4. Banach spaces

DEFINITION 4.1. A normed space is given by a vector space V. (over K = R or
K =C) and a function || || : V — [0, 00) satisfying the following conditions
i) o =0 2 =0,
i) [ Azl = |All=]],
iii) [l +yll < llzll + vl
for all z,y € V, X € K. The associated metric on (V)| ||) is defined by
dy(z,y) = llz =yl

REMARK 4.2. +:V xV — V given by +(z,y) =x+y and - : K xV — V given

by -(A\,x) = Az are continuous. Moreover, || || : V — [0,00) is continuous.

In the following we will mostly consider real vector spaces (because the name of our

course is real analysis).

DEFINITION 4.3. A Banach space is a normed vector space such that (V,d ) is

complete.

EXAMPLE 4.4. (1) On V =R™ we define

[, = (Z ||1’z|p)

and ||z]|ec = max;—1__n ||z:i]. Then (R™ || ||,) is Banach space (see below for
the triangle inequality).
(2) €, ={(zs) : D] |xnl? < 00} is a Banach space with respect to

| (ea)lly = <Z||xn||p>

(3) If || || is a norm on R™, then (R, || ||) is a Banach space.

(4) (C[O’ 1]7 H ||1) where
17 = / £(s)]ds

18 a normed space, but not a Banach space.

PROPOSITION 4.5. Let X be a normed space and Y be a Banach space. We define
L(X,Y) as the space of map T : X — Y which are linear, i.e.

T+ y) = T(x)+ MT(y) .
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and continuous. The norm on L(X,Y) is given by

ITllop = SuplllT(fE)ll-

]l <

Then L(X,Y) is a Banach space.

PROOF. Let us first show that a linear map 7' : X — Y is continuous iff ||T|| <
oo. Indeed, if ||T°|| is finite, then

IT(z) =T = 1T =yl < [Tllopllz =yl

holds for all x,y € V. Thus T is Lipschitz and thus continuous. For the converse,
we assume that 7' is continuous. Then T~*(B(0,1)) is open and henceforth contains
B(0,¢) for some € > 0. Now let ||z]| <1 and 0 < § < e. Then ||(e¢ — d)z|| < € and
hence

IT@) = (e =) IT(e =) @) < (e =0)7".
This shows that ||T,, < (¢ — )~ for every § > 0 and thus ||T|,, < e~'. Now, we

observe that || ||, is @ norm. We only check the triangle inequality. Indeed,

1T+ Sllop = sup [(T'+ S)(@)|| = sup [[T(z) +S(x)| < sup [T(x)] +[|S ()]

fl=]I<1 [lz]|<1 llz]|<1

< 1 TNop + [151lop -

Finally we have to show that L(X,Y") is complete. Let (7,) be a Cauchy sequence

of linear maps. For fixed z € X, we have
[Tn(2) = Ton(@)|| < NT0 = T[]

Thus (7},(x)) is Cauchy and we may define

T(x) = hr{n T.(z) .
Then we have

T(x+Xy) = liTan To(x+ Ay) = 1irrln To(x) + aT,(y) = T(x)+ \T(y) .

Thus T is linear. Let us show that
(4.1) liTan T —Tullop = 0.
Indeed, let x € X with ||z|| < 1. Then we have

|T(x) = To(z)| = || liglnTm(:E) —T(2)|| < limsup || Tn(z) — T ()|

m>n

< sup [T = Tullll=ll < Sup 1T = Toll -
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In particular ||T'||,, < ||T°— T1l|op + ||71]op is finite and T is continuous. Moreover,
lim,, d(T,T,) = 0 implies that lim,, T,, = T [ ]

COROLLARY 4.6. Let X be a normed space. Then X* = L(X,R) is a Banach
space. Moreover, X** = L(X,R) is a Banach space.

DEFINITION AND REMARK 4.7. Let + : X — X** be the linear map given by
t(z)(x*) = x*(x). Then

le()ll < [l -
Indeed, the Hahn-Banach theorem (proved in the next course) shows that ||i(x)| =
|z||. A Banach space X is called reflexive if «(X) = X**, i.e. ¢ is surjective. All

finite dimensional spaces are reflexive.



5. L, spaces

In the following (€2, 3, i) is a sigma-finite measure space. We define
Lo = {f: Q=R : lim pu(|f|>a) = 0}
On L we define the equivalence relation
f~g iff=gpa.e.

i.e. there exists a set F' € X with measure 0 such that f(w) = g(w) for all w € F*.
We define

Lo(p) = Lo/ ~
PROPOSITION 5.1. (Hw) Lo(p) equipped with the distance

d([f],lg]) = inf{e : p(lf —gl>e) <e}

18 a complete metric space.
DEFINITION 5.2. L, is the set of all measurable functions f such that [ |f[P is finite.

LEMMA 5.3. (Hélder’s inequality) Let ]l? +% =land fe L, ge L, Then fg is

integrable and
[ ra < (fumif 1t

PROOF. We use the fact that g(z) = —In(x) is convex. Thus for positive num-

bers a,b we have

aP bl al bl 1 1
—In(—+—) = g(—+—) < —g(a’) + —g(b?) = —In(a) — In(d) .
(p q) (p q) p() q() (a) — In(b)
This yields
P a
(5.1) abga—er—.
p q

Thus for every w € 2 and s > 0 we find

1f(w)]|g(w)| < |5f(pw)|p+ |slgq(w)|q.

Using this for s = 1, we deduce that [ |f|? < co and [ |g|? < oo implies [ |fg| < occ.

[ s < [iso <5 [isra 2 e,

Thus we get
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We define s = %. This implies

o [l = s [l

Hence, we deduce from p/(p+ q) = 1/q and ¢/(p + q) = 1/p that

|/fg\<sp/|f|1’ = /|g| P/P+q) /|f|p )= —p/(p+q)
= (1ol [ 1517y .

REMARK 5.4. Let f be a measurable function. Then

(11 = sunl] [ g9l 5 g€ 560 [1g7 <15

PROOF. Let 0 < h < |f[P be a simple function. This implies 0 < hY/? < |f|. We
write AP = 3" r;1g, and define

_ N f(w)
= (/|h|) ; i 1E¢(w)‘f(w)‘ :

[ 19 - </|h|>-éiir§ [ 15
iyl /
/Ih! ZT rip( B

—([ )" Zm /hﬁ.

[1aan=([ LIRSS

This yields the assertion. [ |

Then, we get

vV

On the other hand

LEMMA 5.5. Let f and g be measurable functions. Then

([1r+9m3 < ([17095 4 ([ 1a)5

-



PROOF. It suffices to consider 1 < p < co. We may assume that the right hand
is finite. Let 0 < h < |f 4 g|. Then, we have

W= hhrt < (If]+ 1gh)h
By Lemma %Twe deduce (for 2=1- 1)

JEEY /mwl
<(flrmpf e [y [ aroms
= ((fumi e f1am) (fror=s.
If [ h? = 0 there is nothing to show. In the other case we obtain

([ < (fimr+ ([l

Taking the sup over all 0 < h < |f + ¢| we deduce the assertion. [ |

THEOREM 5.6. Let 1 < p < oo. The space

L, = {If] : f measurable ||p = /|f’p

with the norm || ||, is a Banach space.

PrOOF. We note first that for f ~ g we have

J1sr = [ar.

Thus || ||, is well-defined. Moreover, we have

1Al = I -
By the definition of equivalent classes, we see that
1Al = 06 f=0ae < [f]=0.
trian
For z,y € L,, we pick f € z, g € y. According to Lemma % 5, we deduce that

|f + g|P is integrable and hence x +y = [f + ¢ is in L, satisfying

1
le+yl, = I +alll, = / F+gP) / )+ / 9P = el + llyll,

Thus (Ly, || ||,) is a normed vector space. Let (z,,) be a Cauchy sequence in L,. We

may assume

—npEL
[z = Tniall, < 277
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Let f, € z,. Then we find

[ < 200,

By Chebychev’s inequality we deduce

pllfa = fora] > 277)27 < / fo = fana P < 270HD
Thus we get
plfn = fanl >277) < 277

The convergence Lemma implies that (f,) is almost everywhere convergent to a

measurable function f. Define
h = [Al+ Z | fat1 = fal -

We want to show that |h|P is integrable. Indeed, we apply the monotone convergence

Lemma and deduce from the triangle inequality in £,

[l < timint (A1 oo = £l
n=1

< Timinf([Ai]ll, + D 1 farr — full)?
n=1
< (l2llp + Y Nants = zallp)? < (lzally +2)7 < oo
Moreover, we have |f, — f[P < |hP and for m > n we get that
P 1 S - — 2t 1-n
( |fm_fn| ) < Zka—&—l _xk||P < ZQ po <2 :
k=n k=n

By the dominated convergence theorem (with majorant |h|?) we deduce that

1= g = i [10 =gl < 200

Using the triangle and f; € £,, we deduce that f € L,. Moreover,

3

lim (]~ zall, = 0.

This completes the proof. [ |

PROPOSITION 5.7. Let 1 < p < oo. The simple functions are dense in L,. For
(Q,%, 1) = (R, L, m) the step functions are dense in L, and the continuous functions

are dense in L.



PROOF. Let f > 0 such that [ fP < co. Let h, be an increasing sequence of

simple functions such that
I(f? —h,) <4™
Then h,, converges to f? a.e. and also hv converges to f almost everywhere. Since

|f — hn|P < |f|P, we deduce from the dominated convergence theorem that

hm/|f hyp—/ =0.
Il

This proves lim, ||[f] — [hn]ll, = 0. The general assertion follows by considering
f = ft— f~. For the second assertion, we assume again that f > 0and 0 < h < f

such that
/|f—h|p <e€.

Let C' = sup ||h||. Using a small perturbation, we may also assume that h vanishes
in (—oo,n| U [n,00). By the applications of Lusin’s theorem, we may find a step
function g such that 0 < ¢ < C and

mu(lg —h| >0) <§.
Then, we get
/Z lg —hl" = /Z Lig-n>slg — hl” + /Z Lig-ni<slg = hl”
< (20)Pm(lg — k| > ) +6"2n < (2C)P + 2nd” .

Choosing ¢ small enough we get ( ffn lg — h|p)% < e. Starting from step functions,

continuous functions are achieved as in Lemma 2.8. [ ]



