CHAPTER 1

Metric Spaces

1. Definition and examples

Metric spaces generalize and clarify the notion of distance in the real line. The
definitions will provide us with a useful tool for more general applications of the

notion of distance:

DEFINITION 1.1. A metric space is given by a set X and a distance function d :
X X X — R such that
i) (Positivity) For all x,y € X

0 <d(z,y) .

ii) (Non-degenerated) For all z,y € X

0 =dz,y) & z=y.
iii) (Symmetry) For all x,y € X

d(z,y) = d(y,z)

iv) (Triangle inequality) For all z,y,z € X

d(z,y) < d(z,z)+d(z,y) .

Examples:

ii) X=R?>=RxR, z= (21,22), ¥y = (Y1, Y2)

di(z,y) = |v1 —y1| + |22 — Yol -

i) X =R z = (21,22), y = (11, %2)

N

do(z,y) = (lz1 — yi” + |22 — o)
iv) Let X = {p1,p2,p3} and

d(phpz) = d(p27p1) =1,

d(p17p3) = d(p?npl) = 2a
1
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d(p2,p3) = d(ps,p2) = 3.
Can you find a triangle (pq, p2, p3) in the plane with these distances?
v) Let X = {p1,ps, ps} and
d(p1,p2) = d(pa,p1) = 1,
d(p1,p3) = d(ps,p1) = 2,
d(p2.ps) = d(ps,p2) = 4.

Can you find a triangle (pq, p2, p3) in the plane with these distances?
vi) The French railway metric (Chicago suburb metric) on X = R? is defined
as follows: Let xy = (0,0) be the origin, then

(

dy(x,y) if there exists a t € R such that x; = ty;

and z9 = tyo
dsncer(z,y) = <

Kal2(yc, x9) + do(zo,y) else

Exercise: Show that the railroad metric satisfies the triangle inequality.

It is by no means trivial to show that d, satisfies the triangle inequality. In the

following we write 0 = (0, ...,0) for the origin in R".

LEMMA 1.2. Let x,y € R", then

‘ Z zy| < (Z ’331‘2) (Z ’%"2)
i=1 i=1

i=1

LEMMA 1.3. On R"™ the metric

do(z,y) = (Z\iﬂz _yi|2>
=1

satisfies the triangle inequality.

PROOF. Let x,y,z € R". Then we deduce from Lemma 1.2

dz,y)* = > |wi—ul> = Y |(@i—2z)— (g — )
=1 =1

= Z (s — 2)* = 22(1’% —2i)(Yi — zi) + Z lyi — 2z
i=1 1=1 1=1

< d(z,2)* + 2d(z,y)d(y, z) + d(y, z)
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= (d(z,2)+d(y,2))*.
Hence,
d(z,y) < d(z,z)+d(y,2)

and the assertion is proved. [ |

More examples:
(1) Let n be a prime number. On Z we define

dd,(z,y) = n~mextmeN:m divides x-y}

The n-adic metric satisfies a stronger triangle inequality
dd,(x,y) < max{dd,(z,z),dd,(z,y)} .

(2) Let 1 <p < oco. Then

-
i=1

defines a metric n R"”.
(3) For p =00
doo('ray) = 'I_IlaX |x2 - fl/z’

Ly

also defines a metric on R™.

Project 1: Let 1 < p,q < oo such that 1/p+1/q = 1. Show Minkowski’s inequality.

P
(1.1) xy < S A
p q
holds for all z,y > 0. Hint: the function f(z) = —Inz is convex on (0, c0).

PROOF OF THE TRIANGLE INEQUALITY FOR d,. The triangle inequality for p =
1 is obvious. We will fist show

(1.2) |Zx1y,| < (Z |xi|p>p <Z|yi|q>q

whenever 713 + % = 1. Let ¢t > 0. We first observe that

n n

Sl = Sl < S St 4 Lt
p q
=1

=1 i=1

< R
== lwlP+— lul"
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What is best choice of t? Make
Y el = Yl
i=1 i=1

i.e.

NgE

|y;|?
1

tp+q _ i

'M3

@
I
—

|2 [P

This yields

p

()™
|szyz| <th’l‘ |p - Z:—P2|xl|p

pa =1
5 il
n % n 17%
_ (zw) (z |xz-|p)
=1 =1

Now, we proof the triangle inequality. Let z = (x;), (y;) and z = (z;) in R%. Then
we apply (1.2)

d d
dp(x,y)p=Z!xi—y¢|p < Z|xi_yilp_1<|xi_zi|+‘zi_yi’)

i=1 =1

d d
<Y =yl e — Y =yl e — il
i=1 =1

d i d v d 0
< (Z(m —yi|p_1)q> (Z|Zi —l’i|p> + <Z|Zi —yz"p>
=1 =1 =1

However, 1 = 1/p+ 1/q implies p — 1 = p/q and thus ¢(p — 1) = p. Hence we get
dyp(2,y)" < dy(a,y)" " (dy(7,2) + dp(2,9)) -

If z # y we may divide and deduce the assertion. [ |
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2. Excursion: Convex functions

DEFINITION 2.1. Let I be an interval. A function f : I — R is called convex if

fOz+(1=Ny) < Af(x)+ (1= Nf(y)
holds for all x,y € I, 0 < XA < 1.

LEMMA 2.2. Let f : [a,b] — R be continuous, differnetiable on (a,b) such that f' is

increasing. Then f is convex.

PROOF. Let z € [a,b]. We will show that
+z)—
o) = fly+2)—fy)

z
is monotone increasing on (0, b—z). Indeed, by the fundamental theorem and change

of variables we deduce for z; < 29 and A = i—; (s = At, ds = Adt

g@n—ff@g- /fAtMt /fA#“
0

< [r®F = o).

Now, wefixy <zandu=X A+ (1 - Ny=y+ ANz —vy), 21 = ANz —vy), 22 =2 — .

Then, we get
fly+2)—fly) _ fl2)— fly)

Az =) T (r—y)

This implies
fOz+ (1 =Ny) < fly) + A(f(2) = f(y) = Mf(2) + (1= Nf(y). u

PrROOF OF 1.1. Let x,y > 0. Since — Inx is convex we have

1 1 1 1
—In(=2? + —y?) < —(=In2?)+ —(—Iny?).
( 7= tg ) p( ) . )
This shows by the monotonicity of exp that

1 1
_xp+_yq 2 61n:1:+1ny = zy.

Minkowski’s inequality is proved. |
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3. Continuous functions between metric spaces

Continuous functions ‘preserve’ properties of metric spaces and allow to describe
deformation of one metric space into another. There are three different (but equiv-
alent) ways of defining continuity, the e-d-criterion, the sequence criterion and the

topological criterion. Each of them is interesting in its own right.

DEFINITION 3.1. Let (X,d) and (Y,d') be metric spaces. A map f: X — Y is called

continuous if for every x € X and € > 0 there exists a 6 > 0 such that

(3.1) dlz,y) <6 = d(f(z).f(y) <e.
Let us use the notation
B(z,0) = {y : d(z,y) <0} .

For a subset A C X, we also use the notation

fA) = {f(z) : z € A}.
Similarly, for B C Y

fY(B) = {zx€X: f(zx) € B}.

Then (3.1) means

f(B(z,0)) C B(f(x).¢e) .

Or in a very non-formal way
f maps small balls into small balls .

Our aim is to prove a criterion for continuity in terms of so called open sets. This
criterion illustrates simultaneously the role of open sets and its interaction with

continuity and has a genuinely geometric flavor.
DEFINITION 3.2. A subset O of a metric space is called open if

Ve eO :36>0 :B(x,6)CO.

Examples:
O=(-1,1),0=R,0 = (-1,1) x (—2,2)

are open in R, (R?, d,) respectively.

REMARK 3.3. The sets B(x,¢), x € X, € > 0 are open.
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PROPOSITION 3.4. Let (X,d), (Y,d') be metric spaces and f : X — Y be a map. f
is contivous iff f~1(O) is open for all open subsets O CY.

PROOF. =: We assume that f is continuous and O is open. Let x € f~(O),
i.e. f(z) € O. Since O is open, there exists an € > 0 such that B(f(z),e) C O. By
continuity, there exists a § > 0 such that

F(B(x.6)) € B(f(2),) C 0.
Therefore
B(z,8) C f710) .
Since x € f~1(O) was arbitrary, we deduce that f~'(O) is open.
«: Let x € X and € > 0. Let us show that

B(f(x),¢€)
is a on open subset of (Y, d’). Indeed, let y € B(f(z),¢) define ¢’ = ¢ — d'(y, f(x)).
Let z € Y such that

d(z,y) < ¢
then

d(f(x),2z) < d(f(z),y) +dly,2) < d(f(z),y) +e—d(y f(z)) = ¢
Thus
B(y,e —d'(f(x),y)) C B(f(x),e).
By the assumption, we see that f~'(B(f(x),¢)) is an open set. Since x € f~1(B(f(z),¢)),
we can find a 0 > 0 such that
B(r,8) € fY(B(f(x),))

Hence, for all  with d(z,Z) < §, we have

d(f(x), f(7)) <e.

The assertion is proved. [ |

Examples:
(1) Let (X,d) be a metric space and xy € X be a point , then f(z) = d(z, x¢)
is continuous. Indeed, the triangle inequality implies

d(d(x, o), d(d(y, 0)) = |d(z,z0) — d(y,z0)| < d(z,y)

This easily implies the assertion.
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(2) On R™ with the standard euclidean metric d = ds, the function f : R — R"
defined by f(z) = d(z,0)z is continuous.
(3) (Exercise) The function f : R®* — R3, f(z) = (cos(zy),sin(zs), cos(zy)) is

continuous.

DEFINITION 3.5. Let (X,d), (Y,d') be a metric space. The space C(X,Y) is the set

of all continuous functions from X to Y. Let xqg € X be a point. Then

Co(X,Y) = {f: X =Y : [ is continuous and supd'(f(x), f(xg)) < oo}

zeX

18 the subset of bounded continuous functions.

PROPOSITION 3.6. Let (X, d), (Y,d') be metric spaces and xo € X. Then Cy(X,Y)
equipped with
d(f,9) = supd(f(x),g(x))

zeX
1S a metric space.

Problem: Show that d is not well-defined on C(R,R).

Proof: d(f,g) = 0if and only if f(x) = g(z) for all x € X. This means f = g. Let
us show that d is well-defined. Indeed, if f,g € Cy(X,Y). Then

sup d'(f(x),g(z)) < sup d'(f(x), f(x0)) + d'(f(x0), g(20)) + d'(g(0), g(2))
< sup d'(f(x), f(x0)) + d'(f(x0), (o)) + sup d(g(z0), g())
is finite. Let h be a third function and z € X. Than

d(f(x),g9(x)) < d'(f(x),h(x)) +d(h(z),9(x)) < d(f,h)+d(h,g).

Taking the supremum yields the assertion. [ |

PROPOSITION 3.7. Let (X,d) be a metric space. Then C(X,R) is closed under
(pointwise-) sums, products and multiplication with real numbers. (C(X,R) is an

algebra over R).

REMARK 3.8. Let X =N and d(z,y) =1 of v # y and d(x,y) = 0 for x = y. (This

is called the discrete metric). Then C(X,R) is an infinite dimensional vector space.

PROOF OF 3.7. Let f,g € C(X,R) be continuous and = € X. Consider 2’ € X.
Then

fa(x) = foly) = f(x)g(x) — f(y)gly) = (f(x) = fy)g(x) + f(y)(9(z) — g(y))
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(f(@) = f(y))g(x) + f(2)(g9(x) = g(y)) + (f(y) = f(2))(g(x) — 9(y)) -

Let £ > 0 and € = min{e, 1}. We may choose §; > 0 such that

d(f(x), f(y)) (1 +[g(2)]) <

AVARRNGCENON

holds for all d(x,y) < d;. Similarly, we may choose d > 0 such that

d(g(x),9(y))(1 + [f(2)]) <

W |

Let § = min(dq,02) and d(z,y) < §. Then we deduce that
g &
st+t—<é < e.

A(folw), Folw)) = Fo(x) — foly) < 5+ 5+

Thus fg is again continuous. The other assertions are easier

COROLLARY 3.9. The polynomials on R are continuous.

LEMMA 3.10. Let 1 < p < oo and z,y € R", then

1
— dp(z,y) < doo(2,y) < dylz,y) -
nr
PRrooOF. The last inequality is obvious. For the first one, we consider x,y € R"
and 1 < p < oo, then by estimating every element in the sum against the maximum

dp(z,y)’ = Z 2 — yil” < nmax{|z; —yl"}.
i=1
Taking the p-th root, we deduce the assertion. [ |

COROLLARY 3.11. Let 1 < p,q < oo, then the identity map id : (R",d,) — (R",d,)

18 continuous.
Proor. We have for all z € R® and € > 0

€
de(l', E) - qu(l',é) .
This easily implies the assertion.

COROLLARY 3.12. The metrics d,, define the same open sets on R™.
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DEFINITION 3.13. Let (X,d) be a metric space. We say that a sequence (x,) con-

verges to xq if for all € > 0 there exists ng such that for n > ng we have

d(xp,x0) < €.
In this case we write
limz, = x
n
or more explicitly
d—limz, = z.
n

A sequence (x,) is convergent, if there exists x € X with lim,, z,, = x.

Examples: dy — limn% = 0, dd3 — lim, 3" = 0. (What axioms of the natural

numbers are involved?).

PROPOSITION 3.14. Let (X, d), (Y,d') be metric spaces and f : X —Y be a map.

Then f is continuous if for every convergent sequence (x,) in X
lim f(xz,) = f(limz,) .
Proof: =: Let x = lim,, z,, and € > 0, then there exists a 0 > 0 such that

d(y,z) <d=d(f(y), f(z)) <e.

Let ng € N be such that
d(zp,z) <6
for all n > ng, then
d'(f(zn), f(x)) <e
for all n > ny. Hence
lim f(2,) = f(x).

< Let x € X and assume in the contrary that
Je>0V0 > 03y :d(y,x) <dand d'(f(z), f(y)) >¢.
Applying these successively for all § = %, we find a sequence () such that
d(zp,7) < % and  d'(f(z), f(z) > €

and thus
li = .
1]£n Tk T

By assumption, we have

lilgnf(xk) = f(z).
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Hence, there exists a kg such that for all k£ > kg

d(f(zr), f(2)) <e.

a contradiction.

11
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4. Complete metric spaces and completion

Complete metric space are crucial in understanding existence of solutions to many
equations. Complete spaces are also important in understanding spaces of inte-
grable functions. We will review basic properties here and show the existence of a
completion.

We will say that a sequence in a metric space is a Cauchy sequence of for every

€ > 0 there exists ng € N such that
d(xp, Tm) < €
for all n, m > ny.

DEFINITION 4.1. A metric space (X, d) is called complete, if every Cauchy sequence

converges.
PROPOSITION 4.2. The space (R?,dy) is complete.

Proof: Let z, be a Cauchy sequence in (R? d;). Then x, = (x,(1),2,(2)) is a
sequence of pairs.
Claim: The sequences (2,,(1))neny and (2,(2))nen are Cauchy sequences.

Indeed, let € > 0, then there exists an ng such that
di (T, Tm) < €
for all n,m > ng. In particular, we have
20 (1) = 2m()] < |2n(1) = 2 (D] + [20(2) = 2m(2)] < di(@n, 2m) <€
for all n,m > ng and
20(2) = 2m(2)] < |2n(1) = 2 (D] + [20(2) = 2m(2)] < di(@n, 2m) <€

Therefore, (z,(1)) and (z,(2)) are Cauchy.
Since R is complete, we can find (1) and z(2) such that

liinxn(l) = z(1) and liyrlnxn(Q) = z(2).

Claim: lim,, z, = (z(1),x(2)).
Indeed, Let € > 0 and choose n; such that

(1) = 2(V)] <
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for all n > n;. Choose ny such that
€
2

for all n > ny. Set ng = max{ny,ns}, then for every n > ny, we have

|20 (2) — 2(2)] <

dy(zn, (2(1),2(2)) = |za(l) —2(1)] + |2n(2) —2(2)] < €
Thus
li7rznxn =z
and the assertion is proved. [ |
Examples:

(1) Let X =R\ {0} and d(z,y) = |x — y|, them (X,d) is not complete. The
sequences (%) is Cauchy and does not converge.
(2) Let p be a prime number. On the set of integers, we define
dd,(z,w) = p™",

where n = max{n : p" divides (z—w) }. This satisfies the triangle inequal-
ity. The sequence (z,,) given by z, = p+ p* + -+ + p" is a non convergent

Cauchy sequence.
THEOREM 4.3. Let n € N. The space (R", ds) is a complete metric space.

PRrROOF. Similar as in Proposition 4.2 using the following Lemma . [ |

LEMMA 4.4. Let x,y € R", then
da(z,y) < Z |zi — yil -
i=1

Proor. We proof this by induction on n € N. The case n = 1 is obvious.
Assume the assertion is true for n and let x,y € R""'. We define the element

2z = (21, ..., Tn, Yns1), then we deduce from the triangle inequality

do(z,y) < do(x,2) + da(z,y)
n+1 % n+1 %
= (Z |z; — Z¢|2> + (Z |2 — ?Jz’|2>
=1 =1

= |Tpy1 — Yna| + <Z |z; — yz|2)

=1

(NI
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To apply the induction hypothesis, we define & = (xy,...,x,) and § = (y1, .., Yn)-
Then the induction hypothesis yields

1
n 2 n
(Zm—yi\?) = d(7.9) < D Jri—uil.
i=1 i=1

Hence,
1
n 2
do(z,y) < |Tns1 = Ynar| + (Z |z — yi|2>
i=1
< ’mn _yn| + Z ‘l‘l - yz’
i=1
n+1
= Z |z — yil -
i=1
The assertion is proved. [ |

DEFINITION 4.5. A subset C' C X s called closed if X \ C' is open.

PROPOSITION 4.6. Let C be closed subset of a complete metric space (X,d), then
(C,d|cxc) is complete.

PROOF. Let (x,) C C be Cauchy sequence. Since X is complete, there exists
x € X such that

r = limz, .
We have to show z € C. Assume z ¢ C. Then there exists a 6 > 0 such that
B(z,d) € X \ C. By definition of the limit there exists ngy such that d(z,,z) < o

for all n > ng. Set n = ng + 1. Then d(z,,z) < § implies z, € X \ C and z,, € C
by definition. This contradiction finished the proof. [ |

THEOREM 4.7. Let (Y,d') be complete metric space. Let h € C(X,Y) and

Ch(X,Y) = {feC(X,Y) : supd(f(x),h(z)) < oo}

zeX

Then Cy(X,Y) is complete with respect to

d(f,g) = supd'(f(z),g(x)).

rzeX
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PROOF. Let (f,) C Cp(X,Y) be Cauchy sequence. This means that for every

€ > 0 there exists an ng such that

(4.1) sup d'(fu(2), fim(7)) <

zeX

Do | ™

In particular, for fixed x € X, f,(x) is Cauchy. Therefore f(z) := lim,, f,,(z) is a

well-defined element in Y. We fix n > ny and consider m > ng such that

d'(fm(z), f(z)) <

ol ™

This implies

d(fu(@), f(2)) < d(ful@), fn(2)) + d' (fin(2), f(2)) < ge

for all x € X. In particular,

(4.2) sup sup d'(fn(z), f(x)) < ge.

n>ng r€X

Let us show that f is continuous. Let z € X and € > 0. Choose ng according to (4.1).
Choose n = ng + 1. Let 6 > 0 such that d(z,y) < § implies d'(f,(z), fu(y)) < e.

Then, we have

d(f(x), f(y) < d(f(x), fu(@)) + d'(fa(2), oY) + d (fuly), fy)) < 3c.

Since € > 0 is arbitrary, we see that f is continuous. Moreover, (4.2) implies that

fn converges to f. Finally, (4.2) for € = 1 implies that

supd(f(z), h(z)) < supd(f(x), fu(@)) + sup d(fu(z), h(z)) < o0
implies that f € C,(X,Y). [ |
DEFINITION 4.8. Let (X,d) be a metric space and C C X. O C X is called sense if
for ever x € C and e > 0 B(x,e) N O # (.

DEFINITION 4.9. Let O C X be a subset. Then

0 = ﬁOCC,Cclosech

1s called the closure.

LEMMA 4.10. O is dense in O and O is closed.
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PROOF. Let x € O. Assume B(z,6)NO = (. Then C = X \ B(z,¢) contains
O. Thus
OccC.
This implies that 2 ¢ O, a contradiction. Now, we show that O is closed. Indeed,

let 4 ¢ O. Then there has to be a closed set C such that O C C but y ¢ C. This
means y € X \ C which is open. Hence there exists § > 0 such that

B(y,0) c X\ C

By definition every element z € B(y, §) does not belong to O. This means B(y,d) C
X\ O. ]

THEOREM 4.11. Let (X, d) be a non-empty metric space. For every x € X we define

foly) = d(z,y) .
Let v € X. The map f: X — Cy, (X,R) satisfies the following properties.
i) d(f(z),d(f(y)) = d(z,y),

(1) The closure C' = f(X) is complete,

(2) f(X) is dense in the closure C' = f(X).

PRrROOF. Let z,y € X and z € X. Then the ‘converse triangle’ ineqquality
implies
Moreover,

Therefore f, € Cy, (X,R) for every z € X and

d(fe; fy) < d(z,y) .
However,
d(fe; fy) 2 |fe(x) = fy(@)] = [0—d(y, z)| = d(y, ).
This shows ). According to Proposition 4.6 and Theorem 4.7, we see that C is
complete. According to Lemma 4.10, we deduce that f(X) is dense in C. [ |

Project: On C([0,1]) we define

0(f.9) = / () — g(s)|ds

Show that (C([0,1]),d;) is not complete.
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Project: In the literature you can find another description of the completion of a

metric space. Find it and describe it.

5. Unique extension of densely defined uniformly continuous functions

In this section we will show that the completion C' constructed in Theorem 4.11 is
unique (in some sense). This is based on a simple observation-the unique extension.

This principle is very often used in analysis.

DEFINITION 5.1. Let (X,d), (Y,d') be metric spaces. A function f : X — Y is

called uniform continuous if for every e > 0 there exists a 6 > 0 such that

dz,y) <d = d(f(z),fy) <e.

PROPOSITION 5.2. Let O C C be a dense set and f : O — Y be uniformly contin-

uwous function with values in a complete metric space. Then there exists a unique
continuous function f: O — Y such that f(a:) = f(x) for all x € O.

PROOF. Let z € X. Since B(z, )N O is not empty, we may find (z,,) C O such
that lim,, x,, = x. We try to define

f@) = lm f(z,)

Let us show that this is well-defined. So we consider another Cauchy sequence (z,)

such that lim, x}, = . Let € > 0. Then there exists 6 > 0 such that

d(f(a',y)) <e
holds for d(2',y) < 6. We may find ny such that

)
d(xp, x) < 2
and
d(z ) <§
x,,x 5

holds for all n,n’ > ng. Thus

d'(f(z), f(zn)) <e.
This argument also shows that (f(z,)) is Cauchy and hence f(z) is well-defined. If

z € O, we may choose for (z,,) the constant sequence x,, = x and hence f(z) = f(z).
Now, we want to show that f' is uniformly continuous. Indeed, let € > 0, then there

exists 0 > 0 such that d(z’,y") < § implies

d(f (), f(y)) <

TR
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Given z,y € C with d(z,y) < §, we may find (z,) converging to x and (y,) con-

verging to y such that 5 d(z.y)
- x,y

d(@y,
(T, x) < 5

Thus for all n € N we have
A(Tn,Yn) < d(z,y) +d(n, ) + d(yn,y) <9 .

This implies
A(f(@), f(y) = Hmd(f(@a), fyn)) < 5 -

This shows that f is uniformly continuous. If ¢ is another continuous function such
that g(x) = f(x) holds for elements x € O, then we may choose a Cauchy sequence

(x,) converging to = and get
g(z) =limg(z,) = lim f(z,) = f(z). u

Example If f : (0,1] — R is uniformly continuous, then f is bounded (why).

f(z) = 1/x is not uniformly continuous.

THEOREM 5.3. The completion of a metric space is unique. More precisely, let C' be
the set constructed in Theorem 4.11. Let C' be a complete metric space and (' : X —
C" be uniformly continuous with uniformly continuous inverse /' : 1(X) — X such
that J'(X) is dense. Then there is a bijective, bicontinuous map u : C — C" such
that u(u(x)) = /(x).

PRrOOF. The map ¢/t~ !

1 1(X) — " is uniformly continuous and hence admits
a unique continuous extension u : ¢ — C’. Also «/~" : /(X) — C admits a
unique extension v : ¢! — C. Note that vu : C — C'is an extension of the map
vu(e(x)) = v(x). Thus there is only one extension, namely the identity. This show

vu = id. Similarly uv = id. Thus v = u~! and u is bijective and bi-continuous. M

Project: Find the completion of (Z, d3).
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6. Closed and Compact Sets

Let (X, d) be a metric space. We will say that a subset A C X is closed if X \ A is

open.

PROPOSITION 6.1. Let (X,d) be a complete metric space and C' C X a subset. C

1s closed iff every Cauchy sequence in C converges to an element in C.

Proof: Let us assume C'is closed and that (z,,) is a Cauchy sequence with elements

in C. Let x = lim, x, be te limit and assume x ¢ C. Since X \ C' is open
B(z,e) Cc X\ C

for some € > 0. Then there exists an ng such that d(x,,z) < € for n > ng. In

particular,
Tno+1 S B([E, 8)

and thus z,,+1 ¢ C, a contradiction.

Now, we assume that every Cauchy sequence with values in C' converges to an
element in C. If X \ C is not open, then there exists an = ¢ C' and no € > 0 such
that

B(z,e) C X\ C.
L.e. for every n € N, we can find z,, € C such that
1
d n) < —.
(5,0) < -
Hence, limz,, = z € C but « ¢ C, contradiction. [ ]

The most important notion in this class is the notion of compact sets. We will say

that a subset C' C X is compact if For every collection (O;) of open sets such that

CclJoi = {xeX|Ticze0}

There exists n € N and 44, ..., 7,, such that

CCO,U---UO

In other words

Every open cover of C' has a finite subcover .
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DEFINITION 6.2. Let X C |JO; be an open cover. Then we say that (V;) is an open

subcover if
xclJy
J
all the V; are open and for every j there exists an i such that
V; CO;.

It is impossible to explain the importance of ‘compactness’ right away. But we can
say that there would be no discipline ‘Analysis’ without compactness. The most

clarifying idea is contained in the following example.

PROPOSITION 6.3. The set [0,1] C R is compact.

PROPOSITION 6.4. Let B C X be closed set and C' C X be a compact set, then
BNnC

18 compact

Proof: Let BN C C |JO; be an open cover. then

Cc(x\BulJo

is an open cover for C, hence we can find a finite subcover
CCc(X\B)UO;, U---U0;, .

Thus
BNnC CcO;,;U---UO

in

is a finite subcover. [ ]

LEMMA 6.5. Let (X, d) be a metric space and D C X be a countable dense set in

X, then for every subset C' C X and every open cover
ccljos

we can find a countable subcover of balls.
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Proof: Let us enumerate D as D = {d,|n € N}. Let € C and find i € I and
¢ > 0 such that
xr € B(x,e) CO;.

Let £ > g By density, we can find an n € N such that

1

dz.d) < — .
(@, dn) < 5

Then

1 1
B — B(x., — B .
x € B(d,, 2k) C B(x, k) C B(z,e) C O
Let us define

1
M = {(n, k)| JierB(dn, %) C O;}.

Then M C N? is countable and hence there exists a map ¢ : N — M which is

surjective (=onto). Hence for V,,, = B(dg,(m), m), ¢1, ¢o the 2 components of
¢ we have

cclJva
and (V},) is a countable subcover of balls of the original cover (O;). ]

THEOREM 6.6. Let (X,d) be a metric space. Let C' C X be a subset. Then the

following are equivalent

i) a) Every Cauchy sequence of elements in C' converges to a limit in C.

b) For every € > 0 there exists points 1, ..., x, € X such that
C C B(xy,e)U---UB(z,¢) .

ii) Every sequence in C' has a convergent subsequence.

iii) C' is compact.

Proof: i) = ii). Let (z,,) be a sequence. Inductively, we will construct infinite

subset A1 D Ay D Asz--- and y1, ¥, ¥3,... in X such that
‘v’leAJ_ : d(.l’l,yj) < 2_j_1 .

Put Ay = N. Let us assume A; D Ay D --- A, and yq, ..., y, have been constructed.
We put e = 272 and apply condition 7)b) to find 2, ..., z,, such that

C C B(z,e)U---UB(zy,¢) .
We claim that there must be a 1 < k < m such that

An(k) = {l € A, |z, € Bz, €)}
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has infinitely many elements. Indeed, we have
A (H)U---UA,(m) = A, .

If they were all finite, then a finite union of finite sets would have finitely many
elements. However A, is infinite. Contradiction! Thus, we can find a k with A, (k)
infinite and put A,+1 = A, (k) and y,,+1 = 2x. So the inductive procedure is finished.
Now, we can find an increasing sequence (n;) such that n; € A; and deduce

1 . 1 . .
AT, Tn,y,) < A, y;) + d(y), Tn,,,) < 52 ]—1-52 b= 27

because n; € Aj and njy1 € Aj1 C Aj. Thus (z,,) is Cauchy. Indeed, be induction,
we deduce for j < m that

d(xnj7 xnm) < d(xn] ) xnj+1) + d(xnj+17 xnj+2) e d<xnm717xnm)

m—1
< 2—122—’“ — ol
k=0

This easily implies the Cauchy sequence condition. By a) it converges to some
x € C. We got our convergent subsequence.

i1) = i1i): We will first show ii) = 7)b). Indeed, let € > 0 and assume for all n € N,
Y1y -y Yo € C' we may find

(N, Y1, Yn) € C\ (B(y1,€) U+~ B(yn,€)) -

Then we define z; € C and find x € C'\ B(x1,¢). Then we find z3 € C'\ B(x1,¢)U
B(xg,¢). Thus inductively we find x,, € C' such that

d(xp,xp) > €

forall 1 < k < n. It is easily seen that (z,) has no convergent subsequence. Thus i)b)
is showed (with points in C'). For every ¢, = % we find these points y¥, ..., yfn(k) eC
such that

C C B(y}, %) U---UBy™®, %) :
Then, we see that D = {y¥ : k € N,1 < j < m(k)} is dense in C. Therefore, we
may work with the closure X = D and show that C' is compact in X. (It will then

be automatically compact in X). By Lemma 6.5, we may assume that
cclJo
k
and Op’s open. If we can find an n such that

CCcOU---Uo,
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the assertion is proved. Assume that is not the case and choose for every n € N
an x, € C'\ Oy U---UQO,. According to the assumption, we have a convergent
subsequence, i.e. limyx, = x € C. Then x € O,, for some n, and there exists a
€ > 0 such that

B(z,e) C Oy, .
By convergence, we find a ko such that d(z,x,,) < € for all & > ky. In particular,

we find a k > kg such that n, > ng. Thus
Ty, € B(z,e) € Oy, COLU---UO,, .

Contradicting the choice of the (z,)’s. We are done.
i1i) = i)b) Let € > 0 and then
C C U B(z,e) .
zeC
thus a finite subcover yields b).
i1i) = i)a) Let (z,) be a Cauchy sequence. Assume it is not converging to some

element z € C. This means

(6.1) Ve e Cde(x) > 0Vnodn > ng d(x,,x) > €.
Then
cc | B, @) .
zeC
o ) ()
€ €
C C By, 12/1 yU---U By, 32/1 )

be a finite subcover (compactness). Then there exists at least one 1 < k < m such
that

A = {n e N d(an ) < 298y

2
is infinite. Fix that k& and apply the Cauchy criterion to find ngy such that
d(zp, ) < g(gk)

for all n,n’ > ny. By (6.1), we can find an n > ng such that

d(xn, yr) > (yk) -

Since A is infinite, we can find an n’ > ngy in A, thus

E(yk) < d(xn’ayk) < d<xna$n’>+d(xn’ayk)
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A contradiction. Thus the Cauchy sequence has to converge to some point in C. B
COROLLARY 6.7. Every intervall [a,b] C R with a < b € R is compact

Proof: It is easy to see that X \ [a,b] is open. Hence, by Proposition 6.1 [a, b] is
complete, i.e. i)a) is satisfied. Given & > 0, we can find k& > . For m > k(b—a) we

derive
- U B(a + J
=0
Thus the Theorem 6.6 applies. [ |
LEMMA 6.8. Let r > 0 and n € N, the set C,. = [—r,r]|" is compact.

Proof: Let x ¢ C,, then there exists an index j € {1,..,n} such that |z;| > r. Let
e = |z;| —r and y € R™ such that

[max |acZ uil < e,

then
il = lyj —x + 5] = | =y — 5] > |og] —e = 7.
thus y ¢ C,. Hence, C, is closed and according to Proposition 4.3, we deduce that

C, is complete.

For n =1 and € > 0, we have seen above that for k > é and m > %
m
c|JB(-r + )
7=0

Therefore

[—r,7]" C U Boo((—r—l—‘2 ..,—r+‘7—n),€) :
J1seerefn=0,...m
Thus i)a) and i)b) are satisfies and the Theorem 6.6 implies the assertion (The
separable dense subset is Q™.) [ |

THEOREM 6.9. Let C' C R™ be a subset. The following are equivalent

1) C is compact.

2) C' is closed and there exists an r such that
C C B(0,R) .

(That is C is bounded.)
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Proof: 2) = 1) Let
C Cc B(0,R) C [-R,R]"

be a closed set. Since [—R, R]™ is compact, we deduce from Proposition 6.4 that C

is compact as well.

1) = 2) Let C subset R" be a compact set. According to Theorem 6.6 1)b), we find
C C B(x1,1)U---UB(zp,1)
thus for 7 = max;—1__,,(d(x;,0) + 1) we have
C C B(0,r).

Moreover, by Theorem 6.6 i)a) and Proposition 6.1, we deduce that C'is closed. W

We will now discuss one of the most important applications.

THEOREM 6.10. Let (X, d) be a compact metric space and f : X — R be a continuous
function. The there exists xqg € X such that

f(zg) = sup{f(z):xz € X}.
PROOF. Let us first assume
A={f(z) 2 € X}

is bounded and s = sup A. For every n € N, we know that s — % is no upper bound.

Hence there z,, € X such that

1
SZf(ZEn)>S—E.

Let (ny) be such that limy x,, = x € X. Then we deduce from continuity that

flz) = lilgnf(a:nk) > lims—nik = 5.
By definition of s we find f(x) = s. Now, we show that A is bounded. Indeed, if
note we find z,, € X such that f(z,) > n. Again we find a convergent subsequence
(@n, ). Since f(xy,) is convergent it is bounded. We assume (f,, ) is bounded above

by m € nz. Choosing k > m + 1 we get
m > f(x,,) > ng > n, >m.

This contradiction shows that A is bounded and hence the first argument applies. B
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7. The theorem of Arzela-Ascoli
In the following (X, d) is a metric space.

DEFINITION 7.1. A subset A C X is called relatively compact (rel.cp.), if A is

compact.

REMARK 7.2. Let (X,d) be complete and A. The following are equivalent

i) A is relatively compact,
ii) A is totally bounded,

iii) Fvery sequence (x,) in A has a limit point (not necessarily in A.

Proor. Follows from the characterization theorem for compact sets in metric

spaces. |

DEFINITION 7.3. Let (Y,d') be a metric space. A subset ' C C(X,Y) is called
equi-continuous if for every x € X, € > 0, there exists 6 > 0 such that for all f € F,
ye X

d(z,y) <d=d(f(z), fly) <e.

LEMMA 7.4. Let K be a compact metric space and F' C C(K,Y') be equi-continuous.
Then, for every € > 0 there exists a 6 > 0 such that for all f € F, z,y € K

d(z,y) <d=d(f(zx), f(y) <c.

PROOF. Let € > 0. For every x € K, we chose d, such that for all f € F

d(z,y) < 6= d(f(2), f(y) < =

2
By compactness there exists a finite subset S C K such that
Oz
K C B(x,—).
zes

We define § = mingeg % and assume that d(y,z) < 6. Then there exists an z € S

2
such that

0z
d(z,y) < 5

Since § < % we find
d(2,2) < da,9) +d(y,2) < 2 +5 <5,
This implies
d(f(y). £(2) Sd(f(y), F@) +d(fla), f(2) < 5 +5 = e
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The assertion is proved. [ |

LEMMA 7.5. Let (Y,d') be complete metric space and (f,) C C(K,Y). Let D C K
be a countable set such that {f,(d) : n € N} is relative compact for every d € D.

Then there ezists a subsequence (ny) such that

h]zn Jo (d>
exists for all d € D.

PrOOF. We assume D = {d; : j € N}. Since {f,(d1) : n € N} is relatively

compact, we may find a subsequence (n}) such that

yi = lim fo1 (dy)

exists and
d'(y1, fop (d1)) <
for all k € N. Then we find a subsequence (n?) o

el ol

(n}) such that

Y2 = 111?1 fni(dl)
exists and

d/(y27 fni (dl)) < %

for all k € N. Since (n?) is a subsequence we know that

for some m(k) > k. Thus we also have

dl(yh fn% (dl)) <

| =

for all K € N. We continue inductively and find successive subsequence (n7) such
that

y; = lim f,, (d;)
exists and for all j < k we have
1
d'(y5, [y (di) < - -
k

Then we define the diagonal subsequence my = nj. For j € N we note that for

k > j we have

1
d/<yj7fmk) = d/(yjafnﬁ(dj)) < E :
Hence limy, f,,, (d;) = y;. |
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THEOREM 7.6 (Arzela-Ascoli). Let (Y,d) be a complete metric space. Let K be
compact metric space. Let F C C(K,Y') be a set. The following are equivalent

i) F' is relatively compact.
ii) F is equi-continuous and or every x € K the set {f(x) : f € F'} is relatively

compact.

PROOF. ii) = 7). Since K is a compact metric space, we know that there is a
countable dense subset D C K. Let (f,) C F be sequence. According to Lemma

7.5 we may find a subsequence (ny) such that

9(d) = lim f,,(d)

exists for all d € D. We claim that f is continuous. Indeed, we may apply Lemma

7.4. Thus, we may find for every ¢ > 0 and d(¢) > 0 such that

d(z,y) <o =d(f(z), f(y) <e.
holds for all f € F. Thus given x and y € D with d(z,y) < 0, we find

d'(g(2),9(y)) = limd'(fu, (), fu(y)) <.

This shows that ¢ is uniformly continuous and hence admits continuous extension
G: K —Y. We want to show that

lillgn foe = G
Note that the unique extension G also satisfies
d(z,y) <i(e) = d'(G(x),G(y)) <e

(see proof of the unique extension principle). For let € > 0 and 0 = §(5) as above.
Since D is dense we have K C |J,.p B(d,d). By compactness, we find a finite set
S C D such that

K c|JB(d59).

des
Now, we may choose ky such that

d(G(d). fu(d)) < 5

holds for all k > ky. Let x € K and y € S such that
d(z,y) <6.

Then, we have

d(G(z), fr,(2)) < d(G(2), G(d)) + d(G(d), fr,(d)) + d'(for(d), fr (7))
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€

<€+€—|— =€
3 3 3

This means
supd' (G(x), fn,(z)) < €

zeK

for all k > k.

i) = 1) In the hw you will show that if h: Z — Y is a continuous map and F' C Z
is relatively compact, then h(A) is relatively compact. We apply this x € K and
hy, : C(K,Y) — Y given by h,(f) = f(x). Thus {f(z) : f € F} = h,(F) is
relatively compact. Now, we show equi-continuity. Let x € K and € > 0. Since F'
is totally bounded, there are fi, ..., f,, such that

5
FeUsid).
J
For these function fi, ..., f,, we may find § > 0 such that d(z,y) < ¢ implies

@(f(x). () < 3

for all j = 1,...,m. Now, we consider f € F and d(x,y) < §. Then we may find j
such that d(f, f;) < 5. This implies
d(f(@), f(y) < d(F(@), f5(2) +d(f(). Fi) +d (i) F@) < S +5+5 = .

Thus F' is equi-continuous. [ |



