Homework 468

Due: 8/30

Let X be a vector space. Subset K C X is called convex if for all x,y € K and
0<A<1

(I-XNz+ X yek
Let K C X be convex, then a function ¢ : K — R is convex if for all x,y € K and
0<A<1
H((L=Nz+Xy) < (1=No(x) + Ad(y) -
1. Let 1 < p < 0o and consider the following expression
1
I(zp)ll,, =~ sup (I% P> g — %\p> :
(k;) subseqeunce =

Let V, be the space of sequences such that ||(zy)[,, is finite. Show that

Vv, is a Banach space.
( p Up

2. Let K € X and L C Y be convex sets and ® : K x L — R be convex. Show
that ¢ : K — [00,00) defined by

¢(z) = inf &(z,y)

1S convex.

3. Let ¢ : R — R be convex with ¢(0) = 0. Show that for s < ¢

o) _ o)
s —
Show that o)
/ _ : l
¢, (0) = t>101’1t1107
exists and

o(t) > t4/,.(0).

4. Let X be a vector space f : X — R be convex, V' C X be a subspace and
[:V — R be a linear map such that [ < fon V. Let z € X\ V and V] be the
subspace of X spanned by V and x. Show that there exists an extension [; of
[ to Vj such that still [; < f on V;. (Hint consider the map ® : R x V — R
defined by ®(t,y) = f(tz +y) —(y).)



Math 468-Banach spaces, No 2.
Due: 9/6/2000

1. Show that
d(0r,63) < v/n.

2. Show that for two n-dimensional spaces £ and F

d(E,F) = d(E*,F*).

3. Let 1 < p,q < oo and a be the norm on matrices defined by

B

o) = (3 (Z raij\p>

i=1 \j=1
Calculate o*.

4. Let a be the norm of n X n matrices given by

where 1 < k < n? and by, ...., b,z provides the list of elements {|a1|, ..., |@nn|}
such that by > by > ... > b,2. Calculate o*.

5. Prove the arithmetic/ geometric mean inequality

(e~ < EZ%’
j=1 J=1

and discuss equality. (Hint: f(z) = —log(z) is convex.)
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Notation: Let (z;) C X be a sequence in a Banach space X. We put

H%%—(ZWMy-

and

RS

wp((;)) = sup <Z|x*(%‘)lp)

el <1\ =1

Let %+1%+1. For a linear map 7T': X — Y, we put

v(T) = ian(:v;f)

().

where the infimum is taken over all sequences (r}) C X*, (y;) C X such that
T(x) = Y @j(x)y; . (1)

We denote by N,(X,Y) the set of linear maps 7' : X — Y such that v,(T") < oc.

1. Show that (N,(X,Y),r,) is a Banach space. (Hint: Use st = inf,~ %(rs)p +
I%(rt_l)p' and the fact that for 7' € N,(X,Y’), € > 0, one can choose (7), (y;)
satisfying (1) such that

Y= wy((m) < (1+e(T).

(25)

2. (a) Let xy,...,x, € ly. Show that

1
2

e1==%1,...,en==%1

2 n
2
= >l -
2 k=1

(b) Let X be a Banach space and T": ¢, — X be a linear map. Show that

n
E ERTE
k

=1

ZIIT(%‘)IIXZ sup |tr(TS)|.

I15: X —en [ <1



(¢) Let T : ¢ — (5. Show that
DTl < ValTll -
j=1

(d) Show
d(ly,05,) > Vn.
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1. Let T': X — X be a finite rank map and let (z)7L,, (z;)7y, (v7)7=1, (¥5)f=1,
such that for all z € X

T(x) = ij(:c)x] and T(zx) = Zyj*(x)yj

Show

Z$§($j) = Zy;(yj)-

2. Let o = > o be summable sequence of real numbers and ¢ > 0. Find a

J
sequence (n;) such that

li;rnnj =0 and an_lozj < (1+¢a.

J

3. On K" we define the norm

1

ol = (ai +a3)*
ai, ...., ap is the non-decreasing arrangement of {|xy|, ..., |x,|}, i.e. a1 > ag >
-+ > a, and all the values |z1], ..., |x,| appear in that list. Show that || || is a

norm. Find the intersection of this unit ball with the x = y plane. Calculate

the norm of the functional ¢ : (R?, || ||) — R, ¢(z) = 21 + 25 + 3.



1. Let (z,,) C X be a sequence in a Banach space such that
lim||z,|| = 0.

Show that the absolute convex hull

D o ) o] < 1}

is compact.
2. Let C' C X be a compact set

(a) Show the for every € > 0 there exists z1,...,xy € C such that for every

x € C there exists an ¢ € {1, .., N} such that
122 — ;|| < €.

(b) Let C and 1,...,zy be chosen as above for € = . Show that

N

Cs = (Bl ) n20) — )

i=1
is again compact.

(c¢) Show that every compact set is in the closed convex hull of a sequence

converging to 0.
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1. Show that . .
> wl < Sy
i=1 i=1
Where (7, ..., %), (v, ..., y}), is the non-decreasing rearrangement of (|1, ..., |z,|),
(ly1l, ---, lyn|), respectively. Hints: There is no loss of generality to assume that

x; = xj,..., the same for the y;, ..y, and the for all permutations we have to

inyw(i) < inyi
i—1 i=1

show

Observe that for any 7
k

k
Z Yn(j) < Z Yj
j=1

Jj=1

and use the Abel summation
n n 7 1—1
D wie) = D wi(Y ) = D Un) = o
i=1 i=1 j=1 j=1

2. Let a be the norm of n X n matrices given by

k
ar(a) = D b
j=1
where 1 < k < n? and by, ...., b,2 provides the list of elements {|a11], ..., |@nn|}

such that b, > by > ... > b,2. Calculate aof.
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1. Let (£2,%, 1) be a measure space and Ay, ...., A,,, be disjoint sets in ¥ such that
w(A;) >0 fori=1,..,m. We define the map

mmwzz/@%wm»

Recall
1 ifweA
Iag(w) = .
0 else
Show for 1 < p < oo and f € L,(Q2, %, pn)
IEON, < I, -
Let
X, = {ZailAi toy € ]K} C L,(2,%, ) .
i=1
Show that

If = EWDIl, = nf{llf —gll, - g€ X}

2. Let X,Y Banach spaces. We say that a net (7;) converges to T in the topology

7 if for every compact set K C X
lim sup | T:(x) — () ly, = 0.
TeEK

7

Let (y,)* C Y* and (z,) C X such that
S il llaally < oo

Show that

O(T) = Y yn(T(xn))

is continuous with respect to 7. (Hint you can assume that lim, ||z,| = 0,
why?). Let K C X be a compact set and (z,) a sequence tending to 0 such
that K = conv{x,} (Why can we assume that?). Consider

U:LX,Y)— oY)

8



defined by

Show that
U (T)|| = sup||Tz| .
reK

Use the Hahn-Banach theorem to show that for every functional ¢ : £(X,Y) —
K with
[6(T)] < sup | T=|

zeK

there are (y%) C Y* such that for all T’
O(T) = > yn(T(xn))

and
D il < oo
(Hint, co(Y)" = £,(Y*).)

. Let X, Y be Banach spaces. Let X* C C(Bx:+), Y C C(By+) be the canonical

embeddings. For a finite rank map S = ) 2 ® y;, we define
i=1

WSy = Do @y )

Show that
(S ey xnyey = IS

What does the Hahn-Banach tell you about an integral map 7 : Y — X7
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1. Let 1 <p<qg<<ocand T : X — Y be an absolutely p-summing map. Show
that
mo(T) < mp(T).
(Hint: Choose r such that % = i + % and observe that for zy,...,z, € X
. ; . :
(; HT(xk)H‘i/> = ﬁ:jggl (; HT(Tkxk)HZ;/> :

where the supremum is taken over positive real numbers 7, .., 7,.

2. Let 2 <p < ooand iy, : 5 — £ be the identity map. Show

m(iy,) = vn and m((i5,)7") = Vn.
Find the ellipsoid of maximal volume in the unit ball of (7.

3. Let IK = R and 7, : £] — £y be the identity map. Show

(Hint: Consider S = {—1,1}" and p({e1,...,e,}) = 27" the normalized count-
ing measure. Then the map i(x)(e) = >\ g;x; is an isometric embedding of
0% in Lo (S, p).)

10
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1. Our goal is to show in the real case

7T1<Z'dg?> > \/ﬁ

(a) Let v be the Haar measure on {—1,1}", i.e.

v({(e1,...,en)}) = 2™.

Show that .
1> eldv(e) < V.
(iagn i=1
(b) Let ¢ = mi(idg). Show that c is the smallest constant such that for all
X1,y Tp €R

n

Zm\ <ec / |Za:iai|dy(5).

i=1 i 0=
(Hint: By averaging an arbitrary measure can be replaced by the Haar

measure and (7} is isomterically embedded in (o ({—1,1}").

(c) Conclude m(iden) > /.

2. Show that in the real case 7 (idyy) is the smallest constant ¢ such that for all
T1,...,T, €R

1
(Z \xl|2> < C/S ) |Z~T1yz| do(y)
T =1

i=1

where ¢ is the rotation invariant normalized surface measure on the sphere
n—1 : ;

Sn—1. Conclude again 7y (idpm) > /n.

3. Let (a,) be a sequence in ¢ of norm less than one. Show that there exists a
Banach space X and vectors (z,,) C X such that
an = [lzallx
and
< 1.

sup
=+1

E Endn
n

X
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1. Let 2 < p < oo. A subset S C Z is called A, set if there exists a constant

¢ > 0 such that for all finite sequences of scalars

27 d % %
- t
1 mesrt) < o(Sme)

o ke keA

Then A,(S) = infe, the infimum is taken over all possible constant. Let
Py : C([0,27]) — £5(S) be the map

where

Let 1 < p' <2 be defined by 110 + % = 1. Show that

AP(S) = Hp’(PS)-

2. Show that for all finite sequences (o)

(2” > Zn:akgkﬁ)i <3 (iaﬁ)é :

ep=%1 k=1

(I hope 3 is okay it might be 5, though)
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1. Let hq, .., h, be positive, measurable functions such that for all 2 =1,..,n

/hi(x) dr = 1

and

/|x|hz(x) dr < o0
R
and h;(x) = h;(—x). Let yi, ..., y, be vectors in a Banach space Y. Show

[ sup Lol )G o, .,

i=1,..,n
R’ﬂ
< [ IS wm| bulen) o) dar e ds,
R™ i=1 Y

2. Let hq,..., h, be as above and

3=

w) = | [laPh)ds | <oc

and

Yp = sup Yp(7) -

i=1,..,n

Show

/<SUP by (21) - (@) d2y, o dz, < vy,

i=1,..,n
R
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1. n,m € IN Show that

/

Hint: Using A-nets this follows from the deviation inequality considering the

S e ®e i ly — 03| dyam() < CVntm.

i=1,...n,7=1,..m

random variables

Fy.(z) = | § TiiZiyj) -
ij
2. Let 2 < p < oo Show

1
/ Sup wy dy(x) ~e) nv -

1,..,n

)



