Banach spaces-Homework 1
Due Date: January 29.

1. Let X be a Banach space. Let J,(X) be the space of all sequences such that
%
el = sup | [l [P + Z [ Y |
10<11<- i>1

is finite. Show that (J,(X),| ||s,(x)) is Banach space. Also show that .J;(X)

and (1(X) are isometrically isomorphic.

2. Let 1 < p,q, < oo. We consider the Banach space
L,® L, = {(z,y):x € Ly,y € L,}

equipped with the norm

G, Il =l + Nyl -

Here z,y stand for equivalence classes of functions. Let V' = {(z,z) : x €
Lyandx € L,}. Show that there is an injective continuous embedding linear
map u : L, & L,/V — Lo. Recall here that L, is the space of measurable

functions equipped with the metric

do([f], lg]) = inf{e: p(lf — gl >e) <e}.

Consider the measure space (R, X, \), where A is the Lebesgue measure an .
the o-algebra of measurable functions. Show that the range of u is strictly

bigger than L, and L,. Why does that not work for [0, 1].

3. Let X, Y be Banach spaces and V' be a topological vector space. Let tx : X —

V and 1y : Y — V be injective linear maps. Show that

= {v €V : Jiexyeyv = x(z) + v (y)}

equipped with the norm

) = inf zl| +t
loll, = __inf el + ¢l

is a Banach space. What does open mapping say in this circumstances. (Hint:
In the proof simply write v = x + y and ignore the embedding maps). What
is the dual space of K;?



