Solutions for the practice problems

1) (‘Easy question’) Let 7, > 0 and Ej € ¥ disjoint sets with finite measure. We

assume that

Z rp(Er) < oo

Show that

J = ZTklEk

k
is integrable and satisfies

I(f) = rup(Ey) .

Hint: Use Fatou and dominated convergence theorem.

Proof: By Beppo Levi

/ZrklEk :/suerklEk < sup/ZmlEk = suerk,u(Ek)
k " k<n " k<n "ok
= ZTkM(Ek) .
k

Hence f =), rilp, is integrable and we may apply the DCT for f, = Zkgn rilg,
and f = lim, f, and majorant f.

Let f be an integrable function on R and g be a bounded measurable function. Show
that

t—0

iy [ lgta) (o +) = Fla))] = 0.

Hint: First show this for f continuous and f(x) = 0 for |x| > n. Now use the fact
that every integrable function f can be approximated by a continuous function h
such that [ |f —h| <£.

Proof: Let us assume that f continuous and f(z) = 0 for |z| > n. Let () be an

arbitrary sequence converging to 0 such that |t;| < 1. Then

lim |g(z)(f(z +t) = f(2))] = 0
for all |z|inR. Since f : [-n,n] — R is continuous it is also bounded. Let us define
C' = sup |f| and
h = sup |9|201[7(n+1),n+1} .
Given z € R and 0 < |t| < 1 we observe that

l9(2)(f(x +1) = f@)] < lg@@)[[f(z+ )]+ [f(2)] < hz)
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because x +t € [—(n+1), (n+1)]. Thus the dominated convergence theorem yields

iim [ lgle)(f(o +t) = F@)] = [ limlg()(7la + 1) = @) = 0.

Since (ty) is arbitrary we deduce

i [ Jota)(F(o+ )~ f)].

t—0

Now, let f be an arbitrary function and h be a continuous function with finite
support such that [ |f —h| <
web). We choose ty such that |t| <ty implies

/Ig(aﬁ)(h(az +1) — h(z))| < % .
Then we get

/|g e +1) - f(2))]

< [lo@ s+ 0 = e+ )|+ [ lgle)ha +) = b)) [ lo@)h(z) - £)

<supygy/|f<x+t>—h<x+t>r+ +sup|g|/| — f(@)]

3sup‘g| (see the notes on Lusin’s theorem now on the

2
<sup]g]/]f(x—i—t)—h(x+t)]+§5<€.

In the last line we used

(0.1) /u(ac—i—t)dm(x) = /u(m)dm(w)

for arbitrary integrable functions. This equality (0.1) is proved similarly. First
we observe that it is true for step functions (by the translation invariance of the

Lebesgue measure (very easy for step functions)). Thus the linear map
Ti(f)(z) = flz+1)
is defined on a dense subset L; with values in L; and satisfies

1T (Nl = [1f1h

on a dense set. The unique extension principle allows us to extend T} to a continuous

linear map T} on Ly (R) still satisfying

1Tl = [1f] -



We also have a Lipschitz map [ : L1(R) — R given by

/f Ydm(x

Note that now for sequence (h,) converging to f we have

L(T([f]) = lm ([T(h,)]) = limI([h]) = I([f]) = /f(x)dm(x)

n

Funny enough, it requires extra work to conclude that for g € T;([f]) we have
g = Ti(f) almost everywhere. Indeed, let (h,) be a sequence of step functions which
converges to f such that || f—h,|| < 47", Then we may assume that (h,) converges to
f almost everywhere. Let F' be a set of measure 0 such that f(z) = lim,, h,(x) for all
x € F2. By the definition of the outer measure we know that ' —t = {x+t:x € F}
has also measure 0. Let z € F°N (F —t)¢. Then z +t ¢ F and hence

limh,(x) = f(x)
and
limh,(x+t) = f(r+1).

Thus T;(h,) converges to T,(f) almost every where. Finally ||Ti(h,) — T,(f)|1 =
|he — fll1 < 47" guarantees that T;(h,) converges to g almost everywhere. Thus
g = T;(f) holds almost everywhere and hence

[ e+ tama) = /(FQF_t)ﬂ“”dm(”f) ~ [g@am() = [ sz)dm

Don’t look at the notes and show

1) For a o-finite measure space and a positive function f with 2 < 00 you
( p p ¥

can find an increasing sequence of simple functions h,, < f such that

/ (2 = haf?) < 470

Conclude that p(f* — h? > 27") < 27" Thus h? converges to f? and

henceforth h,, converges to f a.e. Use this to show

lim/|f—hn|2 _

(2) Look at the web for the notes on the Lusin theorem and its consequences.
Show that for every function f : [-m,m| — R with [|f[*dm < oo and

e > 0 there exists a continuous function g such that

/]f—g|2dm<€.



4

Solution: See notes.
2) Let (g,) be a sequence positive integrable functions and (f,,) and integrable

sequence such that |f,| < g,. We assume that f,, converges to f, g, converges to g

ligln/gnz/g
i [ = 1

(Remark: After the fact the argument can easily modified to the situation where

and

Show that

a.e. is added in all the relevant places.)

Proof: Define h,, = f, + g, which is positive. By Fatou

/f+g = /liminfhn < liminf/fn—l—/gn = liminf/fn—l—/g,

because lim,, [ g, = [ g. Subtracting [ g yields

/f < 1in%inf/—fn.

Apply the same for k, = —f,, + g, and we get

/—f < 1imninf/—fn.
lim sup / fo < / f < liminf / .

Thats it. [ |

3) We will now discuss the metric associated to ‘convergence in measure’. Let Lg

Thus

be the set of equivalence classes of measurable functions satisfying limg, .o p(| f| >
A) =0.
(1) Show that

d([f],lg]) = inf{e : w([f —gl >¢) <e}

satisfies the triangle inequality.

Proof: Let h be a further function and d([f], [h]) < €, d([f],[h]) < ¢
then
u(lf —h|>e)<e and p(lh—g|>0)<9.

Note that
{w:[fw) —gWw)|>e+dt C{w: [f(w) — h(w)] > € or [h(w) — g(w)| > 0}
C{w: [f(w) = h(w)] > e} U{w: [h(w) — g(w)| > 0}
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because |f(w)—h(w)| < e and |h(w)—g(w)| < 0 implies | f(w)—g(w)| < e+0.
Thus we have

p(lf—gl>e+9d)<e+90.
Hence

d((f],[g]) < e+9.

Taking the infimum yields the assertion. [ |
(2) Show that if ([f,]) is Cauchy with respect to d, then there exists a subse-
quence ([f,,]) such that

/’L(|fnk+1 - fnk‘ > 2_k> < 2_k .

In this case (f,,) converges a.e.

Proof: We can always pass to a subsequence such that

d([fnk+1]7 [fnk]) < 27k .
Thus (0.2) holds. We follow the standard trick

Ej = {w : |f’flj+1 _fnj| >2_j}

and
F, = U E;

Then u(Fy) < 27" and hence F = J, F; has measure 0. For w € F° we
can find k such that for all 7 > k

| fyar (@) = fy (W) < 277
Thus f(w) = lim; f,,(w) exists on F. |

(3) Show that (Lg,d) is a complete metric space.
Proof: It suffices to show that for every sequence ([f,]) satisfying
d([fns1])s [fn]) < 27™ has a limit. By the argument above, we know that

(fn) converges a.e. for a limit f. Moreover, we use
Fo=J{w: 1) = filw)] > 27}
j>n
Then p(F,) < 27" For w € F¢ we known that f(w) = lim; fj(w) con-

verges and

‘f(w) |ij+1 Zlf]-‘rl )| < 21 "



Let € > 0 then
p(lf = ful > Q462" < 27" < (14e)2"".
This shows that
d([fa) [f]) < 277
That’s enough. [ |

4) Let a > 0. On the space vector space V of finite sequences

V = {(an) : Hnovn>noan = 0}

we define the norm
(an)ll = > e™anl
n

Show that every continuous linear functional ¢ : (V,|| ||) — R is given by a sequence
(x,) and

¢(xn)<<an)) = Zan$n

n

and
[P || = supe*"|x,] .
n

Remark: For ODE the modified norms on C(R)
111l = supe=l )

are important. Above you see a discrete analogue of this norm.
Proof: Let ¢ : V — R be a continuous linear functional of ||¢|| < 1. Then we may
define

T, = den) -

Here e, = (0---0, 1 ,0--) is the n-th unit vector. Let ¢, =1 of z, > 0

n-the position
and —1 else. Consider a = e~*"¢,e,. Then [|a|| < 1 and hence

e zn| = [o(a)] < llolllall < llol -

Taking the supremum over n € N yields the assertion. For the converse we assume

¢(xn) = ana’n

and sup,, €*"|z,| < 1. Note that this sum is convergent because only finitely many

terms are non zero. Thus we get

[P = ‘anan| = |Z€W”xne““an’
n n



< (supe ™fan]) Y e lan| = (supe|a))l|(an)]] -

n n
n

Thus we have characterized exactly the continuous functionals of norm < 1. This is

enough. [ |



