
4. Hilbert spaces

A (real) Hilbert space comes with a vector space H, a scalar product ( , ) : H×H →
R satisfying

i) (x, x) ≥ 0 and (x, x) = 0 iff x = 0,

ii) (x, y) = (y, x) and

iii) (x, y + λz) = (x, y) + λ(x, z),

for all x, y, z ∈ H and λ ∈ R. Moreover, we require that H is complete with respect

to the metric

d(x, y) = (x− y, x− y)
1
2 .

(With completeness this is called a pre-Hilbert space.)

Lemma 4.1. ‖x‖ = (x, x)
1
2 is a norm. Moreover,

CS (4.1) |(x, y)| ≤ ‖x‖‖y‖ .

Proof. We first show

|(x, y)| ≤ ‖x‖‖y‖ .

For this let λ ∈ R. Then we have

0 ≤ (x + λy, x + λy) = (x, x) + 2λ(x, y) + λ2(y, y) .

This yields

2(−λ)(x, y) ≤ (x, x) + λ2(y, y) .

If (x, y) ≥ 0 we define λ = −‖x‖+ε
‖y‖+ε

. This yields

2|(x, y)| ≤ ‖y‖+ ε

‖x‖+ ε
(‖x‖2 + (‖x‖+ ε)2 ‖y‖2

(‖y‖+ ε)2
≤ ‖y‖+ ε

‖x‖+ ε
2(‖x‖+ ε)2

≤ 2(‖y‖+ ε)(‖x‖+ ε) .

Letting ε → 0 yields (
CS
4.1). Now, we consider again x, y ∈ H. Then

‖x + y‖2 = (x + y, x + y) = (x, x) + 2(x, y) + (y, y)

≤ ‖x‖2 + 2‖x‖‖y‖+ ‖y‖2 = (‖x‖+ ‖y‖)2 .

Definition 4.2. A system (xi) is called an orthonormal if

(xi, xj) = δij .
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A system (xi) ⊂ H is called orthonormal basis if moreover,

{
∑

i

λixi : λi ∈ R} = H .

Here we are taking only finite linear combinations.

bessel Lemma 4.3. Let (xi) be an orthonormal system and x ∈ H. Then

(
∑

i

|(xi, x)|2)
1
2 ≤ ‖x‖ .

Moreover, y =
∑

i(xi, x)xi is in the closure of {
∑

i λixi}.

Proof. Let J ⊂ I be a finite subset. Let λi = (xi, x) and consider

y =
∑
i∈J

λixi .

Then, we have

(y, y) =
∑
i,j

λiλj(xj, xi) =
∑

j

|λj|2 .

By (
CS
4.1) we deduce∑

j∈J

|(xi, x)|2 = |(x, y)| ≤ ‖x‖(
∑

i

‖(xi, x)|2)
1
2 .

Cancellation yields

(
∑
i∈J

|(xi, x)|2)
1
2‖x‖ .

Note that ∑
i

|(xi, x)|2 = sup
J⊂Ifinite

∑
i∈J

|(xi, x)|2

is the considered as a definition here. For the second assertion, we consider In = {i ∈
I : |(xi, x)| > 1

n
}. Note that In has to be finite set. Thus I ′ =

⋃
n In is countable

set. We may assume I ′ = N and∑
n

|(xin , x)|2 < ∞ .

Thus for every ε > 0 we may find n0 such that for every m > n > n0 we have

m∑
k=n

|(xik , x)|2 < ε .

By the above, we deduce that

yn =
n∑

k=1

(xik , x)xik
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is Cauchy and that the limit y satisfies (xi, y) = (xi, x) and

lim
n
‖y − yn‖ = 0 .

This complete the proof.

Remark 4.4. The element y =
∑

i(xi, x)xi satisfies

inf
z∈cl({

∑
i λixi})

‖x− z‖ = ‖x− y‖ .

Lemma 4.5. Let (xi) be orthonormal. Then there exists an orthonormal basis con-

taining (xi).

Proof. Let S be the collection of orthonormal sets containing (xi). It is easily

checked that for every chain the union is an element in S. By Zorn’s Lemma we

may find a maximal element (yj) in S. Let us assume that x ∈ H does no belong

to the closure of {
∑

j λjyj}. Then, we define

z = x−
∑

j

(yj, x)yj

and y = z/‖z‖. It is easily seen that y has norm 1 and (y, yj) = 0 for all j. Thus

we may add y to the system (yj). This contradiction concludes the proof.

Corollary 4.6. The dual of H is H and H is reflexive.

Proof. Let f : H → C be a linear functional. Let (xi) be an ONS. We define

λi = f(xi) .

Let J ∈ I be a finite subset. Then∑
i∈J

|λi|2 = |f(
∑
i∈J

λixi)| ≤ ‖f‖‖
∑

i

λixi‖

≤ ‖f‖(
∑

i

‖λi‖2)
1
2 .

Thus we deduce

(
∑
i∈I

|λi|2)
1
2 ≤ ‖f‖ .

We have seen in Lemma
bessel
4.3 that y =

∑
i λixi converges and hence

(y, xi) = λi .

Thus f and the functional fy(x) = (y, x) coincide on a dense set and are Lipschitz.

By the unique extension principle they coincide. Thus the dual H∗ of H is exactly
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given by functionals fy(x) = (y, x) and ‖fy‖ = ‖y‖. Hence the dual of H∗ is given

by functionals gz(fy) = (z, y), z ∈ H. This implies H∗∗ = H.

Corollary 4.7. The dual of L2(Ω, Σ, µ) is L2(Ω, Σ, µ).

Proof. We note that

(f, g) =

∫
fg

is a scalar product and ‖f‖2 = (f, f)
1
2 . Since L2(Ω, Σ, µ) is complete we deduce

that L2(Ω, Σ, µ) is Hilbert space. Thus the dual is given by the linear functionals

φf : L2(Ω, Σ, µ) → R defined as

φf (g) =

∫
fg .

This yields the assertion.

For the next duality result we will have to introduce the space L∞(Ω, Σ, µ) of equiv-

alence class with the norm

‖f‖∞ = inf
µ(E)=0

sup
ω∈Ec

|f(ω)| .

Lemma 4.8. Let f be a measurable function. Then

‖f‖∞ = sup∫
|g|≤1

|
∫

fg| .

Proof. Let ‖f‖∞ < 1. Then there exists a set E of measure 0 such that

|f(ω)| ≤ 1 for all ωinEc. Thus we get by monotonicity

|
∫

fg| ≤
∫

Ec

|f ||g| ≤
∫

Ec

|g| ≤
∫
|g|dµ .

For the converse we assume ‖f‖∞ > r. Let E = {ω : |f | > r}. Then we must

µ(E) > 0. Since Ω is σ-finite we find a subset F ⊂ E with 0 < µ(F ) < ∞. We

define

g(ω) = µ(F )−11F
f(ω)

|f(ω)|
.

Then
∫
|g| = 1 and ∫

fg = µ(F )−1

∫
F

|f | ≥ r .

This yields the assertion.

ddual Corollary 4.9. Let 1 ≤ p ≤ 2 and (Ω, Σ, µ) be probability space. Then the dual

space of Lp(Ω, Σ, µ) is Lp′(Ω, Σ, µ) where 1
p

+ 1
p′ = 1.
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Proof. Let us first consider a function f ∈ L2. We define r = 2/p ≥ 1. Then

Hölder’s inequality implies∫
|f |pdµ = (

∫
|f |pr)

1
r (

∫
1dµ)1− 1

r = (

∫
|f |2)

1
r .

This implies

‖f‖p ≤ ‖f‖2 .

Now, let φ : Lp → R be a continuous linear functional. Then φ is a continuous linear

functional on L2. Thus we can find a function g ∈ L2 such that

φ(f) =

∫
gfdµ

holds for all g ∈ L2. Let h be a measurable function such that |h| is a simple

function. Then h ∈ L2 and hence Remark 1.9. implies

(

∫
‖g|p′

dµ)
1
p′ = sup

|h|∈S(µ)‖h‖p≤1

|
∫

ghdµ| ≤ ‖φ‖ .

Thus [g] ∈ Lp′(Ω, σ, µ). By Hölder’s inequality we deduce

φg(f) =

∫
gfdµ

is a continuous linear functional. Moreover, for every simple function h we deduce

from h ∈ L2 that

φ(h) = φg(h) .

By density of the simple functions (and the unique extension principle) φ and φg

coincide.

Remark 4.10. The previous result extends easily to σ-finite measure spaces and is

true in full generality.
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5. Radon-Nikodym Theorem

Definition 5.1. Let Σ be a σ-algebra and ν and µ measures on Σ. We say that

ν is absolutely continuous with respect to µ (in short ν � µ) if µ(E) = 0 implies

ν(E) = 0.

Theorem 5.2. Let µ and ν be σ-finite measure such that ν � µ. Then there exists

a positive measurable function g such that

ν(E) =

∫
E

gdµ .

Proof. We consider the measure µ1 = µ+ν. It is easily check that µ1 is also σ-

finite. Therefore we assume µ1(Ω) < ∞. Then the linear functional φ : L1(µ1) → R
defined by

φ(f) =

∫
fdν .

For a positive simple function f =
∑

i ai1Ei
we have

φ(f) =
∑

i

aiν(Ei) ≤
∑

i

aiµ1(Ei) = ‖f‖1 .

By density φ extends to a function of norm ≤ 1. According to Corollary
ddual
4.9 we find

g ∈ L∞(µ1) such that

φ(f) =

∫
gfdµ .

It is easily checked that g is positive and hence 0 ≤ g ≤ 1. Thus, we deduce

inductively ∫
fdν =

∫
fgdµ +

∫
fgdν33 (5.1)

=

∫
fgdµ +

∫
fg2dµ +

∫
fg2dν

=

∫
fgdµ +

∫
fg2dµ +

∫
fg3dµ +

∫
fg3dν

=

∫
f(

n∑
k=1

gk)dµ +

∫
fgndν .

Let us consider the set Em = {ω : 0 ≤ g(ω) < 1 − 1
m
}. Passing to the limit we

deduce that∫
Em

fdµ = lim
n

∫
Em

f(
n∑

k=1

gk)dµ +

∫
fgndν =

∫
Em

fg(1− g)−1dµ .



5. RADON-NIKODYM THEOREM 7

Let E =
⋃

m Em. By the dominated convergence theorem we deduce that for every

F ⊂ Ω we have∫
F∩E

dν = lim
m

∫
F∩Em

dν = lim
m

∫
F∩Em

(1− g)−1dµ =

∫
E∩F

g(1− g)−1dµ .

Let us consider the set Ec where g = 1. Then we deduce from (
33
5.1) that∫

E

dν =

∫
E

dµ +

∫
E

dν

Thus µ(E) = 0. By absolute continuity we get ν(E) = 0. Therefore∫
F

dν =

∫
F

1Eg(1− g)−1dµ

holds for every F ∈ Σ.

Corollary 5.3. Let 1 < p < ∞ and 1
p

+ 1
p′ . The dual space of Lp is Lp′.

Proof. Let us assume µ finite. Let φ : Lp(µ) → R be a continuous linear

functional. We define

ν(E) = sup{
∑

j

|φ(1Ej
)| : E =

⋃̇
j
Ej , E ′

js disjoint } .

Clearly, E1 ⊂ E2 implies ν(E1) ≤ ν(E2). Moreover, let E =
⋃̇

jEj and εj =
φ(1Ej

)

|φ(1Ej
)| .

Note that

hn =
∑
j≤n

εj1Ej

satisfies |hn| ≤ 1Ω and hence the dominated convergence theorem implies

lim
n
‖

∑
j≥n

εj1Ej
‖p = 0 .

Since φ is continuous we deduce∑
j

|φ(Ej)| = |φ(
∑

j

εj1Ej
)| ≤ ‖φ‖‖

∑
j

εj1Ej
‖p ≤ ‖φ‖µ(E)

1
p .

Thus ν(E) ≤ µ(E)
1
p . Let us show that ν is σ-additive. Indeed, let (Fi) be disjoint

and Fi = ·
⋃

Eij. Then

ν(
⋃
j

Fj) ≥
∑
i,j

|φ(Eij)| .

Taking the supremum we get

ν(
⋃
j

Fj) ≥
∑

i

ν(Ei) .
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Conversely
⋃

j Fj =
⋃

i Ei. Then Fj =
⋃̇

iFj ∩ Ei. And hence∑
i

|φ(1Ei
)| ≤

∑
i,j

|φ(1Ei∩Fj
)| ≤

∑
j

ν(Fj) .

Thus ν is a σ-additive measure which is absolutely continuous with respect to µ.

This we find a positive function g such that

ν(E) =

∫
gdµ .

Now, we consider Φ : L1(ν) → R defined by

Φ(
∑

i

ai1Ei
) =

∑
i

aiφ(1Ei
) .

Then

|Φ(
∑

i

ai1Ei
)| ≤

∑
i

|ai|ν(Ei)

Thus φ is a continuous functional and hence we find a measurable function h such

that

φ(
∑

i

ai1Ei
) =

∑
i

∫
Ei

aihdν =
∑

i

∫
Ei

aihgdµ =

∫
(
∑

i

ai1Ei
)hgdµ .

Since the simple functions are dense, we deduce from Remark 1.9. that ‖hg‖p′ ≤ ‖φ‖
and

φ(f) =

∫
fhgdµ .

This assertion is proved.

Corollary 5.4. Let 1 < p < ∞. Then Lp is reflexive.

Proof. Indeed, L∗∗
p = L∗

p′ = Lp.


