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(1) (a) (20P) Let f ∈ L∞([0, 1]). Show that

‖f‖∞ = sup
p<∞

‖f‖p .

(b) (20P) Recall that a non-decreasing function f : [0, 1] → R of bounded

variation is singular, if f ′ = 0 a.e. Show that for every ε > 0 and δ > 0

there exists 0 < x1 < y1 < x2 < y2 < x3 · · · < xn < yn < 1 such that

n∑
k=1

yk − xk < δ

but
n∑

k=1

f(yk)− f(xk) > f(1)− f(0)− ε .

Hint apply the Vitali covering Lemma for {[y, y+h] | f(y+h)−f(h) <

εh, y ∈ E} with m(Ec) = 1.

(c) Let mc be the counting measure on N and `p = Lp(N, mc).

(i) (10P) Let 1 ≤ p ≤ q ≤ ∞. Show

`p ⊂ `q .

(ii) (20P) Is it true that for 1 ≤ p ≤ ∞ the simple functions are

dense in `p?

(iii) (20P) Is it true that for all 1 ≤ p ≤ ∞ and f : N → R

‖f‖p = sup ‖fn‖p ,
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where fn(k) =

f(k) if k ≤ n

0 else

(iv) (30P) Show that `∗p = `p′ for all 1 ≤ p < ∞ and 1
p

+ 1
p′ = 1.

(v) (20P) Show that on N×N the product measure mc×mc coincides

with the counting measure.

(d) (30P) Let f : [0, 1] → R≥0 be in L1([0, 1]). Show that

1∫
0

f(t)dm(t) = m2({(x, y) | 0 ≤ x ≤ 1 , 0 ≤ y ≤ f(x)}) .

In which sense is the right hand side well-defined?


