1. The space of integrable functions

In the following (€2, 3, 1) is a measure space.

DEFINITION 1.1. f € S(u) if f: Q2 — R is a measurable function such that f(Q) is

a finite set and

u(f #0) <oc.
Then

I(f)= >, rl{f=r}.
0#ref(Q)
PROPOSITION 1.2. I : S(u) — R is linear. Moreover, f < g implies I(f) < I(g).

Furthermore, we have the triangle inequality

I([f = gl) < I(If = nl) + I(|h — g]) -
PROOF. 1. Note that I(\g) = M (g). Now if f, g € S(u), then

f= szlE where E; = f1({z;})
i=0

9= uilp, where F; = f'({y;}),

=0

where z¢p = yo = 0. We may assume that
iZk=ENE,=0 UE =Q.
Moreover, for i # 0 we know that p(FE;) < co. Similarly, we may assume
JjEAEI=FNE=0 UF;=Q.
Consider
{z;+y;:0<i<n0<j<m} = {Zy,21,...,Zn}.
We assume that Zy = 0. Note that Eq N Fy C (f + ¢)~*(0). Then

N
[<f + g) = Z Zr,LL(Uxierj:ZTEi N FJ)

r=1

= Z (zi +y;)u(E; N F))
%,j,min(z,5)>0

n

=32 wENF)+ Yy Y BN E)
=1 j=0

j=1  i=0

:in,u(Ei)JrZij(Fj) = I(f)+1(g).
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2. If f <g, then E; N F; # () implies x; < y;. Let G = J;_, E;). This yields

m

f):Zl’sz(Ei):Z% Y. uENE)

i=1  §=0,E;NF;#0

< > yuENE) Z%ZuEﬂF

i>1E;NF;20
=> > wENF) = ZW(FJ’ NG)
j=1 =1 j=1

However, if w € G°, then f(w) = 0 and hence g(w) > 0. This yields

Therefore I(f) < I(g1le) < I(gle) +I(glg:) = I(9).
3. We note f — g < |f — ¢ and hence

I(f) =1(g) = [I(f =gl <I(|f —gl)

Similarly, I(g) — I(f) < I(lg — f|]) = I(|f — g|). The assertion follows. |

DEFINITION 1.3. Let f : Q — [0, 00] a positive measurable function. Then

I(f) = sup  I(h).

0<h<f,heS(u)

f is called (positive) integrable if I(f) is finite.

LEMMA Ld. 1) f < g, then I(f) < I(g). 2) I(f +g) > I(f) + I(g)
PROOF. 2) Let 0 < f, < fand 0< g, < g =0< f, + 9o < f 4+ ¢. Then,

I(f) + I(g) = sup I(fn) +supI(gn) < I(f+g) . u

We want to show that for integrable f, g we have I(f + g) < I(f) + I(g). This will

be done in several steps.

LEMMA 1.5. f >0 integrable, 0 < h < f, h € S(u). Then
I(f) = I(f =h)+1(h).
PROOF. Let € >0 and 0 < g < f, g € S(u) such that

1(g) < I(f) < I(g) + €
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Define g = max{g,h} > g, then
Ig) <I(f) <I(g)+e<I(g)+e=I1g—h)+I(h) +e<I(f—h)+1I(h)+e
Since € > 0 is arbitrary, this concludes the proof. [ |

LEMMA 1.6. f > 0 integrable. Then there exits a sequence f, € S(u) such that
0< fo < f, [n is increasing and

I(f_fn) < 47",
PROOF. Let € = 27", Furthermore, let 0 < g, < f and I(f) < I(gn) + €,. Define
gn = max{gi,...,Ggn}, then

I(gn) < I(f) < I(Gn) + €0 < 1(gn) + €n-

By Lemma 1.5:

1(gn) + €0 2 I(f) = I(f — gn) + 1(gn) -
Subtracting I(g,) yields I(f — g,) < &n. [ |

LEMMA 1.7. (Chebychev) f integrable, A > 0. Then

Au(f = A) < I(f).

PROOF. Let h = A=y < f and let ,, C €2 an increasing sequences of subsets
such that UQ,, = Q). Then

hon = Mgoayne, < 1(f),
SO

p(f 2 ) = T p((F 2 A} 01 0) = lim 1(h) < 11(7) .

LEMMA 1.8. Let (f,) and f be measurable such that
I(|fn = f1) < 47"
Then f, converges to f almost everywhere.
PROOF. Let B, ={w :|f — ful > 27"}, F,, = Upsn B, and F =N, F),, then

p(F) <limu(F,) < limZu(Ek) = limZQ_k =1lim2™ = 0.

k>n k>n

If w¢ F = 3nsuch that V& >n, f(w) —27% < fi(w) < f(w) +27%, which implies

lim fi(w) = f(w) .



4

LEMMA 1.9. (Beppo-Levi) 0 < f, < fus1 all integrable such that lim, I(f,) < oo.

If f,, converges to f alomst everywhere, then

I(f) < LWmI(f,).
PROOF. Let 0 < h < f, h € S(u) and

h = irllEz
=1

Let F' C €2 such that lim f,(w) = f(w) V¥ w € F. Given any € > 0, define

Ei,n—{wEEiﬂF:fn(w)> i }CEi,

1+e¢
then E; N F = U,FE;,, because lim, f,(w) = f(w) > ;. We may find n such that
W(E;n) > “(?'—JQF) foralli=1,...,m.
Then define

T
he™ = " < folp < fo.
S rln, < hlr <

)

Note that < f,1r < f,, and hence
I(R") < I(fu) < Tm I(f,)

Moreover,

1) = 3" rip(E) = 3 rip(E: O F)

<1+ p(Er)

- 1+e¢

1=

<1+ 1) < (L+e)?(fa) < (1+€)*HmI(f,).
Since € > 0 is arbitrary, we get I(h) < lim,, I(f,). Taking the supremum, we deduce
the assertion. ]
COROLLARY 1.10. (Fatou) Let 0 < f,, be positive integrable functions. Then
[(limninf fn) < limninf[(fn) :
PRrROOF. The sequence g, = inf,,>, f,, is increasing. Then

I(sup g,) =supI(g,) < sup inf I(f,,) = lminf I(f,) . [ |

n M2
PropPoOsSITION 1.11. f, g positive integrable. Then

I(f)+1(g) = I(f+9g)-
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PROOF. Let f,, € S(u), gn € S(u) increasing sequences such that I(f—f,) < 47"
and I(g — g,) < 47". Then the sequence h,, = f, + g, converges to f + g almost

everywhere and
I(f +9) <1 I(futg,) = i I(f2) +1(9.) = 1(f) +1(g). .

DEFINITION 1.12. A measurable function f : Q — [—00,00]| is called integrable if
there exists a sequence (f,) in S(u) such that

fim 1(1f — ) = 0.
We denote I(u) the space of integrable functions
PROPOSITION 1.13. Let f be p-integrable and (f,), (f),) such that

tn 7(1f ~ ful) = 0 = lm I(f ~ £
Then
lim (£, fi]) = 0.
In particular,
[ = mies,)
1s well-defined.
LEMMA 1.14. Let f > 0 be p-integrable. Then

1= 1.

PROOF. Let (f,) be a sequence of simple functions such that I(|f — f,|) <47
Then f, converges to f almost everywhere. For fixed n € N we consider F,, = {w :
fn(w) < 0. Then

f_fn| = 1En|f|+1E7L fn| Z 1En fl

Thus we have I(|f — fF]) < I(|f — fu]) < 47" Then f. converges to f p-almost

everywhere and Fatou’s lemma implies

lg,

I(f) < lminf 1(f7) < sup I(|f]) -
However,

L(fl) = L0l = Sl = D] < TSl = fl) < T = firl)
< I(fa= f)+I(f = ful) < 477447
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Thus I(|f,|) is Cauchy and hence sup,, I(|f,|) bounded. We get
I(h) < supI([fa])-

In particular, I(f) is finite. Equality follows from the preceding Proposition. [ |

PROPOSITION 1.15. 1) f,g € I(u), € R. Then [(f+Xg) = [f+A][g.
2) f,g€ (), f <g. Then I(f) < I(g).

PRrROOF. 1) There exist I(|f, — f|) — 0 and I(|g, — g|) — 0, then
I(|fa+Agn = (f +A9)]) < I([fn = f) + ML (g0 — g]) — 0.

Since integral is well defined, so [ f 4+ Ag = lim,, I(f,, + Agn) = I(f) + Ag.
2) Consider h = f — g >0, then [ h = I(h) > 0. Thus

/fz/(f—g+g)=/h+/gz/g. u

PROPOSITION 1.16. f is integrable iff f+ and f~ are integrable. Moreover, we have

Jr-1r-fr

PROPOSITION 1.17. f is integrable iff f* and f~ are integrable. Moreover, we have

Ji- Jr-fr

PROOF. "<”": f = ft — f~.
"=": There exists f, such that

i I(|f — fu) = 0= T I(||f] ~ | full) = O,

so |f| is integrable.
o= [MET 10 [ [y .

2. Convergence Theorems and applications

LEMMA 2.1. (Fatou) Let (f,) be positive integrable functions. Then

/ liminf f,, < liminf / fn .
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THEOREM 2.2. (Dominated convergence theorems) Let f > 0 be positive integrable
function. Let (g,,) be integrable functions such that

gn| < f pae

for alln € N and g = lim,, g,, exists. Then g is integrable and

/gzligln/gn-

PROOF. Let us first assume |g,| < f everywhere and g = lim,, g,. Then the

sequence h,, = g, + f is positive. By Fatou’s Lemma, we find

/g+f = /ligngn—i-f < limninf/gn—i-/f.

Thus g + f and hence g is integrable. Subtracting [ f we get

/g < liminf/gn.

Now, we consider k, = —g, + f and deduce similarly as before

—/g+/f§liminf/—gn+/f.
limsup/gn < /g.

In the general case, we consider the exceptional set E,, € ¥ of measure 0 such that
|gn(w)| < f(w) for all w € ES. Let F' € ¥ be of measure 0 such that lim, g,(w) =
g(w) holds for w € F°. We define E = F UL, E,. Then, we have u(E) = 0.

Moreover, the functions ¢, = ¢g,1gc and g = glg. satisfy all the requirements above.

Thus

The assertion follows from the following remark. [ |

REMARK 2.3. Let E be a set of measure 0 and f : 2 — 0 be a measurable function,
then [|f|1g = 0.

PROOF. Let 0 < h < |f|1g. We may write

m

h = Z’T‘ilFi .

=1

Then hlp = h and hence

This yields I(h) = 0. |

We will now discuss an application.
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THEOREM 2.4. (Riemann-Lebesgue lemma) Let f : R — [—00,00] be integrable.
Then

lillgrn/cos(kt)f(t)dt =0.
LEMMA 2.5. Let f be a step function. Then

1i£n/cos(k;t)f(t)dt = 0.

PROOF. Let f = Y7 riljy, - By linearity it suffices to show that

b
lilgn/cos(tk)dt =0.
This follows obviously from

b
|/Cos(tk)dt| _ | sin(bkt) — sin(akt)| _

2
k ~ k-
The assertion is proved. [ |

The Riemann-Lebsgue lemma is an easy consequence of the following result.

THEOREM 2.6. Let f : R — [—00,00] be integrable and € > 0. Then there exits a

/|f—h|<a.

Proof of Theorem 2.4 from Theorem 2.6. Let h be a simple function with [ |f —
h| < 5. Let ko such that

simple function h such that

| / cos(kt)h(t)dt] <§
for all £ > ky. Then

| / cos(kt) f(t)dt] < | / cos(kt)(F(£) — h(t))dt| + | / cos(kt)h(t)dt]
< /]f —h|+ % <e
holds for all k£ > k. [ |

The following Lemma is an immediate application of the dominated convergence

theorem:

LEMMA 2.7. Let f : R — [—00,00] be integrable and € > 0. Then there exists n € N

such that
/ fl<e.
lz|>n
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Proof of Theorem 2.6. Let € > 0. We choose n € N such that

£
fl<=.
/|z|2n|| 3

Let h : [-n,n] — R a simple function such that

" €
_hl< 2,
/_n!f <<

Let C' = sup|h| and § = m. We apply the consequence of Lusin’s theorem and

find an simple function g such that
m(lg—h| >9d) <9.

Moreover, the construction yields such an h with |h| < C. Then, we get

/ g —h| = / Ly noalg — bl + / Lyneslg — ]

<20m(lg —h| > 6) +2nd < 2(C’+n)5<§.

We insist that o = hl_,,). Thus we get

/\f—h\§/|$|>n|f\+/_i|f—h\ < Ll>n\f!+/!f—g!+]]g—hy<s. -

LEMMA 2.8. Let f : R — R be a step function and € > 0. Then there exits a

continuous function g : R — R such that lim,—« |g(z)| = 0 and

/If—g|<€.

PROOF. Let f =144 and 0 <6 < b —a. Then

(

S t—(a—19)) fa—0<t<a
1 ifa<t<b

gé,a,b(t) = .
1—67t—b) ifb<t<b+4

\ 0 else

Then g is continuous and

s
/|g6,a,b — Ly ldp < 2/ tdt = 9.
0
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n

For an arbitrary simple function f = > " | 1[5, We consider gs = > 705 a,b;:-
i=1

Then we get

n

JUETIED IEY AR SNCIED St
1=1

=1

Thus 6 < —=— implies the assertion. [ |
i=1

COROLLARY 2.9. Let f: R — [—o0, 00| be an integrabe function and € > 0. Then

there exits a continuous function g vanishing at 0o such that
/ |f—gldp<e.
PROOF. Let h be a step function such that

/|f—h|du<g.

Let g be a continuous function (constructed above) such that [ |g — h| < 5. This

function g vanishes for large x’s and satisfies

/If—9|du < /|f—h|d,u+/|h—g|<5.

This proves the assertion. [ |



