4. Hilbert spaces

A (real) Hilbert space comes with a vector space H, a scalar product (, ): Hx H —
R satisfying
i) (z,2) >0 and (z,z) =0iff z =0,
ii) (z,y) = (y,x) and
i) (z,y+Az) = (z,y) + Az, 2),
for all x,y,2z € H and A € R. Moreover, we require that H is complete with respect

to the metric

N

d(r,y) = (v —y,z —y)

(With completeness this is called a pre-Hilbert space.)
LEMMA 4.1. ||z| = (z,2)2 is a norm. Moreover,

(4.1) (9] < l=llllyll -

Proor. We first show

[(z,y)]
For this let A € R. Then we have

IN

([l -

0 < (x4 Ay,x+ \y) = (x,:v)+2)\(as,y)+)\2(y,y).

This yields
( y) < (z,2) + X(y,y) -
. This yields

2(=A
If (z, )>Owedeﬁne/\——

PRV 1 N TR
el < g (el + el + 9 < e

< 2(lyll +)([l]l +¢) -

2(|lz[l +¢)?

Letting € — 0 yields (4.1). Now, we consider again =,y € H. Then

lz+yll*=@+y,24+y) = (x,2)+2(z,y9) + (y,9)
< lz|l? + 2l|z]lyl + vl* = (=l + llyl)? - ]

DEFINITION 4.2. A system (z;) is called an orthonormal if

(@i, x5) = 0 -
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A system (z;) C H is called orthonormal basis if moreover,

) Nz : MeR} =

Here we are taking only finite linear combinations.

LEMMA 4.3. Let (x;) be an orthonormal system and x € H. Then
1
Ol a)P)z <l
Moreover, y =Y .(z;,x)x; is in the closure of {) . \iz;}.

PROOF. Let J C I be a finite subset. Let \; = (z;, ) and consider

Then, we have

CS
By (h_l) we deduce
> (i, )] —!l’y!<||x||ZH% DER
jeJ

Cancellation yields

O (s 2))2 |||l -

ieJ
Note that

Zl(ﬂfi,x)IQZ sup D |(ay,2)[?

JCI finite i)
is the considered as a definition here. For the second assertion, we consider I,, = {i €

I:|(z;,2)] > L}. Note that I, has to be finite set. Thus I’ = |J, I,, is countable

set. We may assume I’ = N and

Z |('Z‘in’l')

Thus for every € > 0 we may find ng such that for every m > n > ny we have

m
D (@i, @)
k=n

By the above, we deduce that

n

Yn = Z(xlkvx)xlk

k=1
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is Cauchy and that the limit y satisfies (x;,y) = (z;, ) and
Ly yull = 0.

This complete the proof. [ |

REMARK 4.4. The element y = ) .(x;, x)x; satisfies

inf z—z|| = ||z — .
=2l = =

LEMMA 4.5. Let (x;) be orthonormal. Then there exists an orthonormal basis con-

taining (z;).

PROOF. Let S be the collection of orthonormal sets containing (z;). It is easily
checked that for every chain the union is an element in S. By Zorn’s Lemma we
may find a maximal element (y;) in S. Let us assume that z € H does no belong
to the closure of {3, A\;y;}. Then, we define

~ =T Z(yjax)yj
J
and y = z/||z||. It is easily seen that y has norm 1 and (y,y;) = 0 for all j. Thus
we may add y to the system (y;). This contradiction concludes the proof. [ |

COROLLARY 4.6. The dual of H is H and H 1is reflerive.
PROOF. Let f: H — C be a linear functional. Let (z;) be an ONS. We define
i = f(x).

Let J € I be a finite subset. Then

DONE=1FOQ M)l < A dial

icJ ieJ %

< IAICS INP)

NI

Thus we deduce

Qo InPE < 11

el
. essel '
We have seen in Lemma E.B that y = ) . \;z; converges and hence

Thus f and the functional f,(x) = (y, ) coincide on a dense set and are Lipschitz.

By the unique extension principle they coincide. Thus the dual H* of H is exactly
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given by functionals f,(z) = (y,x) and || f,|| = |ly||. Hence the dual of H* is given
by functionals g.(f,) = (z,y), z € H. This implies H** = H. |

COROLLARY 4.7. The dual of La(Q, %, 1) is La(Q, %, ).

PrROOF. We note that

(f9) = [ t9

is a scalar product and ||f|ls = (f, f)2. Since Ly(€, %, p) is complete we deduce
that Lo(€, 3, ) is Hilbert space. Thus the dual is given by the linear functionals
dr: La(Q, X, 1) — R defined as

or(9) = /fg-

This yields the assertion. [ |

For the next duality result we will have to introduce the space Lo.(Q2, %, i) of equiv-
alence class with the norm
w = Inf su w)| .
7l = ot sup [7(e)
LEMMA 4.8. Let f be a measurable function. Then

[ flle = sup | [ fgl.

[ 1gl<1

PROOF. Let ||f|le < 1. Then there exists a set E of measure 0 such that
|f(w)] <1 for all winE*. Thus we get by monotonicity

[ < [ 151l < [ 1ol < [ ola.

For the converse we assume ||f|lcc > 7. Let F = {w : |f| > r}. Then we must
p(E) > 0. Since 2 is o-finite we find a subset F' C E with 0 < u(F) < co. We
define

1, JW)
= u(F)! .
o) = n(P) 1
Then [|g] = 1 and
[t =uEy [ 1512
F
This yields the assertion. [ |

COROLLARY 4.9. Let 1 < p < 2 and (,%, 1) be probability space. Then the dual
space of L,(§2,3, u) is Ly (82,2, i) where ]lj + 11,

P
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PROOF. Let us first consider a function f € Ly. We define » = 2/p > 1. Then

Holder’s inequality implies
; _1 ;
Jisvan= [ 1 fraw= = ([ 1)}

1l < £l

Now, let ¢ : L, — R be a continuous linear functional. Then ¢ is a continuous linear

This implies

functional on Ly. Thus we can find a function g € Ly such that

o(h) = [ atau

holds for all g € Ly. Let h be a measurable function such that |h| is a simple
function. Then h € Ly and hence Remark 1.9. implies

L
/Hg!p dp)v = sup \/ghdu\ < [lo] .

IhleS)lIrllp<1

Thus [g] € Ly (€2, 0, ). By Holder’s inequality we deduce

og(f) = / gfdp
is a continuous linear functional. Moreover, for every simple function h we deduce
from h € L, that
¢(h) = ¢g(h).
By density of the simple functions (and the unique extension principle) ¢ and ¢,

coincide. [ ]

REMARK 4.10. The previous result extends easily to o-finite measure spaces and is

true in full generality.



5. Radon-Nikodym Theorem

DEFINITION 5.1. Let Y be a o-algebra and v and p measures on . We say that
v is absolutely continuous with respect to p (in short v < p) if p(E) = 0 implies
v(E) =0.

THEOREM b5.2. Let i and v be o-finite measure such that v << p. Then there exists

a positive measurable function g such that

V(E) = /E gdy .

PROOF. We consider the measure piy = p+v. It is easily check that i, is also o-
finite. Therefore we assume p;(£2) < oo. Then the linear functional ¢ : Ly(u1) — R
defined by

o) = [ rav.

For a positive simple function f =) . a;1p, we have
o(f) = Y aw(E) <Y am(E) = ||flh-
. . . ddual
By density ¢ extends to a function of norm < 1. According to Corollary h.g we find
g € Loo(p1) such that

o(h) = [ asdn.

It is easily checked that g is positive and hence 0 < g < 1. Thus, we deduce

inductively

(5.1) [ v = [ todu+ [ soav

=/fgdu+/f92du+/f92dv
=/fgdu+/f92du+/fg3du+/f93dv
-/ f(kzn;g’“)dwr [ forav.

Let us consider the set £, = {w : 0 < g(w) < 1 — L}, Passing to the limit we
deduce that

fdu = lim f(zg'“)deL/fg”dv = fo(l—g) dp .
k=1 Em

Em Em
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Let £ =J,, Ew- By the dominated convergence theorem we deduce that for every

F C Q we have

/ dv = lim dv = lim (1—g) tdp = / g(1—g) 'du.
FNE ENF

m JFNE., m JFNE,,

33
Let us consider the set £° where g = 1. Then we deduce from (%_1) that

/dv=/d,u+/dy
E E
E

Thus pu(E) = 0. By absolute continuity we get v(E) = 0. Therefore

/du = /1Eg(1—g)_1du
F F

holds for every F' € X. [ |

COROLLARY 5.3. Let 1 < p < oo and }D + z%' The dual space of Ly is L.

PROOF. Let us assume g finite. Let ¢ : L,(u) — R be a continuous linear

functional. We define

v(E) = sup{Z|¢(1Ej)| - B = |J B Ejs disjoint }
J
Clearly, Fy C E, implies v(E;) < v(Ey). Moreover, let E = UjEj and €; = 725

Note that
hn = Z 6j1 E;
i<n
satisfies |h,| < 1o and hence the dominated convergence theorem implies
h}fbn I Zgleij = 0.
jzn

Since ¢ is continuous we deduce

S GEN = 16 eite)l < 10l eilnlly < lollu(E)

Thus v(E) < N(E)% Let us show that v is o-additive. Indeed, let (F}) be disjoint
and F; = -|J E;j. Then

WJF) = 1o

Taking the supremum we get

]

W(JF) = S uE).
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Conversely | J. F; = |J. E;. Then F; = | F; N E;. And hence
77 % J i J
Z‘¢(1E¢) §Z|¢(1Eiij)| < ZV(FJ)'
i i,J J

Thus v is a g-additive measure which is absolutely continuous with respect to pu.

This we find a positive function g such that

v(E) = /gdu.
Now, we consider ® : L;(v) — R defined by
O(Y ailg) = ) ad(lp,).

Then

(Y ailg)

< ailv(E)
Thus ¢ is a continuous functional and hence we find a measurable function h such
that

¢(Zai1&.) = Z/E ahdy = Z/E ahgdp = /(ZailEi)hgdu.

Since the simple functions are dense, we deduce from Remark 1.9. that ||hg|l, < ||¢||

and
o(f) = /fhgdu-

This assertion is proved. [ |

COROLLARY 5.4. Let 1 < p < 0o. Then L, is reflexive.

PROOF. Indeed, L = Ly, = L. [ ]



