Math 540-Real Analysis- Homework 4
Due date: October 8-Submission in pairs

(1) (Convex functions)
(a) Let O C R open and convex and f : O — R be a differentiable
function such that f’ is monotone increasing. Let x < y, 0 < A < 1
and ) = A\x + (1 — A)y. Use the mean value theorem to show that

fzy) — f(z) < fly) = f(zy)

Ty — T - Y — Ty

and conclude that

FAz+ 1 =Ny) < Af(z)+ (1 =XN)f(y).

If this holds for all x,y, A the function is called convez.

(b) Let f be a convex function defined on an open neighborhood of 0 and
f(0) = 0. Show that

is monotone increasing. Hint: Consider first the case 0 < z < y and
choose a suitable a, repeat the argument for y < x < 0 and then show
compare g(x1) < g(x9) whenever x; < 0 < x9. The function is a priori
not defined for x = 0.

(c) Let f be a convex function defined on an open convex set O and xy € O.

Show that

£ (ro) = i T = S0
and

fli(l'o) — lim f(fEO - h) — f(x())

R0 —h
exists (they are not necessarily the same!). Let f'~(z) < a < f+(xp).
Show that

hx) = f(wo) + alx — o)
satisfies h(z) < f(z). Hint: You may assume zyp = 0 = f(xy) and
look up.
(2) Let 0 <p< 1.
(a) Show that (a + b)? < a? 4+ b holds for a,b > 0. (Hint: It suffices to
do this for a = 1 and compare derivatives.)
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(b) Recall £LF = {f : fmeasruable, a.e. finite, [ |f|P < co}. Show that
f,g9 € LP implies that f + g € £P. And show that

CMﬁw==/U—gF

satisfies the triangle inequality.
(3) No 24(page 96). Assume that (f,,) converges to f in measure and | f,|, | f| <
g € L. Then

i [ 1o = Sl = 0.
(Hint: Use subsequences and the DCT.)



