1. Excursion: Convex functions

DEFINITION 1.1. Let I be an interval. A function f: I — R is called convex if

fOz+ (1 =Ny) < AMf(2)+(1-Nf(y)
holds for all x,y € I, 0 < A < 1.
LEMMA 1.2. Let f : [a,b] — R be continuous, differnetiable on (a,b) such that f' is

increasing. Then f is convex.

PROOF. Let z € [a,b]. We will show that
+z)—
o) = fly+2)— 1)

z
is monotone increasing on (0, b—xz). Indeed, by the fundamental theorem and change

of variables we deduce for z; < z9 and A = z—; (s = At, ds = Adt
roods ] At [ dt
o= [ 1o = [ronst = [rons
Z1 Z1 z9
0 0 0

< [r0F = o).

Now, wefixy <z andu=XAx+(1-Ny=y+Azx—vy), z1 = ANx—vy), 22 =2 —v.

Then, we get
fly+2)—fly) _ fl2) - fly)

Az —y) T (r—y)

This implies
Oz + (1= Ny) < fly) + A(f(2) = f(y) = Mf(x) + (1= f(y) - u

PrOOF OF ?77. Let x,y > 0. Since — In x is convex we have
1 1 1 1
—In(=2? + —y?) < —(—In2?)+ —(—1Iny?).
( 7= tg ) p( ) .
This shows by the monotonicity of exp that

1 1
_xp_i__yq > 6lna[:-&-lny = zy.

Minkowski’s inequality is proved. |



2. Continuous functions between metric spaces

Continuous functions ‘preserve’ properties of metric spaces and allow to describe
deformation of one metric space into another. There are three different (but equiv-
alent) ways of defining continuity, the e-d-criterion, the sequence criterion and the

topological criterion. Each of them is interesting in its own right.

DEFINITION 2.1. Let (X,d) and (Y,d') be metric spaces. A map f: X — Y is called

continuous if for every x € X and € > 0 there exists a 6 > 0 such that

(2.1) dlay) <6 —  d(f(), fly) <<

Let us use the notation
B(2,0) = {y : d(.y) < 3} .
For a subset A C X, we also use the notation

f(A) = {f(x) : x € A}.
Similarly, for B C Y
J7(B) = {zxe€X: f(x) € B}.
Then (2.1) means
f(B(z,0))  B(f(x),e) .

Or in a very non-formal way
f maps small balls into small balls .

Our aim is to prove a criterion for continuity in terms of so called open sets. This
criterion illustrates simultaneously the role of open sets and its interaction with

continuity and has a genuinely geometric flavor.
DEFINITION 2.2. A subset O of a metric space is called open if
VYreO :30 >0 :B(z,0) CO.
Examples:
O=(-1,1),0=R,0 = (—-1,1) x (-2,2)
are open in R, (R?, d,) respectively.
REMARK 2.3. The sets B(x,¢), x € X, € > 0 are open.

PROPOSITION 2.4. Let (X,d), (Y,d') be metric spaces and f : X — Y be a map. f
is contivous iff f1(O) is open for all open subsets O CY .
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PROOF. =: We assume that f is continuous and O is open. Let x € f~1(0),
i.e. f(z) € O. Since O is open, there exists an € > 0 such that B(f(z),e) C O. By

continuity, there exists a § > 0 such that
f(B(x,8)) C B(f(x),e) C O
Therefore
B(z,8) C f710) .

Since x € f71(O) was arbitrary, we deduce that f~!(O) is open.
«<: Let x € X and € > 0. Let us show that

B(f(x),¢)

is a on open subset of (Y,d'). Indeed, let y € B(f(z),¢) define ¢’ = ¢ — d'(y, f(x)).
Let z € Y such that

/

d(z,y) <e

then
d(f(z),2z) < d(f(z),y) +d(y,z) < d(f(z),y) +e—d(y, f(z)) = ¢.
Thus
B(y,e —d(f(z),y)) C B(f(x).¢).
By the assumption, we see that f~1(B(f(x),¢)) is an open set. Sincex € f~1(B(f(x),¢)),
we can find a § > 0 such that
B(z,8) C fH(B(f(z),e)) -

Hence, for all  with d(z,Z) < 6, we have

d(f(z), f(Z)) <e.

The assertion is proved. [ |

Examples:
(1) Let (X,d) be a metric space and xy € X be a point , then f(z) = d(z, x¢)

is continuous. Indeed, the triangle inequality implies
d(d(z, o), d(d(y,0)) = |d(z,z0) — d(y,zo)| < d(z,y)

This easily implies the assertion.
(2) On R™ with the standard euclidean metric d = dy, the function f : R* — R"
defined by f(z) = d(z,0)x is continuous.



(3) (Exercise) The function f : R* — R3, f(z) = (cos(zy),sin(zs), cos(zy)) is
continuous.

DEFINITION 2.5. Let (X,d), (Y,d') be a metric space. The space C(X,Y) is the set
of all continuous functions from X toY. Let xg € X be a point. Then

Co(X,Y) = {f: X =Y : [ is continuous and supd'(f(x), f(z0)) < oo}

zeX

is the subset of bounded continuous functions.

PROPOSITION 2.6. Let (X, d), (Y,d') be metric spaces and xo € X. Then Cyp(X,Y)
equipped with
d(f,9) = supd(f(x),g(x))

zeX
1S a metric space.

Problem: Show that d is not well-defined on C(R,R).

Proof: d(f,g) = 0 if and only if f(z) = g(z) for all x € X. This means f = g. Let
us show that d is well-defined. Indeed, if f,g € Cp(X,Y). Then

sup d'(f(z),g(x)) < Sup d'(f(x), f(x0)) +d'(f(20), 9(x0)) + d'(9(x0), 9())

< sup d'(f(x), f(xo)) +d'(f(x0), g(z0)) + sup d(g(wo), g(x))

is finite. Let A be a third function and z € X. Than

d(f(x),g(x)) < d'(f(x),h(z)) +d(h(x),g(x)) < d(f h)+d(h,g).
Taking the supremum yields the assertion. [ |

PROPOSITION 2.7. Let (X,d) be a metric space. Then C(X,R) is closed under
(pointwise-) sums, products and multiplication with real numbers. (C(X,R) is an

algebra over R).

REMARK 2.8. Let X =N and d(z,y) =1 of v # y and d(x,y) = 0 for x = y. (This

is called the discrete metric). Then C(X,R) is an infinite dimensional vector space.

PROOF OF 2.7. Let f,g € C(X,R) be continuous and z € X. Consider 2’ € X.
Then

fo(x) = fa(y) = f(x)g(x) — f(y)g(y) = (f(z) — f(y))g(x) + f(y)(g(z) — g(y))
= (f(x) = f(y)g(@) + f(x)(g(x) — g(v)) + (f(y) — f(x))(g(z) — g(y)) .

Let £ > 0 and € = min{e, 1}. We may choose §; > 0 such that

AU (), T (1 + o) < 5
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holds for all d(z,y) < d;. Similarly, we may choose d2 > 0 such that
d(g(x), 9(y))(1 + [f(2)]) <

Let 6 = min(dq,02) and d(z,y) < d. Then we deduce that

W | oy

g &
-+ —<e < ¢.

A(folw), Fol)) = Fa(x) — foly) < 5+ 5+
|

Thus fg is again continuous. The other assertions are easier.

COROLLARY 2.9. The polynomials on R are continuous.
LEMMA 2.10. Let 1 < p < o0 and x,y € R", then
i; dp(xay> S dOO(I7y) S dp(x7y> .
ne
PRroOF. The last inequality is obvious. For the first one, we consider x,y € R"
and 1 < p < oo, then by estimating every element in the sum against the maximum

dp(r,y)P = Y | —yil’ < nmax{|z; -y}
i=1
Taking the p-th root, we deduce the assertion. [ |

COROLLARY 2.11. Let 1 < p,q < oo, then the identity map id : (R",d,) — (R™,d,)

18 continuous.
Proor. We have for all z € R* and € > 0
de(l', %) - qu(l‘76) .

This easily implies the assertion.

COROLLARY 2.12. The metrics d, define the same open sets on R™.
DEFINITION 2.13. Let (X,d) be a metric space. We say that a sequence (z,,) con-

verges to xq if for all € > 0 there exists ng such that for n > ng we have

d(zp, z0) < €.

In this case we write
limz, = x
n

or more explicitly
d—limz, = x.

A sequence (x,,) is convergent, if there exists v € X with lim, z,, = x.
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Examples: dy — limn% = 0, dd3 — lim, 3" = 0. (What axioms of the natural
numbers are involved?).

PROPOSITION 2.14. Let (X, d), (Y,d') be metric spaces and f : X — Y be a map.

Then f is continuous if for every convergent sequence (x,) in X

lim f(x,) = f(limz,) .

Proof: =: Let x = lim,, x,, and € > 0, then there exists a 6 > 0 such that

d(y,x) <6 =d(f(y), f(x)) <e.

Let ng € N be such that
d(zp,z) <6
for all n > ng, then
d'(f(zn), f(z)) <e
for all n > ng. Hence
lim f(2,) = f(x).

< Let x € X and assume in the contrary that
Je>0V5 > 03y :d(y,xz) < dand d'(f(x), f(y)) > €.

Applying these successively for all § = %, we find a sequence (xy) such that

1
dlaa) < ¢ and (), f(@) 2 <
and thus
h;na:k = x.

By assumption, we have
lim f(a) = f(2).

Hence, there exists a kg such that for all k£ > kg

d(f(zr), f(2)) <e.

a contradiction. ]
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3. Complete metric spaces and completion

Complete metric space are crucial in understanding existence of solutions to many
equations. Complete spaces are also important in understanding spaces of inte-
grable functions. We will review basic properties here and show the existence of a
completion.

We will say that a sequence in a metric space is a Cauchy sequence of for every

€ > 0 there exists ng € N such that
d(xp, xm) < €

for all n, m > ny.

DEFINITION 3.1. A metric space (X, d) is called complete, if every Cauchy sequence
converges.

PROPOSITION 3.2. The space (R?,d,) is complete.

Proof: Let z, be a Cauchy sequence in (R? d;). Then x, = (z,(1),2,(2)) is a
sequence of pairs.

Claim: The sequences (z,(1))nen and (z,(2)),en are Cauchy sequences.

Indeed, let € > 0, then there exists an ng such that
di (T, Tm) < €
for all n, m > ng. In particular, we have
20 (1) = 2m(D)] < |2n(1) = 2 (D] + [20(2) = 2m(2)] < di(@n, 2m) <€
for all n,m > ng and
20 (2) = 2m(2)] < |2n(1) = 2m ()| + |2n(2) = 2m(2)] < di(zn, 2m) <e.

Therefore, (z,(1)) and (z,(2)) are Cauchy.
Since R is complete, we can find z(1) and z(2) such that

lignxn(l) = z(1) and liTanxn(Q) = 2(2).

Claim: lim,, z, = (z(1),x(2)).
Indeed, Let € > 0 and choose n; such that

€
(1) — 2(1)] < 5
for all n > n;. Choose ny such that

[74(2) —2(2)] < 5
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for all n > ny. Set ng = max{ni,ns}, then for every n > ngy, we have

dy(zn, (2(1),2(2)) = |oa(1) —2(1)] + |2n(2) —2(2)] < €
Thus
lirrlnxn =z
and the assertion is proved. [ |
Examples:

(1) Let X =R\ {0} and d(z,y) = |z — y|, them (X, d) is not complete. The
sequences (%) is Cauchy and does not converge.
(2) Let p be a prime number. On the set of integers, we define
dd,(z,w) = p™",
where n = max{n : p" divides (z—w) }. This satisfies the triangle inequal-
ity. The sequence (z,) given by z,, = p+ p* +--- + p" is a non convergent
Cauchy sequence.

THEOREM 3.3. Let n € N. The space (R",dy) is a complete metric space.

PROOF. Similar as in Proposition 3.2 using the following Lemma . [ |

LEMMA 3.4. Let x,y € R", then

n

do(z,y) < Y |wi—uil -

i=1
PrOOF. We proof this by induction on n € N. The case n = 1 is obvious.
Assume the assertion is true for n and let z,y € R"*'. We define the element

2= (Z1,...; Tp,Yns1), then we deduce from the triangle inequality

dg(l‘,y) S d?(l‘?’z) +d2(2’,y)
n+1 % n+1 %
= (Z | — Zi\2> + <Z |2 — yf)
=1 1=1

= |Tot1 = Y| + (Z |z — ?Jz’|2>

i=1

[

To apply the induction hypothesis, we define & = (z1,...,x,) and § = (y1, .., Yn)-
Then the induction hypothesis yields

(Z |$i—yi|2> = d(2,9) < Z|$z—yz|

i=1 =1
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Hence,
1
n 2
da(2,y) < |Tnt1 — Yosa| + (Z |z — yi‘2>
i=1
< T — Yol + Z |z — yil
i=1
n+1
= Z T
i=1
The assertion is proved. [ |

DEFINITION 3.5. A subset C' C X is called closed if X \ C' is open.

PROPOSITION 3.6. Let C' be closed subset of a complete metric space (X, d), then
(C,d|cxc) is complete.

PROOF. Let (x,) C C be Cauchy sequence. Since X is complete, there exists
x € X such that

r = limz, .
We have to show € C. Assume xz ¢ C. Then there exists a 6 > 0 such that
B(z,d) C X \ C. By definition of the limit there exists ng such that d(z,,z) < o0

for all n > ng. Set n = ng + 1. Then d(z,,z) < § implies z, € X \ C and z,, € C
by definition. This contradiction finished the proof. [ |

THEOREM 3.7. Let (Y,d') be complete metric space. Let h € C(X,Y) and
Cu(XY) = {feC(X)Y) : Sg}gd'(f(x)?h(x)) < oo}
Then Cy(X,Y) is complete with respect to
d(f.9) = supd(f(z), g(x)).

PRrOOF. Let (f,) C Cr(X,Y) be Cauchy sequence. This means that for every

€ > 0 there exists an ng such that

(3.1) sup d'(fo(2), fm()) <

zeX

DO |

In particular, for fixed x € X, f,(x) is Cauchy. Therefore f(z) := lim,, f,,(z) is a
well-defined element in Y. We fix n > ny and consider m > ng such that
£

d(fm(2), f(2)) < 3.



10

This implies

(@) £@) < AUalo) fla)) + A (o). S(@) < 2
for all z € X. In particular,
(3.2) sup sup d'(f,(¢), f(2)) < <
n>ng r€X

Let us show that f is continuous. Let z € X and € > 0. Choose ng according to (3.1).
Choose n = ng + 1. Let 6 > 0 such that d(z,y) < § implies d'(f,(z), fu(y)) < e.

Then, we have

d(f(x), f(y) < d(f(x), fu(@)) + d'(fa(2), fo(y)) + d (fuly), f(y)) < 3c.

Since € > 0 is arbitrary, we see that f is continuous. Moreover, (3.2) implies that

fn converges to f. Finally, (3.2) for € = 1 implies that

supd(f(z), h(zr)) < Sgpd(f(fﬁ),fn(fﬂ)) +s1ipd(fn(x),h(a;)) < o0

T

implies that f € Cp,(X,Y). |

DEFINITION 3.8. Let (X,d) be a metric space and C C X. O C X 1is called sense if
for ever x € C and e > 0 B(x,e) N O # (.

DEFINITION 3.9. Let O C X be a subset. Then

0 = mOCC,CclosedC

1s called the closure.
LEMMA 3.10. O is dense in O and O is closed.
PROOF. Let x € O. Assume B(z,6)NO = (. Then C = X \ B(z,¢) contains
O. Thus
OccC.
This implies that z ¢ O, a contradiction. Now, we show that O is closed. Indeed,

let y ¢ O. Then there has to be a closed set C such that O C C but y ¢ C. This
means y € X \ C which is open. Hence there exists § > 0 such that

B(y,0) c X\ C

By definition every element z € B(y, §) does not belong to O. This means B(y,d) C
X\ O. ]
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THEOREM 3.11. Let (X, d) be a non-empty metric space. For every x € X we define

foly) = d(z,y) .
Let vg € X. The map [ : X — Cy, (X, R) satisfies the following properties.
i) d(f(x),d(f(y)) = d(z,y),

(1) The closure C' = f(X) is complete,

(2) f(X) is dense in the closure C = f(X).
PROOF. Let z,y € X and z € X. Then the ‘converse triangle’ ineqquality
implies
fo(2) = fy(2)| = [d(z,2) —d(y,2)| < d(z,y).
Moreover,
[fo(2) = fe(y)| = ld(z,2) —d(z,y)| < d(z,y).
Therefore f, € Cy, (X,R) for every z € X and

d(fe, fy) < d(z,y).
However,
d(fo: fy) = |falx) = fy(x)] = [0—d(y, z)| = d(y, ).

This shows ). According to Proposition 3.6 and Theorem 3.7, we see that C is
complete. According to Lemma 3.10, we deduce that f(X) is dense in C. |

Project: On C(]0,1]) we define

0(f.9) = / () — g(s)|ds

Show that (C([0,1]),d;) is not complete.
Project: In the literature you can find another description of the completion of a

metric space. Find it and describe it.

4. Unique extension of densely defined uniformly continuous functions

In this section we will show that the completion C' constructed in Theorem 3.11 is
unique (in some sense). This is based on a simple observation-the unique extension.

This principle is very often used in analysis.

DEFINITION 4.1. Let (X,d), (Y,d') be metric spaces. A function f : X — Y is

called uniform continuous if for every € > 0 there exists a 6 > 0 such that

d(z,y) <6 = d(f(x),f(y)) <e.
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PROPOSITION 4.2. Let O C C be a dense set and f : O — Y be uniformly contin-
uwous function with values in a complete metric space. Then there exists a unique
continuous function f: O — 'Y such that f(a:) = f(x) for all x € O.

PROOF. Let z € X. Since B(z,+)NO is not empty, we may find (z,,) C O such
that lim,, z,, = x. We try to define

F(x) = lm f(z,)

Let us show that this is well-defined. So we consider another Cauchy sequence (z,)
such that lim,, #/, = x. Let ¢ > 0. Then there exists 0 > 0 such that

d(f(z',y)) <e

holds for d(z,y) < 6. We may find ny such that

J
d(xp, ) < 2
and
, J
d(z),x) < 2

holds for all n,n’ > ng. Thus

d'(f(ay,), f(aa)) <e.

This argument also shows that (f(z,)) is Cauchy and hence f(z) is well-defined. If
z € O, we may choose for (z,,) the constant sequence x, = x and hence f(z) = f(z).
Now, we want to show that f is uniformly continuous. Indeed, let € > 0, then there

exists 0 > 0 such that d(2/,y") < § implies

£

A, FW)) < 5

Given z,y € C with d(z,y) < 0, we may find (x,) converging to x and (y,) con-
verging to y such that

Thus for all n € N we have
d(Tn,yn) < d(x,y) + d(2n, ) + d(Yn,y) <0 .

This implies
d(f(x), f(y)) = limd(f(zn), f(yn)) <

DO ™
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This shows that f is uniformly continuous. If ¢ is another continuous function such
that g(z) = f(x) holds for elements x € O, then we may choose a Cauchy sequence

(x,) converging to x and get
g(x) = limg(z,) = lim f(z,) = f(z). =

Example If f : (0,1] — R is uniformly continuous, then f is bounded (why).

f(x) = 1/z is not uniformly continuous.

THEOREM 4.3. The completion of a metric space is unique. More precisely, let C' be
the set constructed in Theorem 3.11. Let C' be a complete metric space and ' : X —
C" be uniformly continuous with uniformly continuous inverse /' " : 1(X) — X such

that J'(X) is dense. Then there is a bijective, bicontinuous map u : C — C" such
that u(c(x)) = J(z).

PROOF. The map ¢/t : o(X) — € is uniformly continuous and hence admits
a unique continuous extension u : ¢ — C’. Also «/~" : /(X) — C admits a
unique extension v : ¢/ — C. Note that vu : C — C'is an extension of the map
vu(e(x)) = v(x). Thus there is only one extension, namely the identity. This show

vu = id. Similarly uv = id. Thus v = ! and u is bijective and bi-continuous. M

Project: Find the completion of (Z, d3).
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4.1. The spaces C(X).
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5. Continuation of continuity

EXAMPLE 5.1. (1) Let (X,d) be a metric space and zy € X be a point , then

f(z) = d(x,z0) is continuous. Indeed, the triangle inequality implies
d(d(a:, xO)? d(d(yv 0)) = ‘d(l’, -1'0) - d(y> .%'0)‘ < d(IL‘, y)

This easily implies the assertion.
(2) On R™ with the standard euclidean metric d = ds, the function f : R* — R"
defined by f(z) = d(x,0)x is continuous.
Proof: Let z # 0 a pint in R" and let € > 0. Choose § = min{,/%, %},
Let d(y,x) < 0, then by the above inequality
d(f(z), f(y)) = d(d(z,0)z,d(y,0)y) < d(d(z,0)z,d(z,0)y) + d(d(z,0)y,d(y,0)y)
= d(z,0)d(z,y) + [d(x,0) — d(y, 0)|d(y, 0)
< d(z,0)d(x,y) + d(z, y)(d(z,0) + d(z, y))
— 2d(x,0)d(x, ) + d(z, 1)’
€

<
2—|—

Now let x = 0 and £ > 0 and define § = /¢, then for d(z,y) < § we have
d(f(x), f(y) = d(0.d(0,y)y) = d(0,y)* <e

The assertion is proved. [ |
(3) (Exercise) The function f : R® — R3, f(z) = (cos(zy),sin(zs), cos(zy)) is

continuous. Try that one for the next hour exam.

DN ™
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6. Closed and Compact Sets

Let (X, d) be a metric space. We will say that a subset A C X is closed if X \ A is

open.

PROPOSITION 6.1. Let (X,d) be a complete metric space and C C X a subset. C
15 closed iff every Cauchy sequence in C' converges to an element in C.

Proof: Let us assume C'is closed and that (z,,) is a Cauchy sequence with elements

in C. Let x = lim, x, be te limit and assume x ¢ C. Since X \ C' is open
B(z,e) c X\ C

for some € > 0. Then there exists an ng such that d(x,,z) < € for n > ng. In

particular,
Tno+1 S B(.T, €)

and thus z,,.1 ¢ C, a contradiction.

Now, we assume that every Cauchy sequence with values in C' converges to an
element in C. If X \ C is not open, then there exists an x ¢ C and no € > 0 such
that

B(z,e) c X\ C.
Le. for every n € N, we can find z,, € C such that
1
d(z,z,) < —.
(0,20) <
Hence, limz,, = z € C but z ¢ C, contradiction. [ |

The most important notion in this class is the notion of compact sets. We will say

that a subset C' C X is compact if For every collection (O;) of open sets such that

CCUOZ = {ZE€X|E|7;E[£L'EOZ‘}

There exists n € N and 74, ..., ¢, such that
CCOhU"'UOin.

In other words

Every open cover of C' has a finite subcover .
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DEFINITION 6.2. Let X C |JO; be an open cover. Then we say that (V;) is an open

subcover if
xclJy
J
all the V; are open and for every j there exists an i such that
V; CO;.

It is impossible to explain the importance of ‘compactness’ right away. But we can
say that there would be no discipline ‘Analysis’ without compactness. The most

clarifying idea is contained in the following example.

PROPOSITION 6.3. The set [0,1] C R is compact.

PROPOSITION 6.4. Let B C X be closed set and C' C X be a compact set, then

BNnC

18 compact

Proof: Let BN C C |JO; be an open cover. then

Ccc(x\BulJo

is an open cover for C', hence we can find a finite subcover
CCc(X\B)UO;,U---U0;, .

Thus

BNC CcO;,U---U0O,,
is a finite subcover. |
LEMMA 6.5. Let (X,d) be a metric space and D C X be a countable dense set in

X, then for every subset C' C X and every open cover
ccljos

we can find a countable subcover of balls.

Proof: Let us enumerate D as D = {d,|n € N}. Let € C and find i € I and
¢ > 0 such that

x € B(x,e) CO; .
Let k > g By density, we can find an n € N such that

1

d(zx,d, —.
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Then
1 1
X € B(dn,ﬁ) C B(I, E> C B(SL’,&T) CO;.
Let us define
1
M = {(n, ]{3) | E|,‘€]B<dn, %) C OZ} .
Then M C N? is countable and hence there exists a map ¢ : N — M which is

surjective (=onto). Hence for V,,, = B(dg,(m), 2¢+(m))’ ¢1, ¢ the 2 components of

¢ we have
CC U Vi,
and (V},) is a countable subcover of balls of the original cover (O;). |

THEOREM 6.6. Let (X,d) be a metric space. Let C' C X be a subset. Then the

following are equivalent

i) a) Every Cauchy sequence of elements in C' converges to a limit in C.

b) For every € > 0 there exists points 1, ..., x, € X such that
C C B(xy,e)U---U B(x,¢) .

ii) Every sequence in C' has a convergent subsequence.

iii) C is compact.
Proof: i) = ii). Let (z,) be a sequence. Inductively, we will construct infinite
subset A1 D Ay D As--- and w1, ¥, ¥3,... in X such that

vleAj : d(a:l,yj) < 2_j_1 .

Put Ag = N. Let us assume A; D Ay D --- A, and v, ..., y, have been constructed.
We put ¢ = 2772 and apply condition 7)b) to find zy, ..., z,, such that

C C B(z,e)U---UB(zm,¢) .
We claim that there must be a 1 < k£ < m such that
An(k) = {l € Ay |z, € B(zg,€)}
has infinitely many elements. Indeed, we have
A, (DHU---UA,(m) = A, .

If they were all finite, then a finite union of finite sets would have finitely many
elements. However A, is infinite. Contradiction! Thus, we can find a k with A, (k)

infinite and put A,+1 = A, (k) and y,,+1 = 2x. So the inductive procedure is finished.
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Now, we can find an increasing sequence (n;) such that n; € A; and deduce

1 . 1 . .
d(@ny, Tnyyy) S AT ys) + (o ony0,) < 527+ 5270 = 27

because n; € Aj and njy1 € Ajy1 C Aj. Thus (z,,) is Cauchy. Indeed, be induction,
we deduce for 7 < m that

d('rnj7 Inm) < d(l‘n] ) Inj-‘-l) + d(xnj+17 Inj+2) T d<xnm717'rnm)

m—1
< 2—122—k — ol
k=0

This easily implies the Cauchy sequence condition. By a) it converges to some
x € C'. We got our convergent subsequence.

i1) = 1ii): We will first show i) = ¢)b). Indeed, let € > 0 and assume for all n € N,
Y1y s Yo € C' we may find

(Y1, Yn) € C\ (B(y1,€) U+ B(yn, €)) -

Then we define z; € C and find x9 € C'\ B(x1,¢). Then we find z3 € C'\ B(x1,¢)U
B(z9,¢). Thus inductively we find z,, € C such that

d(xp,xp) > €

forall 1 < k < n. It is easily seen that (z,) has no convergent subsequence. Thus 7)b)
is showed (with points in C'). For every g, = % we find these points y¥, ..., yffl(k) eC
such that

C C B(yy, %) U---UB(y™®, %) :
Then, we see that D = {y¥ : k € N,1 < j < m(k)} is dense in C. Therefore, we
may work with the closure X = D and show that C'is compact in X. (It will then

be automatically compact in X). By Lemma 6.5, we may assume that
cclJo
k
and Oy’s open. If we can find an n such that

CcOU---Uo,

the assertion is proved. Assume that is not the case and choose for every n € N
an x, € C'\ Oy U---UQO,. According to the assumption, we have a convergent
subsequence, i.e. limyz, = x € C. Then z € O,, for some ny and there exists a
€ > 0 such that

B(z,e) C Oy, .
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By convergence, we find a ky such that d(z,x,,) < € for all & > ky. In particular,
we find a k > kg such that n;, > ng. Thus

Ty, € B(z,e) € Opy COLU---UO,, .

Contradicting the choice of the (x,)’s. We are done.
i11) = 1)b) Let € > 0 and then

¢ c|JBl.e).

zeC

thus a finite subcover yields b).
i11) = i)a) Let (z,) be a Cauchy sequence. Assume it is not converging to some

element z € C. This means

(6.1) Vo e Cde(x) > O0VnoIn > ng d(x,,z) > €.
Then
CC U B(z, @) .
zeC
Let
£ £
¢ c By, Sy U U By, S0

2
be a finite subcover (compactness). Then there exists at least one 1 < k < m such
that

Ay = {n e NJ|d(x,,yr) < %yk)}

is infinite. Fix that k& and apply the Cauchy criterion to find ngy such that

(yx)
2

d(zp, ) <
for all n,n’ > ny. By (6.1), we can find an n > ng such that

d(xn, yr) > (yk) -

Since Aj, is infinite, we can find an n’ > ng in A, thus

€<yk) < d($n/7 yk) S d(xn, IL’n/) + d(l’n/, 'yk)

E(yk) +€(yk) _ 8(,%)

<
2 2

A contradiction. Thus the Cauchy sequence has to converge to some point in C. H

COROLLARY 6.7. Every intervall [a,b] C R with a < b € R is compact
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Proof: It is easy to see that X \ [a,b] is open. Hence, by Proposition 6.1 [a,b] is
complete, i.e. i)a) is satisfied. Given e > 0, we can find k > 1. For m > k(b—a) we

derive
a6 ¢ JBla+ %,g) .
7=0
Thus the Theorem 6.6 applies. [ |
LEMMA 6.8. Let r > 0 and n € N, the set C,. = [—r,r]|" is compact.

Proof: Let x ¢ C,, then there exists an index j € {1,..,n} such that |z;| > r. Let
e = |z;| —r and y € R" such that

max |:1:2 uil < e,

then
il = lyj —z + a5 = oyl =y — 5] > |og] —e = 7.
thus y ¢ C,. Hence, C, is closed and according to Proposition 3.3, we deduce that

C, is complete.

For n =1 and € > 0, we have seen above that for k > % and m > 2%
m .
c|JB(-r + )
7=0

Therefore

[-rre U Boo((—r+]l; —7“+]]:) e).

Thus i)a) and i)b) are satisfies and the Theorem 6.6 implies the assertion (The
separable dense subset is Q™.) [ ]
THEOREM 6.9. Let C' C R™ be a subset. The following are equivalent

1) C is compact.

2) C 1is closed and there exists an r such that
C C B(0O,R) .

(That is C' is bounded.)
Proof: 2) = 1) Let
C c B(0,R) C [-R,R]"

be a closed set. Since [—R, R]™ is compact, we deduce from Proposition 6.4 that C'

is compact as well.
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1) = 2) Let C subset R™ be a compact set. According to Theorem 6.6 i)b), we find
C C B(xy,)U---UB(zp,1)
thus for r = max;—y,__,,(d(z;,0) + 1) we have
C C B(0,r).
Moreover, by Theorem 6.6 i)a) and Proposition 6.1, we deduce that C' is closed. H

We will now discuss one of the most important applications.

THEOREM 6.10. Let (X, d) be a compact metric space and f : X — R be a continuous
function. The there exists xqg € X such that

f(xo) = sup{f(z):z € X}.
PROOF. Let us first assume

A={f(x):z e X}

1

is bounded and s = sup A. For every n € N, we know that s — - is no upper bound.

Hence there x,, € X such that

1
szf(acn)>s—ﬁ.

Let (ng) be such that limy x,, =2 € X. Then we deduce from continuity that

f(z) = lim f(z,,) > lims—i = 5.
k ng
By definition of s we find f(x) = s. Now, we show that A is bounded. Indeed, if
note we find z,, € X such that f(z,) > n. Again we find a convergent subsequence
(@n, ). Since f(x,,) is convergent it is bounded. We assume (f,, ) is bounded above

by m € nz. Choosing k > m + 1 we get
m > f(Tn,) =g > npm > m.

This contradiction shows that A is bounded and hence the first argument applies. B
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7. C(K)

For a metric space X, we denote by C(X) the space of continuous functions with
values in the real numbers.
LEMMA 7.1. Let (X,d) be a metric space and f,g € C(X) and t € R, then

i) f+tg defined by f+tg(x) = f(z) +tg(x), x € X, is in C(X).

ii) fg defined by fg(x) = f(x)g(x), x € X, is in C(X).

iii) Let h : R — R be a continuous function, then ho [ defined by ho f(x) =

h(f(x)) is continuous.

iv) Let (f,) be a sequence of continuous functions such that for every eps > 0

there exists ng such that for all n,m > ng

sup |fn(l‘) - fm(x)| < ¢ )
zeX

Then there is a continuous function f: X — R such that

fx) = lm f(x).

Proof: iii) Let us assume that (f,) is a sequence as above. Clearly for all z € X,

we see that
f(x) = lign fulz)

exists. We have to show that f is continuous. For let x € X and ¢ > 0. Let ng be

chosen according such that for n,m > nyg

sup | fn(z) — fm(z)| <

<
zeX 3 .
In particular, for all y € X and for n = ng + 1, we deduce

(7.1) ) = Fu)] = 1| fuly) ~ F0)] < 5 -

Since, f, is continuous (at z), we can find 6 > 0 such that d(x,y) < J implies

Fule) = )] < 3.

Thus we get for those y

[f(@) = fW)l < (@) = fal@)| + [fal@) = fuly)] + | fuly) = f(2)]

€+€+€_€
3 3 3

Hence f is continuous and the assertion is proved. [ |
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THEOREM 7.2. Let K be a compact metric space and f : K — R be a continuous

function. Then there exists an xq € K such that

f(xo) = sup{f(z) |z € K}.

Proof: Note that in the proof of the main Theorem the existence of a countable
dense subset has only been used to prove ii) = iii). Thus, we still have that every
sequence in a compact space has a convergent subsequence. If sup{f(z) : = €

K} = oo, we can find a sequence (x,,) such that

flzn) >n

for all n € N. Let us consider this case first. Let (z,,) be a convergent subsequence
with

T = lilgn Ty, € K.
Then we can find an € > 0 such that

d(z,y) <e = |flx)=fy)l <1

Then there exists an kg such that d(x,, ,x) < ¢ for k > ko. Let k; be such that
k1 > |f(x)| + 2, then we deduce for some ky > max{k;, ko}

[F@)+1 < ky < flow,) < f@) +|f(2) = flow)] < |[f@)]+1.

a contradiction. Thus sup{f(z) : * € K} < co. For every € > 0, there exists an
z(e) € K such that

f(z(e)) >sup{f(z) : x € K}.
Call the supremum sup. We get a sequence (z,,) such that
1

flen) < sup < fla)+ -

Let (z,,) be a convergent subsequence with
r = limz,, € K.
k

By continuity of f, we deduce

f(x) = lilgnf(a:nk) = sup.

The assertion is proved. [ |
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COROLLARY 7.3. Let K be a compact set and f : K — R be a continuous function,
then
sup{f(z) :z € K}
18 finite.

COROLLARY 7.4. The space C(K) equipped with

d(f,g) = sup|f(z) — g(x)|

zeK
18 a complete metric space.

Proof: Let us fist observe that for f,g € C(K) the map |f — g| is continuous and
thus

d(f,9)

is a real number. Clearly, d is symmetric and f = g, i.e. f(x) = g(z) for all z € K
iff d(f,g) = 0. The triangle inequality is obvious. Indeed, let f,g,h € C(K). Then

sup |f(z) —g(z)] < sup[f(z) — h(z) + h(x) — g(2)]

< i‘g}zﬂf@) — h(z)] + [h(z) — g(z)|)
< sup |f(x) — h(x)] + sup |h(x) — g()]

d(f,h) +d(h,g) .

Given a Cauchy sequence (f,,), we apply Lemma 7.1 to obtain a continuous limit

function f. According to (7.1), we see that

lim d(f, f,) = 0.

n—oo

Hence, f, converges to f. (Details: Exercise.) [ |
Motivated by this result, we will say that a sequence of functions (f,) converges
uniformly to f (on X) if

Ve > 03angVn > noVa € X|fo(z) — f(x)] < €.
This opposed to the pointwise convergence
Vo e XVe > 03angVn > nolfu(z) — f(2)] < €.

Example: The functions f,(x) = 2™ converge pointwise to f(x) =0 on [0,1)
However, the following remarkable result allows us to show that under suitable

circumstances the weaker pointwise convergence implies uniform convergence.
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THEOREM 7.5. Let K be a compact space. (f,) a sequence of continuous functions
on K converging pointwise to the continuous function f on K such that for allx € K

the sequence f,(x) is increasing. Then (f,) converges uniformly to f.

Proof: Let € > 0. Then, we can find for every x € K an n(x) such that

fl@) < fala) + 5

Since f, fu(z) are continuous, we can find §(x) > 0 such that

S(ey) <o) = (@) - @I <5 & lfunle) = fan @) <3

Then we have an open over

xc|/J B(x,@)

by compactness can find a finite subcover
X C B(x1,6(x1))U---UB(zp, 6(xm)) .

Let n(e) = max{n(x1),....,n(z,)}. Let y € K and find an 1 < ¢ < m such that
d(x;,y) < 0(x;). Then, we have for x = z;

fly) < f(@*‘% < fn(x)"i_%
< fl0)+ T < fly)be.

By montonicity, we deduce for all m > n

fy) < fuly) +e < fly) +e.

The assertion is proved. [ |

Let us state a further important application of compactness.
THEOREM 7.6. Let K C (X,d) be a compact subset and f : K — (Y,d) be a
continuous function. Then for every e > 0 there exists an 6 > 0 such that for all
r,y€e K

d(z,y) <o = d(f(z),f(y) < e.

Proof: For every x € K, we can find §(z) such that

da.y) <0 = d(f@).fW) < 5.

Then the open
6(x)
X B
c U B, =)

zeX



has a finite subcover

d(z1) M)
2 2

Let 6 = minizl,.,,m{‘s(gi) and consider x,y € K such that d(x,y) < 6. Then there

exists 1 <4 < m such that d(z,z;) < @. Hence,

X C B(ay, YU U B(x,

dy,z;) < d(y,z)+d(z,2;) < 0(x;)
and thus

A(f@), f(y) < dif(@) f@) +d(f@), fy) < 5+5 = <.

The assertion is proved. [ |

DEFINITION 7.7. A function satisfies the assertion of the previous theorem is called

uniformly continuous.
If time remains, we will show:

THEOREM 7.8. The closure of the polynomials are dense in C([a,b]).
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Proof: ii) : Let x € X and 0 < ¢ < 1, then there exists a £; > 0 such that
3

dz,y) <er = d(f(z), fly) < 30+ 9@ <1,
and g, > 0 such that
dz,y) <g, = dlg(x),g(y) < m <1

Let y € X such that d(y,z) < min{es,e,,1} = 6. Then we deduce form ¢ < 1

[fo(z) — fa(y)l < [f(@)llg(x) — g(y)| + |f(z)g(y) — f(v)g(y)]
< |f@)llg(x) = g)| + [ f(z) = fFllg@)| + | f(z) = f)llg(x) — g(y)]

e &2

€
< =4+ =-+—= < €.
3—|—3+9 €
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8. Some remarks on the ternary Cantor function

The complement of the Cantor set in [0, 1] is given by
o= U 0.
n=0qe{0,2}"
where forn =0, a =0
Oa = \5 5
G2
and for n >0, a = (ay, ..., a,) we have

n n

Op = () _a37 +370 Y 37" + 237 ("))
=1 =1

On such a set O, we define
n @ '
- Zto—i 4 9—(n+l)
flo) = g

For n = 0 we use the value %

LEMMA 8.1. f is uniformly continuous.

PROOF. Let us consider x; and x5 in O such that |z — 29| < 37". We may write

T = iai?)i

i=1

and -
Ty = 2613_1

i=1

such that there exists a smallest integer k£ and m with ay = 1, b,, = 1. Let j be the
smallest integer such that a; # b;.

case 1) j < min(k,m): W.Lo.g. we may assume a; = 2 and b; = 0. Then
3> —xy>239 -3 =377,
This yields j > n and
Fen) =~ fe) < Sl bl < 279 < a0
i<j
case 2) j > min(k,m). If k = m, then f(z1) = f(x3) are we are fine. Let us assume
k > m. Then a,, € {0,2} and b,,, = 1. Thus j = m.
case 2a) a,, = 2: Let us fix the smallest j > k such that a; # 0. We get

k-1

flo) = flas) = Y %2*@42%.

i=m+1
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Moreover,

37"y — x> 3 +a;377 —( Z bi3™) > a;377 .
i=k+1
Thus 7 > n and hence
a; i —m o n
|fx1) = flaz)| < ;52 19T < 4070 < 497
2]

case 2b) a,, = 0: similar.
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Integrable functions-Outline of statements

9. The space of integrable functions

In the following (€2, 3, i) is a o-finite measure space.
DEFINITION 9.1. f € S(u) if f: Q2 — R is a measurable function such that f(Q) is
a finite set and
pu(f #0) <oo.
Then

I(fy = > ru({f=r}).

ref(Q)
PROPOSITION 9.2. I : S(u) — R is linear. Moreover, f < g implies I(f) < I(g).

Furthermore, we have the triangle inequality

I(f —gl) < I(lf = b)) + I(}h = g) .

ProoOF. 1. Note that I(Ag) = A (g). Now if f,g € S(u), then

f= ixilEi where E; = f~'({z;})
=0

9= uilp, where F; = f'({y;}),

i=0

where xg = yo = 0. We assume that z; # zx(i # k) = E; N Ey =0 and UE; = Q,
and y; # y(j #1) = F; N F, =0 and UF; = Q. Consider {x; +y; : 0 <i<n,0<
j<m}={%,2%,...,Zx}, then

N

J+9 = Y Zlu, .50,
r=0
N

- Z Zn (Ui gy == Ei 0 Ej)

= Z Z(S@; +y;) (B N Ej)

m n

= S Y wWENF)+Y g Y wENE)
i=1 j=0 ]
= > wpEi+ Yyl
i J

= 1(f)+ 1(9)
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I(f) = 1I(g) = I(f —9) < I(|f —gl) = [L(f) = L(g9)| < I(|f — gl)

DEFINITION 9.3. Let f: Q — [0, 00] a positive measurable function. Then

1) = s I(h).
0<h< f,heS(u)

f is called (positive) integrable if I(f) is finite.
LEMMA 9.4 1) f < g, then I(f) < I(g). 2) I(f +9) > I(f)+I(g)

PROOF. 2) Let 0 < f, < fand 0< g, <g=0<fu,+ 9. < f+g. Then

I(f)+1(g) =sup I(fn) +supI(gn) < I(f + g).

We want to show that for integrable f, g we have I(f + ¢g) < I(f) + I(g).
LEMMA 9.5. f > 0 integrable, 0 < h < f, h € S(u). Then
1) = I(F —h)+ 1(h)

PROOF. Let e >0 and 0 < g < f, g € S(u) such that

I(g) < I(f) < 1(9) + e

Define g = max{g,h} > g, then

I(9) S I(f) S 1(G) +e < I(g)+e=1I(g—h)+ I(h)+e < I(f —h)+ I(h) +e

COROLLARY 9.6. f > 0, I(f) < oo. Then there ezists an increasing sequence of
simple functions {g,} such that 0 < g, < f and imI(f — g,) = 0.
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PROOF. Let € = 27". Furthermore, let 0 < g, < f and I(f) < I(§,) + €,. Define
gn = max{gi,...,Gn}, then

I(gn) < I(f) < 1(gn) + €0 < 1(gn) + €n.
By Lemma 11.5:
|

LEMMA 9.7. f > 0 integrable. Then there exits a sequence f, € S(u) such that
0< f, < f, fn isincreasing and

I(f_fn) < 4.
LEMMA 9.8. (Chebychev) f integrable, A > 0 and ) is o-finite. Then
Au(f = A) < I(f).

PROOF. Let h = Aly>y < f and let 2, C ) an increasing sequences of subsets
such that UQ,, = Q). Then

hn = Algoayn0, < 1(f),

SO

p(7 = N =l p({f = A} N, = lim ST (k) < ST(F).

LEMMA 9.9. Let (f,) and f be measurable such that

I(|fn = f1) < 47"
Then f,, converges to f almost everywhere.

PROOF. Let B, ={w: |f — ful > 27"}, Fl, = Ugsn B and F =N, F,, then

p(F) <limp(F,) <lim > p(Ey) =lim ) 27% =1lim2™" = 0.

k>n k>n

Ifwé¢ F = Jnsuch that Vk >n, f(w) —27% < fi(w) < f(w) +27%, which implies

lim fi(w) = ().
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LEMMA 9.10. (Beppo-Levi) 0 < f, < fny1 all integrable such that lim, I(f,) < oo

If f,, converges to f alomst everywhere, then

1() < imI(f,).

PROOF. Let 0 < h < f, h € S(u) and

h = irllEz
i=1

Let F' C € such that lim f,(w) = f(w) V¥ w € F. Given any € > 0, define

T
Ein: GEZQF n > CEZ‘,
n={w o) > 11

then E; N F = U, FE;,, because lim, f,(w) = f(w) > ;. We may find n such that
W(E;n) > ”(?’—JQF) foralli=1,...,m.
Then define

o= i €n .
" Z e len S fale < fo= I0") < 1(fa) < HmI(f)-

Moreover

I(h) = ZTiM(Ei) = ZTiM(EiﬂF)

i=1

3

< (1+¢€)?

=1

< (L+M(R") < (L+6)*1(fa)-

|
COROLLARY 9.11. (Fatou) Let 0 < f,, be positive integrable functions. Then
I(limninf fa) < limninf I(f,) .
PRrOOF. Let g, = inf,,>, f, is increasing. Then
I(supg,) = supI(g,) < supnllnfn I(fn) = limninf I(f,) .
|

PROPOSITION 9.12. f, g positive integrable. Then

I(f)+1(g) = I(f+9g).
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PROOF. Let f, € S(i), g € S(p) increasing sequences such that I(f—f,) < 4™
and I(g — g,) < 47". Then the sequence h,, = f, + g, converges to f + g almost

everywhere and

I(f+g) < limI(fotgn) = imI(fn)+1(9) = I(f)+1(g)
[ |

DEFINITION 9.13. A measurable function f : Q — [—o00, 00| is called integrable if

there exists a sequence (fy,) in S(u) such that

We denote I(u) the space of integrable functions
PROPOSITION 9.14. Let f be p-integrable and (f,), (f,) such that

lim I(f ~ fl) = 0 = lmI(If )
Then
lim £(|, — £1]) = 0.
In particular,
[ =iz
is well-defined.
PROOF.

I fo = fu) < LU fo = fI+1fa = F) =L fa = FD) + L( S — D
Also note

I(fo = fl) < I fr = f1+ N fo = F1) = I(|fu = F) + L(1f = 1),
so lim, I(f,) exists. n

LEMMA 9.15. Let f > 0 be p-integrable. Then

1= 1.

PROOF. Let (f,) be a sequence of simple functions such that I(|f — f,|) < 47"
Then f, converges to f almost everywhere. For fixed n € N we consider FE,, = {w :
fn(w) < 0. Then



36

Thus we have I(|f — fF]) < I(|f — fu]) < 47™. Then f; converges to f u-almost

everywhere and Fatou’s lemma implies
I(f) < lminfI(f,) < supI(|ful) -

However,

({1 fnl) = LD = ([ ful = D] < (1 ful = [fmll) < I([fn = fiml)
SI(fo = [+ I(f = fml) < 474477

Thus I(|f,|) is Cauchy and hence sup,, I(|f,|) bounded. We get
I(h) < supI(|fa]).

In particular, I(f) is finite. Equality follows from the preceding Proposition. [ |

PROPOSITION 9.16. 1) f,g € I(u), € R. Then [(f+Xg) = [f+A][g.
2) f,g€ (), f <g. Then I(f) < I(g).

PRrROOF. 1) There exist I(|f, — f|) — 0 and I(|g, — g|) — 0, then
I(|fa+ Agn = (f + A9)]) < I([fn = f) + AL(|gn — g]) — O.

Since integral is well defined, so [ f 4+ Ag = lim,, I(f, + Agn) = I(f) + Mg.
2) Consider h = f — g > 0, then [ h = I(h) > 0. Thus

[i=Josen= [+ o= s

PROPOSITION 9.17. f is integrable iff f* and f~ are integrable. Moreover, we have

Ji-Jrr

PROOF. "<": f = ft — f~.
"=": There exists f, such that

i I(|f = fal) = 0= Im I([|f] = [fal]) = 0,

so | f] is integrable.

o= UL [ e [y
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10. Convergence Theorems
LEMMA 10.1. (Fatou) Let (f,) be positive integrable functions. Then
/lin%inf fn < lin%inf/fn.
THEOREM 10.2. (Dominated convergence theorems) Let f > 0 be positive integrable

function. Let (g,) be integrable functions such that

9./ <9 pae
for alln € N and g = lim,, g,, exists. Then g is integrable and

/gzlign/gn-

PROPOSITION 10.3. A bounded function is Riemann integrable iff the set of discon-

tinuity points has measure 0.
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11. The space of integrable functions

In the following (€2, 3, 1) is a measure space.

DEFINITION 11.1. f € S(u) if f: Q — R is a measurable function such that f(Q)

s a finite set and

u(f #0) <oo.
Then

I(f)= >, rl{f=r}.
0#ref(Q)
PROPOSITION 11.2. I : S(u) — R is linear. Moreover, f < g implies I(f) < I(g).

Furthermore, we have the triangle inequality

I([f = gl) < I(If = n]) + I(|h — g]) -
PROOF. 1. Note that I(Ag) = A (g). Now if f,g € S(u), then

f= szlE where E; = f1({z;})
i=0

9= uilp, where F; = f'({y;}),

=0

where z¢p = yo = 0. We may assume that
iZk=ENE,=0 UE =Q.
Moreover, for i # 0 we know that p(FE;) < co. Similarly, we may assume
JjEI=FNE=0 UF;=Q.
Consider
{z;+y;:0<i<n0<j<m} = {Zy,Z1,...,Zn}.
We assume that Zy = 0. Note that Eq N Fy C (f + ¢)~*(0). Then

N
[<f + g) = Z Zr,LL(Uxierj:ZTEi N FJ)

r=1
= Z (zi +y;)u(E; N Fy)
%,j,min(z,5)>0

n

=N @Y wENF)+ Yy Y BN E)
=1 j=0

j=1  i=0

:in,u(Ei)JrZij(Fj) = I(f)+1(g).
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2. If f <g, then E; N F; # () implies x; < y;. Let G = J;_, E;). This yields

m

f):Zl’sz(Ei):Z% Y. wENE)

i=1  j=0,E;NF;#0

< > yuENE) Z%ZuEﬂF

i>1E;NF; 20

=Sy S wWENE) = Zyju(Fj nG)
j=1 =1

J=1

However, if w € G¢, then f(w) = 0 and hence g(w) > 0. This yields

Therefore I(f) < I(g1le) < I(gle) +I(glg:) = I(9).
3. We note f — g < |f — ¢ and hence

I(f) =1(g) = [I(f =gl <I(If —4l)-

Similarly, I(g) — I(f) < I(lg — f|]) = I(|f — g|). The assertion follows. |

DEFINITION 11.3. Let f : Q2 — [0, 00] a positive measurable function. Then

I(f) =  sup  I(h).

0<h<f,heS(u)

f is called (positive) integrable if I(f) is finite.

LesMA 114, 1) [ < g, then I(f) < I(g). 2) I(f +9) > I(f) + I(g)
PROOF. 2) Let 0 < f, < fand 0< g, <g=0< f, + g0 < f+g. Then,

I(f) +I(g) = sup I(fn) +supI(gn) < I(f +g) . u

We want to show that for integrable f, g we have I(f + g) < I(f) + I(g). This will

be done in several steps.

LEMMA 11.5. f > 0 integrable, 0 < h < f, h € S(u). Then
I(f) = I(f =h)+1I(h).
PROOF. Let € >0 and 0 < g < f, g € S(u) such that

1(g) < I(f) < I(g) + €
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Define g = max{g,h} > g, then

I(g) <I(f) <I(g)+e<I(g)+e=I(g—h)+ I(h) + e <I(f = h)+ I(h) + €
Since € > 0 is arbitrary, this concludes the proof. [ |

LEMMA 11.6. f > 0 integrable. Then there exits a sequence f, € S(u) such that
0< fo < f, [n is increasing and

I(f_fn) < 47",
PROOF. Let € = 27", Furthermore, let 0 < g, < f and I(f) < I(gn) + €,. Define
gn = max{§gi,...,Gn}, then

I(gn) < I(f) < I(Gn) + €0 < 1(gn) + €n-

By Lemma 11.5:
1(gn) + €0 2 I(f) = I(f — gn) + 1(gn) -
Subtracting I(g,) yields I(f — g,) < &n. [ |

LEMMA 11.7. (Chebychev) f integrable, A > 0. Then

Au(f = A) < I(f).

PROOF. Let h = A=y < f and let ,, C €2 an increasing sequences of subsets
such that UQ,, = Q). Then

hy = Mypoapne, < 1(f),

SO
1 1
p(f 2 N) =l p({f = A} 01Qu) = lim 5 1(h) < $1(F) =
LEMMA 11.8. Let (f,) and f be measurable such that
Then f, converges to f almost everywhere.
PROOF. Let E, ={w :|f — ful > 27"}, F,, = Upsn B, and F =N, F),, then

p(F) <limu(F,) < limZu(Ek) = limZQ_k =1lim2™ = 0.

k>n k>n

If wé¢ F = 3nsuch that V &k > n, f(w) —27% < fr(w) < f(w) +27%, which implies

lim fi(w) = f(w) .
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LEMMA 11.9. (Beppo-Levi) 0 < f, < fnu1 all integrable such that lim,, I(f,) < co.

If f,, converges to f alomst everywhere, then

I(f) < LWmI(f,).
PROOF. Let 0 < h < f, h € S(u) and

h = irllEz
=1

Let F' C €2 such that lim f,(w) = f(w) V¥ w € F. Given any € > 0, define

Ei,n—{wEEiﬂF:fn(w)> i }CEi,

1+e¢
then E; N F = U,FE;,, because lim, f,(w) = f(w) > ;. We may find n such that
W(E;n) > “(?'—JQF) foralli=1,...,m.
Then define

T
he™ = " < folp < fo.
S ln, < hle <

)

Note that < f,1r < f,, and hence
I(R") < I(fu) < Tm I(f,)

Moreover,

1) = 3" rip(E) = 3 rip(E: O F)

i=1

< (1Y Tl Fun)
i=1

<1+ 1) < (L+e)?(fa) < (1+€)*HmI(f,).

Since € > 0 is arbitrary, we get I(h) < lim,, I(f,). Taking the supremum, we deduce

the assertion. ]

COROLLARY 11.10. (Fatou) Let 0 < f,, be positive integrable functions. Then
I(liminf f,) < lminf I(f,) .
PRrROOF. The sequence g, = inf,,>, f,, is increasing. Then

I(sup g,) =supI(g,) < sup inf I(f,,) = lminf I(f,) . [ |

n M2
ProPOSITION 11.11. f, g positive integrable. Then

I(f)+1(g) = I(f+9g)-
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PROOF. Let f,, € S(u), gn € S(u) increasing sequences such that I(f—f,) <4™"
and I(g — g,) < 47". Then the sequence h, = f, + g, converges to f + g almost

everywhere and
I(f +9) <1 I(futg,) = i I(f2) +1(9.) = 1(f) +1(g). .

DEFINITION 11.12. A measurable function f : Q — [—o00, 00| is called integrable if
there exists a sequence (f,) in S(u) such that

fim 1(1f — ) = 0.
We denote I(u) the space of integrable functions
PROPOSITION 11.13. Let f be pu-integrable and (f,), (f)) such that

tn 7(1f ~ ful) = 0 = m I(f ~ £
Then
lim (£, fi]) = 0.
In particular,
[ =iz,
1s well-defined.
LEMMA 11.14. Let f > 0 be p-integrable. Then

1= 1.

PROOF. Let (f,) be a sequence of simple functions such that I(|f — f,|) <47
Then f, converges to f almost everywhere. For fixed n € N we consider F,, = {w :
fn(w) < 0. Then

f_fn| = 1En|f|+1E7L fn| Z 1En fl

Thus we have I(|f — fF]) < I(|f — fu]) < 47" Then f. converges to f p-almost

everywhere and Fatou’s lemma implies

lg,

I(f) < lminf 1(f7) < sup I(|f]) -
However,

L(fl) = L0l = Sl = D] < TSl = fll) < (0 = finl)
< I(fa= f)+I(f = ful) < 4774477
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Thus I(|f,|) is Cauchy and hence sup,, I(|f,|) bounded. We get
I(h) < supI(|fa])-

In particular, I(f) is finite. Equality follows from the preceding Proposition. [ |

PROPOSITION 11.15. 1) f,g € I(n), N\€ R. Then [(f+Xg) = [f+X[g.
2) f,g€ (), f <g. Then I(f) < I(g).

PRrROOF. 1) There exist I(|f, — f|) — 0 and I(|g, — g|) — 0, then
I(|fa+Agn = (f +A9)]) < I([fn = f) + ML (g0 — g]) — 0.

Since integral is well defined, so [ f 4+ Ag = lim,, I(f,, + Agn) = I(f) + Ag.
2) Consider h = f — g >0, then [ h = I(h) > 0. Thus

/fz/(f—g+g)=/h+/gz/g. u

PROPOSITION 11.16. f is integrable iff f* and f~ are integrable. Moreover, we have

Jr-1r-fr

PROPOSITION 11.17. f is integrable iff f* and f~ are integrable. Moreover, we have

Ji-Jr-fr

PROOF. "<”": f = ft — f~.
"=": There exists f, such that

i I(|f — fu) = 0= T I(||f] ~ | full) = O,

so |f| is integrable.
o= [MET 10 [ [y .

12. Convergence Theorems and applications

LEMMA 12.1. (Fatou) Let (f,) be positive integrable functions. Then

/ liminf f,, < liminf / fn .
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THEOREM 12.2. (Dominated convergence theorems) Let f > 0 be positive integrable
function. Let (g,,) be integrable functions such that

gn| < f pae

for alln € N and g = lim,, g,, exists. Then g is integrable and

/gzligln/gn-

PROOF. Let us first assume |g,| < f everywhere and g = lim,, g,. Then the

sequence h,, = g, + f is positive. By Fatou’s Lemma, we find

/g+f = /ligngn—i-f < limninf/gn—i-/f.

Thus g + f and hence g is integrable. Subtracting [ f we get

/g < liminf/gn.

Now, we consider k, = —g, + f and deduce similarly as before

—/g+/f§liminf/—gn+/f.
limsup/gn < /g.

In the general case, we consider the exceptional set E, € ¥ of measure 0 such that
|gn(w)| < f(w) for all w € ES. Let F' € ¥ be of measure 0 such that lim, g,(w) =
g(w) holds for w € F°. We define E = F UL, E,. Then, we have u(E) = 0.

Moreover, the functions ¢, = ¢g,1gc and g = gl . satisfy all the requirements above.

Thus

The assertion follows from the following remark. [ |

REMARK 12.3. Let E be a set of measure 0 and f : {0 — 0 be a measurable function,
then [|f|1g = 0.

PROOF. Let 0 < h < |f|1g. We may write

m

h = Z’T‘ilFi .

=1

Then hlp = h and hence

This yields I(h) = 0. |

We will now discuss an application.
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THEOREM 12.4. (Riemann-Lebesque lemma) Let f : R — [—00, 00| be integrable.
Then

lillgrn/cos(kt)f(t)dt =0.
LEMMA 12.5. Let f be a step function. Then

1i£n/cos(k;t)f(t)dt = 0.
PROOF. Let f = Y7 riljy, 5. By linearity it suffices to show that
b
lilgn/cos(tk)dt =0.

This follows obviously from

b
|/Cos(tk)dt| _ | sin(bkt) — sin(akt)| _

2
k ~ k-
The assertion is proved. [ |

The Riemann-Lebsgue lemma is an easy consequence of the following result.

THEOREM 12.6. Let f : R — [—00,00] be integrable and € > 0. Then there exits a

/|f—h|<a.

Proof of Theorem 12.4 from Theorem 12.6. Let h be a simple function with [ |f—
h| < 5. Let ko such that

simple function h such that

| / cos(kt)h(t)dt] <§
for all £ > ky. Then

| / cos(kt) f(t)dt] < | / cos(kt)(F(£) — h(t))dt| + | / cos(kt)h(t)dt]
< /]f —h|+ % <e
holds for all k£ > k. [ |

The following Lemma is an immediate application of the dominated convergence

theorem:

LEMMA 12.7. Let f : R — [—o00,00] be integrable and € > 0. Then there exists

n € N such that
/ fl<e.
lz|>n
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Proof of Theorem 12.6. Let € > 0. We choose n € N such that

£
fl<=.
/|z|2n|| 3

Let h : [-n,n] — R a simple function such that

" €
_hl< 2,
/_n!f <<

Let C' = sup|h| and § = m. We apply the consequence of Lusin’s theorem and

find an simple function g such that
m(lg—h| >9d) <9.

Moreover, the construction yields such an A with |h| < C. Then, we get

/ g —h| = / Ly noalg — bl + / Lyneslg — ]

<20m(lg —h| > 6) +2nd < 2(C’+n)5<§.

We insist that o = hl_,,). Thus we get

/\f—h\§/|$|>n|f\+/_i|f—h\ < Ll>n\f!+/!f—g!+]]g—hy<s. -

LEMMA 12.8. Let f : R — R be a step function and € > 0. Then there exits a

continuous function g : R — R such that lim,—« |g(z)| = 0 and

/If—g|<€.

PROOF. Let f =144 and 0 <6 < b —a. Then

(5*1(25—(@—5)) ifa—0<t<a
1 ifa<t<b
gé,a,b(t) = .
1—67t—b) ifb<t<b+4

0 else

\

Then g is continuous and

s
/|g6,a,b — Ly ldp < 2/ tdt = 9.
0
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n

For an arbitrary simple function f = > 1" | 1[5, We consider gs = > 7050, b:-
i=1

Then we get

JUELIED IEY AR NG St
1=1 i=1

Thus 6 < —=— implies the assertion. [ |
i=1

COROLLARY 12.9. Let f : R — [—00, 00| be an integrabe function and € > 0. Then

there exits a continuous function g vanishing at 0o such that
/ |f —gldp <e.
PROOF. Let A be a step function such that

/|f—h|du<g.

Let g be a continuous function (constructed above) such that [ |g — h| < 5. This

function g vanishes for large x’s and satisfies

/If—9|du < /|f—h|d,u+/|h—g|<5.

This proves the assertion. [ |
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13. Banach spaces

DEFINITION 13.1. A normed space is given by a vector space V' (over K = R or
K =C) and a function || || : V — [0, 00) satisfying the following conditions
i) ||z]| =0 2 =0,
i) [ Azl = |All=]],
iii) [l +yll < llzll + vl
for all z,y € V, A\ € K. The associated metric on (V)| ||) is defined by

dyy(z,y) = llz =yl .
REMARK 13.2. +:V xV =V giwven by +(z,y) =z +y and - : K XV — V given
by -(A\,x) = Az are continuous. Moreover, || || : V — [0,00) is continuous.

In the following we will mostly consider real vector spaces (because the name of our

course is real analysis).

DEFINITION 13.3. A Banach space is a normed vector space such that (V,d) ) is

complete.

EXAMPLE 13.4. (1) On V =R"™ we define

Y
Il = (Z de”)
=1

and ||z]|cc = max;—1__n ||x:i]. Then (R™ || ||,) is Banach space (see below for

.....

the triangle inequality).
(2) €, ={(zs) : D |xnl? < 00} is a Banach space with respect to

n

()l = (Zuxnnp>” .

(3) If || || is a norm on R™, then (R™,|| ||) is @ Banach space.
(4) (CO 1], [ l) where

Il = / £(s)]ds

1s a normed space, but not a Banach space.

PROPOSITION 13.5. Let X be a normed space and 'Y be a Banach space. We define
L(X,Y) as the space of map T : X — Y which are linear, i.e.

T+ y) = T(x)+ MT(y) .
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and continuous. The norm on L(X,Y) is given by

1T llop = SuplllT(fL“)ll'

[E31S

Then L(X,Y) is a Banach space.

PROOF. Let us first show that a linear map T : X — Y is continuous iff || T|| <
oo. Indeed, if ||T|| is finite, then

IT(z) =TI = T =yl < 1Tlopllz -yl

holds for all x,y € V. Thus T is Lipschitz and thus continuous. For the converse,
we assume that 7' is continuous. Then T~*(B(0, 1)) is open and henceforth contains
B(0,¢) for some € > 0. Now let ||z]] <1and 0 < § < e. Then ||(¢ — §)z|| < € and
hence

IT@)I| = (e =08) " IT(e =) (@) < (e —0)".
This shows that ||T|,, < (¢ — )~ for every § > 0 and thus ||T|,, < e~!. Now, we

observe that || ||, is @ norm. We only check the triangle inequality. Indeed,

1T+ Sllop = sup [[(T'+S5)(2)[| = sup [|T(z) +S(z)[| < sup [[T(x)]| +[5(=)]

[[=]I<1 [lz]|<1 [Jz]|<1

< Tlop + 115 lop -

Finally we have to show that L(X,Y") is complete. Let (7,,) be a Cauchy sequence

of linear maps. For fixed z € X, we have
1 Ta(2) — T(@)| < 1 T0 — Tl ] -
Thus (7,,(x)) is Cauchy and we may define
T(z) = lign T, (x) .
Then we have
T(zx+ \y) = lirrln To(x+A\y) = lirrln To(x) +aT,(y) = T(x)+ \T'(y) -
Thus T is linear. Let us show that
(13.1) lirrln T —Tullop = 0.
Indeed, let x € X with ||z|| < 1. Then we have

|T(x) = To(z)| = || liglnTm(:E) —T(2)|| < limsup || Tn(z) — T ()|

m>n

< sup [T = Tullll=ll < Sup [T = Toll -
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In particular ||T'||,, < ||T°— T1l|op + ||71]op is finite and T is continuous. Moreover,
lim,, d(T,T,) = 0 implies that lim, T,, = T [ ]

COROLLARY 13.6. Let X be a normed space. Then X* = L(X,R) is a Banach
space. Moreover, X** = L(X,R) is a Banach space.
DEFINITION AND REMARK 13.7. Let v : X — X* be the linear map given by
v(x)(z*) = x*(x). Then

()l < [l -
Indeed, the Hahn-Banach theorem (proved in the next course) shows that ||u(x)| =
|x||. A Banach space X is called reflexive if 1(X) = X**, i.e. ¢ is surjective. All

finite dimensional spaces are reflexive.
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14. L, spaces

In the following (€2, 3, i) is a sigma-finite measure space. We define
Lo ={f: Q=R : lim u(|f] >a) = 0}.
On Ly we define the equivalence relation

f~g iff=gpa.e.

i.e. there exists a set ' € ¥ with measure 0 such that f(w) = g(w) for all w € F*.
We define

Lo(p) = Lo/ ~

PROPOSITION 14.1. (Hw) Lo(p) equipped with the distance

d([f1,lg]) = inf{e = p(lf — gl >e) <e}

18 a complete metric space.

DEFINITION 14.2. L, is the set of all measurable functions f such that [ |f[P is
finite.

LEMMA 14.3. (Hélder’s inequality) Let % + % =1land fe L, gc L, Then fg is

integrable and
1 1
[ 59l < /mw/m«

PROOF. We use the fact that g(x) = —In(z) is convex. Thus for positive num-

bers a,b we have

a? bl a? bl 1 1
—In(—+—) = g(—+—) < —g(a?) + —g(b?) = —In(a) — In(d) .
(p q) (p q) p() q() (@) — In(b)
This yields
p q
(14.1) <22
p q

Thus for every w € 2 and s > 0 we find

p q

Using this for s = 1, we deduce that [|f|? < co and [ |g|? < oo implies [ |fg| < oco.

[ s < [isal <5 [isra 2 [l

Thus we get
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We define s = %. This implies

o f1r = s [l

Hence, we deduce from p/(p+q) = 1/q and q/(p + q) = 1/p that

[ aa <o [1ae = ([ lgppresag [ ey
= (1ol [ 1. _

REMARK 14.4. Let f be a measurable function. Then

(1 = sudl [ g9l g€ St [lalr <1

PROOF. Let 0 < h < || be a simple function. This implies 0 < hY/? < |f|. We
write AP = 3" r;1g, and define

= (i S Gy

Then, we get

Vv
=
I
Q|
o3
2
=
<3

On the other hand

[1aran=([ 7 S etnE) = 1.

This yields the assertion. [ |

LEMMA 14.5. Let f and g be measurable functions. Then

([1r+9m3 < ([17095 4 ([ 1a)5

-
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PRrROOF. It suffices to consider 1 < p < co. We may assume that the right hand
is finite. Let 0 < h < |f 4 g|. Then, we have

W= hhrt < (If]+ 1gh)h

By Lemma 14.3 we deduce (for ==1-— 1)

/hp</’f|hp 1y /|g|hp .
- (( [1spt +¢ / o7 1

If [ h? =0 there is nothing to show. In the other case we obtain

([ < (fimr+ ([l

Taking the sup over all 0 < h < |f + ¢| we deduce the assertion. |

S =
N—
>
=
=
|
=3

[un
[un

THEOREM 14.6. Let 1 < p < oco. The space

L, = {[f] : f measurable ,||[f]ll, = /‘f’p

with the norm || ||, is a Banach space.

Proor. We note first that for f ~ g we have

J1sr = [ar-

Thus || ||, is well-defined. Moreover, we have

1A = (AL -

By the definition of equivalent classes, we see that
U, = 0 /= 0ae. & [f] 0.

For z,y € L,, we pick f € z, g € y. According to Lemma 14.5, we deduce that
|f + g|? is integrable and hence x +y = [f + g| is in L, satisfying

1
o+ ol = NE+alls = (17495 < ([ 18905+ ([ 19> = el + ol

Thus (Ly, || ||,) is a normed vector space. Let (z,,) be a Cauchy sequence in L,. We

may assume
—npEL
[z = Tniall, < 277
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Let f, € z,. Then we find

/ o= faa? < 2770FD
By Chebychev’s inequality we deduce
([ fo = fag] > 2727 < /\fn ~ ol < 27
Thus we get

w(lfo = fapa| >27") < 277,

The convergence Lemma implies that (f,,) is almost everywhere convergent to a

measurable function f. Define
h = ’f1| + Z ‘fn—&-l - fn| :

We want to show that |h|P is integrable. Indeed, we apply the monotone convergence

Lemma and deduce from the triangle inequality in £,

[l <timint [(]+ 3 e = £l
n=1

< i inf ([l + D I = fallp)?
n=1

< (1l + X lensr = zall)” < (Jl2allp +2)P < o0
Moreover, we have |f, — f[’ < |h|P and for m > n we get that

m oo
1 _ktl _
(1= £ £ D llonss =l < 3275 < 210,
k=n k=n

By the dominated convergence theorem (with majorant |h|P) we deduce that

/Vf—fn\pdu = T}gg/\fm—fn!p < gp(-m

Using the triangle and f; € £,, we deduce that f € L,. Moreover,

3

i ]~ ull, = 0.
This completes the proof. [ |
PROPOSITION 14.7. Let 1 < p < oo. The simple functions are dense in L,. For

(Q,%, 1) = (R, L, m) the step functions are dense in L, and the continuous functions

are dense in L.
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PROOF. Let f > 0 such that [ fP < oco. Let h, be an increasing sequence of

simple functions such that
I(f? —h,) <4™
Then h,, converges to f? a.e. and also hv converges to f almost everywhere. Since

|f — hn|P < |f|P, we deduce from the dominated convergence theorem that

hm/|f hyp—/ =0.
Il

This proves lim, ||[f] — [hn]ll, = 0. The general assertion follows by considering
f = ft— f~. For the second assertion, we assume again that f > 0and 0 < h < f

such that
/|f—h|p <e€.

Let C' = sup ||h||. Using a small perturbation, we may also assume that h vanishes
in (—oo,n| U [n,00). By the applications of Lusin’s theorem, we may find a step
function g such that 0 < g < C and

mu(lg —h| >0) <§.
Then, we get
/Z lg —hl" = /Z Lig-n>slg — hl” + /Z Lig-nj<slg = hl”
< (20)Pm(lg — k| > ) +6"2n < (2C)P + 2nd” .

Choosing § small enough we get ( ffn lg — h|p)% < e. Starting from step functions,

continuous functions are achieved as in Lemma 2.8. [ ]
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15. Hilbert spaces

A (real) Hilbert space comes with a vector space H, a scalar product (, ): Hx H —
R satisfying
i) (z,z) > 0and (z,z) =0iff z =0,
ii) (z,y) = (y,2) and
i) (z,y +Az) = (z,9) + Az, 2),
for all x,y,2z € H and A € R. Moreover, we require that H is complete with respect

to the metric
1
d('I?y) = ((L’ -y _y)2 .
(With completeness this is called a pre-Hilbert space.)

LEMMA 15.1. ||z|| = (z,2)2 is a norm. Moreover,

(15.1) [(z, )] < =yl -
Proor. We first show

[(z,9)| < llzllllyll -
For this let A € R. Then we have

0 < (x4 My, z+ X y) = (z,2) + 2\, y) + N (y,9) -
This yields

2(=N)(z,y) < (z.2)+ Ny, y) -

If (x,y) > 0 we define A = ‘I‘IHIE This yields

vl +e e 2 llyl® lyll + < 2
2|(z, y)l < =l + (=] + &) < 2(||=[l +¢)
2]l +e Iyl +)* = llzll +¢

< 2(lyll + )([l]l +¢) -

Letting ¢ — 0 yields (15.1). Now, we consider again x,y € H. Then
lz+yl* = (@ +y,2+y) = (2,2) +2,y) + (y,y)
< )+ 2llzlllyll + lyl* = ]l + llyl)?* - -
DEFINITION 15.2. A system (x;) is called an orthonormal if
(Ti, ;) = 045 -
A system (z;) C H is called orthonormal basis if moreover,
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Here we are taking only finite linear combinations.

LEMMA 15.3. Let (x;) be an orthonormal system and x € H. Then
O lws))E < el
Moreover, y =Y .(x;, x)x; is in the closure of {>, \jx;}.
PROOF. Let J C I be a finite subset. Let \; = (z;,z) and consider
y = Z)\Zmz
Then, we have
(.y) = > Nidjlagz) = Z|)\j|2-
By (15.1) we deduce
>l 2) = 1@yl < e (s 2) )7
jeJ i

Cancellation yields

O i 2)P)z | -

ieJ
Note that

ZI(%%)IQ: sup Y |(xs, )

JCI finite ic)
is the considered as a definition here. For the second assertion, we consider I,, = {i €
I :|(z;,x)] > +}. Note that I, has to be finite set. Thus I’ = |J, I,, is countable

set. We may assume I’ = N and

n

Thus for every € > 0 we may find ngy such that for every m > n > ny we have

m
> @i, o) <e.
k=n

By the above, we deduce that

n

Yn = Z(xlk7x)x'bk

k=1

is Cauchy and that the limit y satisfies (x;,y) = (z;, ) and

This complete the proof. [ |
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REMARK 15.4. The element y = ), (z;, x)x; satisfies

inf r—z|| = ||z — )
o=l = e =l

LEMMA 15.5. Let (x;) be orthonormal. Then there exists an orthonormal basis

containing (x;).

PROOF. Let S be the collection of orthonormal sets containing (z;). It is easily
checked that for every chain the union is an element in S. By Zorn’s Lemma we
may find a maximal element (y;) in S. Let us assume that € H does no belong
to the closure of {3 _; A;y;}. Then, we define

< =T Z(yj,fl?)yj
J
and y = z/||z||. It is easily seen that y has norm 1 and (y,y;) = 0 for all j. Thus
we may add y to the system (y;). This contradiction concludes the proof. [ |
COROLLARY 15.6. The dual of H is H and H 1is reflexive.
PRrROOF. Let f: H — C be a linear functional. Let (z;) be an ONS. We define
A = flzi).

Let J € I be a finite subset. Then

ST = 1O )l < NI N

icJ icJ %

< UG I

Thus we deduce

]

Sz < 11
el

We have seen in Lemma 15.3 that y = >, \;x; converges and hence

Thus f and the functional f,(x) = (y,z) coincide on a dense set and are Lipschitz.
By the unique extension principle they coincide. Thus the dual H* of H is exactly
given by functionals f,(z) = (y,x) and || f,|| = |ly||. Hence the dual of H* is given
by functionals g.(f,) = (z,v), z € H. This implies H** = H. [

COROLLARY 15.7. The dual of La(€2, 3, p) is La(Q, 32, 1).
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ProoF. We note that

(f.9) = /fg

1

is a scalar product and ||f|la = (f, f)z. Since Lo(£2, X, 1) is complete we deduce
that Lo(€2,3, ) is Hilbert space. Thus the dual is given by the linear functionals
o5 Lo(2, 2, 1) — R defined as

or(9) = /fg-

This yields the assertion. [ |

For the next duality result we will have to introduce the space Lo.(Q2, %, i) of equiv-
alence class with the norm
w = Inf su w)l .
Il = inf | sup [f)
LEMMA 15.8. Let f be a measurable function. Then

[flle = sup | [ fal.
[1gl<1

PRrROOF. Let ||f|lc < 1. Then there exists a set E of measure 0 such that
|f(w)] <1 for all winE*. Thus we get by monotonicity

I/fgl S/Eclfllgl S/Ec|g| S/Igldu'

For the converse we assume | f||c > 7. Let £ = {w : |f| > r}. Then we must
pn(E) > 0. Since Q is o-finite we find a subset /' C E with 0 < pu(F) < oco. We
define

)
= w(F)! .
o) = nP) 1S
Then [ |g| = 1 and
= u(F)™! )
[ro = uEy [ =
This yields the assertion. [ |

COROLLARY 15.9. Let 1 < p <2 and (2, %, u) be probability space. Then the dual
space of L,(€2,3, ) is Ly (§2, X, i) where 713 + }% = 1.

PROOF. Let us first consider a function f € Ly. We define r = 2/p > 1. Then

Holder’s inequality implies

Jisean=[ 1y = = (it
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This implies
11l < £l

Now, let ¢ : L, — R be a continuous linear functional. Then ¢ is a continuous linear

functional on Ly. Thus we can find a function g € Ly such that

o) = [ atau

holds for all g € Ls. Let h be a measurable function such that |h| is a simple
function. Then A € Ly and hence Remark 1.9. implies

’ s
([loPa? = s | [gndl < o]

[hleS(w|hllp<1

Thus [g] € Ly (2, 0, 1). By Holder’s inequality we deduce

o) = [ atdu
is a continuous linear functional. Moreover, for every simple function h we deduce
from h € Lo that
¢(h) = ¢4(h) .
By density of the simple functions (and the unique extension principle) ¢ and ¢,

coincide. n

REMARK 15.10. The previous result extends easily to o-finite measure spaces and is

true in full generality.
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16. Radon-Nikodym Theorem

DEFINITION 16.1. Let X be a o-algebra and v and p measures on ¥. We say that

v is absolutely continuous with respect to p (in short v < p) if p(E) = 0 implies
v(E) =0.

THEOREM 16.2. Let p and v be o-finite measure such that v < p. Then there exists

a positive measurable function g such that

V(E) = /E gdy .

PRrROOF. We consider the measure piy = p+v. It is easily check that 1, is also o-
finite. Therefore we assume p;(£2) < oco. Then the linear functional ¢ : Ly(uy) — R
defined by

o) = [ rav.

For a positive simple function f =) . a;1p, we have

o(f) = D aw(E) <Y am(B) = |flh-

By density ¢ extends to a function of norm < 1. According to Corollary 15.9 we
find g € Loo(p11) such that

o5 = [ asdn.

It is easily checked that ¢ is positive and hence 0 < g < 1. Thus, we deduce

inductively

(16.1) /fdy—/fgdu—l—/fgdz/
— [ todn+ [ fotdu+ [ otav
— [ todu+ [ todu+ [ sbaut [ robav
=/f(ggk)du+/fg"d%

Let us consider the set E,, = {w : 0 < g(w) < 1 — 1}. Passing to the limit we
deduce that

fdu = lim f(zg'“)deL/fg”dv = fo(1—g) dp .
k=1 Em

Em Em
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Let £ =J,, Ew. By the dominated convergence theorem we deduce that for every
F C Q we have

/ dv = lim dv = lim (1—g)71du = / 9(1_9)71dﬂ~
FNE EQF

m JFNE., m JFNE,,

Let us consider the set E¢ where g = 1. Then we deduce from (16.1) that

/dV:/du+/dV
E E
E

Thus p(E) = 0. By absolute continuity we get v(E) = 0. Therefore

/du = /1E9(1—9)‘1du
F F

holds for every F' € ¥. [ |

COROLLARY 16.3. Let 1 < p < o0 and % + 1%' The dual space of Ly is Ly .

PROOF. Let us assume g finite. Let ¢ : L,(u) — R be a continuous linear

functional. We define

v(E) = SUP{Z|¢(1E]-)| B = UjEj, E’s disjoint } .
j
Clearly, Fy C E, implies v(E;) < v(E,). Moreover, let E = UjEj and €; = 25

Note that
hn = Zelej

Jj<n
satisfies |h,| < 1 and hence the dominated convergence theorem implies
lon | S 51, = 0.
jzn

Since ¢ is continuous we deduce

S IBEN = 618l < 101X ei1sl < lollu(E)>

Thus v(E) < [L(E)% Let us show that v is o-additive. Indeed, let (F;) be disjoint
and E = - UEZJ Then

vIlUE) = D 16!
J 4,3
Taking the supremum we get

W(JF) = Y uE).

]
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Conversely | J. F; = |J. E;. Then F; = | F; N E;. And hence
77 % J i J
Z‘¢(1E¢) §Z|¢(1Eiij)| < ZV(FJ)'
i i,J J

Thus v is a g-additive measure which is absolutely continuous with respect to pu.

This we find a positive function g such that

v(E) = /gdu.
Now, we consider ® : L;(v) — R defined by
O(Y ailg) = > ad(ls,).

Then

(Y ailg)

< ailv(E)
Thus ¢ is a continuous functional and hence we find a measurable function h such
that

¢(Zai1&.) = Z/E ahdy = Z/E ahgdp = /(ZailEi)hgdu.

Since the simple functions are dense, we deduce from Remark 1.9. that ||hg|l, < ||¢||

and

o(f) = /fhgdu :
This assertion is proved. [ |
COROLLARY 16.4. Let 1 < p < oo. Then L, is reflezive.

PROOF. Indeed, L," = L;, = L. |
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17. Absolute continuous functions

A function f : [a,b] — R is called of bounded variation if

n—1
I fllav = SUP{Z |f(wig1) — f(zg)| : a=20 <21 <--- <2 = b}
i=0

is finite. We say that f is absolutely continuous if for every € > 0 there exists a
0 > 0 such that for every partition a = o < ; < --- < x, = b and every subset
J CA{l,...,n}

Z |Tip1 — 2| <6 = Z |f(zi1) = flzi)] <e.
icJ ieJ
¢
LEMMA 17.1. Let f € Lifa,b] and F(t) = [ f(s)dm(s). Then F is of bounded
variation and absolutely continuous. Moreover, F(a) =0 and ||F|gv < [ |f].

PROOF. For a partition a = 29 < 21 < -+- < x, = band J C {1,..,n} and

_ F(xig1—F(x;))
i = Flar—F(e) WV have

Z |F (i1 — F(2))] = |/(Z 8i1[$uﬂ?i+1])fdm| < /|f|1U¢eJ[ﬂci,xi+ﬂdm'
ieJ e

Thus for J = {1,..,n} we get

3

n—1
> 1) = Fa)] < [ |fldm.
=0

The absolute continuity follows from

lim / dm = 0.
m(A)—0 A ‘fl

(see exam). |

LEMMA 17.2. Let f : [a,b] — R be a of bounded variation. Then f is the difference
of two monotone functions f1, fo. If in addition f is absolutely continuous, then fi

and fo may be assume absolutely continuous.

[fllsv = fi(b) + fo(b) = f(a) -

PROOF. For any partition = we define

p(fm) = Y ma{f (i) — (22, 0)
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(fm) = 3 mas{ (i) + 7z, 0)

(Fm) = 3 1) — F@)l

Then
t(f,m) = p(f,m) +n(f,)

and
n

fb) = fla) = D _(F(wisn) = fl@i)) = p(f.m) = n(f.7).
This implies -

f(b)_f<a)+n(faﬂ-) = p(faﬂ-)'

Now, we take the supremum over all partitions and still have

f(b) — f(a) +Sl71rpn(f, m) = supp(f, ).

™

Moreover,

sgpt(ﬂ m) = sup[p(f, 7) + n(f,m)] = sup[2p(f,7) — (f(b) — f(a))]

™ ™

= Supp(f? 7T) + Supp(f, 7T) - (f(b) - f(a)) - supp(f, 7T) =+ sup n(f’ 7T) :
For a < z < b we define

g(x) = sup p(f, )
r={a=xo<...<zp=z}

and
h(z) = sup n(f,m).

r={a=xo<...<Tp=x}

Then g and h are increasing functions and

flx) = fla) + h(z) = g(x).
This yields
f(x) = g(x) —h(z) + f(a) .
Moreover,
IfllBv = g(b) = f(a) + h(b).
If in addition f is absolute continuous then it follows by the definition that >, |z;+1—

x;] < ¢ implies

sup > |g(wip) —g(x)l < sup Y max{f(y;11) — f(y;),0} .

ieJ icJ > lyiv1—y5l<o j
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Thus we can work with same relation between ¢ and ¢ for g and h. [ |

THEOREM 17.3. Let F : [a,b] — R be an absolute continuous function of bounded

variation. Then there exists a function f € Li|a,b] such that
F(t / £(s
and |[flly = || Fllsv.

PROOF. We may assume F'(a) = 0. Let ' = F; — F» such that F; and F} are
positive

Fy(b) + F2(b) = [|[Fllsv

and such that I}, Iy are absolutely continuous. We define the measure on Ag.

v((s,t]) = Fi(t) — F(s).

Using the absolute continuity it is not hard to check that
= > vl(s55))
J

for every disjoint decomposition. Thus v extends to a ¢ additive measure on the
borel sets which is absolutely continuous with respect to the Lebesque measure.
Thus v extends to Lebesgue measurable set. By the Radon-Nikodym theorem we

find a measurable function f; such that

t):/:fldm.

/fldm = Fl(b) —Fl(a) = Fl(b) .
We apply the same argument to F, and find a positive element f, such that

/ fodm = Fy(b).

Thus f = f; — f satisfies the assertion by Lemma 21.1. [ |

Then
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Comments on Hwb-no 1
Here I follow some comments by Jeft:
Recall: For every E there exists a measurable F' set £ C F such that m(F) =
m*(FE) is true.
Today we assumed (following a suggestion in class which took me by surprise) that
for every set E with m*(E) < oo there exists a measurable set G C E such that
m(G) = m*(E). Let us show that in that case E is measurable. Indeed, choose F
from above. Then
m(F)+m(G\ F) = m(G) = m(F)
implies m(G \ F') = 0. Since F' C E, we find
m*(G\E) = m*(G\F)=0=m(G\F)=0.

Hence E' is measurable.
You may also illustrate this with the non-measurable set P constructed in class. Let
F C P be measurable. Then

Urn{LF C [0,1]
is a disjoint union. This implies
S m(F) < m(0,1]) = 1.

Hence m(F) = 0. Thus, although m*(P) > 0 we known that m(F) = 0 for every

measurable subset of P.
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18. Connection to the Riemann integral

DEFINITION 18.1. Let f be bounded. The oscillation of f at x is defined by
w(z) = limsup{|f(2) = f(y)] : [2 — 2| <0,y — 2| < 0}

REMARK 18.2. w(x) well-defined. In particular, w(z) < 2sup|f| < oo.

REMARK 18.3. f continuous at x < w(x) =0

REMARK 18.4. m({z : w(z) # 0}) = lim, oo m({z : w(z) > 1/n})

DEFINITION 18.5. (Darboux Integral)

For a partition m =< a = xg,21,...,%, = b > we define the upper and the lower

sum by

n

S(r, f) = z:(xZ —x;1) sup f

i=1 [zi—1,m]
S(m, f) = (i — 1) inf f

Py [25—1,24]

A bounded function f is called Darbouz-integrable if Ve > 0 3 partition ™ such that

§<7T7f> _§(7T7f) <€
REMARK 18.6. A function is Darbouz-integrable if and only if it is Riemann-integrable
(see Royden for a precise definition).
PROPOSITION 18.7. A bounded function is Riemann integrable on [a,b] if and only

if the set of discontinuity points has measure 0.

PrROOF. 7=>": Let f be Darboux-integrable. Let v > 0 and 6 > 0. We define
€ = v0. By definition there exists a partition 7 =< 0 = g, x1,...,x, = 1 > such
that

S(m, f) = 8(m, f) <e

Consider x € (z;, x;41) such that w(x) > 7. Then

sup f— inf f>n~.

[:l‘i,:lfq;+1] [xi7xi+1}

Observe that points with ‘large’ (and hence certain discontinuity) points satisfy

{z:w(x)>~}= U (i, xig1) U{xo, ..., xn}

i,sup f—inf f>vy
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Hence,

m({z:w(z) 27}) < > |Tip1 — ]

SUP[z; 2,1 1] f_inf[%'vzwl] f2y

1 )
S;lei—f—l_-’fz”( sup f— inf f)

[xiny'H—l] [mi7xi+1}

<
<

Since 0 is arbitrary, we get m({z : w(xz) > ~v}) = 0. However, v > 0 is arbitrary
and thus Remark (18.4) implies m({x : w(x) > 0}) = 0. This means the set of
discontinuity points has measure 0.

7<=" Define ws(x) = sup{|f(z) — f(y)| : |z — z| <, |y — x| < d}.

By assumption we have m({z : w(z) > 0}) = 0. This implies

m({z: w(z) 2 7}) =0

for all v > 0. Therefore, we deduce from the monotonicity of ws(x) that

(18.1)
m({z s w(w) 2 7}) =m{z: imws(z) > 7)) = limm({z:ws(z) > 7}) =0
Let v > 0 and € = #plfl' By (18.1) we deduce the existence of some k such that
m({o wyp@) = 7)) <.
Choose m > k and m =< xg, 1, ..., Ty >=< 0,%,%,...,% > .
Define
S ={je{l,....m}: Jocle;_12;) wipn(z) =7}
Then we get
;({xilﬁﬂ f= ot D —2) < Vjezs |j1 — 2] < (b—a).
If j ¢ S, then

[£j—1 — ;] C{z s wiplz) >}

This implies
Y (sup f— inf f)(z0 — ;) < 2sup|fm(| [z, 25])

j¢S [Ii,{EH_ﬂ [.1’1',:1,‘1'+1] [0,1] ]%S

< 2S[ur]>|f|m({x:w1/k(ﬂf) > 7)) < 2S[u1:]>|f|6 < 7.
a,b a,b
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Putting the pieces together, we find

d (sup f— inf f)(z;0—2;) < yb—a)+y = (1+b—a).

j [zi,i+1] [$i7$i+l

Since v > 0 is arbitrary we deduce that f is Darboux integrable.



19. THE LEBESGUE DIFFERENTIATION THEOREM 71
19. The Lebesgue Differentiation Theorem

THEOREM 19.1 (Lebesgue Differentiation). Let f be an integrable function on R.

Then each of the following equalities holds almost everywhere on R.

r=0+ 27 Jiu i oir)
hm1 fdm = f(x),
=0T T 2z ]
lim1 fdm = f(z)
=0+ T Sl —r ]

PrOOF. We need only prove the result for f > 0 and z in a fixed, bounded, open
interval J. By Lusin’s Theorem, for any € > 0, there is a compact set K C J with
m(J\ K) < € such that f|x is continuous on K. Let O = R\ K be the complement

of K and a = inf, b = sup,. We may write O = Uj I; as a countable union of open

intervals. We may assume [; = (—o00,a). There we define h(z) = f(a)%. On
Iy = (b, 00) we define h(z) = f(b)% All the other components are bounded. Now

we replace inductively every I; by the maximal interval I} O I; such that LNK = 0.
On such an I} we may use a piecewise linear function. In this way we construct a
continuous function h such that h|x = f|x. Note that ¢ = h — 1x f is measurable
and integrable by construction. Moreover, g vansihes on K. By Proposition 20.3 all

the limits for g vanish on K. Thus we see that

f=h—-—g+ flpxk

holds on R. By the continuity of h, each of the limit results holds almost everywhere
on K for h, g and f - 1g\g, and thus for f. Since ¢ is arbitrary, the limit result is

established for almost all points of J. [ |

We have already established that if f is Lebesgue integrable on [a, b], then F(x) :=
fax fdm = f[a,z} f dm is continuous. We used the fact that Ve > 0, 30 > 0 such that
if mA < 0, then [ 1 1fI <e. It was important, however, that points have measure 0.
For differentiablility, we have the following results that generalizes part of the Fun-
damental Theorem of Calculus. It uses the fact that we are integrating with respect

to Lebesgue measure, so that the length of an interval is its measure.

THEOREM 19.2. Suppose f is Lebesgue integrable on |a,b], and F(z) = faxf dm+C
where C'is a constant. Then F'(x) = f(x) for almost all x € |a, b).
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PROOF. For Az =r >0 and v + Az < b,

F(x—i—Ax)—F(x)_l/ Fdm
Az __T [x,z+7] .

For Az = —r <0 and z + Ax > a,
F Azx) — F 1 1
(z + Aa) (:c):_._/ fdm:—/ fdm.
[x—r,z] [x—r,x]

Ax —r r

The result now follows from the previous theorem. [ |

Since faa f =0, we can think of the constant C' as F(a). The theorem says, we
can differentiate the indefinite integral of a Lebesgue integrable function and get
back the integrand almost everywhere. We would like to integrate the derivative of
any reasonable function and get back the function we started with. We know this
is impossible with the Cantor function since the Cantor function’s derivative is 0

almost everywhere.
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20. A covering lemma and the local maximal function

Among the most important tools in analysis are the results known as covering the-
orems. For the real line, the covering sets are intervals. In this section, we present
a simple form of the best covering theorem for the real line. The original result is
an extension by J. Aldaz [“A general covering lemma for the real line”, Real Anal.
Exchange 17(1991/92), 394-398] of a lemma of T. Radé (“Sur un probleme relatif
a un théoreme de Vitali”, Fundamenta Mathematicae 11(1928), 228-229.) In the
Aldaz result, the constant 3 is improved to 2+¢ for an arbitrary e > 0, and the result
is valid for any finite Borel measure, not just Lebesgue measure m on a bounded

interval.

THEOREM 20.1 (Rado-Aldaz). Given an arbitrary collection I of non-degenerate
intervals, all contained in a fized bounded interval J, the set Uizl is measurable,
and there is a finite disjoint subset {Iy,--- ,I,} C T such that

m(U[eI[) S 3- Zm([k)

k=1

PROOF. Let B be the set of those right-hand end points of intervals I € 7 such
that b € I but b is not in the interior of any interval of Z. Then for some § > 0,
(b —46,b) C I and (b —0,b] N B = {b}. We may associate a rational number in
the interval (b — d,b) with b. It follows that B is a countable set. A similar fact is
true for left-hand end points that are not interior to any interval in Z. Therefore,
(Urezl) \ (UrezI°) is at most a countable set. By Lindeldf’s theorem (i.e., any union
of open intervals equals the union of a countable subcollection) we may assume that
7 itself is a countable collection {I,,}, whence Urezrl = U2, 1, is measurable.

Now since all the intervals are contained in the bounded interval J,
> 1) = li Y :
m(Unfl ) ]\}é% m(Unfl ) < 400
We employ Rado’s result after first choosing NV so that

3

9 m(Ug:IIn) > m(Up1,) = m(Urezl).
Ordering the finite collection, we discard the first interval if it is covered by the
remaining intervals. Otherwise, we keep the first interval and consider the second.
In either case, this does not change the measure m(UY_,I). Continuing in this
way, we may assume that each I, in our finite collection contains a point x not in

any other interval of the collection. Now, we order these points and reorder the

corresponding intervals so that for any indices i, j, and k with ¢ < 7 < k£ we have
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x; < z; < xp and thus I; C (—oo,x;) and Iy C (z;,4+00). That is, the points are
given the ordering inherited from R, and the intervals are given the same ordering
as their points. Since the intervals with even indices form a disjoint collection, as
do the intervals with odd indices, the desired subset of Z is whichever of these two
families has the greater total measure. For example, if we choose the even indices,
then

3
3-m(Uly,) = 52 m(Ul,) > = -m(UN_ 1) > m(Urerl). |

DN W

The next result is refined maximal inequality due to Jiirgen Bliedtner and P. Loeb
(“Limit Theorems via Local Maximal Functions”, preprint.) Here, we let f be a
nonnegative integrable function on R. We set Z(x,r) equal to the set of intervals [

containing x with positive length m(I) < r, and we set

M(f,r,x) = sup %/If dm.

IeZ(x,r)

Since M (f,r,z) decreases as r decreases, we may set

M(f,z):= lim M(f,r x),

r—0+
where the limit is understood to be +o0 if M(f,r,x) = 400 for all r > 0.

PROPOSITION 20.2. Let E be a bounded subset of R. Fiz o > 0, and let E, = {z €
E: M(f,x) > a}. Then the outer measure of E,, salisfies

m*(Ea)gi-/fdm.
@ Jr

PROOF. Given z € E,, there is an interval I, € Z(x, 1) such that

a-m(l,) < / fdm.
Iz

These intervals form a collection Z that cover E,, so by Theorem 20.1, there is a
finite disjoint subcollection {Iy,--- ,I,} C Z such that

m (B Sm(UrerD) <3-Y ) <230 [ fam< D [ pam .
o I @ Jr
k=1 k k
ProOPOSITION 20.3. Let E be a bounded measurable subset of R, and let f be

a nonnegative integrable function that vanishes almost everywhere on E. Then
M(f,x) =0 for almost all x € E.
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ProOOF. Given a > 0 and an ¢ > 0, we may fix an open set U O FE so that
Ji fdm < ea/3. Now

E,={xceE:M(fix)>a}={ze€E:M(f xv,z)>a}.

Therefore, m*(E,) < 2 [, f dm < e. Since ¢ is arbitrary, m*(E,) = 0, and the

result follows. ]
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21. Absolute continuous functions

A function f : [a,b] — R is called of bounded variation if

n—1
I fllav = SUP{Z |f(wig1) — f(zg)| : a=20 <21 <--- <2 = b}
i=0

is finite. We say that f is absolutely continuous if for every € > 0 there exists a
0 > 0 such that for every partition a = o < ; < --- < x, = b and every subset
J CA{l,...,n}

Z |Tip1 — 2| <6 = Z |f(zi1) = flzi)] <e.
icJ ieJ
¢
LEMMA 21.1. Let f € Lifa,b] and F(t) = [ f(s)dm(s). Then F is of bounded
variation and absolutely continuous. Moreover, F(a) =0 and ||F|gv < [ |f].

PROOF. For a partition a = 29 < 21 < -+- < x, = band J C {1,..,n} and

_ F(xig1—F(x;))
i = Flar—F(e) WV have

Z |F (i1 — F(2))] = |/(Z 8i1[$uﬂ?i+1])fdm| < /|f|1U¢eJ[ﬂci,xi+ﬂdm'
ieJ e

Thus for J = {1,..,n} we get

3

n—1
> 1) = Fa)] < [ |fldm.
=0

The absolute continuity follows from

lim / dm = 0.
m(A)—0 A ‘fl

(see exam). |

LEMMA 21.2. Let f : [a,b] — R be a of bounded variation. Then f is the difference
of two monotone functions f1, fo. If in addition f is absolutely continuous, then fi

and fo may be assume absolutely continuous.

[fllsv = fi(b) + fo(b) = f(a) -

PROOF. For any partition = we define

p(fm) = Y ma{f (i) — (22, 0)
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(fm) = 3 mas{ (i) + 7z, 0)

(Fm) = 3 1) — F@)l

Then
t(f,m) = p(f,m) +n(f,)

and
n

fb) = fla) = D _(F(wisn) = fl@i)) = p(f.m) = n(f.7).
This implies -

f(b)_f<a)+n(faﬂ-) = p(faﬂ-)'

Now, we take the supremum over all partitions and still have

f(b) — f(a) +Sl71rpn(f, m) = supp(f, ).

™

Moreover,

sgpt(ﬂ m) = sup[p(f, 7) + n(f,m)] = sup[2p(f,7) — (f(b) — f(a))]

™ ™

= Supp(f? 7T) + Supp(f, 7T) - (f(b) - f(a)) - supp(f, 7T) =+ sup n(f’ 7T) :
For a < z < b we define

g(x) = sup p(f, )
r={a=xo<...<zp=z}

and
h(z) = sup n(f,m).

r={a=xo<...<Tp=x}

Then g and h are increasing functions and

flx) = fla) + h(z) = g(x).
This yields
f(x) = g(x) —h(z) + f(a) .
Moreover,
IfllBv = g(b) = f(a) + h(b).
If in addition f is absolute continuous then it follows by the definition that >, |z;+1—

x;] < ¢ implies

sup > |g(wip) —g(x)l < sup Y max{f(y;11) — f(y;),0} .

ieJ icJ > lyiv1—y5l<o j
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Thus we can work with same relation between ¢ and ¢ for g and h. [ |

THEOREM 21.3. Let F : [a,b] — R be an absolute continuous function of bounded

variation. Then there exists a function f € Li|a,b] such that
F(t / £(s
and |[flly = || Fllsv.

PROOF. We may assume F'(a) = 0. Let ' = F; — F» such that F; and F} are
positive

Fy(b) + F2(b) = [|[Fllsv

and such that I}, Iy are absolutely continuous. We define the measure on Ag.

v((s,t]) = Fi(t) — F(s).

Using the absolute continuity it is not hard to check that
= > vl(s55))
J

for every disjoint decomposition. Thus v extends to a ¢ additive measure on the
borel sets which is absolutely continuous with respect to the Lebesque measure.
Thus v extends to Lebesgue measurable set. By the Radon-Nikodym theorem we

find a measurable function f; such that

t):/:fldm.

/fldm = Fl(b) —Fl(a) = Fl(b) .
We apply the same argument to F, and find a positive element f, such that

/ fodm = Fy(b).

Thus f = f; — f satisfies the assertion by Lemma 21.1. [ |

Then
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22. Convex Functions

In the following theorem, the book uses [0, 1] with Lebesgue measure for the prob-
ability space.

THEOREM 22.1 (Jensen’s Inequality). Let (X, A, u) be a probability space (i.e.,
w(X) = 1), and fixz an integrable function f on X with range contained in an open

interval I. Let ¢ be a convex function on I. Then

w(/){fdu)é/xchfdu.

Note : It may be that ¢ o f is not integrable; in this case, the integral on the right

equals +oo.

PrROOF. Let y = fo dp. Then y € I since y is a “general average” of the
values of f. Another way to see this is to note that if a is the left endpoint of I
and a is finite, then a = a - p(X) < fX f du, and equality means that f takes the
value a almost everywhere, which it does not. A similar proof holds for a finite right

endpoint of I. Now, if

o(y) — p(z)
= Su D —
g x<5 y—=T
xel

then for any z > y in I,
< p(2) —p(y)
=Y
It follows that for z > y in I,
x) () = e(y) + 6 (z—y).
If 2 <y in I, then by the definition of 3,
5 py) —w(z) _ w(z) —ely)

p(z) —ply) > (z—y)p.

Yy—=z 2=y
This means that (*) holds for all z in I. For any t € X, we may let z = f(t¢), and

we get

v

o(f(t) = wly) + B(f(t) —y).

Recall ¢ is continuous so ¢ o f is measurable. The inequality means that ¢(f(¢)) is
bounded below by an integrable function. Integrating both sides of the inequality,we

get

/Xsoofduzgo(/xfdmw.o. -
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EXAMPLE 22.2. A primary example is given by setting ¢(x) =e* on [ = R. If X
is a set consisting of n points with each point having probability 1/n, then letting
x; be the image under f of the n'® point, we have

exp (l‘1+"'+$n> < 6931_|_..._|_€90n‘

n n
Putting y; = e®, this gives the classical inequality between the arithmetic and
geometric mean for positive numbers:

n

(Y192 Yn
A generalization works with positive weights «; such that Y«a; = 1. This gives
yite et <yt Qun.
For a countable number of points, we have
1°°

n=1

3/;% < 3ol iy

Infinite products are covered in the graduate complex variables course.



