
Banach Spaces

1) Basic definitions and Hahn Banach    
 

Definition: 1) A vector space X equipped with a seminorm 
is a called a semi-normed space. 
 
2) A semi-norm is not degenerated if ||x||=0 iff x=0. 
 
3) A vector space equipped with a norm is called a normed 
space.

Remark: For  a normed space X, the definition  
            d(x,y)=||x-y|| 
makes it a metric space, and hence a topological vector 
space.

Definition: A Banach space is a complete normed space.



Remark: In a normed space a sequence is called 
absolutely convergent if 
           ||x_n||  
is finite. A normed space is complete if every absolutely 
convergent series is converging (i.e. the partial sums are 
converging).

Examples: L_p(Om,mu), p in in [1,  ]; 
                 l_p, with same p; 
C(K) space of continuous functions. 

We will now discus some permanence properties.

Definition: Let X, Y be normed spaces. Then  L(X,Y) the 
space of continuous linear maps is again a normed space 
with respect to the norm 
      ||T|| = sup_{||x||  1} ||Tx||  .  

Proposition: a) A linear map is continuous if it is continuous 
at 0. 
b) If Y is a Banach space then L(X,Y) is a Banach space.
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Corollary: For a normed space the dual space 
       X^*= L(X,K) 
is a Banach space.

Theorem: Let X be a normed space. Then the map  
               i: X -> X**   i(x)(x*)=x*(x)  
is isometric (= norm preserving). 



Corollary: Let X be a normed space. Then there is a 
Banach space Y, and an isometric embedding such that  
X is dense in Y. Y is called the completion.



Locally convex topologies

Definition: Let (X,tau) be a topological vector space. 
Then L(X,K) is a again a topological vectors space, 
called the dual.

Definition: Let X be a  vector space and Y a subspace of 
L(X,K). Then si(X,Y) is the coarsest topology which make all 
the functional Y continuous, i.e. the collection of 
seminorms   
        q_{f_1,...,f_m}(x) = max_j  |f_j(x)| 
indexed by finite subsets of Y defines the topology on X. 
 
      
Proposition: (X,si(X,Y))*=Y



Definition: B_X={ x |  ||x||  1} is the closed unit ball in X.



Theorem (Goldstine) B_X is dense in B_{X**} with respect 
to the si(X**,X*) toplogy.



Theorem: B_{X*} is si(X*,X) compact. 



Theorem: B_{X*} is si(X*,X) compact. 




