Real Analysis-Homework 8
Due date: Monday, November 1
(1) (15P) Let 2 =R, 3 = {A : Acountable or A°countable} and

oo A°is countable

n(A) =
0 A is countable

Show that p is o-additive. Consider f = 1g. Show that

I(6) = 0 pl{z €R: f(2) > 5}) = oo

(2) Let (2, %, 1) be a measure space (not necessarily o-finite). We will now say
that a function f : Q — [—00, 00| is measurable in the strong sense if there
exists a set F' € ¥ of measure 0 and a sequence (g,,) of simple functions
such that

flw) = limgn(w)
holds for all w € F*.

(a) (15P) Let f > 0 and measurable in the strong sense. Show that for
every A > 0 the set £\ = {w € Q: f(w) > A} is o-finite, i.e. there
exists G, € ¥ with finite measure such that £y = (J, G,,. (Hint: use
the functions h,, = inf,;,>,, gp.

(b) (10P) Let (2, %, 1) be a finite measure space. Show that every mea-
surable function is measurable in the strong sense. (Hint: use the
functions f. below).

(3) (20P) Let (92,%, 1) be a measure space such that pu(2) < co. Let f >0
and € > 0. Consider

o0

fs = Z(kg)l{k€§f<(k+l)a}~

k=0
Show that

I(f) = lm I(f).

e—0

Conclude that
I(f) = t{)_mp(By) « f <Y mlg}.
k k
(4) In this exercise we want to establish the link between areas and integrals.
Let (©,%, 1) be a finite measure space (1(Q) < 00). On Q = [0,00) x Q
we consider the algebra A generated by the sets [s,t) x E, 0 < s <t < o0,
EeX.



(a) (10P) Show that every element F' in A can be written as

F = U Gk X Ek
k=1
such that the Ej’s are disjoint and G}, € Ar. we then define

W(F) = S m(Gua(Ey)

k
It can be shown that for every F' € A and for every disjoint union
F = |, F; of disjoint sets in A we have
v(F) = ) v(F).
J
Therefore we may extend v to a o-additive measure on the o-algebras

32 of measurable subsets (in the Caratheodory sense) of [0, 0o] x €.
(b) (5P) Let E € ¥ be a set of measure 0. Show that

v([0,00) X E) = 0.
(c) (15P) Let f : Q — [0, 00| be measurable such that I(f) < oo. Show
that the graph of f
G(f) = {(rw) : 0<r < flw)}

has finite measure with respect to v and satisfies v(G(f)) < I(f).
(Hint for a simple function h we have v(G(h)) = I(h).
(d) (10P) Let f: 2 — [0, 00] be measurable and assume

v(G(f)) <oo.

Show that I(f) < v(G(f)). (Hint: consider a simple function 0 < h <
f)-



