Practice problems for the final

Let 1 < p < oo and f a measurable bounded function such that f € L, show that
for all p < ¢ < oo we have f € L, and

lim [ fflg = [/ lle -
Solution: Let p < ¢ < o0 and ¢ = || f||. Note that |f(z)| < ¢ holds a.e.
Jls@lan < [1f@plr@lrin < o [15@)pdn.

Thus f € L,(R). For the second part, we consider a natural number m > c. Let

n € N and define the simple function

nm k
b= ) o leqgcen

n n
k=0
and
nm
k+1
h* = —1 +1 .
kZ_O . oe<IfI<tR

Note that h; < |f| < h" and f € L, implies that with Chebychev that m(% <|fl <

Etl) < co. By a previous hw problem we get for h € {h;,h"} and ax = k/n or

k + 1/n that
k k+1
tim A, = (3 afm(C <[f|<T=)F = swa.
p—00 ke n n kem (£ <|f|<EEL)£0

Let k. be such that k. < nc < k.+ 1. Thus we get
lim [|pY]|, = ke +1/n
P
and
lim [|RY], = ke
2
This yields
1
limsup || f|l, < lm|r"|, < k.+1/n < c+—
P p n

and

1
liminf |[f], > lim |, > ko/n > c—— .
p p n

Letting n — oo we deduce the assertion. [ |

Show directly that for 1 < p < oo we have
by, = by
and that ¢%_ # (5.
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Solution: Since we proved Holder’s inequality for arbitrary measure space, we know

that
1> " anbal < O lanl?) P> [ba]?)Me

whenever 1/p +1/q = 1, i.e. ¢ = p'. Thus the mapping u : £, — {5 defined by
u((bn))((@n)) = >, anby, is satisfies

< Z|b| 1/q

We will now show that u is surjective. Indeed, let ¢ : £, — R be a linear continuous

dlan)l < (D lanl?)"?

[[u((b
map such that

We define
bn = ¢(6n)

where e, is the n-unit vector. Let m € N. From the equality consideration for the
Holder inequality, we deduce

(D [bal?)V/ < o I|Zanb < llell -

nm o 2 lanlP<1 n<m

Taking the sup over m we get

(D 1bal)e < 9 -

Since 1 < p < oo, we know that simple functions are dense. However, simple
function here correspond to finite sequences. By the unique extension principle we
deduce that the sequence (b,) defined above satisfies u(b,) = ¢ and

(D 18alDM® < [l (Ba)) e

I will assume some knowledge in logic for proving £% # ¢;. (The argument breaks
down because simple function=finite sequences are no longer dense). Let U be a
free ultrafilter over N. Then we define

o((an)) = lima,

n,U

One can show that for every compact set and every ultrafilter ¢ the limit with

respect to U exists. Here we may consider (a,) C [—c,c| and the ask A_{n € N :
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—c<a, <0} el or A € U. The we split [-¢,0] and (0,c] in two intervals and

continue. It then easily follows that ¢ is well-define and satisfies
[¢((an)| < sup|an] .

However, ¢ does not come from an element in ¢;. Indeed, for every (b,) € ¢; and
every infinite set A we have
cr = u((bn))(Tank,eo) = Z by,
neEA N>k

and ), |bg| finite implies limy ¢, = 0. However, let A € U be an infinite subset.
Then
P(Langk,o) =1

holds for all k. n
Problem 7a) and problem 7b) on page 104.
7a) If f is a monotone increasing function, then

lim £(s) = sup £(5)

sTt s<t

and

lim f(s) = inf f(s).

slt s>t

Thus these limits exist. A similar argument applies for monotone deceasing function.
Thus for a function of bounded variation g we deduce the result by writing g = f1— fo
with f; increasing.

Consider again f monotone increasing on [a, b]. Let A be the set of continuity points.

For fixed n € N we consider
1
A, = {t ,b) : i — <1
{t € (a,b) ;glf(S)Jrn < ;?gf(S)}

Let tq,....,t,, be m distinct elements. We may assume a < t; <ty < ---t,, < b. We
choose points a < s1 <t] < 89 <ty < 8s3< - <ty < Sy <b. Then

1
fO)=f(a) = f(O)=f(sm)+f(sm)=f(sSmo1)+ -+ f(s2)=f(s1)+f(s1)—fla) > m—.

n
Thus A, has at most n(f(b) — f(a)) many elements. Since J,, A, is the collection
of all discontinuity points in (a,b) we are done. |
7b) Let (r,) C [0, 1] be an enumeration of the rational points and (a,) be a positive

numbers sequence such that > a, = 1. We define

f= Z anlpr, 1
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The f is obviously monotone and has jumps at all points r,, i.e. lim; ., o, f(t)+

a, = lim;_, f(t). Now, let ¢t be an irrational point. let ¢ > 0 and ng such that
> an <e. Let § =minj_y |t —rj|. For every |t —s| < 0 we have
n>ngo
FE) = Fs)] < D an] <.
n>ngo
That’s it. [ |

Problem 10a) and problem 10b) on page 104.
10a) g(x) = 2* cos(z~?). Let n € N and define s,,_; such that 1/s>_; = 7/2+4 7 for
7 =0,.....,n. Then we have

n—1

n—1
Z 9(s5) = 9(sj41)| = Z |sh—j + Snjl
j=0 Jj=0
= Z ‘5? + 5371‘
j=1

>3 12 4m) 2~ )

Since ) ;1/j = oo we deduce the assertion.

For b) and g(z) = x? sin(1/z) we note that it suffices to show that ¢ is in L;. Except
for 0 we have ¢'(z) = 2zsin(1/z) + z? cos(1/x)(—z~2) = 2zsin(1/z) — cos(1/xz).
Thus ¢’ is almost everywhere bounded and thus in L;. Hence g is of bounded
variation.

Problem 16) p111)-If time permits I will explain this problem Friday in class. No I
didn’t-but here is the solution.

a) Let f :[a,b] — R be a monotone increasing function. Then we have
fla)+ [ ram < 1ia)

for every x € [a,b]. Thus we may define g(x) = f(a) + [, f'dm and h(z) =
f(z) — g(x). By the fundamental theorem (Lebesque differentiation theorem) we
have h'(z) = f'(z) — ¢'(z) = 0 almost everywhere. Moreover, let y < = then

W)~ h(y) = fly) — fla) - / "m0

be the differentiation theorem for monotone functions. Thus A is monotone and
h' =0 a.e.-i.e. h’ is singular.

In b) and ¢) we prove the following
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LEMMA 0.1. Let f be a monotone function. f is singular if and only if for every
a<z<bande >0 and § > 0 there exists non-overlapping intervals [y;,y; + d;]
such that

Zd <e and f(x <Z (yj +d;) — f(y;)) +9.

PROOF. "=": Let f besingular. Lete > 0 and £ = {z : f'(z) = 0}N[a+e, b—¢].
We may find an open subset 0 of (a,b) such that £ C O and m(O) < m(F) + ¢.
For every x € E and v > 0 we may find 0 < h < 7y such that

fx+h) = f(z) <~h

By the Vitali coverging lemma we obtain non overlapping intervals ([, zx+hy)) k=1
such that

.....

th>m(Eﬂ[a—|—6,b—5])—5 >b—a—3¢.
k=1

Without loss of generality we may assume a +¢ < 11 < x1 + hy < 23 < X9 + ho <
o < Ty < Ty + Iy, < b We define yg = a and dy = 21 — y1, y; = x; + h; and
d;j = xj11 — y;. Finally d,, = b — y,,. Then

b—a = idﬁidj > (b—a)—3a+§m:dj.
k=1 =0 J=0
This yields Y, d; < 3=. On the other hand
f(b) = f(a) =Z(f(ka+hk) f () +Zf v +d;) = f(y;)
<Z'th+2f v +d;) = f(y;))
<~(b—a) +Zf yi +d;) = f(y;)) -

This is exactly what we want to prove for x = b. However, since f’ also holds on
la, z] we are done.

"«<”: Let f = g+ h such that h is singular and g is absolutely continuous and
g(a) = f(a). Let a < x < b we want to show g(x) = g(a). Let ¢ > 0 and choose
0 > 0 such that

th <d= Z(g(xk + i) — g(ar)) < e
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(g is absolutely continuous). By assumption we find non-overlapping interval [y;, y;+
d;] such that 3. d; < 4 and

a) < Z[f(yj +d;) — f(y;)] +¢

Let zy, by, such that U, [zy, 21 + ] UU,ly;, 5 + hy] = [a, b] and the two unions only
overlap in the endpoints. Then we get
f@) = fla) < e+ [hly; +dj) — hly)] + Y _lg(y; + dy) — g(v)]
J J
2e 4+ [hly; + d;) — h(y))]
J
<2+ Y [Aly; +dj) — hly;)] + Y [Pk + hi) — hlay)]
J k

= 2¢+ h(x) — h(a) = 2¢+ h(x).

Since € > 0 is arbitrary we get f(z) = h(xz)+ f(a). Thus f is singular. |

PROPOSITION 0.2. Let (f,) positive singular monotone functions such that f(z) =
> [n converges point-wise. Then f is singular.

Proor. Without loss of generatily we may assume fr(a) =0 for all k£ € N. Let
a <z <be>0 6>0. Letngbe such that Z fr(xz) > f(xz) — 6. Obviously,

( fe)(x) =322, fi(x) = 0 holds a.e. Thus we find non-overlapping intervals
no
([y], y; + d;]) such that F,, = kz::l fi. satisfies > d; < 0 and

Fno(x) —e< Z[Fno(yj + d]) - FNO(yj)] :
J
This implies by monotonicity of the f,,’s and by point-wise convergent that

f(l') — 2 = Fno(x) < Z[Fno(yj + d]) - Fno(yj)}

J

= [faly; +dy) — fyy)]

j n=1

— Z Z[fn(yj +d;) — f(y;)]

= Z[f(yj +d;) — f(y;)] -

Thus f is also singular-i.e. a function which creates everything out of nothing. ™
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e) Finally consider (r,) an enumeration of the rationals and (a,) strictly positive
such that > a, < co. Then

[ = Z an i, 1)

is singular by our previous proposition. Moreover, f is strictly increasing because
between two points < y we find z < r, < y and hence f(y) — f(x) > a,. |
Let © << v be finite probability measures. Let f; and f; be Radon Nikodym

derivatives such that

W(E) = / fdy and  p(E) = / Fdy

What can you say about f; and f;. In which sense is the Radon-Nikodym derivative
unique.
Solution: Consider E, = {w € Q: fi(w) > fo(w) + L}. Then

Thus v(E,) = 0. This implies f; = f5 holds v almost everywhere. Hence the
Radon-Nikodym derivative is uniquely determined up to set of measure 0 for v. B
Let 2 = {1,.....,n} and v the counting measure v(A) = |A|. Let u be an arbitrary
measure calculate the Radon-Nikodym derivative.

Solution: We consider the positive numbers

pi = p({i}) .
Define f(i) = p;. Then

WE) = S = [ fan
S E
holds for every set. u



