1. Lusin’s Theorem and applications

Egoroff’s Theorem says that on a set of finite measure, almost everywhere conver-
gence of measurable functions to a finite limit is uniform convergence off of a set
of small measure. A consequence (see Problem 31 on Page 74) is Lusin’s Theorem,
which says that on a set of finite measure, any finite measurable function f can be
restricted to a compact set K of almost full measure to form a continuous function.
We will present a new simple proof of Lusin’s theorem due to Erik Talvila and P.

Loeb. Let us recall the following result proved in a homework:

LEMMA 1.1. Given a measurable set A C R with m(A) < +oo, and given € > 0,
there is a compact set K C A with m(A\ K) < ¢.

PRrROOF. We already know that there is a closed subset F' of A with m(A\ F) <
£/2. Since the sequence
Fn[-n,n] /F,
and m(F) < 400, there is an ny such that m(F \ [—ng,ng|) < €/2. The desired

compact set is F' N [—ng, ng). O

THEOREM 1.2 (Lusin). Fiz a measurable set A C R with m(A) < +o0, and let f be
a real-valued measurable function with domain A. For any e > 0, there is a compact
set K C A with m(A\ K) < e such that the restriction of f to K is continuous.

PROOF. Let (V;,) be an enumeration of the open intervals with rational endpoints
in R. Fix compact sets K,, C f~![V,] and K, C A\ f~![V,] for each n so that
m(A\ (K,UK)) < e/2". Now, for K := (0, (K, U K,), m(A\ K) < . Given
xEKandannwithf(:c)GVn,xEO::[z’Landf[OﬂK}QVn. |

This result is true in quite general settings. In the general setting, you may see this
result stated just for Borel measurable functions. The domain of f should have the
property that sets of finite measure can be approximated from the inside by compact
sets, and for the range, there should be a countable collection of open sets V,, such
that for each open set O and each y € O there is an n with y € V,, C O. (This is
called the Second Axiom of Countability.)

COROLLARY 1.3. Let A be a measurable set such that m(A) < oco. Let f : A — R
be measurable function and € > 0. Then there exists a step function h : R — R such
that
m(|f—h|>e)<e.
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Moreover, if f is bounded than
sup [h] < sup|[f].
PROOF. Let K be such that f|K is continuous and
m(AK) < .

Being compact we known that K is bounded , say K C [-N,N]. Since f|K is

continuous it is also uniform continuous. Thus we may find 0 < § < € such that
t,s € Kand|t —s| <0 = |f(t) — f(s)| < e.

Let n > 6t and 2, = —N + 2,4 =0,....,2Nn. Let S be the collection of indices
such that there exists i € K such that [x;,z;41) N K # (. For such i € S we may
pick y; € [z, x;11]. We define the step function

i€S
Let s € K. Choose i = 0, ....,2Nm such that z; < s < x;41. Then KN[z;, z;41)NK #
0 and |y; — s| < L < 8. We get

(h(s) = f(s)] = |f(y:) — f(s)] <e.
Thus
m(lh— fl| >¢e) < m(A\K) <e.

Since h is constructed using the elements f(y;) we also get

suph(x)] < sup |f(z)] .
z€R zeK

This implies the second assertion. [ |

COROLLARY 1.4. Let A C R be a measurable set and f : A — R be a measurable

function and € > 0. Then there exists a continuous function h such that
m(|f —h|>¢) <e.
Moreover, we can choose h such that

sup || < sup|f[pl.
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PROOF. It suffices to show that for every simple function f = Y7, rily, 4.01)

we can find a continuous h with
p(lf —hl>¢e) <e and [h] <|[f].

It is easily shown by induction that
p(1OQ_f) = O h)l > e) < D> pllfi—hil > &)

Therefore it suffices to consider f; = 1, 2,,,). Let 0 <26 < 241 — x; we define

Tit1

hig(t) = ! .

)
67
1
i —t) iy —0 <t <z
0 else

\

Note that h;s < 1p,, is continuous and that

xiq1)
m(|hi75 — 1[w¢,x¢+1)| > O) < 20 .

Let § such that %‘5 < min;(z;41 — ;). Then we may define
ho=> rihs

Then we have

“ 0 0
m(|f —h|>6) < ;m(m|1[zi7xi+l) —hy s> —) <2m— <20
For the second assertion, we note that

[ < |f].

Therefore we also control the sup-norm. [ |



