we define x̃ = (x1, ..., xn) and ỹ = (y1, .., yn).

Then the induction hypothesis yields(
n∑

i=1

|xi − yi|2
) 1

2

= d2(x̃, ỹ) ≤
n∑

i=1

|xi − yi| .
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Hence,

d2(x, y) ≤ |xn+1 − yn+1|+

(
n∑

i=1

|xi − yi|2
) 1

2

≤ |xn − yn|+
n∑

i=1

|xi − yi|

=
n+1∑
i=1

|xi − yi| .

The assertion is proved.

Definition 3.5. A subset C ⊂ X is called closed if X \ C is open.

Proposition 3.6. Let C be closed subset of a complete metric space (X, d), then

(C, d|C×C) is complete.

Proof. Let (xn) ⊂ C be Cauchy sequence. Since X is complete, there exists

x ∈ X such that

x = lim
n

xn .

We have to show x ∈ C. Assume x /∈ C. Then there exists a δ > 0 such that

B(x, δ) ⊂ X \ C. By definition of the limit there exists n0 such that d(xn, x) < δ

for all n > n0. Set n = n0 + 1. Then d(xn, x) < δ implies xn ∈ X \ C and xn ∈ C

by definition. This contradiction finished the proof.

Theorem 3.7. Let (Y, d′) be complete metric space. Let h ∈ C(X, Y ) and

Ch(X, Y ) = {f ∈ C(X, Y ) : sup
x∈X

d′(f(x), h(x)) < ∞}

Then Cg(X,Y ) is complete with respect to

d(f, g) = sup
x∈X

d′(f(x), g(x)) .

Proof. Let (fn) ⊂ Ch(X, Y ) be Cauchy sequence. This means that for every

ε > 0 there exists an n0 such that

(3.1) sup
x∈X

d′(fn(x), fm(x)) <
ε

2
.

In particular, for fixed x ∈ X, fn(x) is Cauchy. Therefore f(x) := limm fm(x) is a

well-defined element in Y . We fix n > n0 and consider m ≥ n0 such that

d′(fm(x), f(x)) ≤ ε

3
.
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This implies

d′(fn(x), f(x)) ≤ d′(fn(x), fm(x)) + d′(fm(x), f(x)) ≤ 5

6
ε

for all x ∈ X. In particular,

(3.2) sup
n≥n0

sup
x∈X

d′(fn(x), f(x)) ≤ 5

6
ε .

Let us show that f is continuous. Let z ∈ X and ε > 0. Choose n0 according to (3.1).

Choose n = n0 + 1. Let δ > 0 such that d(x, y) < δ implies d′(fn(x), fn(y)) < ε.

Then, we have

d′(f(x), f(y)) ≤ d′(f(x), fn(x)) + d′(fn(x), fn(y)) + d′(fn(y), f(y)) < 3ε .

Since ε > 0 is arbitrary, we see that f is continuous. Moreover, (3.2) implies that

fn converges to f . Finally, (3.2) for ε = 1 implies that

sup
x

d(f(x), h(x)) ≤ sup
x

d(f(x), fn(x)) + sup
x

d(fn(x), h(x)) < ∞

implies that f ∈ Ch(X, Y ).

Definition 3.8. Let (X, d) be a metric space and C ⊂ X. O ⊂ X is called sense if

for ever x ∈ C and ε > 0 B(x, ε) ∩O 6= ∅.

Definition 3.9. Let O ⊂ X be a subset. Then

Ō = ∩O⊂C,CclosedC

is called the closure.

Lemma 3.10. O is dense in Ō and Ō is closed.

Proof. Let x ∈ Ō. Assume B(x, ε) ∩ O = ∅. Then C = X \ B(x, ε) contains

O. Thus

Ō ⊂ C .

This implies that x /∈ Ō, a contradiction. Now, we show that Ō is closed. Indeed,

let y /∈ Ō. Then there has to be a closed set C such that O ⊂ C but y /∈ C. This

means y ∈ X \ C which is open. Hence there exists δ > 0 such that

B(y, δ) ⊂ X \ C

By definition every element z ∈ B(y, δ) does not belong to Ō. This means B(y, δ) ⊂
X \ Ō.
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Theorem 3.11. Let (X, d) be a non-empty metric space. For every x ∈ X we define

fx(y) = d(x, y) .

Let x0 ∈ X. The map f : X → Cfx0
(X, R) satisfies the following properties.

i) d(f(x), d(f(y)) = d(x, y),

(1) The closure C = f(X) is complete,

(2) f(X) is dense in the closure C = f(X).

Proof. Let x, y ∈ X and z ∈ X. Then the ‘converse triangle’ ineqquality

implies

|fx(z)− fy(z)| = |d(x, z)− d(y, z)| ≤ d(x, y) .

Moreover,

|fx(z)− fx(y)| = |d(x, z)− d(x, y)| ≤ d(z, y) .

Therefore fx ∈ Cfx0
(X, R) for every x ∈ X and

d(fx, fy) ≤ d(x, y) .

However,

d(fx, fy) ≥ |fx(x)− fy(x)| = |0− d(y, x)| = d(y, x) .

This shows i). According to Proposition 3.6 and Theorem 3.7, we see that C is

complete. According to Lemma 3.10, we deduce that f(X) is dense in C.

Project: On C([0, 1]) we define

d1(f, g) =

∫
|f(s)− g(s)|ds .

Show that (C([0, 1]), d1) is not complete.

Project: In the literature you can find another description of the completion of a

metric space. Find it and describe it.

4. Unique extension of densely defined uniformly continuous functions

In this section we will show that the completion C constructed in Theorem 3.11 is

unique (in some sense). This is based on a simple observation-the unique extension.

This principle is very often used in analysis.

Definition 4.1. Let (X, d), (Y, d′) be metric spaces. A function f : X → Y is

called uniform continuous if for every ε > 0 there exists a δ > 0 such that

d(x, y) < δ ⇒ d′(f(x), f(y)) < ε .
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Proposition 4.2. Let O ⊂ C be a dense set and f : O → Y be uniformly contin-

uous function with values in a complete metric space. Then there exists a unique

continuous function f̃ : O → Y such that f̃(x) = f(x) for all x ∈ O.

Proof. Let x ∈ X. Since B(x, 1
n
)∩O is not empty, we may find (xn) ⊂ O such

that limn xn = x. We try to define

f̃(x) = lim
n

f(xn) .

Let us show that this is well-defined. So we consider another Cauchy sequence (x′n)

such that limn x′n = x. Let ε > 0. Then there exists δ > 0 such that

d′(f(x′, y)) < ε

holds for d(x′, y) < δ. We may find n0 such that

d(xn, x) <
δ

2

and

d(x′n, x) <
δ

2

holds for all n, n′ > n0. Thus

d′(f(x′n), f(xn)) < ε .

This argument also shows that (f(xn)) is Cauchy and hence f̃(x) is well-defined. If

x ∈ O, we may choose for (xn) the constant sequence xn = x and hence f̃(x) = f(x).

Now, we want to show that f̃ is uniformly continuous. Indeed, let ε > 0, then there

exists δ > 0 such that d(x′, y′) < δ implies

d(f(x′), f(y′)) <
ε

2
.

Given x, y ∈ C with d(x, y) < δ, we may find (xn) converging to x and (yn) con-

verging to y such that

d(xn, x) <
δ − d(x, y)

2
.

Thus for all n ∈ N we have

d(xn, yn) ≤ d(x, y) + d(xn, x) + d(yn, y) < δ .

This implies

d(f(x), f(y)) = lim
n

d(f(xn), f(yn)) <
ε

2
.
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This shows that f̃ is uniformly continuous. If g is another continuous function such

that g(x) = f(x) holds for elements x ∈ O, then we may choose a Cauchy sequence

(xn) converging to x and get

g(x) = lim
n

g(xn) = lim
n

f(xn) = f(x) .

Example If f : (0, 1] → R is uniformly continuous, then f is bounded (why).

f(x) = 1/x is not uniformly continuous.

Theorem 4.3. The completion of a metric space is unique. More precisely, let C be

the set constructed in Theorem 3.11. Let C ′ be a complete metric space and ι′ : X →
C ′ be uniformly continuous with uniformly continuous inverse ι′−1 : ι(X) → X such

that ι′(X) is dense. Then there is a bijective, bicontinuous map u : C → C ′ such

that u(ι(x)) = ι′(x).

Proof. The map ι′ι−1 : ι(X) → C ′ is uniformly continuous and hence admits

a unique continuous extension u : C → C ′. Also ιι′−1 : ι′(X) → C admits a

unique extension v : C ′ → C. Note that vu : C → C is an extension of the map

vu(ι(x)) = ι(x). Thus there is only one extension, namely the identity. This show

vu = id. Similarly uv = id. Thus v = u−1 and u is bijective and bi-continuous.

Project: Find the completion of (Z, d3).
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4.1. The spaces C(X).
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5. Continuation of continuity

Example 5.1. (1) Let (X, d) be a metric space and x0 ∈ X be a point , then

f(x) = d(x, x0) is continuous. Indeed, the triangle inequality implies

d(d(x, x0), d(d(y, 0)) = |d(x, x0)− d(y, x0)| ≤ d(x, y)

This easily implies the assertion.

(2) On Rn with the standard euclidean metric d = d2, the function f : Rn → Rn

defined by f(x) = d(x, 0)x is continuous.

Proof: Let x 6= 0 a pint in Rn and let ε > 0. Choose δ = min{
√

ε
2
, ε

2d(x,0)
},

Let d(y, x) < δ, then by the above inequality

d(f(x), f(y)) = d(d(x, 0)x, d(y, 0)y) ≤ d(d(x, 0)x, d(x, 0)y) + d(d(x, 0)y, d(y, 0)y)

= d(x, 0)d(x, y) + |d(x, 0)− d(y, 0)|d(y, 0)

≤ d(x, 0)d(x, y) + d(x, y)(d(x, 0) + d(x, y))

= 2d(x, 0)d(x, y) + d(x, y)2

<
ε

2
+

ε

2
= ε.

Now let x = 0 and ε > 0 and define δ =
√

ε, then for d(x, y) < δ we have

d(f(x), f(y)) = d(0, d(0, y)y) = d(0, y)2 < ε .

The assertion is proved.

(3) (Exercise) The function f : R3 → R3, f(x) = (cos(x1), sin(x2), cos(x1)) is

continuous. Try that one for the next hour exam.
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6. Closed and Compact Sets

Let (X, d) be a metric space. We will say that a subset A ⊂ X is closed if X \A is

open.

Proposition 6.1. Let (X, d) be a complete metric space and C ⊂ X a subset. C

is closed iff every Cauchy sequence in C converges to an element in C.

Proof: Let us assume C is closed and that (xn) is a Cauchy sequence with elements

in C. Let x = limn xn be te limit and assume x /∈ C. Since X \ C is open

B(x, ε) ⊂ X \ C

for some ε > 0. Then there exists an n0 such that d(xn, x) < ε for n > n0. In

particular,

xn0+1 ∈ B(x, ε)

and thus xn0+1 /∈ C, a contradiction.

Now, we assume that every Cauchy sequence with values in C converges to an

element in C. If X \ C is not open, then there exists an x /∈ C and no ε > 0 such

that

B(x, ε) ⊂ X \ C .

I.e. for every n ∈ N, we can find xn ∈ C such that

d(x, xn) <
1

n
.

Hence, lim xn = x ∈ C but x /∈ C, contradiction.

The most important notion in this class is the notion of compact sets. We will say

that a subset C ⊂ X is compact if For every collection (Oi) of open sets such that

C ⊂
⋃
i

Oi = {x ∈ X | ∃i∈Ix ∈ Oi}

There exists n ∈ N and i1, ..., in such that

C ⊂ Oi1 ∪ · · · ∪Oin .

In other words

Every open cover of C has a finite subcover .
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Definition 6.2. Let X ⊂
⋃

Oi be an open cover. Then we say that (Vj) is an open

subcover if

X ⊂
⋃
j

Vj

all the Vj are open and for every j there exists an i such that

Vj ⊂ Oi .

It is impossible to explain the importance of ‘compactness’ right away. But we can

say that there would be no discipline ‘Analysis’ without compactness. The most

clarifying idea is contained in the following example.

Proposition 6.3. The set [0, 1] ⊂ R is compact.

Proposition 6.4. Let B ⊂ X be closed set and C ⊂ X be a compact set, then

B ∩ C

is compact

Proof: Let B ∩ C ⊂
⋃

Oi be an open cover. then

C ⊂ (X \B) ∪
⋃
i

Oi

is an open cover for C, hence we can find a finite subcover

C ⊂ (X \B) ∪Oi1 ∪ · · · ∪Oin .

Thus

B ∩ C ⊂ Oi1 ∪ · · · ∪Oin

is a finite subcover.

Lemma 6.5. Let (X, d) be a metric space and D ⊂ X be a countable dense set in

X, then for every subset C ⊂ X and every open cover

C ⊂
⋃
i

Oi

we can find a countable subcover of balls.

Proof: Let us enumerate D as D = {dn |n ∈ N}. Let x ∈ C and find i ∈ I and

ε > 0 such that

x ∈ B(x, ε) ⊂ Oi .

Let k > 2
ε
. By density, we can find an n ∈ N such that

d(x, dn) <
1

2k
.
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Then

x ∈ B(dn,
1

2k
) ⊂ B(x,

1

k
) ⊂ B(x, ε) ⊂ Oi .

Let us define

M = {(n, k) | ∃i∈IB(dn,
1

2k
) ⊂ Oi} .

Then M ⊂ N2 is countable and hence there exists a map φ : N → M which is

surjective (=onto). Hence for Vm = B(dφ1(m),
1

2φ2(m)
), φ1, φ2 the 2 components of

φ we have

C ⊂
⋃
m

Vm

and (Vm) is a countable subcover of balls of the original cover (Oi).

Theorem 6.6. Let (X, d) be a metric space. Let C ⊂ X be a subset. Then the

following are equivalent

i) a) Every Cauchy sequence of elements in C converges to a limit in C.

b) For every ε > 0 there exists points x1, ..., xn ∈ X such that

C ⊂ B(x1, ε) ∪ · · · ∪B(x, ε) .

ii) Every sequence in C has a convergent subsequence.

iii) C is compact.

Proof: i) ⇒ ii). Let (xn) be a sequence. Inductively, we will construct infinite

subset A1 ⊃ A2 ⊃ A3 · · · and y1, y2, y3,... in X such that

∀l∈Aj
: d(xl, yj) < 2−j−1 .

Put A0 = N. Let us assume A1 ⊃ A2 ⊃ · · ·An and y1, ..., yn have been constructed.

We put ε = 2−n−2 and apply condition i)b) to find z1, ..., zm such that

C ⊂ B(z1, ε) ∪ · · · ∪B(zm, ε) .

We claim that there must be a 1 ≤ k ≤ m such that

An(k) = {l ∈ An |xn ∈ B(zk, ε)}

has infinitely many elements. Indeed, we have

An(1) ∪ · · · ∪ An(m) = An .

If they were all finite, then a finite union of finite sets would have finitely many

elements. However An is infinite. Contradiction! Thus, we can find a k with An(k)

infinite and put An+1 = An(k) and yn+1 = zk. So the inductive procedure is finished.
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Now, we can find an increasing sequence (nj) such that nj ∈ Aj and deduce

d(xnj
, xnj+1

) ≤ d(xnj
, yj) + d(yj, xnj+1

) <
1

2
2−j +

1

2
2−j = 2−j

because nj ∈ Aj and nj+1 ∈ Aj+1 ⊂ Aj. Thus (xnj
) is Cauchy. Indeed, be induction,

we deduce for j < m that

d(xnj
, xnm) ≤ d(xnj

, xnj+1
) + d(xnj+1

, xnj+2
) · · · d(xnm−1 , xnm)

≤ 2−j

m−1∑
k=0

2−k = 21−j .

This easily implies the Cauchy sequence condition. By a) it converges to some

x ∈ C. We got our convergent subsequence.

ii) ⇒ iii): We will first show ii) ⇒ i)b). Indeed, let ε > 0 and assume for all n ∈ N,

y1, ..., yn ∈ C we may find

x(n, y1, ..., yn) ∈ C \ (B(y1, ε) ∪ · · ·B(yn, ε)) .

Then we define x1 ∈ C and find x2 ∈ C \B(x1, ε). Then we find x3 ∈ C \B(x1, ε)∪
B(x2, ε). Thus inductively we find xn ∈ C such that

d(xn, xk) ≥ ε

for all 1 ≤ k ≤ n. It is easily seen that (xn) has no convergent subsequence. Thus i)b)

is showed (with points in C). For every εk = 1
k

we find these points yk
1 , ...., y

k
m(k) ∈ C

such that

C ⊂ B(yk
1 ,

1

k
) ∪ · · · ∪B(ym(k),

1

k
) .

Then, we see that D = {yk
j : k ∈ N, 1 ≤ j ≤ m(k)} is dense in C. Therefore, we

may work with the closure X̃ = D̄ and show that C is compact in X̃. (It will then

be automatically compact in X). By Lemma 6.5, we may assume that

C ⊂
⋃
k

Ok

and Ok’s open. If we can find an n such that

C ⊂ O1 ∪ · · · ∪On

the assertion is proved. Assume that is not the case and choose for every n ∈ N
an xn ∈ C \ O1 ∪ · · · ∪ On. According to the assumption, we have a convergent

subsequence, i.e. limk xnk
= x ∈ C. Then x ∈ On0 for some n0 and there exists a

ε > 0 such that

B(x, ε) ⊂ On0 .
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By convergence, we find a k0 such that d(x, xnk
) < ε for all k > k0. In particular,

we find a k > k0 such that nk > n0. Thus

xnk
∈ B(x, ε) ∈ On0 ⊂ O1 ∪ · · · ∪Onk

.

Contradicting the choice of the (xn)’s. We are done.

iii) ⇒ i)b) Let ε > 0 and then

C ⊂
⋃
x∈C

B(x, ε) .

thus a finite subcover yields b).

iii) ⇒ i)a) Let (xn) be a Cauchy sequence. Assume it is not converging to some

element x ∈ C. This means

(6.1) ∀x ∈ C∃ε(x) > 0∀n0∃n > n0 d(xn, x) > ε .

Then

C ⊂
⋃
x∈C

B(x,
ε(x)

2
) .

Let

C ⊂ B(y1,
ε(y1)

2
) ∪ · · · ∪B(y1,

ε(y1)

2
)

be a finite subcover (compactness). Then there exists at least one 1 ≤ k ≤ m such

that

Ak = {n ∈ N | d(xn, yk) <
ε(yk)

2
}

is infinite. Fix that k and apply the Cauchy criterion to find n0 such that

d(xn, xn′) <
ε(yk)

2

for all n, n′ > n0. By (6.1), we can find an n > n0 such that

d(xn, yk) > ε(yk) .

Since Ak is infinite, we can find an n′ > n0 in Ak thus

ε(yk) < d(xn′ , yk) ≤ d(xn, xn′) + d(xn′ , yk)

<
ε(yk)

2
+

ε(yk)

2
= ε(yk) .

A contradiction. Thus the Cauchy sequence has to converge to some point in C.

Corollary 6.7. Every intervall [a, b] ⊂ R with a < b ∈ R is compact
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Proof: It is easy to see that X \ [a, b] is open. Hence, by Proposition 6.1 [a, b] is

complete, i.e. i)a) is satisfied. Given ε > 0, we can find k > 1
ε
. For m > k(b− a) we

derive

[a, b] ⊂
m⋃

j=0

B(a +
j

k
, ε) .

Thus the Theorem 6.6 applies.

Lemma 6.8. Let r > 0 and n ∈ N, the set Cr = [−r, r]n is compact.

Proof: Let x /∈ Cr, then there exists an index j ∈ {1, .., n} such that |xj| > r. Let

ε = |xj| − r and y ∈ Rn such that

max
i=1,..,n

|xi − yi| < ε ,

then

|yj| = |yj − xj + xj| ≥ |xj| − |yj − xj| > |xj| − ε = r .

thus y /∈ Cr. Hence, Cr is closed and according to Proposition 3.3, we deduce that

Cr is complete.

For n = 1 and ε > 0, we have seen above that for k > 1
ε

and m > 2r
k

[−r, r] ⊂
m⋃

j=0

B(−r +
j

k
, ε) .

Therefore

[−r, r]n ⊂
⋃

j1,....jn=0,...m

B∞((−r +
j1

k
, ..,−r +

jn

k
), ε) .

Thus i)a) and i)b) are satisfies and the Theorem 6.6 implies the assertion (The

separable dense subset is Qn.)

Theorem 6.9. Let C ⊂ Rn be a subset. The following are equivalent

1) C is compact.

2) C is closed and there exists an r such that

C ⊂ B(0, R) .

(That is C is bounded.)

Proof: 2) ⇒ 1) Let

C ⊂ B(0, R) ⊂ [−R,R]n

be a closed set. Since [−R,R]n is compact, we deduce from Proposition 6.4 that C

is compact as well.
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1) ⇒ 2) Let C subset Rn be a compact set. According to Theorem 6.6 i)b), we find

C ⊂ B(x1, 1) ∪ · · · ∪B(xm, 1)

thus for r = maxi=1,..,m(d(xi, 0) + 1) we have

C ⊂ B(0, r) .

Moreover, by Theorem 6.6 i)a) and Proposition 6.1, we deduce that C is closed.

We will now discuss one of the most important applications.

Theorem 6.10. Let (X, d) be a compact metric space and f : X → R be a continuous

function. The there exists x0 ∈ X such that

f(x0) = sup{f(x) : x ∈ X} .

Proof. Let us first assume

A = {f(x) : x ∈ X}

is bounded and s = sup A. For every n ∈ N, we know that s− 1
n

is no upper bound.

Hence there xn ∈ X such that

s ≥ f(xn) > s− 1

n
.

Let (nk) be such that limk xnk
= x ∈ X. Then we deduce from continuity that

f(x) = lim
k

f(xnk
) ≥ lim s− 1

nk

= s .

By definition of s we find f(x) = s. Now, we show that A is bounded. Indeed, if

note we find xn ∈ X such that f(xn) ≥ n. Again we find a convergent subsequence

(xnk
). Since f(xnk

) is convergent it is bounded. We assume (fnk
) is bounded above

by m ∈ nz. Choosing k ≥ m + 1 we get

m ≥ f(xnk
) ≥ nk > nm ≥ m .

This contradiction shows that A is bounded and hence the first argument applies.
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7. C(K)

For a metric space X, we denote by C(X) the space of continuous functions with

values in the real numbers.

Lemma 7.1. Let (X, d) be a metric space and f, g ∈ C(X) and t ∈ R, then

i) f + tg defined by f + tg(x) = f(x) + tg(x), x ∈ X, is in C(X).

ii) fg defined by fg(x) = f(x)g(x), x ∈ X, is in C(X).

iii) Let h : R → R be a continuous function, then h ◦ f defined by h ◦ f(x) =

h(f(x)) is continuous.

iv) Let (fn) be a sequence of continuous functions such that for every eps > 0

there exists n0 such that for all n,m > n0

sup
x∈X

|fn(x)− fm(x)| ≤ ε ,

Then there is a continuous function f : X → R such that

f(x) = lim
n

fn(x) .

Proof: iii) Let us assume that (fn) is a sequence as above. Clearly for all x ∈ X,

we see that

f(x) = lim
n

fn(x)

exists. We have to show that f is continuous. For let x ∈ X and ε > 0. Let n0 be

chosen according such that for n, m > n0

sup
x∈X

|fn(x)− fm(x)| ≤ ε

3
.

In particular, for all y ∈ X and for n = n0 + 1, we deduce

(7.1) |f(y)− fn(y)| = lim
m
|fm(y)− fn(y)| ≤ ε

3
.

Since, fn is continuous (at x), we can find δ > 0 such that d(x, y) < δ implies

|fn(x)− fn(y)| <
ε

3
.

Thus we get for those y

|f(x)− f(y)| ≤ |f(x)− fn(x)|+ |fn(x)− fn(y)|+ |fn(y)− f(x)|

<
ε

3
+

ε

3
+

ε

3
= ε .

Hence f is continuous and the assertion is proved.
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Theorem 7.2. Let K be a compact metric space and f : K → R be a continuous

function. Then there exists an x0 ∈ K such that

f(x0) = sup{f(x) | x ∈ K} .

Proof: Note that in the proof of the main Theorem the existence of a countable

dense subset has only been used to prove ii) ⇒ iii). Thus, we still have that every

sequence in a compact space has a convergent subsequence. If sup{f(x) : x ∈
K} = ∞, we can find a sequence (xn) such that

f(xn) > n

for all n ∈ N. Let us consider this case first. Let (xnk
) be a convergent subsequence

with

x = lim
k

xnk
∈ K .

Then we can find an ε > 0 such that

d(x, y) < ε ⇒ |f(x)− f(y)| ≤ 1

Then there exists an k0 such that d(xnk
, x) < ε for k > k0. Let k1 be such that

k1 > |f(x)|+ 2, then we deduce for some k2 > max{k1, k2}

|f(x)|+ 1 ≤ k2 ≤ f(xk2) ≤ f(x) + |f(x)− f(xk2)| < |f(x)|+ 1 .

a contradiction. Thus sup{f(x) : x ∈ K} < ∞. For every ε > 0, there exists an

x(ε) ∈ K such that

f(x(ε)) > sup{f(x) : x ∈ K} .

Call the supremum sup. We get a sequence (xn) such that

f(xn) ≤ sup ≤ f(xn) +
1

n

Let (xnk
) be a convergent subsequence with

x = lim
k

xnk
∈ K .

By continuity of f , we deduce

f(x) = lim
k

f(xnk
) = sup .

The assertion is proved.
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Corollary 7.3. Let K be a compact set and f : K → R be a continuous function,

then

sup{f(x) : x ∈ K}

is finite.

Corollary 7.4. The space C(K) equipped with

d(f, g) = sup
x∈K

|f(x)− g(x)|

is a complete metric space.

Proof: Let us fist observe that for f, g ∈ C(K) the map |f − g| is continuous and

thus

d(f, g)

is a real number. Clearly, d is symmetric and f = g, i.e. f(x) = g(x) for all x ∈ K

iff d(f, g) = 0. The triangle inequality is obvious. Indeed, let f, g, h ∈ C(K). Then

sup
x∈K

|f(x)− g(x)| ≤ sup
x∈K

|f(x)− h(x) + h(x)− g(x)|

≤ sup
x∈K

(|f(x)− h(x)|+ |h(x)− g(x)|)

≤ sup
x∈K

|f(x)− h(x)|+ sup
x∈K

|h(x)− g(x)|

= d(f, h) + d(h, g) .

Given a Cauchy sequence (fn), we apply Lemma 7.1 to obtain a continuous limit

function f . According to (7.1), we see that

lim
n→∞

d(f, fn) = 0 .

Hence, fn converges to f . (Details: Exercise.)

Motivated by this result, we will say that a sequence of functions (fn) converges

uniformly to f (on X) if

∀ε > 0∃n0∀n > n0∀x ∈ X|fn(x)− f(x)| < ε .

This opposed to the pointwise convergence

∀x ∈ X∀ε > 0∃n0∀n > n0|fn(x)− f(x)| < ε .

Example: The functions fn(x) = xn converge pointwise to f(x) = 0 on [0, 1)

However, the following remarkable result allows us to show that under suitable

circumstances the weaker pointwise convergence implies uniform convergence.
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Theorem 7.5. Let K be a compact space. (fn) a sequence of continuous functions

on K converging pointwise to the continuous function f on K such that for all x ∈ K

the sequence fn(x) is increasing. Then (fn) converges uniformly to f .

Proof: Let ε > 0. Then, we can find for every x ∈ K an n(x) such that

f(x) < fn(x) +
ε

3
.

Since f , fn(x) are continuous, we can find δ(x) > 0 such that

δ(x, y) < δ(x) ⇒ (|f(x)− f(y)| < ε

3
& |fn(x)(x)− fn(x)(y)| < ε

3
.

Then we have an open over

X ⊂
⋃
x∈K

B(x,
δ(x)

2
)

by compactness can find a finite subcover

X ⊂ B(x1, δ(x1)) ∪ · · · ∪B(xm, δ(xm)) .

Let n(ε) = max{n(x1), ..., n(xm)}. Let y ∈ K and find an 1 ≤ i ≤ m such that

d(xi, y) < δ(xi). Then, we have for x = xi

f(y) ≤ f(x) +
ε

3
< fn(x) +

2ε

3

≤ fn(x) +
2ε

3
≤ fn(y) + ε .

By montonicity, we deduce for all m > n

f(y) < fm(y) + ε ≤ f(y) + ε .

The assertion is proved.

Let us state a further important application of compactness.

Theorem 7.6. Let K ⊂ (X, d) be a compact subset and f : K → (Y, d) be a

continuous function. Then for every ε > 0 there exists an δ > 0 such that for all

x, y ∈ K

d(x, y) < δ ⇒ d(f(x), f(y)) < ε .

Proof: For every x ∈ K, we can find δ(x) such that

d(x, y) < δ ⇒ d(f(x), f(y)) <
ε

2
.

Then the open

X ⊂
⋃
x∈X

B(x,
δ(x)

2
)
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has a finite subcover

X ⊂ B(x1,
δ(x1)

2
) ∪ · · · ∪B(xm,

δ(xm)

2
) .

Let δ = mini=1,..,m{ δ(xi)
2

and consider x, y ∈ K such that d(x, y) < δ. Then there

exists 1 ≤ i ≤ m such that d(x, xi) < δ(xi)
2

. Hence,

d(y, xi) ≤ d(y, x) + d(x, xi) < δ(xi)

and thus

d(f(x), f(y)) ≤ d(f(x), f(xi)) + d(f(xi), f(y)) <
ε

2
+

ε

2
= ε .

The assertion is proved.

Definition 7.7. A function satisfies the assertion of the previous theorem is called

uniformly continuous.

If time remains, we will show:

Theorem 7.8. The closure of the polynomials are dense in C([a, b]).
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Proof: ii) : Let x ∈ X and 0 < ε < 1, then there exists a εf > 0 such that

d(x, y) < εf ⇒ d(f(x), f(y)) <
ε

3(1 + |g(x)|)
< 1 ,

and εg > 0 such that

d(x, y) < εg ⇒ d(g(x), g(y)) <
ε

2(1 + |g(x)|)
< 1 .

Let y ∈ X such that d(y, x) < min{εf , εg, 1} = δ. Then we deduce form ε < 1

|fg(x)− fg(y)| ≤ |f(x)||g(x)− g(y)|+ |f(x)g(y)− f(y)g(y)|

≤ |f(x)||g(x)− g(y)|+ |f(x)− f(y)||g(x)|+ |f(x)− f(y)||g(x)− g(y)|

<
ε

3
+

ε

3
+

ε2

9
< ε .
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8. Some remarks on the ternary Cantor function

The complement of the Cantor set in [0, 1] is given by

O =
∞⋃

n=0

⋃
a∈{0,2}n

Oa

where for n = 0, a = ∅
Oa = (

1

3
,
2

3
)

and for n ≥ 0, a = (a1, ..., an) we have

Oa = (
n∑

i=1

ai3
−i + 3−(n+1),

n∑
i=1

ai3
−i + 23−(n+1)) .

On such a set Oa we define

f(x) =
n∑

i=1

ai

2
2−i + 2−(n+1)

For n = 0 we use the value 1
2
.

Lemma 8.1. f is uniformly continuous.

Proof. Let us consider x1 and x2 in O such that |x1−x2| < 3−n. We may write

x1 =
∞∑
i=1

ai3
−i

and

x2 =
∞∑
i=1

bi3
−i

such that there exists a smallest integer k and m with ak = 1, bm = 1. Let j be the

smallest integer such that aj 6= bj.

case 1) j < min(k, m): W.l.o.g. we may assume aj = 2 and bj = 0. Then

3−n ≥ x1 − x2 ≥ 23−j − 3−j = 3−j .

This yields j ≥ n and

|f(x1)− f(x2)| ≤
∑
i≤j

|ai − bi|2−i ≤ 22−j ≤ 42−n .

case 2) j ≥ min(k, m). If k = m, then f(x1) = f(x2) are we are fine. Let us assume

k > m. Then am ∈ {0, 2} and bm = 1. Thus j = m.

case 2a) am = 2: Let us fix the smallest j > k such that aj 6= 0. We get

f(x1)− f(x2) =
k−1∑

i=m+1

ai

2
2−i + 2−m .
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Moreover,

3−nx1 − x2 ≥ 3−k + aj3
−j − (

∞∑
i=k+1

bi3
−i) ≥ aj3

−j .

Thus j ≥ n and hence

|f(x1)− f(x2)| ≤
∑
i≥j

ai

2
2−i + 2−m ≤ 42−j ≤ 42−n .

case 2b) am = 0: similar.
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Integrable functions-Outline of statements

9. The space of integrable functions

In the following (Ω, Σ, µ) is a σ-finite measure space.

Definition 9.1. f ∈ S(µ) if f : Ω → R is a measurable function such that f(Ω) is

a finite set and

µ(f 6= 0) < ∞ .

Then

I(f) =
∑

r∈f(Ω)

rµ({f = r}) .

Proposition 9.2. I : S(µ) → R is linear. Moreover, f ≤ g implies I(f) ≤ I(g).

Furthermore, we have the triangle inequality

I(|f − g|) ≤ I(|f − h|) + I(|h− g|) .

Proof. 1. Note that I(λg) = λI(g). Now if f, g ∈ S(µ), then

f =
n∑

i=0

xi1Ei
where Ei = f−1({xi})

g =
n∑

i=0

yi1Fi
where Fi = f−1({yi}),

where x0 = y0 = 0. We assume that xi 6= xk(i 6= k) ⇒ Ei ∩ Ek = ∅ and ∪Ei = Ω,

and yj 6= yl(j 6= l) ⇒ Fj ∩ Fl = ∅ and ∪Fj = Ω. Consider {xi + yj : 0 ≤ i ≤ n, 0 ≤
j ≤ m} = {Z0, Z1, . . . , ZN}, then

f + g =
N∑

r=0

Zr1∪xi+yj=zr Ei∩Ej

=
N∑

r=0

Zrµ(∪xi+yj=zrEi ∩ Ej)

=
∑

i

∑
j

(xi + yj)µ(Ei ∩ Ej)

=
n∑

i=1

xi

m∑
j=0

µ(Ei ∩ Fj) +
m∑

j=1

yj

n∑
i=0

µ(Ei ∩ Fj)

=
∑

i

xiµEi +
∑

j

yjµFj

= I(f) + I(g)
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2.

I(f) =
n∑

i=0

m∑
j=0

xiµ(Ei ∩ Fj) ≤
n∑

i=0

m∑
j=0

yjµ(Ei ∩ Fj)

=
n∑

j=1

yj

n∑
i=0

µ(Ei ∩ Fj) =
n∑

j=1

yjFj = I(g)

3.

I(f)− I(g) = I(f − g) ≤ I(|f − g|) ⇒ |I(f)− I(g)| ≤ I(|f − g|)

Definition 9.3. Let f : Ω → [0,∞] a positive measurable function. Then

I(f) = sup
0≤h≤f,h∈S(µ)

I(h) .

f is called (positive) integrable if I(f) is finite.

Lemma 9.4. 1) f ≤ g, then I(f) ≤ I(g). 2) I(f + g) ≥ I(f) + I(g)

Proof. 2) Let 0 ≤ fn ≤ f and 0 ≤ gn ≤ g ⇒ 0 ≤ fn + gn ≤ f + g. Then,

I(f) + I(g) = sup I(fn) + sup I(gn) ≤ I(f + g).

We want to show that for integrable f, g we have I(f + g) ≤ I(f) + I(g).

Lemma 9.5. f ≥ 0 integrable, 0 ≤ h ≤ f , h ∈ S(µ). Then

I(f) = I(f − h) + I(h) .

Proof. Let ε > 0 and 0 ≤ g̃ ≤ f, g̃ ∈ S(µ) such that

I(g̃) ≤ I(f) ≤ I(g̃) + ε.

Define g = max{g̃, h} ≥ g̃, then

I(g) ≤ I(f) ≤ I(g̃) + ε ≤ I(g) + ε = I(g − h) + I(h) + ε ≤ I(f − h) + I(h) + ε.

Corollary 9.6. f ≥ 0, I(f) ≤ ∞. Then there exists an increasing sequence of

simple functions {gn} such that 0 ≤ gn ≤ f and lim I(f − gn) = 0.
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Proof. Let ε = 2−n. Furthermore, let 0 ≤ g̃n ≤ f and I(f) ≤ I(g̃n)+ εn. Define

gn = max{g̃1, . . . , g̃n}, then

I(gn) ≤ I(f) ≤ I(g̃n) + εn ≤ I(gn) + εn.

By Lemma 11.5:

I(gn) + ε ≥ I(f) = I(f − gn) + I(gn) ⇒ I(f − gn) ≤ εn.

Lemma 9.7. f ≥ 0 integrable. Then there exits a sequence fn ∈ S(µ) such that

0 ≤ fn ≤ f , fn is increasing and

I(f − fn) ≤ 4−n .

Lemma 9.8. (Chebychev) f integrable, λ > 0 and Ω is σ-finite. Then

λµ(f ≥ λ) ≤ I(f) .

Proof. Let h = λ1f≥λ ≤ f and let Ωn ⊂ Ω an increasing sequences of subsets

such that ∪Ωn = Ω. Then

hn = λ1{f≥λ}∩Ωn ≤ I(f),

so

µ(f ≥ λ) = lim µ({f ≥ λ} ∩ Ωn) = lim
n

1

λ
I(hn) ≤ 1

λ
I(f).

Lemma 9.9. Let (fn) and f be measurable such that

I(|fn − f |) ≤ 4−n

Then fn converges to f almost everywhere.

Proof. Let En = {ω : |f − fn| > 2−n}, Fn = ∪k≥nEk and F = ∩nFn, then

µ(F ) ≤ lim
n

µ(Fn) ≤ lim
n

∑
k≥n

µ(Ek) = lim
∑
k≥n

2−k = lim 2−n = 0.

If ω /∈ F ⇒ ∃n such that ∀ k ≥ n, f(ω)− 2−k ≤ fk(ω) ≤ f(ω) + 2−k, which implies

lim
k

fk(ω) = f(ω).
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Lemma 9.10. (Beppo-Levi) 0 ≤ fn ≤ fn+1 all integrable such that limn I(fn) < ∞.

If fn converges to f alomst everywhere, then

I(f) ≤ lim
n

I(fn) .

Proof. Let 0 ≤ h ≤ f, h ∈ S(µ) and

h =
m∑

i=1

ri1Ei

Let F ⊂ Ω such that lim fn(ω) = f(ω) ∀ ω ∈ F. Given any ε > 0, define

Ei,n =

{
ω ∈ Ei ∩ F : fn(ω) >

ri

1 + ε

}
⊂ Ei,

then Ei ∩ F = ∪nEi,n because limn fn(ω) = f(ω) ≥ ri. We may find n such that

µ(Ei,n) ≥ µ(Ei∩F )
1+ε

for all i = 1, . . . ,m.

Then define

hε,n =
∑

i

ri

1 + ε
1Ei,n

≤ fn1F ≤ fn ⇒ I(hε,n) ≤ I(fn) ≤ lim
n

I(fn).

Moreover

I(h) =
m∑

i=1

riµ(Ei) =
m∑

i=1

riµ(Ei ∩ F )

≤ (1 + ε)2

m∑
i=1

ri

1 + ε
µ(Ei,n)

≤ (1 + ε)2I(hε,n) ≤ (1 + ε)2I(fn).

Corollary 9.11. (Fatou) Let 0 ≤ fn be positive integrable functions. Then

I(lim inf
n

fn) ≤ lim inf
n

I(fn) .

Proof. Let gn = infm≥n fm is increasing. Then

I(sup
n

gn) = sup
n

I(gn) ≤ sup
n

inf
m≥n

I(fm) = lim inf
n

I(fn) .

Proposition 9.12. f, g positive integrable. Then

I(f) + I(g) = I(f + g) .
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Proof. Let fn ∈ S(µ), gn ∈ S(µ) increasing sequences such that I(f−fn) ≤ 4−n

and I(g − gn) ≤ 4−n. Then the sequence hn = fn + gn converges to f + g almost

everywhere and

I(f + g) ≤ lim
n

I(fn + gn) = lim
n

I(fn) + I(gn) = I(f) + I(g) .

Definition 9.13. A measurable function f : Ω → [−∞,∞] is called integrable if

there exists a sequence (fn) in S(µ) such that

lim
n

I(|f − fn|) = 0 .

We denote I(µ) the space of integrable functions

Proposition 9.14. Let f be µ-integrable and (fn), (f ′n) such that

lim
n

I(|f − fn|) = 0 = lim
n

I(|f − f ′n|)

Then

lim
n

I(|fn − f ′n|) = 0 .

In particular, ∫
f = lim

n
I(fn)

is well-defined.

Proof.

I(|fn − f ′n|) ≤ I(|fn − f |+ |f ′n − f |) = I(|fn − f |) + I(|f ′n − f |).

Also note

I(|fn − fm|) ≤ I(|fn − f |+ |fm − f |) = I(|fn − f |) + I(|fm − f |),

so limn I(fn) exists.

Lemma 9.15. Let f ≥ 0 be µ-integrable. Then

I(f) =

∫
f .

Proof. Let (fn) be a sequence of simple functions such that I(|f − fn|) ≤ 4−n.

Then fn converges to f almost everywhere. For fixed n ∈ N we consider En = {ω :

fn(ω) < 0. Then

1En|f − fn| = 1En|f |+ 1En|fn| ≥ 1En|f | .
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Thus we have I(|f − f+
n |) ≤ I(|f − fn|) ≤ 4−n. Then f+

n converges to f µ-almost

everywhere and Fatou’s lemma implies

I(f) ≤ lim inf
n

I(f+
n ) ≤ sup

n
I(|fn|) .

However,

|I(|fn|)− I(|fm|)| = |I(|fn| − |fm|)| ≤ I(||fn| − |fm||) ≤ I(|fn − fm|)

≤ I(|fn − f |) + I(|f − fm|) ≤ 4−n + 4−m .

Thus I(|fn|) is Cauchy and hence supn I(|fn|) bounded. We get

I(h) ≤ sup
n

I(|fn|) .

In particular, I(f) is finite. Equality follows from the preceding Proposition.

Proposition 9.16. 1) f, g ∈ I(µ), λ ∈ R. Then
∫

(f + λg) =
∫

f + λ
∫

g.

2) f, g ∈ I(µ), f ≤ g. Then I(f) ≤ I(g).

Proof. 1) There exist I(|fn − f |) → 0 and I(|gn − g|) → 0, then

I(|fn + λgn − (f + λg)|) ≤ I(|fn − f |) + λI(|gn − g|) → 0.

Since integral is well defined, so
∫

f + λg = limn I(fn + λgn) = I(f) + λg.

2) Consider h = f − g ≥ 0, then
∫

h = I(h) ≥ 0. Thus∫
f =

∫
(f − g + g) =

∫
h +

∫
g ≥

∫
g.

Proposition 9.17. f is integrable iff f+ and f− are integrable. Moreover, we have∫
f =

∫
f+ −

∫
f− .

Proof. ”⇐”: f = f+ − f−.

”⇒”: There exists fn such that

lim I(|f − fn|) = 0 ⇒ lim
n

I(||f | − |fn||) ⇒ 0,

so |f | is integrable.∫
f =

∫
|f |+ f

2
+

∫
f − |f |

2
=

∫
f+ −

∫
f−.
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10. Convergence Theorems

Lemma 10.1. (Fatou) Let (fn) be positive integrable functions. Then∫
lim inf

n
fn ≤ lim inf

n

∫
fn .

Theorem 10.2. (Dominated convergence theorems) Let f ≥ 0 be positive integrable

function. Let (gn) be integrable functions such that

|gn| ≤ g µ a.e

for all n ∈ N and g = limn gn exists. Then g is integrable and∫
g = lim

n

∫
gn .

Proposition 10.3. A bounded function is Riemann integrable iff the set of discon-

tinuity points has measure 0.
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11. The space of integrable functions

In the following (Ω, Σ, µ) is a measure space.

Definition 11.1. f ∈ S(µ) if f : Ω → R is a measurable function such that f(Ω)

is a finite set and

µ(f 6= 0) < ∞ .

Then

I(f) =
∑

0 6=r∈f(Ω)

rµ({f = r}) .

Proposition 11.2. I : S(µ) → R is linear. Moreover, f ≤ g implies I(f) ≤ I(g).

Furthermore, we have the triangle inequality

I(|f − g|) ≤ I(|f − h|) + I(|h− g|) .

Proof. 1. Note that I(λg) = λI(g). Now if f, g ∈ S(µ), then

f =
n∑

i=0

xi1Ei
where Ei = f−1({xi})

g =
n∑

i=0

yi1Fi
where Fi = f−1({yi}),

where x0 = y0 = 0. We may assume that

i 6= k ⇒ Ei ∩ Ek = ∅ ∪ Ei = Ω .

Moreover, for i 6= 0 we know that µ(Ei) < ∞. Similarly, we may assume

j 6= l ⇒ Fj ∩ Fl = ∅ ∪ Fj = Ω .

Consider

{xi + yj : 0 ≤ i ≤ n, 0 ≤ j ≤ m} = {Z0, Z1, . . . , ZN} .

We assume that Z0 = 0. Note that E0 ∩ F0 ⊂ (f + g)−1(0). Then

I(f + g) =
N∑

r=1

Zrµ(∪xi+yj=ZrEi ∩ Fj)

=
∑

i,j,min(i,j)>0

(xi + yj)µ(Ei ∩ Fj)

=
n∑

i=1

xi

m∑
j=0

µ(Ei ∩ Fj) +
m∑

j=1

yj

n∑
i=0

µ(Ei ∩ Fj)

=
∑

i

xiµ(Ei) +
∑

j

yjµ(Fj) = I(f) + I(g) .
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2. If f ≤ g, then Ei ∩ Fj 6= ∅ implies xi ≤ yj. Let G =
⋃n

i=1 Ei). This yields

I(f) =
n∑

i=1

xiµ(Ei) =
n∑

i=1

xi

m∑
j=0,Ei∩Fj 6=∅

µ(Ei ∩ Fj)

≤
∑

i>1Ei∩Fj 6=∅

yjµ(Ei ∩ Fj) =
m∑

j=0

yj

m∑
i=1

µ(Ei ∩ Fj)

=
m∑

j=1

yj

n∑
i=1

µ(Ei ∩ Fj) =
m∑

j=1

yjµ(Fj ∩G)

= I(g1G) .

However, if ω ∈ Gc, then f(ω) = 0 and hence g(ω) ≥ 0. This yields

I(g1Gc) ≥ 0 .

Therefore I(f) ≤ I(g1G) ≤ I(g1G) + I(g1Gc) = I(g).

3. We note f − g ≤ |f − g and hence

I(f)− I(g) = |I(f − g)| ≤ I(|f − g|) .

Similarly, I(g)− I(f) ≤ I(|g − f |) = I(|f − g|). The assertion follows.

Definition 11.3. Let f : Ω → [0,∞] a positive measurable function. Then

I(f) = sup
0≤h≤f,h∈S(µ)

I(h) .

f is called (positive) integrable if I(f) is finite.

Lemma 11.4. 1) f ≤ g, then I(f) ≤ I(g). 2) I(f + g) ≥ I(f) + I(g)

Proof. 2) Let 0 ≤ fn ≤ f and 0 ≤ gn ≤ g ⇒ 0 ≤ fn + gn ≤ f + g. Then,

I(f) + I(g) = sup I(fn) + sup I(gn) ≤ I(f + g) .

We want to show that for integrable f, g we have I(f + g) ≤ I(f) + I(g). This will

be done in several steps.

Lemma 11.5. f ≥ 0 integrable, 0 ≤ h ≤ f , h ∈ S(µ). Then

I(f) = I(f − h) + I(h) .

Proof. Let ε > 0 and 0 ≤ g̃ ≤ f, g̃ ∈ S(µ) such that

I(g̃) ≤ I(f) ≤ I(g̃) + ε.
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Define g = max{g̃, h} ≥ g̃, then

I(g) ≤ I(f) ≤ I(g̃) + ε ≤ I(g) + ε = I(g − h) + I(h) + ε ≤ I(f − h) + I(h) + ε.

Since ε > 0 is arbitrary, this concludes the proof.

Lemma 11.6. f ≥ 0 integrable. Then there exits a sequence fn ∈ S(µ) such that

0 ≤ fn ≤ f , fn is increasing and

I(f − fn) ≤ 4−n .

Proof. Let ε = 2−n. Furthermore, let 0 ≤ g̃n ≤ f and I(f) ≤ I(g̃n)+ εn. Define

gn = max{g̃1, . . . , g̃n}, then

I(gn) ≤ I(f) ≤ I(g̃n) + εn ≤ I(gn) + εn.

By Lemma 11.5:

I(gn) + εn ≥ I(f) = I(f − gn) + I(gn) .

Subtracting I(gn) yields I(f − gn) < εn.

Lemma 11.7. (Chebychev) f integrable, λ > 0. Then

λµ(f ≥ λ) ≤ I(f) .

Proof. Let h = λ1f≥λ ≤ f and let Ωn ⊂ Ω an increasing sequences of subsets

such that ∪Ωn = Ω. Then

hn = λ1{f≥λ}∩Ωn ≤ I(f),

so

µ(f ≥ λ) = lim
n

µ({f ≥ λ} ∩ Ωn) = lim
n

1

λ
I(hn) ≤ 1

λ
I(f) .

Lemma 11.8. Let (fn) and f be measurable such that

I(|fn − f |) ≤ 4−n

Then fn converges to f almost everywhere.

Proof. Let En = {ω : |f − fn| > 2−n}, Fn = ∪k≥nEk and F = ∩nFn, then

µ(F ) ≤ lim
n

µ(Fn) ≤ lim
n

∑
k≥n

µ(Ek) = lim
∑
k≥n

2−k = lim 2−n = 0.

If ω /∈ F ⇒ ∃n such that ∀ k ≥ n, f(ω)− 2−k ≤ fk(ω) ≤ f(ω) + 2−k, which implies

lim
k

fk(ω) = f(ω) .
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Lemma 11.9. (Beppo-Levi) 0 ≤ fn ≤ fn+1 all integrable such that limn I(fn) < ∞.

If fn converges to f alomst everywhere, then

I(f) ≤ lim
n

I(fn) .

Proof. Let 0 ≤ h ≤ f, h ∈ S(µ) and

h =
m∑

i=1

ri1Ei

Let F ⊂ Ω such that lim fn(ω) = f(ω) ∀ ω ∈ F. Given any ε > 0, define

Ei,n =

{
ω ∈ Ei ∩ F : fn(ω) >

ri

1 + ε

}
⊂ Ei,

then Ei ∩ F = ∪nEi,n because limn fn(ω) = f(ω) ≥ ri. We may find n such that

µ(Ei,n) ≥ µ(Ei∩F )
1+ε

for all i = 1, . . . ,m.

Then define

hε,n =
∑

i

ri

1 + ε
1Ei,n

≤ fn1F ≤ fn .

Note that ≤ fn1F ≤ fn and hence

I(hε,n) ≤ I(fn) ≤ lim
n

I(fn) .

Moreover,

I(h) =
m∑

i=1

riµ(Ei) =
m∑

i=1

riµ(Ei ∩ F )

≤ (1 + ε)2

m∑
i=1

ri

1 + ε
µ(Ei,n)

≤ (1 + ε)2I(hε,n) ≤ (1 + ε)2I(fn) ≤ (1 + ε)2 lim
n

I(fn) .

Since ε > 0 is arbitrary, we get I(h) ≤ limn I(fn). Taking the supremum, we deduce

the assertion.

Corollary 11.10. (Fatou) Let 0 ≤ fn be positive integrable functions. Then

I(lim inf
n

fn) ≤ lim inf
n

I(fn) .

Proof. The sequence gn = infm≥n fm is increasing. Then

I(sup
n

gn) = sup
n

I(gn) ≤ sup
n

inf
m≥n

I(fm) = lim inf
n

I(fn) .

Proposition 11.11. f, g positive integrable. Then

I(f) + I(g) = I(f + g) .
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Proof. Let fn ∈ S(µ), gn ∈ S(µ) increasing sequences such that I(f−fn) ≤ 4−n

and I(g − gn) ≤ 4−n. Then the sequence hn = fn + gn converges to f + g almost

everywhere and

I(f + g) ≤ lim
n

I(fn + gn) = lim
n

I(fn) + I(gn) = I(f) + I(g) .

Definition 11.12. A measurable function f : Ω → [−∞,∞] is called integrable if

there exists a sequence (fn) in S(µ) such that

lim
n

I(|f − fn|) = 0 .

We denote I(µ) the space of integrable functions

Proposition 11.13. Let f be µ-integrable and (fn), (f ′n) such that

lim
n

I(|f − fn|) = 0 = lim
n

I(|f − f ′n|)

Then

lim
n

I(|fn − f ′n|) = 0 .

In particular, ∫
f = lim

n
I(fn)

is well-defined.

Lemma 11.14. Let f ≥ 0 be µ-integrable. Then

I(f) =

∫
f .

Proof. Let (fn) be a sequence of simple functions such that I(|f − fn|) ≤ 4−n.

Then fn converges to f almost everywhere. For fixed n ∈ N we consider En = {ω :

fn(ω) < 0. Then

1En|f − fn| = 1En|f |+ 1En|fn| ≥ 1En|f | .

Thus we have I(|f − f+
n |) ≤ I(|f − fn|) ≤ 4−n. Then f+

n converges to f µ-almost

everywhere and Fatou’s lemma implies

I(f) ≤ lim inf
n

I(f+
n ) ≤ sup

n
I(|fn|) .

However,

|I(|fn|)− I(|fm|)| = |I(|fn| − |fm|)| ≤ I(||fn| − |fm||) ≤ I(|fn − fm|)

≤ I(|fn − f |) + I(|f − fm|) ≤ 4−n + 4−m .
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Thus I(|fn|) is Cauchy and hence supn I(|fn|) bounded. We get

I(h) ≤ sup
n

I(|fn|) .

In particular, I(f) is finite. Equality follows from the preceding Proposition.

Proposition 11.15. 1) f, g ∈ I(µ), λ ∈ R. Then
∫

(f + λg) =
∫

f + λ
∫

g.

2) f, g ∈ I(µ), f ≤ g. Then I(f) ≤ I(g).

Proof. 1) There exist I(|fn − f |) → 0 and I(|gn − g|) → 0, then

I(|fn + λgn − (f + λg)|) ≤ I(|fn − f |) + λI(|gn − g|) → 0.

Since integral is well defined, so
∫

f + λg = limn I(fn + λgn) = I(f) + λg.

2) Consider h = f − g ≥ 0, then
∫

h = I(h) ≥ 0. Thus∫
f =

∫
(f − g + g) =

∫
h +

∫
g ≥

∫
g .

Proposition 11.16. f is integrable iff f+ and f− are integrable. Moreover, we have∫
f =

∫
f+ −

∫
f− .

Proposition 11.17. f is integrable iff f+ and f− are integrable. Moreover, we have∫
f =

∫
f+ −

∫
f− .

Proof. ”⇐”: f = f+ − f−.

”⇒”: There exists fn such that

lim I(|f − fn|) = 0 ⇒ lim
n

I(||f | − |fn||) ⇒ 0,

so |f | is integrable.∫
f =

∫
|f |+ f

2
+

∫
f − |f |

2
=

∫
f+ −

∫
f− .

12. Convergence Theorems and applications

Lemma 12.1. (Fatou) Let (fn) be positive integrable functions. Then∫
lim inf

n
fn ≤ lim inf

n

∫
fn .
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Theorem 12.2. (Dominated convergence theorems) Let f ≥ 0 be positive integrable

function. Let (gn) be integrable functions such that

|gn| ≤ f µ a.e

for all n ∈ N and g = limn gn exists. Then g is integrable and∫
g = lim

n

∫
gn .

Proof. Let us first assume |gn| ≤ f everywhere and g = limn gn. Then the

sequence hn = gn + f is positive. By Fatou’s Lemma, we find∫
g + f =

∫
lim

n
gn + f ≤ lim inf

n

∫
gn +

∫
f .

Thus g + f and hence g is integrable. Subtracting
∫

f we get∫
g ≤ lim inf

n

∫
gn .

Now, we consider kn = −gn + f and deduce similarly as before

−
∫

g +

∫
f ≤ lim inf

n

∫
−gn +

∫
f .

Thus

lim sup
n

∫
gn ≤

∫
g .

In the general case, we consider the exceptional set En ∈ Σ of measure 0 such that

|gn(ω)| ≤ f(ω) for all ω ∈ Ec
n. Let F ∈ Σ be of measure 0 such that limn gn(ω) =

g(ω) holds for ω ∈ F c. We define E = F ∪
⋃

n En. Then, we have µ(E) = 0.

Moreover, the functions g̃n = gn1Ec and g̃ = g1Ec satisfy all the requirements above.

The assertion follows from the following remark.

Remark 12.3. Let E be a set of measure 0 and f : Ω → 0 be a measurable function,

then
∫
|f |1E = 0.

Proof. Let 0 ≤ h ≤ |f |1E. We may write

h =
m∑

i=1

ri1Fi
.

Then h1E = h and hence

h =
m∑

i=1

ri1E∩Fi
.

This yields I(h) = 0.

We will now discuss an application.
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Theorem 12.4. (Riemann-Lebesgue lemma) Let f : R → [−∞,∞] be integrable.

Then

lim
k

∫
cos(kt)f(t)dt = 0 .

Lemma 12.5. Let f be a step function. Then

lim
k

∫
cos(kt)f(t)dt = 0 .

Proof. Let f =
∑m

i=1 ri1[ai,bi]. By linearity it suffices to show that

lim
k

b∫
a

cos(tk)dt = 0 .

This follows obviously from

|
b∫

a

cos(tk)dt| =
| sin(bkt)− sin(akt)|

k
≤ 2

k
.

The assertion is proved.

The Riemann-Lebsgue lemma is an easy consequence of the following result.

Theorem 12.6. Let f : R → [−∞,∞] be integrable and ε > 0. Then there exits a

simple function h such that ∫
|f − h| < ε .

Proof of Theorem 12.4 from Theorem 12.6. Let h be a simple function with
∫
|f−

h| < ε
2
. Let k0 such that

|
∫

cos(kt)h(t)dt| < ε

2
for all k > k0. Then

|
∫

cos(kt)f(t)dt| ≤ |
∫

cos(kt)(f(t)− h(t))dt|+ |
∫

cos(kt)h(t)dt|

<

∫
|f − h|+ ε

2
< ε

holds for all k > k0.

The following Lemma is an immediate application of the dominated convergence

theorem:

Lemma 12.7. Let f : R → [−∞,∞] be integrable and ε > 0. Then there exists

n ∈ N such that ∫
|x|≥n

|f | < ε .
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Proof of Theorem 12.6. Let ε > 0. We choose n ∈ N such that∫
|x|≥n

|f | < ε

3
.

Let h : [−n, n] → R a simple function such that∫ n

−n

|f − h| < ε

3
.

Let C = sup |h| and δ = ε
6(C+n)

. We apply the consequence of Lusin’s theorem and

find an simple function g such that

m(|g − h| > δ) < δ .

Moreover, the construction yields such an h with |h| ≤ C. Then, we get∫ n

−n

|g − h| =
∫ n

−n

1|g−h|>δ|g − h|+
∫ n

−n

1|g−h|≤δ|g − h|

≤ 2Cm(|g − h| > δ) + 2nδ ≤ 2(C + n)δ <
ε

3
.

We insist that h = h1[−n,n]. Thus we get

∫
|f − h| ≤

∫
|x|>n

|f |+
∫ n

−n

|f − h| ≤
∫
|x|>n

|f |+
∫
|f − g|+

n∫
−n

|g − h| < ε.

Lemma 12.8. Let f : R → R be a step function and ε > 0. Then there exits a

continuous function g : R → R such that lim|x|→∞ |g(x)| = 0 and∫
|f − g| < ε .

Proof. Let f = 1[a,b] and 0 < δ < b− a. Then

gδ,a,b(t) =



δ−1(t− (a− δ)) if a− δ ≤ t ≤ a

1 if a ≤ t ≤ b

1− δ−1(t− b) if b ≤ t ≤ b + δ

0 else

.

Then g is continuous and∫
|gδ,a,b − 1[a,b]|dµ ≤ 2

∫ δ

0

tdt = δ .
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For an arbitrary simple function f =
∑n

i=1 ri1[ai,bi] we consider gδ =
n∑

i=1

rigδ,ai,bi
.

Then we get ∫
|f − gδ| ≤

n∑
i=1

|ri|
∫
|1[a,bi] − gδ,ai,bi

(t)| ≤
n∑

i=1

|ri|δ .

Thus δ < ε

1+
n∑

i=1
|ri

implies the assertion.

Corollary 12.9. Let f : R → [−∞,∞] be an integrabe function and ε > 0. Then

there exits a continuous function g vanishing at ±∞ such that∫
|f − g|dµ < ε .

Proof. Let h be a step function such that∫
|f − h|dµ <

ε

2
.

Let g be a continuous function (constructed above) such that
∫
|g − h| < ε

2
. This

function g vanishes for large x’s and satisfies∫
|f − g|dµ ≤

∫
|f − h|dµ +

∫
|h− g| < ε .

This proves the assertion.
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13. Banach spaces

Definition 13.1. A normed space is given by a vector space V (over K = R or

K = C) and a function ‖ ‖ : V → [0,∞) satisfying the following conditions

i) ‖x‖ = 0 ⇔ x = 0,

ii) ‖λx‖ = |λ|‖x‖,
iii) ‖x + y‖ ≤ ‖x‖+ ‖y‖,

for all x, y ∈ V , λ ∈ K. The associated metric on (V, ‖ ‖) is defined by

d‖ ‖(x, y) = ‖x− y‖ .

Remark 13.2. + : V × V → V given by +(x, y) = x + y and · : K × V → V given

by ·(λ, x) = λx are continuous. Moreover, ‖ ‖ : V → [0,∞) is continuous.

In the following we will mostly consider real vector spaces (because the name of our

course is real analysis).

Definition 13.3. A Banach space is a normed vector space such that (V, d‖ ‖) is

complete.

Example 13.4. (1) On V = Rn we define

‖x‖p =

(
n∑

i=1

‖xi|p
) 1

p

and ‖x‖∞ = maxi=1,...,n ‖xi|. Then (Rn, ‖ ‖p) is Banach space (see below for

the triangle inequality).

(2) `p = {(xn) :
∑
n

|xn|p < ∞} is a Banach space with respect to

‖(xn)‖p =

(
∞∑

n=1

‖xn‖p

) 1
p

.

(3) If ‖ ‖ is a norm on Rn, then (Rn, ‖ ‖) is a Banach space.

(4) (C[0, 1], ‖ ‖1) where

‖f‖1 =

∫ 1

0

|f(s)|ds

is a normed space, but not a Banach space.

Proposition 13.5. Let X be a normed space and Y be a Banach space. We define

L(X, Y ) as the space of map T : X → Y which are linear, i.e.

T (x + λy) = T (x) + λT (y) .
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and continuous. The norm on L(X, Y ) is given by

‖T‖op = sup
‖x‖≤1

‖T (x)‖ .

Then L(X, Y ) is a Banach space.

Proof. Let us first show that a linear map T : X → Y is continuous iff ‖T‖ <

∞. Indeed, if ‖T‖ is finite, then

‖T (x)− T (y)‖ = ‖T (x− y)‖ ≤ ‖T‖op‖x− y‖

holds for all x, y ∈ V . Thus T is Lipschitz and thus continuous. For the converse,

we assume that T is continuous. Then T−1(B(0, 1)) is open and henceforth contains

B(0, ε) for some ε > 0. Now let ‖x‖ ≤ 1 and 0 < δ < ε. Then ‖(ε − δ)x‖ < ε and

hence

‖T (x)‖ = (ε− δ)−1‖T (ε− δ)(x)‖ < (ε− δ)−1 .

This shows that ‖T‖op ≤ (ε− δ)−1 for every δ > 0 and thus ‖T‖op ≤ ε−1. Now, we

observe that ‖ ‖op is a norm. We only check the triangle inequality. Indeed,

‖T + S‖op = sup
‖x‖≤1

‖(T + S)(x)‖ = sup
‖x‖≤1

‖T (x) + S(x)‖ ≤ sup
‖x‖≤1

‖T (x)‖+ ‖S(x)‖

≤ ‖T‖op + ‖S‖op .

Finally we have to show that L(X,Y ) is complete. Let (Tn) be a Cauchy sequence

of linear maps. For fixed x ∈ X, we have

‖Tn(x)− Tm(x)‖ ≤ ‖Tn − Tm‖‖x‖ .

Thus (Tn(x)) is Cauchy and we may define

T (x) = lim
n

Tn(x) .

Then we have

T (x + λy) = lim
n

Tn(x + λy) = lim
n

Tn(x) + αTn(y) = T (x) + λT (y) .

Thus T is linear. Let us show that

(13.1) lim
n
‖T − Tn‖op = 0 .

Indeed, let x ∈ X with ‖x‖ ≤ 1. Then we have

‖T (x)− Tn(x)‖ = ‖ lim
m

Tm(x)− Tn(x)‖ ≤ lim sup
m≥n

‖Tm(x)− Tn(x)‖

≤ sup
m≥n

‖Tm − Tn‖‖x‖ ≤ sup
m≥n

‖Tm − Tn‖ .
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In particular ‖T‖op ≤ ‖T − T1‖op + ‖T1‖op is finite and T is continuous. Moreover,

limn d(T, Tn) = 0 implies that limn Tn = T .

Corollary 13.6. Let X be a normed space. Then X∗ = L(X, R) is a Banach

space. Moreover, X∗∗ = L(X, R) is a Banach space.

Definition and Remark 13.7. Let ι : X → X∗∗ be the linear map given by

ι(x)(x∗) = x∗(x). Then

‖ι(x)‖ ≤ ‖x‖ .

Indeed, the Hahn-Banach theorem (proved in the next course) shows that ‖ι(x)‖ =

‖x‖. A Banach space X is called reflexive if ι(X) = X∗∗, i.e. ι is surjective. All

finite dimensional spaces are reflexive.
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14. Lp spaces

In the following (Ω, Σ, µ) is a sigma-finite measure space. We define

L0 = {f : Ω → R : lim
α→∞

µ(|f | > α) = 0} .

On L0 we define the equivalence relation

f ∼ g if f = g µ a.e.

i.e. there exists a set F ∈ Σ with measure 0 such that f(ω) = g(ω) for all ω ∈ F c.

We define

L0(µ) = L0/ ∼

Proposition 14.1. (Hw) L0(µ) equipped with the distance

d([f ], [g]) = inf{ε : µ(|f − g| > ε) < ε}

is a complete metric space.

Definition 14.2. Lp is the set of all measurable functions f such that
∫
|f |p is

finite.

Lemma 14.3. (Hölder’s inequality) Let 1
p

+ 1
q

= 1 and f ∈ Lp, g ∈ Lq. Then fg is

integrable and

|
∫

fg| ≤ (

∫
|f |p)

1
p (

∫
|q|q)

1
q .

Proof. We use the fact that g(x) = − ln(x) is convex. Thus for positive num-

bers a, b we have

− ln(
ap

p
+

bq

q
) = g(

ap

p
+

bq

q
) ≤ 1

p
g(ap) +

1

q
g(bq) = − ln(a)− ln(b) .

This yields

(14.1) ab ≤ ap

p
+

bq

q
.

Thus for every ω ∈ Ω and s > 0 we find

|f(ω)||g(ω)| ≤ |sf(ω)|p

p
+
|s−1g(ω)|q

q
.

Using this for s = 1, we deduce that
∫
|f |p < ∞ and

∫
|g|q < ∞ implies

∫
|fg| < ∞.

Thus we get

|
∫

fg| ≤
∫
|fg| ≤ sp

p

∫
|f |p +

s−q

q

∫
|g|q .
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We define s =
(
∫
|g|q)1/(p+q)

(
∫
|f |p)1/(p+q) . This implies

sp

∫
|f |p = s−q

∫
|g|q .

Hence, we deduce from p/(p + q) = 1/q and q/(p + q) = 1/p that

|
∫

fg| ≤ sp

∫
|f |p = (

∫
|g|q)p/(p+q)(

∫
|f |p)1−p/(p+q)

= (

∫
|g|q)1/q(

∫
|f |p)1/p .

Remark 14.4. Let f be a measurable function. Then

(

∫
|f |p)1/p = sup{|

∫
fg| : g ∈ S(µ)

∫
|g|q ≤ 1} .

Proof. Let 0 ≤ h ≤ |f |p be a simple function. This implies 0 ≤ h1/p ≤ |f |. We

write h1/p =
∑

i ri1Ei
and define

g(ω) = (

∫
|h|)−

1
q

n∑
i=1

r
p
q

i 1Ei(ω)
f(ω)

|f(ω)|
.

Then, we get ∫
fg = (

∫
|h|)−

1
q

n∑
i=1

r
p
q

i

∫
Ei

|f(ω)|

≥ (

∫
|h|)−

1
q

n∑
i=1

r
p
q

i

∫
Ei

ri

= (

∫
|h|)−

1
q

n∑
i=1

r
p
q

i riµ(Ei)

= (

∫
|h|)−

1
q

n∑
i=1

rp
i µ(Ei) = (

∫
h)

1
p .

On the other hand ∫
|g|qdµ = (

∫
|h|)−1

∑
i

rp
i µ(Ei) = 1 .

This yields the assertion.

Lemma 14.5. Let f and g be measurable functions. Then

(

∫
|f + g|p)

1
p ≤ (

∫
|f |p)

1
p + (

∫
|g|p)

1
p .
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Proof. It suffices to consider 1 < p < ∞. We may assume that the right hand

is finite. Let 0 ≤ h ≤ |f + g|. Then, we have

hp = hhp−1 ≤ (|f |+ |g|)hp−1 .

By Lemma 14.3 we deduce (for 1
q

= 1− 1
p
)∫

hp ≤
∫
|f |hp−1 +

∫
|g|hp−1

≤ (

∫
|f |p)

1
p (

∫
h(p−1)q)1− 1

p + (

∫
|g|p)

1
p (

∫
h(p−1)q)1− 1

p

=

(
(

∫
|f |p)

1
p + (

∫
|g|p)

1
p

)
(

∫
hp)1− 1

p .

If
∫

hp = 0 there is nothing to show. In the other case we obtain

(

∫
hp)

1
p ≤ (

∫
|f |p)

1
p + (

∫
|g|p)

1
p .

Taking the sup over all 0 ≤ h ≤ |f + q| we deduce the assertion.

Theorem 14.6. Let 1 ≤ p < ∞. The space

Lp = {[f ] : f measurable , ‖[f ]‖p = (

∫
|f |p)

1
p}

with the norm ‖ ‖p is a Banach space.

Proof. We note first that for f ∼ g we have∫
|f |p =

∫
|g|p .

Thus ‖ ‖p is well-defined. Moreover, we have

‖[λf ]‖p = |λ|‖[f ]‖p .

By the definition of equivalent classes, we see that

‖[f ]‖p = 0 ⇔ f = 0 a.e. ⇔ [f ] = 0 .

For x, y ∈ Lp, we pick f ∈ x, g ∈ y. According to Lemma 14.5, we deduce that

|f + g|p is integrable and hence x + y = [f + g] is in Lp satisfying

‖x + y‖p = ‖[f + g]‖p = (

∫
|f + g|p)

1
p ≤ (

∫
|f |p)

1
p + (

∫
|g|p)

1
p = ‖x‖p + ‖y‖p .

Thus (Lp, ‖ ‖p) is a normed vector space. Let (xn) be a Cauchy sequence in Lp. We

may assume

‖xn − xn+1‖p ≤ 2−n p+1
p .
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Let fn ∈ xn. Then we find ∫
|fn − fn+1|p ≤ 2−n(p+1) .

By Chebychev’s inequality we deduce

µ(|fn − fn+1| > 2−n)2−np ≤
∫
|fn − fn+1|p ≤ 2−n(p+1) .

Thus we get

µ(|fn − fn+1| > 2−n) ≤ 2−n .

The convergence Lemma implies that (fn) is almost everywhere convergent to a

measurable function f . Define

h = |f1|+
∑

n

|fn+1 − fn| .

We want to show that |h|p is integrable. Indeed, we apply the monotone convergence

Lemma and deduce from the triangle inequality in Lp∫
|h|p ≤ lim inf

m

∫
(|f1|+

m∑
n=1

|fn+1 − fn|)p

≤ lim inf
m

(‖[f1]‖p +
m∑

n=1

‖[fn+1 − fn‖p)
p

≤ (‖x1‖p +
∑

n

‖xn+1 − xn‖p)
p ≤ (‖x1‖p + 2)p < ∞ .

Moreover, we have |fn − fm|p ≤ |h|p and for m ≥ n we get that

(

∫
|fm − fn|p)

1
p ≤

m∑
k=n

‖xk+1 − xk‖p ≤
∞∑

k=n

2−k p+1
p ≤ 21−n .

By the dominated convergence theorem (with majorant |h|p) we deduce that∫
|f − fn|pdµ = lim

m≥n

∫
|fm − fn|p ≤ 2p(1−n) .

Using the triangle and f1 ∈ Lp, we deduce that f ∈ Lp. Moreover,

lim
n
‖[f ]− xn‖p = 0 .

This completes the proof.

Proposition 14.7. Let 1 ≤ p < ∞. The simple functions are dense in Lp. For

(Ω, Σ, µ) = (R,L, m) the step functions are dense in Lp and the continuous functions

are dense in Lp.
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Proof. Let f ≥ 0 such that
∫

fp < ∞. Let hn be an increasing sequence of

simple functions such that

I(fp − hn) < 4−n .

Then hn converges to fp a.e. and also h
1
p converges to f almost everywhere. Since

|f − hn|p ≤ |f |p, we deduce from the dominated convergence theorem that

lim
n

∫
|f − hn|p =

∫
0 = 0 .

This proves limn ‖[f ] − [hn]‖p = 0. The general assertion follows by considering

f = f+ − f−. For the second assertion, we assume again that f ≥ 0 and 0 ≤ h ≤ f

such that ∫
|f − h|p < ε .

Let C = sup ‖h‖. Using a small perturbation, we may also assume that h vanishes

in (−∞, n] ∪ [n,∞). By the applications of Lusin’s theorem, we may find a step

function g such that 0 ≤ g ≤ C and

mu(|g − h| > δ) < δ .

Then, we get∫ n

−n

|g − h|p =

∫ n

−n

1|g−h|>δ|g − h|p +

∫ n

−n

1|g−h|≤δ|g − h|p

≤ (2C)pm(|g − h| > δ) + δp2n ≤ (2C)pδ + 2nδp .

Choosing δ small enough we get (
∫ n

−n
|g − h|p)

1
p < ε. Starting from step functions,

continuous functions are achieved as in Lemma 2.8.



56

15. Hilbert spaces

A (real) Hilbert space comes with a vector space H, a scalar product ( , ) : H×H →
R satisfying

i) (x, x) ≥ 0 and (x, x) = 0 iff x = 0,

ii) (x, y) = (y, x) and

iii) (x, y + λz) = (x, y) + λ(x, z),

for all x, y, z ∈ H and λ ∈ R. Moreover, we require that H is complete with respect

to the metric

d(x, y) = (x− y, x− y)
1
2 .

(With completeness this is called a pre-Hilbert space.)

Lemma 15.1. ‖x‖ = (x, x)
1
2 is a norm. Moreover,

(15.1) |(x, y)| ≤ ‖x‖‖y‖ .

Proof. We first show

|(x, y)| ≤ ‖x‖‖y‖ .

For this let λ ∈ R. Then we have

0 ≤ (x + λy, x + λy) = (x, x) + 2λ(x, y) + λ2(y, y) .

This yields

2(−λ)(x, y) ≤ (x, x) + λ2(y, y) .

If (x, y) ≥ 0 we define λ = −‖x‖+ε
‖y‖+ε

. This yields

2|(x, y)| ≤ ‖y‖+ ε

‖x‖+ ε
(‖x‖2 + (‖x‖+ ε)2 ‖y‖2

(‖y‖+ ε)2
≤ ‖y‖+ ε

‖x‖+ ε
2(‖x‖+ ε)2

≤ 2(‖y‖+ ε)(‖x‖+ ε) .

Letting ε → 0 yields (15.1). Now, we consider again x, y ∈ H. Then

‖x + y‖2 = (x + y, x + y) = (x, x) + 2(x, y) + (y, y)

≤ ‖x‖2 + 2‖x‖‖y‖+ ‖y‖2 = (‖x‖+ ‖y‖)2 .

Definition 15.2. A system (xi) is called an orthonormal if

(xi, xj) = δij .

A system (xi) ⊂ H is called orthonormal basis if moreover,

{
∑

i

λixi : λi ∈ R} = H .
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Here we are taking only finite linear combinations.

Lemma 15.3. Let (xi) be an orthonormal system and x ∈ H. Then

(
∑

i

|(xi, x)|2)
1
2 ≤ ‖x‖ .

Moreover, y =
∑

i(xi, x)xi is in the closure of {
∑

i λixi}.

Proof. Let J ⊂ I be a finite subset. Let λi = (xi, x) and consider

y =
∑
i∈J

λixi .

Then, we have

(y, y) =
∑
i,j

λiλj(xj, xi) =
∑

j

|λj|2 .

By (15.1) we deduce∑
j∈J

|(xi, x)|2 = |(x, y)| ≤ ‖x‖(
∑

i

‖(xi, x)|2)
1
2 .

Cancellation yields

(
∑
i∈J

|(xi, x)|2)
1
2‖x‖ .

Note that ∑
i

|(xi, x)|2 = sup
J⊂Ifinite

∑
i∈J

|(xi, x)|2

is the considered as a definition here. For the second assertion, we consider In = {i ∈
I : |(xi, x)| > 1

n
}. Note that In has to be finite set. Thus I ′ =

⋃
n In is countable

set. We may assume I ′ = N and∑
n

|(xin , x)|2 < ∞ .

Thus for every ε > 0 we may find n0 such that for every m > n > n0 we have
m∑

k=n

|(xik , x)|2 < ε .

By the above, we deduce that

yn =
n∑

k=1

(xik , x)xik

is Cauchy and that the limit y satisfies (xi, y) = (xi, x) and

lim
n
‖y − yn‖ = 0 .

This complete the proof.
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Remark 15.4. The element y =
∑

i(xi, x)xi satisfies

inf
z∈cl({

∑
i λixi})

‖x− z‖ = ‖x− y‖ .

Lemma 15.5. Let (xi) be orthonormal. Then there exists an orthonormal basis

containing (xi).

Proof. Let S be the collection of orthonormal sets containing (xi). It is easily

checked that for every chain the union is an element in S. By Zorn’s Lemma we

may find a maximal element (yj) in S. Let us assume that x ∈ H does no belong

to the closure of {
∑

j λjyj}. Then, we define

z = x−
∑

j

(yj, x)yj

and y = z/‖z‖. It is easily seen that y has norm 1 and (y, yj) = 0 for all j. Thus

we may add y to the system (yj). This contradiction concludes the proof.

Corollary 15.6. The dual of H is H and H is reflexive.

Proof. Let f : H → C be a linear functional. Let (xi) be an ONS. We define

λi = f(xi) .

Let J ∈ I be a finite subset. Then∑
i∈J

|λi|2 = |f(
∑
i∈J

λixi)| ≤ ‖f‖‖
∑

i

λixi‖

≤ ‖f‖(
∑

i

‖λi‖2)
1
2 .

Thus we deduce

(
∑
i∈I

|λi|2)
1
2 ≤ ‖f‖ .

We have seen in Lemma 15.3 that y =
∑

i λixi converges and hence

(y, xi) = λi .

Thus f and the functional fy(x) = (y, x) coincide on a dense set and are Lipschitz.

By the unique extension principle they coincide. Thus the dual H∗ of H is exactly

given by functionals fy(x) = (y, x) and ‖fy‖ = ‖y‖. Hence the dual of H∗ is given

by functionals gz(fy) = (z, y), z ∈ H. This implies H∗∗ = H.

Corollary 15.7. The dual of L2(Ω, Σ, µ) is L2(Ω, Σ, µ).
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Proof. We note that

(f, g) =

∫
fg

is a scalar product and ‖f‖2 = (f, f)
1
2 . Since L2(Ω, Σ, µ) is complete we deduce

that L2(Ω, Σ, µ) is Hilbert space. Thus the dual is given by the linear functionals

φf : L2(Ω, Σ, µ) → R defined as

φf (g) =

∫
fg .

This yields the assertion.

For the next duality result we will have to introduce the space L∞(Ω, Σ, µ) of equiv-

alence class with the norm

‖f‖∞ = inf
µ(E)=0

sup
ω∈Ec

|f(ω)| .

Lemma 15.8. Let f be a measurable function. Then

‖f‖∞ = sup∫
|g|≤1

|
∫

fg| .

Proof. Let ‖f‖∞ < 1. Then there exists a set E of measure 0 such that

|f(ω)| ≤ 1 for all ωinEc. Thus we get by monotonicity

|
∫

fg| ≤
∫

Ec

|f ||g| ≤
∫

Ec

|g| ≤
∫
|g|dµ .

For the converse we assume ‖f‖∞ > r. Let E = {ω : |f | > r}. Then we must

µ(E) > 0. Since Ω is σ-finite we find a subset F ⊂ E with 0 < µ(F ) < ∞. We

define

g(ω) = µ(F )−11F
f(ω)

|f(ω)|
.

Then
∫
|g| = 1 and ∫

fg = µ(F )−1

∫
F

|f | ≥ r .

This yields the assertion.

Corollary 15.9. Let 1 ≤ p ≤ 2 and (Ω, Σ, µ) be probability space. Then the dual

space of Lp(Ω, Σ, µ) is Lp′(Ω, Σ, µ) where 1
p

+ 1
p′

= 1.

Proof. Let us first consider a function f ∈ L2. We define r = 2/p ≥ 1. Then

Hölder’s inequality implies∫
|f |pdµ = (

∫
|f |pr)

1
r (

∫
1dµ)1− 1

r = (

∫
|f |2)

1
r .
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This implies

‖f‖p ≤ ‖f‖2 .

Now, let φ : Lp → R be a continuous linear functional. Then φ is a continuous linear

functional on L2. Thus we can find a function g ∈ L2 such that

φ(f) =

∫
gfdµ

holds for all g ∈ L2. Let h be a measurable function such that |h| is a simple

function. Then h ∈ L2 and hence Remark 1.9. implies

(

∫
‖g|p′dµ)

1
p′ = sup

|h|∈S(µ)‖h‖p≤1

|
∫

ghdµ| ≤ ‖φ‖ .

Thus [g] ∈ Lp′(Ω, σ, µ). By Hölder’s inequality we deduce

φg(f) =

∫
gfdµ

is a continuous linear functional. Moreover, for every simple function h we deduce

from h ∈ L2 that

φ(h) = φg(h) .

By density of the simple functions (and the unique extension principle) φ and φg

coincide.

Remark 15.10. The previous result extends easily to σ-finite measure spaces and is

true in full generality.
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16. Radon-Nikodym Theorem

Definition 16.1. Let Σ be a σ-algebra and ν and µ measures on Σ. We say that

ν is absolutely continuous with respect to µ (in short ν � µ) if µ(E) = 0 implies

ν(E) = 0.

Theorem 16.2. Let µ and ν be σ-finite measure such that ν � µ. Then there exists

a positive measurable function g such that

ν(E) =

∫
E

gdµ .

Proof. We consider the measure µ1 = µ+ν. It is easily check that µ1 is also σ-

finite. Therefore we assume µ1(Ω) < ∞. Then the linear functional φ : L1(µ1) → R
defined by

φ(f) =

∫
fdν .

For a positive simple function f =
∑

i ai1Ei
we have

φ(f) =
∑

i

aiν(Ei) ≤
∑

i

aiµ1(Ei) = ‖f‖1 .

By density φ extends to a function of norm ≤ 1. According to Corollary 15.9 we

find g ∈ L∞(µ1) such that

φ(f) =

∫
gfdµ .

It is easily checked that g is positive and hence 0 ≤ g ≤ 1. Thus, we deduce

inductively ∫
fdν =

∫
fgdµ +

∫
fgdν(16.1)

=

∫
fgdµ +

∫
fg2dµ +

∫
fg2dν

=

∫
fgdµ +

∫
fg2dµ +

∫
fg3dµ +

∫
fg3dν

=

∫
f(

n∑
k=1

gk)dµ +

∫
fgndν .

Let us consider the set Em = {ω : 0 ≤ g(ω) < 1 − 1
m
}. Passing to the limit we

deduce that∫
Em

fdµ = lim
n

∫
Em

f(
n∑

k=1

gk)dµ +

∫
fgndν =

∫
Em

fg(1− g)−1dµ .
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Let E =
⋃

m Em. By the dominated convergence theorem we deduce that for every

F ⊂ Ω we have∫
F∩E

dν = lim
m

∫
F∩Em

dν = lim
m

∫
F∩Em

(1− g)−1dµ =

∫
E∩F

g(1− g)−1dµ .

Let us consider the set Ec where g = 1. Then we deduce from (16.1) that∫
E

dν =

∫
E

dµ +

∫
E

dν

Thus µ(E) = 0. By absolute continuity we get ν(E) = 0. Therefore∫
F

dν =

∫
F

1Eg(1− g)−1dµ

holds for every F ∈ Σ.

Corollary 16.3. Let 1 < p < ∞ and 1
p

+ 1
p′
. The dual space of Lp is Lp′.

Proof. Let us assume µ finite. Let φ : Lp(µ) → R be a continuous linear

functional. We define

ν(E) = sup{
∑

j

|φ(1Ej
)| : E =

⋃̇
j
Ej , E ′

js disjoint } .

Clearly, E1 ⊂ E2 implies ν(E1) ≤ ν(E2). Moreover, let E =
⋃̇

jEj and εj =
φ(1Ej

)

|φ(1Ej
)| .

Note that

hn =
∑
j≤n

εj1Ej

satisfies |hn| ≤ 1Ω and hence the dominated convergence theorem implies

lim
n
‖
∑
j≥n

εj1Ej
‖p = 0 .

Since φ is continuous we deduce∑
j

|φ(Ej)| = |φ(
∑

j

εj1Ej
)| ≤ ‖φ‖‖

∑
j

εj1Ej
‖p ≤ ‖φ‖µ(E)

1
p .

Thus ν(E) ≤ µ(E)
1
p . Let us show that ν is σ-additive. Indeed, let (Fi) be disjoint

and Fi = ·
⋃

Eij. Then

ν(
⋃
j

Fj) ≥
∑
i,j

|φ(Eij)| .

Taking the supremum we get

ν(
⋃
j

Fj) ≥
∑

i

ν(Ei) .
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Conversely
⋃

j Fj =
⋃

i Ei. Then Fj =
⋃̇

iFj ∩ Ei. And hence∑
i

|φ(1Ei
)| ≤

∑
i,j

|φ(1Ei∩Fj
)| ≤

∑
j

ν(Fj) .

Thus ν is a σ-additive measure which is absolutely continuous with respect to µ.

This we find a positive function g such that

ν(E) =

∫
gdµ .

Now, we consider Φ : L1(ν) → R defined by

Φ(
∑

i

ai1Ei
) =

∑
i

aiφ(1Ei
) .

Then

|Φ(
∑

i

ai1Ei
)| ≤

∑
i

|ai|ν(Ei)

Thus φ is a continuous functional and hence we find a measurable function h such

that

φ(
∑

i

ai1Ei
) =

∑
i

∫
Ei

aihdν =
∑

i

∫
Ei

aihgdµ =

∫
(
∑

i

ai1Ei
)hgdµ .

Since the simple functions are dense, we deduce from Remark 1.9. that ‖hg‖p′ ≤ ‖φ‖
and

φ(f) =

∫
fhgdµ .

This assertion is proved.

Corollary 16.4. Let 1 < p < ∞. Then Lp is reflexive.

Proof. Indeed, L∗∗
p = L∗

p′ = Lp.
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17. Absolute continuous functions

A function f : [a, b] → R is called of bounded variation if

‖f‖BV = sup{
n−1∑
i=0

|f(xi+1)− f(xi)| : a = x0 < x1 < · · · < xn = b}

is finite. We say that f is absolutely continuous if for every ε > 0 there exists a

δ > 0 such that for every partition a = x0 < x1 < · · · < xn = b and every subset

J ⊂ {1, ..., n} ∑
i∈J

|xi+1 − xi| < δ =⇒
∑
i∈J

|f(xi+1)− f(xi)| < ε .

Lemma 17.1. Let f ∈ L1[a, b] and F (t) =
t∫

a

f(s)dm(s). Then F is of bounded

variation and absolutely continuous. Moreover, F (a) = 0 and ‖F‖BV ≤
∫
|f |.

Proof. For a partition a = x0 < x1 < · · · < xn = b and J ⊂ {1, .., n} and

εi = F (xi+1−F (xi))
|F (xi+1−F (xi))| we have∑
i∈J

|F (xi+1 − F (xi))| = |
∫

(
∑
i∈J

εi1[xi,xi+1])fdm| ≤
∫
|f |1⋃

i∈J [xi,xi+1]dm .

Thus for J = {1, .., n} we get

n−1∑
i=0

|F (xi+1)− F (xi)| ≤
∫
|f |dm .

The absolute continuity follows from

lim
m(A)→0

∫
A

|f |dm = 0 .

(see exam).

Lemma 17.2. Let f : [a, b] → R be a of bounded variation. Then f is the difference

of two monotone functions f1, f2. If in addition f is absolutely continuous, then f1

and f2 may be assume absolutely continuous.

‖f‖BV = f1(b) + f2(b)− f(a) .

Proof. For any partition π we define

p(f, π) =
n−1∑
i=0

max{f(xi+1)− f(xi), 0}
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n(f, π) =
n−1∑
i=0

max{−f(xi+1) + f(xi), 0}

t(f, π) =
n−1∑
i=0

|f(xi+1)− f(xi)| .

Then

t(f, π) = p(f, π) + n(f, π)

and

f(b)− f(a) =
n∑

i=0

(f(xi+1)− f(xi)) = p(f, π)− n(f, π) .

This implies

f(b)− f(a) + n(f, π) = p(f, π) .

Now, we take the supremum over all partitions and still have

f(b)− f(a) + sup
π

n(f, π) = sup
π

p(f, π) .

Moreover,

sup
π

t(f, π) = sup
π

[p(f, π) + n(f, π)] = sup
π

[2p(f, π)− (f(b)− f(a))]

= sup
π

p(f, π) + sup
π

p(f, π)− (f(b)− f(a)) = sup
π

p(f, π) + sup
π

n(f, π) .

For a ≤ x ≤ b we define

g(x) = sup
π={a=x0<...<xn=x}

p(f, π)

and

h(x) = sup
π={a=x0<...<xn=x}

n(f, π) .

Then g and h are increasing functions and

f(x)− f(a) + h(x) = g(x) .

This yields

f(x) = g(x)− h(x) + f(a) .

Moreover,

‖f‖BV = g(b)− f(a) + h(b) .

If in addition f is absolute continuous then it follows by the definition that
∑

i |xi+1−
xi| < δ implies

sup
i∈J

∑
i∈J

|g(xi+1)− g(xi)| ≤ sup∑
j |yj+1−yj |<δ

∑
j

max{f(yj+1)− f(yj), 0} .
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Thus we can work with same relation between ε and δ for g and h.

Theorem 17.3. Let F : [a, b] → R be an absolute continuous function of bounded

variation. Then there exists a function f ∈ L1[a, b] such that

F (t) = F (a) +

∫ t

a

f(s)ds

and ‖f‖1 = ‖F‖BV .

Proof. We may assume F (a) = 0. Let F = F1 − F2 such that F1 and F2 are

positive

F1(b) + F2(b) = ‖F‖BV

and such that F1, F2 are absolutely continuous. We define the measure on AR.

ν((s, t]) = F1(t)− F (s) .

Using the absolute continuity it is not hard to check that

ν((s, t]) =
∑

j

ν((sj, tj])

for every disjoint decomposition. Thus ν extends to a σ additive measure on the

borel sets which is absolutely continuous with respect to the Lebesque measure.

Thus ν extends to Lebesgue measurable set. By the Radon-Nikodym theorem we

find a measurable function f1 such that

F1((s, t]) =

∫ t

s

f1dm .

Then ∫
f1dm = F1(b)− F1(a) = F1(b) .

We apply the same argument to F2 and find a positive element f2 such that∫
f2dm = F2(b) .

Thus f = f1 − f2 satisfies the assertion by Lemma 21.1.
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Comments on Hw5-no 1

Here I follow some comments by Jeff:

Recall: For every E there exists a measurable F set E ⊂ F such that m(F ) =

m∗(E) is true.

Today we assumed (following a suggestion in class which took me by surprise) that

for every set E with m∗(E) < ∞ there exists a measurable set G ⊂ E such that

m(G) = m∗(E). Let us show that in that case E is measurable. Indeed, choose F

from above. Then

m(F ) + m(G \ F ) = m(G) = m(F )

implies m(G \ F ) = 0. Since F ⊂ E, we find

m∗(G \ E) = m∗(G \ F ) = 0 = m(G \ F ) = 0 .

Hence E is measurable.

You may also illustrate this with the non-measurable set P constructed in class. Let

F ⊂ P be measurable. Then ⋃
n

rn+̇F ⊂ [0, 1]

is a disjoint union. This implies∑
n

m(F ) ≤ m([0, 1]) = 1 .

Hence m(F ) = 0. Thus, although m∗(P ) > 0 we known that m(F ) = 0 for every

measurable subset of P .
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18. Connection to the Riemann integral

Definition 18.1. Let f be bounded. The oscillation of f at x is defined by

ω(x) = lim
δ→0

sup{|f(z)− f(y)| : |z − x| < δ, |y − x| < δ}

Remark 18.2. ω(x) well-defined. In particular, ω(x) ≤ 2 sup |f | < ∞.

Remark 18.3. f continuous at x ⇔ ω(x) = 0

Remark 18.4. m({x : ω(x) 6= 0}) = limn→∞ m({x : ω(x) > 1/n})

Definition 18.5. (Darboux Integral)

For a partition π =< a = x0, x1, . . . , xn = b > we define the upper and the lower

sum by

S(π, f) =
n∑

i=1

(xi − xi−1) sup
[xi−1,xi]

f

S(π, f) =
n∑

i=1

(xi − xi−1) inf
[xi−1,xi]

f

A bounded function f is called Darboux-integrable if ∀ε > 0 ∃ partition π such that

S(π, f)− S(π, f) < ε

Remark 18.6. A function is Darboux-integrable if and only if it is Riemann-integrable

(see Royden for a precise definition).

Proposition 18.7. A bounded function is Riemann integrable on [a, b] if and only

if the set of discontinuity points has measure 0.

Proof. ”=⇒”: Let f be Darboux-integrable. Let γ > 0 and δ > 0. We define

ε = γδ. By definition there exists a partition π =< 0 = x0, x1, . . . , xn = 1 > such

that

S(π, f)− S(π, f) < ε.

Consider x ∈ (xi, xi+1) such that ω(x) ≥ γ. Then

sup
[xi,xi+1]

f − inf
[xi,xi+1]

f ≥ γ.

Observe that points with ‘large’ (and hence certain discontinuity) points satisfy

{x : ω(x) ≥ γ} =
⋃

i,sup f−inf f≥γ

(xi, xi+1) ∪ {x0, . . . , xn}
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Hence,

m({x : ω(x) ≥ γ}) ≤
∑

sup[xi,xi+1] f−inf[xi,xi+1] f≥γ

|xi+1 − xi|

≤ 1

γ

∑
|xi+1 − xi|( sup

[xi,xi+1]

f − inf
[xi,xi+1]

f)

≤ 1

γ

(
S(π, f)− S(π, f)

)
≤ ε

γ
= δ

Since δ is arbitrary, we get m({x : ω(x) ≥ γ}) = 0. However, γ > 0 is arbitrary

and thus Remark (18.4) implies m({x : ω(x) > 0}) = 0. This means the set of

discontinuity points has measure 0.

”⇐=” Define ωδ(x) = sup{|f(z)− f(y)| : |z − x| < δ, |y − x| < δ}.
By assumption we have m({x : ω(x) > 0}) = 0. This implies

m({x : ω(x) ≥ γ}) = 0

for all γ > 0. Therefore, we deduce from the monotonicity of ωδ(x) that

m({x : ω(x) ≥ γ}) = m({x : lim
δ→0

ωδ(x) ≥ γ}) = lim
δ→0

m({x : ωδ(x) ≥ γ}) = 0

(18.1)

Let γ > 0 and ε = γ
2 sup |f | . By (18.1) we deduce the existence of some k such that

m({x : ω1/k(x) ≥ γ}) < ε .

Choose m > k and π =< x0, x1, . . . , xm >=< 0, 1
m

, 2
m

, . . . , m
m

> .

Define

S = {j ∈ {1, . . . ,m} : ∃x∈[xj−1,xj ] ω1/k(x) ≥ γ} .

Then we get∑
j∈S

( sup
[xi,xi+1]

f − inf
[xi,xi+1]

f)(xj−1 − xj) ≤ γ
∑
j∈S

|xj+1 − xj| ≤ γ(b− a) .

If j /∈ S, then

[xj−1 − xj] ⊂ {x : ω1/k(x) > γ} .

This implies∑
j /∈S

( sup
[xi,xi+1]

f − inf
[xi,xi+1]

f)(xj−1 − xj) ≤ 2 sup
[0,1]

|f |m(
⋃
j /∈S

[xj−1, xj])

≤ 2 sup
[a,b]

|f |m({x : ω1/k(x) > γ}) ≤ 2 sup
[a,b]

|f |ε ≤ γ .
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Putting the pieces together, we find∑
j

( sup
[xi,xi+1]

f − inf
[xi,xi+1]

f)(xj−1 − xj) ≤ γ(b− a) + γ = γ(1 + b− a) .

Since γ > 0 is arbitrary we deduce that f is Darboux integrable.
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19. The Lebesgue Differentiation Theorem

Theorem 19.1 (Lebesgue Differentiation). Let f be an integrable function on R.

Then each of the following equalities holds almost everywhere on R.

lim
r→0+

1

2r

∫
[x−r,x+r]

f dm = f(x),

lim
r→0+

1

r

∫
[x,x+r]

f dm = f(x),

lim
r→0+

1

r

∫
[x−r,x]

f dm = f(x).

Proof. We need only prove the result for f ≥ 0 and x in a fixed, bounded, open

interval J . By Lusin’s Theorem, for any ε > 0, there is a compact set K ⊂ J with

m(J \K) < ε such that f |K is continuous on K. Let O = R \K be the complement

of K and a = infK , b = supK . We may write O =
⋃

j Ij as a countable union of open

intervals. We may assume I1 = (−∞, a). There we define h(x) = f(a) |a|
2

|x|2 . On

I2 = (b,∞) we define h(x) = f(b) |b|
2

|x|2 . All the other components are bounded. Now

we replace inductively every Ij by the maximal interval I ′j ⊃ Ij such that I ′j∩K = ∅.
On such an I ′j we may use a piecewise linear function. In this way we construct a

continuous function h such that h|K = f |K . Note that g = h − 1Kf is measurable

and integrable by construction. Moreover, g vansihes on K. By Proposition 20.3 all

the limits for g vanish on K. Thus we see that

f = h− g + f1R\K

holds on R. By the continuity of h, each of the limit results holds almost everywhere

on K for h, g and f · 1R\K , and thus for f . Since ε is arbitrary, the limit result is

established for almost all points of J .

We have already established that if f is Lebesgue integrable on [a, b], then F (x) :=∫ x

a
f dm =

∫
[a,x]

f dm is continuous. We used the fact that ∀ε > 0, ∃δ > 0 such that

if mA < δ, then
∫

A
|f | < ε. It was important, however, that points have measure 0.

For differentiablility, we have the following results that generalizes part of the Fun-

damental Theorem of Calculus. It uses the fact that we are integrating with respect

to Lebesgue measure, so that the length of an interval is its measure.

Theorem 19.2. Suppose f is Lebesgue integrable on [a, b], and F (x) =
∫ x

a
f dm+C

where C is a constant. Then F ′(x) = f(x) for almost all x ∈ [a, b].
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Proof. For ∆x = r > 0 and x + ∆x ≤ b,

F (x + ∆x)− F (x)

∆x
=

1

r

∫
[x,x+r]

f dm.

For ∆x = −r < 0 and x + ∆x ≥ a,

F (x + ∆x)− F (x)

∆x
=

1

−r
· −
∫

[x−r,x]

f dm =
1

r

∫
[x−r,x]

f dm.

The result now follows from the previous theorem.

Since
∫ a

a
f = 0, we can think of the constant C as F (a). The theorem says, we

can differentiate the indefinite integral of a Lebesgue integrable function and get

back the integrand almost everywhere. We would like to integrate the derivative of

any reasonable function and get back the function we started with. We know this

is impossible with the Cantor function since the Cantor function’s derivative is 0

almost everywhere.
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20. A covering lemma and the local maximal function

Among the most important tools in analysis are the results known as covering the-

orems. For the real line, the covering sets are intervals. In this section, we present

a simple form of the best covering theorem for the real line. The original result is

an extension by J. Aldaz [“A general covering lemma for the real line”, Real Anal.

Exchange 17(1991/92), 394–398] of a lemma of T. Radó (“Sur un problème relatif

à un théorème de Vitali”, Fundamenta Mathematicae 11(1928), 228–229.) In the

Aldaz result, the constant 3 is improved to 2+ε for an arbitrary ε > 0, and the result

is valid for any finite Borel measure, not just Lebesgue measure m on a bounded

interval.

Theorem 20.1 (Rado-Aldaz). Given an arbitrary collection I of non-degenerate

intervals, all contained in a fixed bounded interval J , the set ∪I∈II is measurable,

and there is a finite disjoint subset {I1, · · · , In} ⊆ I such that

m(∪I∈II) ≤ 3 ·
n∑

k=1

m(Ik).

Proof. Let B be the set of those right-hand end points of intervals I ∈ I such

that b ∈ I but b is not in the interior of any interval of I. Then for some δ > 0,

(b − δ, b) ⊂ I and (b − δ, b] ∩ B = {b}. We may associate a rational number in

the interval (b − δ, b) with b. It follows that B is a countable set. A similar fact is

true for left-hand end points that are not interior to any interval in I. Therefore,

(∪I∈II)\ (∪I∈II
◦) is at most a countable set. By Lindelöf’s theorem (i.e., any union

of open intervals equals the union of a countable subcollection) we may assume that

I itself is a countable collection {In}, whence ∪I∈II = ∪∞n=1In is measurable.

Now since all the intervals are contained in the bounded interval J ,

m(∪∞n=1In) = lim
N∈N

m(∪N
n=1In) < +∞.

We employ Rado’s result after first choosing N so that

3

2
·m(∪N

n=1In) ≥ m(∪∞n=1In) = m(∪I∈II).

Ordering the finite collection, we discard the first interval if it is covered by the

remaining intervals. Otherwise, we keep the first interval and consider the second.

In either case, this does not change the measure m(∪N
n=1I). Continuing in this

way, we may assume that each In in our finite collection contains a point x not in

any other interval of the collection. Now, we order these points and reorder the

corresponding intervals so that for any indices i, j, and k with i < j < k we have
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xi < xj < xk and thus Ii ⊆ (−∞, xj) and Ik ⊆ (xj, +∞). That is, the points are

given the ordering inherited from R , and the intervals are given the same ordering

as their points. Since the intervals with even indices form a disjoint collection, as

do the intervals with odd indices, the desired subset of I is whichever of these two

families has the greater total measure. For example, if we choose the even indices,

then

3 ·m(∪I2n) =
3

2
· 2 ·m(∪I2n) ≥ 3

2
·m(∪N

n=1In) ≥ m(∪I∈II).

The next result is refined maximal inequality due to Jürgen Bliedtner and P. Loeb

(“Limit Theorems via Local Maximal Functions”, preprint.) Here, we let f be a

nonnegative integrable function on R. We set I(x, r) equal to the set of intervals I

containing x with positive length m(I) ≤ r, and we set

M(f, r, x) := sup
I∈I(x,r)

1

m(I)

∫
I

f dm.

Since M(f, r, x) decreases as r decreases, we may set

M(f, x) := lim
r→0+

M(f, r, x),

where the limit is understood to be +∞ if M(f, r, x) = +∞ for all r > 0.

Proposition 20.2. Let E be a bounded subset of R. Fix α > 0, and let Eα = {x ∈
E : M(f, x) > α}. Then the outer measure of Eα satisfies

m∗(Eα) ≤ 3

α
·
∫

R
f dm.

Proof. Given x ∈ Eα, there is an interval Ix ∈ I(x, 1) such that

α ·m(Ix) ≤
∫

Ix

f dm.

These intervals form a collection I that cover Eα, so by Theorem 20.1, there is a

finite disjoint subcollection {I1, · · · , In} ⊂ I such that

m∗ (Eα) ≤ m(∪I∈II) ≤ 3 ·
n∑

k=1

m(Ik) ≤
3

α

n∑
k=1

∫
Ik

f dm ≤ 3

α
·
∫

R
f dm.

Proposition 20.3. Let E be a bounded measurable subset of R, and let f be

a nonnegative integrable function that vanishes almost everywhere on E. Then

M(f, x) = 0 for almost all x ∈ E.
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Proof. Given α > 0 and an ε > 0, we may fix an open set U ⊇ E so that∫
U

f dm < εα/3. Now

Eα := {x ∈ E : M(f, x) > α} = {x ∈ E : M(f · χU , x) > α}.

Therefore, m∗(Eα) ≤ 3
α

∫
U

f dm < ε. Since ε is arbitrary, m∗(Eα) = 0, and the

result follows.
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21. Absolute continuous functions

A function f : [a, b] → R is called of bounded variation if

‖f‖BV = sup{
n−1∑
i=0

|f(xi+1)− f(xi)| : a = x0 < x1 < · · · < xn = b}

is finite. We say that f is absolutely continuous if for every ε > 0 there exists a

δ > 0 such that for every partition a = x0 < x1 < · · · < xn = b and every subset

J ⊂ {1, ..., n} ∑
i∈J

|xi+1 − xi| < δ =⇒
∑
i∈J

|f(xi+1)− f(xi)| < ε .

Lemma 21.1. Let f ∈ L1[a, b] and F (t) =
t∫

a

f(s)dm(s). Then F is of bounded

variation and absolutely continuous. Moreover, F (a) = 0 and ‖F‖BV ≤
∫
|f |.

Proof. For a partition a = x0 < x1 < · · · < xn = b and J ⊂ {1, .., n} and

εi = F (xi+1−F (xi))
|F (xi+1−F (xi))| we have∑
i∈J

|F (xi+1 − F (xi))| = |
∫

(
∑
i∈J

εi1[xi,xi+1])fdm| ≤
∫
|f |1⋃

i∈J [xi,xi+1]dm .

Thus for J = {1, .., n} we get

n−1∑
i=0

|F (xi+1)− F (xi)| ≤
∫
|f |dm .

The absolute continuity follows from

lim
m(A)→0

∫
A

|f |dm = 0 .

(see exam).

Lemma 21.2. Let f : [a, b] → R be a of bounded variation. Then f is the difference

of two monotone functions f1, f2. If in addition f is absolutely continuous, then f1

and f2 may be assume absolutely continuous.

‖f‖BV = f1(b) + f2(b)− f(a) .

Proof. For any partition π we define

p(f, π) =
n−1∑
i=0

max{f(xi+1)− f(xi), 0}
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n(f, π) =
n−1∑
i=0

max{−f(xi+1) + f(xi), 0}

t(f, π) =
n−1∑
i=0

|f(xi+1)− f(xi)| .

Then

t(f, π) = p(f, π) + n(f, π)

and

f(b)− f(a) =
n∑

i=0

(f(xi+1)− f(xi)) = p(f, π)− n(f, π) .

This implies

f(b)− f(a) + n(f, π) = p(f, π) .

Now, we take the supremum over all partitions and still have

f(b)− f(a) + sup
π

n(f, π) = sup
π

p(f, π) .

Moreover,

sup
π

t(f, π) = sup
π

[p(f, π) + n(f, π)] = sup
π

[2p(f, π)− (f(b)− f(a))]

= sup
π

p(f, π) + sup
π

p(f, π)− (f(b)− f(a)) = sup
π

p(f, π) + sup
π

n(f, π) .

For a ≤ x ≤ b we define

g(x) = sup
π={a=x0<...<xn=x}

p(f, π)

and

h(x) = sup
π={a=x0<...<xn=x}

n(f, π) .

Then g and h are increasing functions and

f(x)− f(a) + h(x) = g(x) .

This yields

f(x) = g(x)− h(x) + f(a) .

Moreover,

‖f‖BV = g(b)− f(a) + h(b) .

If in addition f is absolute continuous then it follows by the definition that
∑

i |xi+1−
xi| < δ implies

sup
i∈J

∑
i∈J

|g(xi+1)− g(xi)| ≤ sup∑
j |yj+1−yj |<δ

∑
j

max{f(yj+1)− f(yj), 0} .
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Thus we can work with same relation between ε and δ for g and h.

Theorem 21.3. Let F : [a, b] → R be an absolute continuous function of bounded

variation. Then there exists a function f ∈ L1[a, b] such that

F (t) = F (a) +

∫ t

a

f(s)ds

and ‖f‖1 = ‖F‖BV .

Proof. We may assume F (a) = 0. Let F = F1 − F2 such that F1 and F2 are

positive

F1(b) + F2(b) = ‖F‖BV

and such that F1, F2 are absolutely continuous. We define the measure on AR.

ν((s, t]) = F1(t)− F (s) .

Using the absolute continuity it is not hard to check that

ν((s, t]) =
∑

j

ν((sj, tj])

for every disjoint decomposition. Thus ν extends to a σ additive measure on the

borel sets which is absolutely continuous with respect to the Lebesque measure.

Thus ν extends to Lebesgue measurable set. By the Radon-Nikodym theorem we

find a measurable function f1 such that

F1((s, t]) =

∫ t

s

f1dm .

Then ∫
f1dm = F1(b)− F1(a) = F1(b) .

We apply the same argument to F2 and find a positive element f2 such that∫
f2dm = F2(b) .

Thus f = f1 − f2 satisfies the assertion by Lemma 21.1.



22. CONVEX FUNCTIONS 79

22. Convex Functions

In the following theorem, the book uses [0, 1] with Lebesgue measure for the prob-

ability space.

Theorem 22.1 (Jensen’s Inequality). Let (X,A, µ) be a probability space (i.e.,

µ(X) = 1), and fix an integrable function f on X with range contained in an open

interval I. Let ϕ be a convex function on I. Then

ϕ(

∫
X

f dµ) ≤
∫

X

ϕ ◦ f dµ.

Note : It may be that ϕ ◦ f is not integrable; in this case, the integral on the right

equals +∞.

Proof. Let y =
∫

X
f dµ. Then y ∈ I since y is a “general average” of the

values of f . Another way to see this is to note that if a is the left endpoint of I

and a is finite, then a = a · µ(X) ≤
∫

X
f dµ, and equality means that f takes the

value a almost everywhere, which it does not. A similar proof holds for a finite right

endpoint of I. Now, if

β = sup
x<y
x∈I

ϕ(y)− ϕ(x)

y − x

then for any z > y in I,

β ≤ ϕ(z)− ϕ(y)

z − y
It follows that for z ≥ y in I,

∗) ϕ(z) ≥ ϕ(y) + β · (z − y).

If z < y in I, then by the definition of β,

β ≥ ϕ(y)− ϕ(z)

y − z
=

ϕ(z)− ϕ(y)

z − y
, so

ϕ(z)− ϕ(y) ≥ (z − y)β.

This means that (*) holds for all z in I. For any t ∈ X, we may let z = f(t), and

we get

ϕ(f(t)) ≥ ϕ(y) + β(f(t)− y).

Recall ϕ is continuous so ϕ ◦ f is measurable. The inequality means that ϕ(f(t)) is

bounded below by an integrable function. Integrating both sides of the inequality,we

get ∫
X

ϕ ◦ f dµ ≥ ϕ(

∫
X

f dµ) + β · 0.
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Example 22.2. A primary example is given by setting ϕ(x) = ex on I = R . If X

is a set consisting of n points with each point having probability 1/n, then letting

xi be the image under f of the nth point, we have

exp

(
x1 + · · ·+ xn

n

)
≤ ex1 + · · ·+ exn

n
.

Putting yi = exi , this gives the classical inequality between the arithmetic and

geometric mean for positive numbers:

(y1y2 · · · yn)
1
n ≤ y1 + y2 + · · ·+ yn

n
.

A generalization works with positive weights αi such that Σαi = 1. This gives

yα1
1 · · · yαn

n ≤ α1y1 + · · ·+ αnyn.

For a countable number of points, we have

Π∞
n=1y

αi
i ≤ Σ∞

n=1αiyi.

Infinite products are covered in the graduate complex variables course.


