Real Analysis-Homework 10

Due date: Wednesday, December 1
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(b)
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Let x1,...,z, € R. Show that
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Let f =) . x;1g, be a simple function. Show that
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Let f be measurable function such that [f] € L., show that
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Hint: For a finite measure space you may use suitable simple function
to approximate f from below and above. The general o-finite case
requires an additional approximation argument.

Let V. ={(z,) : Jren VusrZn = 0} the space of finite sequences. We
use

“(Iﬁ)”oo = SuP|xn|~

on V. Show that '

is a linear map on V' which is not continuous.
Let (V, || ||) be a normed space and ¢ : V' — R be a linear map. Show

that ¢ is continuous if and only if

{r eV : ¢(x) =0}

is closed. (Hint: One implication is easy. For the other implication
you may assume that there is a zy € V with f(xy) = 1. Then d =
inf{||zo — y|| : ¢(y) = 0} > 0 (why?). Use this to show that for
arbitrary x with f(z) = 1 we have ||z|| > d because ¢(x — xy) = 0.
Conclude).



