NONCOMMUTATIVE BURKHOLDER/ROSENTHAL
INEQUALITIES II: APPLICATIONS

M. JUNGE* AND Q. XU

ABSTRACT. We show norm estimates for the sum of independent random variables in
noncommutative L, spaces for 1 <p<oo following previous work by the authors. These
estimates generalize Rosenthal’s inequalities in the commutative case. Among other appli-
cations, we derive a formula for p-norm of the eigenvalues for matrices with independent
entries, and characterize those symmetric subspaces and unitary ideal spaces which can
be realized as subspaces of noncommutative L,, for 2 < p < oo.

0. INTRODUCTION AND NOTATION

Martingale inequalities have a long tradition in probability. The applications of the
work of Burkholder and his collaborators [B73, 7, BDG72, B71a, B71b, BGS71, BG70, B66]
ranges from classical harmonic analysis to stochastical differential equations and the geom-
etry of Banach spaces. When proving the estimates for the ‘little square function’ Burk-
holder was aware of Rosenthal’s result [Ros] on sums of independent random variables.
Here we proceed differently and prove the noncommutative Rosenthal inequality along the
same line as the noncommutative Burkholder inequality from [JX1]. This slight modi-
fied prove yields a better constant. The main intention of this paper is to illustrate the
usefulness of the ‘little square function’ in several examples. For many applications it is
important to consider generalized notations of independence. This will allow us to explore
applications towards random matrices and symmetric subspaces of noncommutative L,
spaces.

Our estimates on random matrices are motivated by the noncommutative Khintchine
inequality. In [LP] Lust-Piquard showed that for 2 < p < co and scalar coefficients (a;;)
one has
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2 M. JUNGE AND Q. XU

We use the notation a ~. b if a < ¢1b, b < cpa and cica < ¢. Let N be a von Neumann
algebra with a normal faithful trace 7. Then the L,-norm of an operator z affiliated to N
is given by

Izl = [r(j2")]7 -

In particular for N = B(f3) and 7 = tr, the p-norm of a matrix is the p-norm of its
singular values

D =

Hzaijeinp = (Z)\k(\a!)p> ;

i.e. the eigenvalues Ay(|a|) of |a|. In our first result we replace the coefficients a;;e;; in
(0.1) by arbitrary random variables:

Theorem 0.1. Let (f;;) C L,(2, ) be a matriz of independent mean 0 random variables
defined on a probability space.

i) If 2 < p < oo, then
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i) If 1 <p <2, then
| Zez‘j ® fijllp ~cw inf

fij=gij+hij+di;

(D)) (P (o))« (Fine)

Here the infimum is taken of g;j, hi; d;; with mean 0 and measurable with respect
to o-algebra generated by fi;.

The estimates in Theorem 0.1 for p > 2 is a direct application of our main result
(0.2) 1D willy ~er (D laelD)” + 11D Ewhan + zaai) 7l
k k k

which holds for independent mean 0 variables. Here E is allowed to be operator val-
ued. This allows us to replace the f;;’s by operator valued (or matrix valued) coefficients
provided they satisfy appropriate independence conditions, for example if they are freely
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independent (in the sense of Voiculescu [VDN]). We also extend our result to the non-
tracial setting and even non-faithful setting. The dual version of Rosenthal’s inequality
(in the non-tracial setting) provides Khintchine type inequalities for the generators of the
CAR algebra. As in the case of Khintchine inequalities [LPP] one has to replace the
maximum by an infimum, see section 4. In section 3 we provide a version of Rosenthal’s
inequality using the recent concept of maximal functions in the noncommutative setting.
Formally these formulations are much closer to Burkholder’s original version [B73] and we
are providing a stopping time free proof of these results for p > 2.

Symmetric subspaces of L, spaces are motivated by probabilistic notions of exchange-
able random variables. In the commutative situation. The memoir of Johnson, Maurey,
Schechtman and Tzafriri [JMST] contains an impressive amount of information and many
sophisticated applications of probabilistic techniques. In this paper we extend one of the
more elementary inequalities from [JMST]:

Theorem 0.2. Let N and M be von Neumann algebras and 2 < p < oco. Let e, € L,(N)
and C > 0 such that

(0.3) 1Y ehtngy @ axll, < CID - ax @ ],
k k

holds for all e, = £1, all permutations © on {1,..,n} and coefficients a € L,(M). Then
there are constants a,c,r such that

1
n D n n
* 1 * 1
(04) 1) ar®exlly ~cze, a (Z H%HZ) O ahan)?llp +ell (Y aai)|l, -
k k=1 k=1 k=1

holds for all ay, € L,(M).

In Banach space theory a sequence (ey) satisfying (0.3) for scalar valued coefficients is
called a symmetric basis for span{ey : £ € N}. In analogy with the commutative case, we
obtain a characterization of symmetric subspaces for 2 < p < oc.

Corollary 0.3. Let 2 < p < 00 and X C L,(N) be a subspace with a symmetric basis,
then X is isomorphic to £, or to {s.

We also explore the natural operator space version (operator-valued version) of this
result. A further application is a characterization of unitary ideals (and noncommutative
functions spaces) in noncommutative L, spaces for p > 2. The non-faithful version of
Rosenthal’s allows us to show that L, spaces are asymptotically symmetric (see [JR]).
The results in [JR] show that Corollary 0.3 still holds for spaces with a subsymmetric
basis (see section 5 for a precise definition).
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The paper is organized as follows. Section 1 contains basic information on noncommu-
tative L, spaces and the abstract version of the noncommutative Rosenthal inequality for
2 < p < o0. In section 2 we extend these results to the non-faithful situation. Section
3 develops an improvement of the noncommutative Rosenthal inequality using the recent
theory of maximal functions and vector-valued L, spaces. In section 4 we investigate the
case 1 < p < 2. We refer to section 5 for more information on symmetric subspace of
noncommutative L, for p > 2. Applications to unitary ideals are contained in section 6.

We use standard notation from (noncommutative) probability and the theory of von
Neumann algebras (see e.g. [KRI, KRII], [SZ, Str| and [TakI, TakII, TakIII]). For more
information and definitions on operator space theory we refer to [Pis2] and [ER]. We refer
to [Pisl, JNRX] for the natural operator space structure on L, spaces.

1. ROSENTHAL’S INEQUALITY FOR SUMS OF INDEPENDENT RANDOM VARIABLES

In this section, we shall prove a noncommutative version of Rosenthal’s inequality. We
will work under the standard assumptions from [JX1], i.e. we fix a faithful normal state
¢ on a von Neummann algebra N and we denote by D the density of ¢ in the Haagerup’s
space L1(IN) such that

¢(z) = tr(zD).
We refer to [JX1] for details on the Haagerup L,-spaces needed in this paper. In our
situation, we may work with N Xy R, where Jf’ is the modular group associated to ¢.
N xR is semifinite and posseses a unique trace 7 such that 7(6,(x)) = e *7(z) is satisfied
for the dual action. Then T'(x) = [, 0s(x)ds is a positive operator valued weight and
D is the density of the weight ¢ o T" in the space Lo(IN X R, 7) of measurable operators

affiliated to N x R. Let us recall that
L,(N) = {z € Lo(N,7) : O5(z) = efig;}_

It turns out that for x € L,(N) with polar decomposition x = u|z|, we have v € N and
|z| € L,(N). The norm in L,(N) is given by

lelly = (tr(al?))? .
Here tr : L1(N) — C, tr(D;) = ¢(1) is the Haagerup trace. We will frequently use
Holder’s inequality

lzylly < Nzl llyllq
whenever }D =14 %. We say that M C N is a ¢-invariant subalgebra, if o?(M) C M.

r
According to Takesaki’s Theorem ([Tak72]), there exists a unique conditional expectation
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E : N — M such that ¢|y; o E = ¢. This implies in particular
(1.1) 0’oE = Eoo?

for all t € R. For 1 < p < o0, the conditional expectation E extends to a contraction
E,: L,(N)— L,(M) densely defined as follows

Ey(xD}) = E(x)Dj .
Here Dy, is the density of ¢|y; in Ly (M). However, equation (1.1) implies that A/ foM R C
N X o R and that the restriction of 7 to M x R is the unique trace for M x R. We obtain

an isometric embedding ¢, : L,(M) — L,(IN) such that LP(D;{Z) = D;/p (see [JX1] for
more details). Therefore, we will simple use D for the density of ¢. Let us recall that the

conditional expectation F is characterized by

(1.2) P(E(x)y) = 9(ry)

for all x € N and y € M. If we have several ¢-invariant subalgebras (M;), we write
(Eyy,) for the corresponding sequence of conditional expectations. We refer to [JX1] for
the following frequently used equality

(1.3) E,(D# 2D¥) = D% E(z)D>

which holds for all z € N, all 0 < 0 <1 and 1 < p < oco. It is convenient to omit the
index p. This is justified using Kosaki’s embedding I : L,(N) — Ly(N), I[(xD?) = xD
since then E;(I(y)) = I(E,(y)). In this sense all the maps E, are ‘induced’ by the same
map Fj.

For our formulation of Rosenthal’s inequality (and its natural matricial valued general-
izations) we will assume that M C N is ¢- invariant and that there are further ¢-invariant
von Neumann subalgebras (Ay) C N containing M. We will say that (Ay) are (faithfully)
independent over M if

I) Eyx(zy) = En(x)Ep(y) holds for all x € Ay and y in the algebra generated by
Ala ) Ak—b Ak+17 ) A'n,

The following notion has been introduced by Schiirmann: The algebras (Ay) are increas-
ingly independent over M if

II) Ea,uua,_, () = En(z) holds for all zx € Ay, and 1 <k <n
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Lemma 1.1. Condition 1) implies condition 11). Moreover, if 1) is satisfied and x) €
L,(Ay) satisfy Ep(zy) = 0, then

n n
1Y enanlly < 20 zell,
k=1 k=1

holds for all e, = +1 and 1 < p < 0.

Proof. Let us assume that condition I) is satisfied and let S C {1,...,n} be a subset
of {1,...,n} such that k& ¢ S. Since all the A; are ¢-invariant so is the von Neumann
subalgebra Bg generated by the {Ag|k € S}. Let us denote by Es the unique conditional
expectation characterized by

o(Es(z)y) = o(zy)
for all y = ay---am, a; € A;;, i; € S. Now, we assume that v € A and Ey(z) = 0. Let
Yy =aj---a, as above. Then we deduce from condition I) that

o(zy) = o(Em(zy)) = o(En(z)Em(y)) = 0.
Thus Es(x) = 0. Hence for an arbitrary element x € Ay, we get
Es(x) = Es((z — En(w)) + Es(Eu(z)) = En(w)

because M C Bg. If we apply this to the set S = {1,...,k — 1} we obtain condition
IT). To prove the second assertion consider € = +1 and define S = {k : ¢, = 1}. By
approximation with elements of the form =, = axD?, ap € Ay and Ey(ax) = 0, we see

that
Es(D ar) = Y ap+ Y Es(zr) = > ap.

keS kS keS
Since £g is a contraction, we deduce

HZérkkaps 1> wly+ 13l = lEs( Zxk I + 1€ Zazk Iy < 2uzxkup

kesS keSe

Let us formulate our version of Rosenthal’s inequality. Following [JX1], we introduce
the notations

1Cz)lep,) = <lexkll”)

1)y o m:5) = ||ZE(wak)H§/z and |(z4)l|, 0. m:05) = HZE T, ||p/2
k

Here E is a conditional expectation. For many applications it turns out to be quite useful
to work with these simplified ’little square functions’.
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Theorem 1.2. Let 2 < p < oo, n € NU{oo}. Let M C N, (A;) C N von Neumann
subalgebras and xy, € L,(Ag) with Ey(zg) = 0.

) If the (Ax)i<k<n are independent over M, then

1

— > wlly < max{||(ze)lle,L,), |(@r)llz, 0809, | (@i, 00,20 < 20> il -
Cp 1 k=1

IT) If the (Ax)1<k<n are increasingly independent over M, then

1

C_p2“ > wllp < max{ | @)l 1@l Loz, 1@ |,onee} < 2010wl -
s s

Here C is an absolute constant.

Proof. Since the algebra N, generated by Ay, ..., A, is ¢-invariant, we may assume that
N = N,,. The space L,(N) = (1 — Ey)L,(N) is 2-complemented in L,(/N) and therefore
the lower estimate

n % n
(zuxknp) < S sl
k=1 k=1

follows by interpolation (using the inclusion map # — 2Dz € Ly(N), see [Kos] for more
details on these interpolation spaces). Moreover, for © = Y, _, x), we have

n
1Y Bulgian)ls = [ Bulza)|y < lle*zlly = |l -
k=1

Therefore the lower estimates for the norm of the sum are proved. The main part is
the proof of the upper estimate. We will now consider the case I). Let us note that
for 1 < p < 2, we deduce from interpolation (and the fact that the space of mean 0 is
2-complemented in L,(Aj) see above) that Ej/(x;) = 0 implies

n n %
IS oy < 2 (znxknz) |
k=1 k=1

We will use the standard iteration procedure. Indeed, we may assume that for ¢ = £, we
have the estimate

1> ailly < C(a) max{ll (@)l zo), I @)l zyon e 1) 2y, mie
k=1
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for all x, € L,(A;) with mean 0. Our aim is to prove the estimate for p. Of course we
may assume p > 2. Let z, € L,(Ay) and Ey(x;) = 0. First we apply the Khintchine
inequality (see [PS] for the right order of constants) and deduce from Lemma 1.1 that

n n n n
1 1
(L4) 1> wlly, < 2B exanlly < 2e0y/p max{]| Y aqaellz, | Y weaillz} -
k=1 k=1 k=1 k=1

Let us consider the first one of these two square functions. We define the selfadjoint mean
0 elements y, = xixr — En(22)). By hypotheses we have

n n n
1>zl < 1D Evl@ian)lly + 1) wells
k=1 k=1 k=1

< 1) Eu(@ian)llz + Cq) max{ || (we) o) | )|l Lo zeg)s 1)l Lyur e}

k=1
Moreover, if 2 < p < 4, we have 1 < ¢ = p/2 < 2 and we can disregard the second term.
Since F); is a contraction, we have

(kzn; H%HZ) (Z |ztae — Ey(ahay) Hq) l (Z ||Ika>

Hence, for 2 < p < 4, we find

= 1
1Yzl < 2e1y/p(1 + 4)2 max{|| (@) le, 2, 1@ |y r,ze5), (@0l Ly arieg) -

For 4 < p < oo, we first note that
En(yrye) = Enve((wrae — En(apar))* (wper — Ex(wpoe)))

Now, we may use the interpolation result of [JX1, Lemma 5.2] (for &,-1 = E)) and find

1
n -2 n q—1
IS Eur(lonl®) gg@EM s (znxkng) |
k=1 k=1

By homogeneity this implies

n 1 n n
1> Ear(ax)Il; < max (ZHMHZ) D Bzl
k=1 k=1

k=1

3N

Therefore we have proved that

1)l Lo, mse) < max{|[ (i) lle, ), @) |2, o0, m305) } -
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Applying the same argument for zjx}, we find

1
1)~ zilly < 2e1v/B(1 + 2C(q))2 max{ || (@) ey (), 1@0) pr, 25y 1 @0 | Lyar.:) ) -
k=1

This shows C'(p) < 2¢1/p(1 + 2C(q))2 for p > 4. We have seen that for 2 < p < 4, we
may assume C(q) < C1q. Thus by induction hypothesis we may assume C(q) < Cq for
some constant C' > C7 > 1 and find

C(p) < 201\/1_9(1+2Cp/2)% < 2\/§C1C’%p.

Thus for C' = max{C}, 8¢?} the induction argument works and we obtain the assertion I).
For increasingly independent algebras, Lemma 1.1 is no longer at our disposal. We have
to replace (1.4) by the Burgholder-Gundy inequality from [PX1, JX1] (see also [JX2]) for
constants):

[SliSANIES
——

n n 1 n
1D @l < ep maX{HZxekH%,HZxMZH
k=1 k=1 k=1

Here the underlying martingale structure is given by the von Neumann algebras Bj_;
generated by Ay, ..., Ax_1. Let us denote by Fj_; the conditional on By_;. By assumption
(and approximation) we have

Ekfl(xk) = EM(fEk)

Assuming E)ys(zy) = 0 for all k¥ we deduce that >, xj is a martingale and the Burgkholder-
Gundy inequalities apply. With the iteration procedure from above this yields a constant
Cp? for the upper estimate. [

Remark 1.3. In the commutative case the best constant in the Burkholder Rosenthal
inequality is of the order p/1 4+ Inp. In view of this result the constant of order p seems
reasonable. At the time of this writing we don’t know whether this order of the constant
is optimal. It seems that the best order of growth for Burkholder’s inequality in the
noncommutative case is unknown. Our estimate works with C'p?.

Remark 1.4. a) As stated our result holds for o-finite von Neumann algebras. It can
easily be extended to arbitrary von Neumann algebras provided F : N — M is a faithful
conditional expectation and E,4, are normal conditional expectations satisfying the com-
mutation relation Fy, F = E4, E = E. Indeed, let ¢ be a strictly semifinite weight on
M, i.e. for a weight of the form ¢ = ), s;¢;s; such that the s;’s are mutually orthogonal,
Y. i = 1 and the states ¢; are faithful on s;Ms;. Such a weight can always be constructed
by choosing a maximal orthogonal family of states. For a finite subset J C I, we define
sy =Y ;c; 5 and obtain an increasing family of projections such that lim;s; = 1. Then
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we may consider the state ¢; = 1/[J|> .., ¢i o E on s;Ns; and see that the assump-
tions of Theorem 1.2 are satisfied for Ay ; = s;Ags;. Moreover, for € L,(N) we find
r = lim;s;r = limjyxs; = limy syrs;. For p < oo this is a norm limit. Thus the result
extends to L,(N) by density.

b) There is also a standard procedure to reduce problems for arbitrary von Neumann
algebras to von Neumann algebras with separable dual (see [GGMS, Appendix|). Indeed,
let ¢ be a faithful normal state. Let B C N countable subset of N. Then, we may consider
the *-invariant subalgebra B generated by of (E4, (A))rensco- The von Neumann algebra
M, C N generated by B satisfies Takesaki’s criterion that o (Mp) C Mp and hence there
is a ¢-invariant conditional expectation. Thus there exists a net (Mp)pcncountable Of von
Neumann subalgebras of N which admit a unique ¢-invariant conditional expectations
Ey, satistying Ey, (Mp) C Mp. By uniqueness we have EMB2|M31 = By, whenever
By C By. Therefore L,(N) is the direct limit of the complemented subspaces L,(Mp) and
the assumptions of Theorem 7?7 are still satisfied for (Mg N Ag)gen-

As an illustration we prove our main result on random matrices.

Corollary 1.5. Let 2 < p < oo and (f;;) a matriz of independent random matrices in
L,(N) defined on a probability space (2, j1) such that E(f;;) = [ fi;dp = 0. Then

_pH wa ® €|, (i1, (NaB@,)) S max (Z HfleLp(N)> )

]

B =

(Zn(ZE i) ||P) <ZH(ZE a13) ||p)

<21 iy @ el @ vow))
ij

If the f;; are independent scalar-valued mean O random variables, then

| Z fizeisllp
~Cp MAx <Z Hfz‘jHZ) ; <Z <Z ||fz'jH§>

VS|

); , (Z (Z f@-j@)g);

Proof. According to Remark 1.4 we may assume N is o-finite N. Let ¢n be a normal
faithful state ¢y on N and let ¢ be a faithful normal state on B(¢3). We deduce that
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d(z) = [(pn @ ¢¥)(z(w))du(w) is a faithful normal state on Loo (2, ; N®B(fs)). Since
the (fi;)’s are independent, we may assume that 2 = [],; €2;; such that f;; is Q;; measur-
able. We define the algebras A;; = Loo(€2;5, u; N®B(¢2)). Obviously, these algebras are
independent over 1 ® N®B({2) C Ly(2, N®B({2)). We use the lexicographical order on
N x N. Since f;; ® e;; € L,(Ai;) = Lp(ij; Ly(N®B({s))) the assumptions of Theorem
1.2 are satisfied. Let us calculate the little square functions

| ZE((fz'j ® €;5)" fij @ eij)llz = || ZE(fZ}fij) ® ejieij)|lz = (Z | ZE(f{}fz'j)Hg) :

The same calculation applies for the second square function. The second chain of inequal-
ities corresponds to the particular case N = C. [ |

2. THE NON-FAITHFUL CASE FOR 2 < p < o0

Non-faithful filtrations occur very naturally in operator algebras. The easiest example
is the filtration (M,,) in B(¢y) given by matrix algebras M,, of matrices (a;;) such that
a;j = aj; = 0 for ¢ > n. The notion of non-faithful copies of von Neumann algebras is
important in the context of iterated ultraproducts of von Neumann algebras.

Let us fix the relevant notation. We will assume that M C N is a weakly closed *-
invariant subalgebra with unit e and a conditional expectation £ : N — M with support
e. In addition we assume that ¢ is a normal state on N, faithful on eNe such that ¢ =
¢|ar o E = ¢. Now, we consider a sequence (Ag) of weakly closed *-invariant subalgebras
of N containing M. Let us denote by r; the units of A;. We will say that the algebras Ay,
are independent over M if

i) The projections s = ry — e are mutual orthogonal.
ii) There are conditional expectations Fy : spNs, — spAgs, with support sy.
ili) Ey(xy) = Ey(x)Ey(y) holds for all x; € Ay and y in the *-algebra generated by
Al, ey Ak—h Akz—l—la ey An

Let us observe that the sequence of von Neumann algebras (eAye); are independent
over M in the sense of the previous section. In the following we will say that (eAge)y is
faithfully independent over E. This allows us to distinguish the notation from the previous
section from the on defined above. For our exposition we may assume that n is finite and
that the weakly closed subalgebras By = s;Agsy are o-finite (see 3.5). Let us fix normal
faithful states 11, ...,% on By. Then the state
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(2.1) D) = ——(o(x) + Y eu(Fela)))

n—+1

is normal and faithful on N. It is easily checked that the support of ¥ o F}, is sp. We
obtain the new projection f = e+, s and ® is a normal faithful state on fN f. Thanks
to our assumptions on the conditional expectations Fj, we may and will assume in the
following that f = 1 because all the algebras A are contained in fN f. Moreover, by
construction, the modular group of ® may be calculated componentwise

(2.2) ol (zx) = eo?(exe)e + Z sk Tk (585 55 -
k=1

By orthogonality of the s, we deduce that the von Neumann algebras A, are ®-invariant.
Once this is established, we obtain ®-invariant conditional expectations Fj : N — Aj such
that Ej(e) = e. We refer to the beginning of section 2 on how to extend these conditional
expectations to L,(N). The new ingredient for the non-faithful version of Rosenthal’s
inequality is a separate treatment of the corners.

Lemma 2.1. Let 2 < p < oo and xy, € L,(Ax). Then

1
1Y~ skavell, < (14 Cp)> max{||(skzxe)lleyry), (5620l Ly 01 5005) ) -
k

Proof. Let x = ), spxre. By the orthogonality of the sj, we obtain

Il = 1Y expseaelle < 1Y Enapsize)lle + Y extspare — Enr(zhsear)|z -
k k k

We observe that v, = exisgrre — Eny(afspxy) € eAge and satisfies En(yg) = 0. As
observed before, the sequence (eAge) is faithfully independent over M. Now, we follow
the proof of Theorem 1.2. If 2 < p < 4, we deduce from Lemma 1.1 that

2
n » n )
1D wwlls <2E(1D enill < 2 (ZHkag) <2 (ZHskxkeHi) :
k k k=1 k=1

For 4 < p < 0o, we deduce from the fact that the y;’s are selfadjoint, Theorem 1.2 applied
to p/2 and Lemma [JX1, Lemma 5.2] that

Il < o (Zuykug)p,||(ZEM<yzyk>)5||g}

SAIN]
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<C—max{ (ZHSkﬂﬁk@Hp) 7\!;EM(!Sk$k€\4)|\ }

_1

% p—2 2(p/4-1)
<_max{ D lswnell ) Dl | 132 Bl ™ }
k

k

LSS

NSNS

The assertion follows by homogeneity. [ ]

The non-faithful version of Rosenthal’s inequality for p > 2 reads as follows.

Theorem 2.2. Let 2 < p < oo. Let (Ay) be independent over M with units (ry). Let
sk =1 — e above. Let xy € L,(Ay) and y,, = x — En(zg). Then

— H Zﬂﬁkﬂp < max{]|| ZEM i) s | W) e (20)s 1 W Lo, s ) Wi Lo v )

<17 Zxk\lp

Proof. We recall that the algebras eAre C eNe are independent over E); (in the sense
of section 2). We need some easy facts. First sgyr = sp(xp — Ey(xg)) = sprg because
Ey(zg) € eNe. Similarly zxs, = ygsk. Theorem (1.2) implies in combination with Lemma
2.1 that

1> el
k
< Euln)llp + |l Z skTkSklp + | Z swarellp + 1Y empsillp + 1> eunell
k k k

< ZEM xr)|lp + <Z HSMkSka)

+Cp (Z ||exksk||z) +Cp (Z ||skxke||§) +Cp (Z ||eyke||£>
k k k

+ Ol Br(wisiwn)) 2, + Coll (O Ear(yien))? I,
k k

+CplI (Y Barlwrsiai)) 2l + Coll(Y Enr(yren;))? |l
k

=

<Y Enla) ||+ 4Cp (Z H%HZ)
k=1 k
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+3Cpl(Y Ene(wium)? 3P Bar(weti))? [

k

This proves the upper estimate. Ej; being a contraction implies || Y En(zi)|lp < | D kllp-
k k

The estimate

1
P
(zuykug) < Y sl
k k

holds by interpolation. By orthogonality we have

HZEM yrue) Iz = HZEM uryillly = [1Em(y” y)Hp < llyll

< ||Zx~k||p+||ZEM wll, < 21>l
k

This completes the proof of the lower estimate. [ ]

w\'ﬁw\»—\

Example 2.3. Non-faithful independence occurs natural in the context of conditional
expectation with respect to corners. Let NV be a von Neumann algebra, e a projection and
1, ...,y be a family of orthogonal projections such that e < r; and

ity = Ty = €.
We also assume Vr; = 1. Let us consider
M = eNe , A, = rpNr,.

The conditional expectation is given by E(x) = exe. Here F}, is the identity. We define
T = Vjzxr; and observe that 7,7, = e. The algebra By is given by 7, N7;. Thus for
r € A, and y € By, we have

E(zy) = exye = exrpepye = exeye = E(xy) .

This situation occurs for example on a tensor product N = B®" wheree = fi @ --- ® f,
andr, = i@ - frm1 Q1@ fig1 @+ @ fo.

3. A VARIATION OF ROSENTHAL’S INEQUALITY USING MAXIMAL FUNCTIONS

We will now discuss a version of Rosenthal’s inequality where the term in ¢,(L,(N)) is
replaced by L,(N; (). This is in perfect analogy with Burkholder’s original inequality in
the commutative case. Our argument is based on interpolation and, unfortunately, has a
singularity for p — 2. We need some facts on vector-valued L, spaces with values in /7.
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Let us recall the definition of the spaces L,(N;/¢%) and L,(N;/¢}) defined for finite
sequences (Tg)1<k<n, ? € N, by

1z, wvieny = inf [all2p sup [|yxl][b]]2
T = ayrb k
and 1 1
|2/ L, (vipy = o :iil{;zjbkj | ZaZjakj||£||Zijbkj||£ :
J kj kj

For more information (see [Junl]) and [JRX2] where the connection to decomposable maps
is explained). We may then define

Lp(N; £y) = [Lp(N; £5,), Lp(N; £7)]

1
q

We will write L,(N;{y) if we want to emphasize the underlying von Neumann algebra.
Some preliminary facts about these spaces are needed in the following.

Lemma 3.1. Let N be von Neumann algebra and x € Loo(N; () and a,b € La,. Then

lazdlleg i,y < llallopll2l o e 16]]2p -

Proof. By trilinear interpolation it suffices to check this for p = oo (obvious) and for p = 1.

Given
_ *
T — E vjkwjk
kj

and a,b € Ly(N), we deduce from Hoélder’s inequality that

> laziblliiy = Y1 avpawsibl v
k=1 k=1 i
< (z Iy u) (z Iy b*w;kwjkbul)
k=1 j k=1 J

= (Z tr(z v;fkvjka*a)) (Z tr(z w;kwjkbb*)>
k=1 J k=1 J
* l * l
<> vl llallall D whiwsel Z (1ol - m
kj kj

[SIe
=

2 2

Before we prove a stability result with respect to conditional expectations, we have to
recall some facts about the Stinespring dilation theorem (see also [Junl][JRX1]). Following
[Ru] there exists a normal representation 7 : M — N®B({3) such that

E(x) = 1®en)n(r)(l®eq).
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(In the case of non-separable predual, we have to use a larger index set). Therefore, we
may define the map u : M — N®C by u(z) = 7(x)(1 ® ey1) which satisfies

(3.1) E(y'z) = u(y)u(z) .
Following [Junl] this map has a natural extension w, : L,(N) — L,(M;{5) given by

1 1
up(xD?) = Z(l ® epp)u(z)Dr @ ey .
k

We clearly have
1., 1 1, 1 1, 1
up(yD?V'up(aD?) = DYE(y2)D} — Ey((yD¥)"aD?).
This shows that for 2 < p < oo the map u,, extends to an isometry L{(M, E) such that
up(y) uy(r) = E(y*z). As usual we drop the index p.

Lemma 3.2. Let (yx)}—; C L1(N). Then

||(yk>||L1(N;ego) = H(yk)HLoo(N;g?)*.

Proof. Let (yr) C L1(IN) and let us assume that the corresponding functional [ : L, (V; £7)
given by

((zh)) = > tr(yees)
has norm < 1. Then, we apply the Hahn—Ban];ch argument in [Junl, Proposition 3.6] and
find states ¢ and v such that
tr(yeab)| < $a"a)2(bb)? .
holds for all 1 < k < n. By approximation we deduce for all a,b € N** that
[ (ab)] < d(a’a)2e(b7D)7

where ¢,, is the unique extension of the linear functional ¢,, (n) = tr(yxn) to N**. Let 2z
be the central projection in N** such that N = zN**. Then z.¢,, .z = ¢,,. This yields

|6y, (ab)| < d(za*az)2ep(2b"bz)3 .
However, z.¢ (z.1)) is the normal part of ¢ (1, respectively). This implies that there are
dy and dy € Li(N) such that

[tr(yrab)| < tr(dla*a)%tr(dgb*a)% :
Now, the proof in [Junl, Propositon 3.6] may be completed as stated and yields

[ Lo viepys 2 () Iy (viem ) -

The converse inequality is elementary. [ ]
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Lemma 3.3. Let M C N, ¢ be a faithful normal state on N and E : N — M be a
conditional expectation such that ¢ = ¢|py o E. Then

Lp(N; £y) C Ly(M; £7)

holds isometrically and E extends to a contraction on L,(M; (7).

Proof. We first observe that by definition the inclusion maps
Ly(M;€3,) C Lp(N3€3) and - Ly(M; 7)) C Ly(N; £7)
are contractive. Hence by interpolation the inclusion
Ly(M; £7) C Ly(N: £7)

is contractive. The inclusion will certainly be isometric if we can show E®id : L,(N; (7)) —
L,(M; ¢y) is contractive. By interpolation it suffices to shows this for ¢ = oo and ¢ = 1.
We start with the latter case and consider

T — Za}zjbkj .
J
Then we deduce from (3.1) that

E(ry) = ZE(aZjbkj) = Zu(akj)*u(bkj)‘

Since E' is a contraction L,(N) we deduce that

1 1
IE @) ,0mey < 1Y ular) w(arg) 1317 ulbeg) ulbig)|13
kj kj
= 1> Elap a1 E(by06)115
kj kj

1 1
<D apanllZ 1D ibisll3
kj kj

Taking the infimum over all decompositions for (xj) yields the assertion. By duality (see
[Junl, Proposition 3.6]) we deduce the assertion for L, (N;/¢2) in the range 1 < p’ < oo.
For p’ = oo we apply Lemma 3.2. Then E* ® id is contraction on L. (N;¢})*. The
restriction to Ly (IV; ¢2) is exactly E ® id. [

Proposition 3.4. Let 1 < p < oo. Then
Lp(N; £;) = €5 (Lp(N))

holds isometrically.
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Proof. We will first prove that the inclusion map
(3.2) Lp(N; &y) C £y (Ly(N))
is contractive for finite von Neumann algebras N. Let z; = fx(1/p) where (fx)p_, is a
family of analytic functions in L,(NN) such that
sup [|(fi(it) L, (veny <1 = and  sup [|(fo(1 + i) ||, vey) <1 —¢-
t t

By the continuous selection theorem, we may find continuous functions a, b and y defined
on iR satisfying

fi(it) = a(it)y,(it)b(it)
such that |la(it)||2, < 1, supy |lyk(it)]] < 1 and ||b(it)||2, < 1. We note that for z = 1 + it

we may write

fr(z) = Z @bk

such that
1D aagl, <1 and Y bibull, < 1.
kj kj
Using a = (> a’,;jakj)% and vy, = a4 2ay;, we see that
kj

fu(z) = agb = a(z U,jjwkj)b

kj
where (gr) € Loo(N;¢}). Applying the continuous selection theorem again we find contin-
uous maps a,b and y on 1 + ¢R such that

fe(2) = a(z)yp(2)b(z) .
We apply [PX2] and obtain an analytic invertible function «, 5 :  — Lg,(N) such that
a(z)a(z)" = a(z)a(z)"+ 61 and [(2)*B(z) = b(2)*b(z) + 01
for all z € 9Q2. Then we may define

ye(2) = alz) " fu(2)B(x) "
For z € 002 we deduce from a(z)*a(z) < a(z)*a(z) and b(2)*b(z) < B(z)*[(z) that there
are contractions v(z) and w(z) satisfying a(z) = a(z)v(z), b(z) = w(z)F(z). This implies
that

1k (L/ P Lo (i) < 1.
By the definition of « and f3 is also clear that

la(/p)ll, < (1+6)2 and [B(1/p)ll, < (1+06)2.
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According to Lemma 3.1 we deduce

@l ooy < lla(/p)llapll (e (/P Lo 181/ P)l2p < (1 40) -

Since ¢ > 0 and 0 > 0 are arbitrary, the assertion is proved in the finite case. For
the general o-finite case we use Haagerup’s crossed product construction and consider
N =N Xy G where G = |J,, 27"Z is the group of duadic rationals. There is a conditional
expectation F' : N' — N given by the identity element. Thenq@ = ¢oF is anormal faithful
state. We refer for [JX3] for the fact that there is an increasing sequence N, of ¢ invariant
finite von Neumann algebras such that the corresponding conditional expectations &, :
N — N, converge to the identity in the strong operator topology. Then &,,(z) converges
to  in norm for every element z € L,(N). According to Lemma 3.3 and our previous
argument, we deduce that

1
P

(3:3) (Z HFEm(wk)Hip(N)> < @)l -

Thus passing to the limit shows that the inclusion (3.2) is contractive. Applying the same
argument for p’ we also have

Ly (N; ) C Ly (Ly(N)) .
By duality
Cy(Ly(N)) C Ly (N3 £)" .
By interpolation and [Junl, Proposition 3.6] we have for 1 < p < oo that
Ly (N3 0y)" = [Lpy (N3 05), Ly (N )3 = [Ly (N3 05)", Ly (N3 7)) 3,

7

= [Lp(N; 0), Ly(N; 6] -1 = [Lp(NTKZo),Lp(N;f?)] = Ly(N; £;) .

1
P

3,

1
v

Here we have used the equality [L, (N;£5)*, Ly (N;07)*]*" = [Ly(N;03)*, Ly (N; 67)"] 1
which follows immediately from the fact that topological all these space coincide with
(Ly(N)*)™ and Bergh’s theorem [Be]. For p = 1 the inclusion ¢}(L;) C Ly(¢}) follows
from the fact that the space L;(¢}) is normed (see [Pisl] for a similar argument). [

Remark 3.5. Motivated from Pisier’s theory of vector valued L, spaces we introduce
M@ llpy =, i lalopll el [blle = 1)z, ove) -

Then we have

1) g = [1C20) lzpe) -
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Proof. We refer to [Pisl] for the argument showing showing that ||| (zx)||| , is a norm. The

g
proof above shows that for a finite von Neumann algebra N, we have

1) g < 11|y v -

In the general case, we deduce from (3.3) that for every v > 0, we may find zy,, = F'E,,(zy)
such that |zy, —zx]| < v and

Il (ko) lll,, < X +)[(@e)lle, v -
Let 6 > 0. Define 230 = x5 and z;; = Ty 5o-G+1) — Tpgo-i for j > 1. Then we have
T = Tps + T — Tps = ijo 2k ;. This implies with the triangle inequality

@) g = IO 2e) o = 1 (za6) + Y () Mg < M@k g + 1D (215) llng

j=0 Jj=>1 j=>1
<@kl + DM zgll, < Q4@ + > nd(2 0 +270))
k=1 J j=0
< (1+ €)||($k)||Lp(gg) + 3nd .
Since § > 0 and € > 0 we deduce
@) e < (@)l -

The converse inequality follows from the contractive inclusion
Lop(N) Loo(N; £5) Lap(N) C Ly(N; £7)

Indeed, this is obvious for ¢ = 1 and ¢ = oo and hence valid for all ¢ by (trilinear)
interpolation. [ |

Lemma 3.6. Let 1 < ¢ <p,r < oo with é = % + % and (x1) C Ly(N). Then

[(@e)llz,(viemy = sup (Z ||a$kb||3)
k=1

llall2r[[bl|2- <1

Q=

Proof. Given an element (xj) we apply Remark 3.5 and write

T = a1ypby
such that
lanll2p | (W)l oo vip) 101 l2p < (1 + ) [[(@)] 2,056 -
Thus for a € Ly, and b € Lo,, we deduce from Lemma 3.1 that

[(azxb)|len(z,(vy) = 1(@aryebid)llen(z,(vy) < [laaill2ql|Ynll Lo (viem 01024

< llallzrllarllop1yxl Lo viepy 101 l2pl10ll2r < (1 + )l @a) [, ey @l B2 -
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In order to prove the converse inequality we consider an element (yx) € Ly (N;{y,) of norm
less than one. According to Remark 3.5 we may write

Y = azgb

such that [jalloy < 1, ||(20)]|zec(vieny < 1 and |||z < 1. We may decompose a = ajas,
q
b = bab; such that

max{||ai |2, [lazll2-} <1 and  max{[|bs|[o[/br][2} < 1.
According to Proposition 3.4, we deduce that
[(arzeba)llen z, ) <1

This implies with Holder’s inequality that

|Zt7"(3/2$k)’ = ’Ztr<(a22kb2>*xk)| = |Ztr((z,ta§xkb2)\
k=1 k=1 k=1

1
n q n
< (ZHGZ%@HZ) Gl vy < <Z||a§l‘kb§||3>
i P

Therefore, we have

n

1
@l = sup | tr(yiz)| < sup (Z!IaﬂkszZ)
k=1

H(yk)lle,(zZ,)Sl k=1 llazll2r [[b2[|2- <1

and the assertion is proved. [ |

Corollary 3.7. Let 2 < p < oo. Then

[Lp(N, (65)), Lp(N, (63)7)] 1 © Ly(N; £3) .

2
Proof. Let % = % + % We use trilinear interpolation and consider the map
T(a,(zg),b) = (axyb) .
First, we note that
T Loo(N) X Ly(N, (€3)°) X Ln(N) — €3 (La(N))

is a contraction because

D lawb|l3 <> e zpakd) = tr((O wpae)bb?)
k=1 k=1

k=1

b3, -

n
< 1Y aganllg 1oblle = N@liZ, v
k=1
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Similarly, we see that
T : Ly(N) X Lp(N, (£3)") X Loo(N) = €5(La(N))
is a contraction. Thus by interpolation

T': Lo (N) x [Ly(N, (63)°), Ly(N, (5))]3  Lan(N) — G3(La(N)) .

1
2

Lemma 3.6 implies the assertion. [ |

Theorem 3.8. Let 2 < p < oo, n € NU{oo} and (Ar)1<k<n be independent over M. Let
xy, € Ly(Ay) with Ey(xy) = 0. Then

_p_
1Y " zill, < max{(2Cp)7 || (xi) |1, (vt COIN @) 20,5305 CPI (@) | (v,5) }
k=1

Here C' is the constant from Theorem (1.2). Forp > 4

1Y elly < Comax{l| (@), ) | @)l Lyov.eieg)s 11 (@6 vz
k=1

holds for an absolute constant C.

Proof. Let us denote by C; the constant from Theorem (1.2). Let us assume that

1
n 0
(Z H$k\|§> < max{||(zk) || L, v.Bes), [|(@e) ||l L, } -
k=1

Then Theorem (1.2) implies

1Y aell, < Crp max{||(zi) |, vz, (@6 Ly ovze -
k

Let us consider the second case

n ;
max{ || ()|l L, v.ze5), 10 |y vt < (D Nzl ]
k=1

Then Theorem 1.2 implies

1
n n )
1Dzl < Cp (Z ||xk||£> ~
k=1 k=1

Let 6 such that % = =0 1 % From the reiteration theorem [BL], we deduce that

LP(N§ EZ) = [Lp(N§ 05), Ly(N; 3)]o -
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This implies

<Z kaHp> < @)1z, (e | @R, (vt -

We recall from the proof of Theorem 1.2 that

n n n
1 1
max{||(}_ ajze)?llp, 1Y wai)2 o} < 201 anlly -
k=1 k=1 k=1

According to Corollary 3.7 this implies

o) lzyoveyy < 201l -
k=1

Combining these estimates we find (after cancellation) that

- 1
(3.4) 1Y S zull, < 2°Cip) o [l (n) |1 en)
k=1
Since 8 = % < 1 we deduce the first assertion. If moreover p > 4, we have
prE = ptiE < plts < elp
and the assertion is follows. [ |

Remark 3.9. The same improvement is also true in the context of Burkholder’s inequality
for martingales:

1> dilly < max{(Cp*) 72| (i) |11, (vt CP°
k

h5,0p2||$||h;}
where ||z]|ng = IO, By 1(didy))Y?||, and [2llny = llz*|lng are the ‘little square functions’.

Proof. The only difference here is that we have to use the lower estimate in the square
function inequality (see [JX2] for constant:)

1
i)l Lpe2) < ()L, (vies)

1
(dk)”zp(zv;eg) < op deHp-
k

We may assume again that

max{[[( 32 Beor(didi)) *lp, (3 Bioa(dad)) *,} < (Z ||dk||”)

=
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In this situation (3.4) has to be replaced by

szkllp ((en)'CP?) (@) |y ey < (Cee® P72l (@)l o) =

4. ROSENTHAL’S INEQUALITY FOR 1 <p <2

We will now investigate the dual version of Rosenthal’s inequality for 1 < p < 2. In the
following we will assume as before that M C N is a subalgebra, invariant under modular
group af of a normal faithful state ¢.

Lemma 4.1. Let 2 < p < o0 and 2 < r < oo such that % = 117 + % The dual space of
L,(N, En, 05) consists of all sequences (xx) C Ly (M) such that there is an a € L,(M)
and (yg) C lo(La(M)) and

T = Yra .

Moreover,

el wmrg =, nf (ZHkaz) lall; .

Let D be the density of ¢. The space of finite sequences (sz?) is dense in L,(N, Epr, 05)
and for those elements

I(z D% W, wmng = | ZDP En(2p20) D7

1
o

m‘*@\w\»—a

Proof. According to Remark (1.4) we may assume that M is o-finite and even that N has
separable dual. Let us recall the map w, : M Dv — L,(M,t5) constructed in (3.1) which
satisfies
up(xD%)*u(yD%) = D%EM(x*y)D% :

This means that u : L,(N, Ep) — Ly(N, £5) is an isometric isomorphism when restricted
to MDv. For 2 < p < oo this space is dense in L,(M). We consider M ®C' as a M-valued
Hilbert C*-module with the M-valued scalar product ((zx), (yx)) = >, ;yk. The map
constructed in [Junl] using Kasparov’s dilation technique (see [Lan]) has the additional
advantage that there exists a right M-module map P : M®C — M&C with P2 = P such
that u(N) is strongly dense in P(M®C') and

(4.1) (P((zr)), (1)) = ((xx), Plax)) = (Plax), Pex)) < ((2x), (22))
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Indeed, P is a the projection onto a submodule (see [Lan] for more details, see also [JS] for
a general treatment without assuming N, separable based on [Pas]). Thus for 2 < p < oo
the map u, extends to an isometric isomorphism and P extends to a contractive projection

from L,(M,¢5) to the image u,. In [Junl] we defined L,(N, Ey) as the closure of ND»

with respect to the norm ||D%E(x*x)D%||;g for all 1 < p < co. We may also consider
u, ®id : L,(M, Ey; 05) — Ly(M, (5(N?)) and see that

(up @ id)((z5))" (up @ id)(( Zup ;) up(;) ZE TT;5)

As above P ® id : L,(M,(5(N?)) — L,(M,l5(N?)) extends to a projection, because we
have

(P @id)((z%))* (P @ id) (1)) ZP vin) Plaje) < aha.
7.k

1

We may hence define L,(M, Ey; £5) as the closure of the space of finite sequence (w; D7)
with respect to the norm || >, D%E(w;-‘wj)D%H;@ for all 1 < p < co. By density this is
consistent with the the definition given above for p > 2. Then u, ® i¢d defines a isometric
isomorphism onto a complemented subspace of L,(M, ((N?)) for all values 1 < p < co.
Let 1 < p < oo. Then we have L, (M, 5(N?))* = L, (M, ¢5(N?). Therefore every functional

W L,(M, Ey; 05) — C is given by
) = ) tr(yu ()
jk
/2

and || 31 yiryikll o = ||[¥]]. However, finite sequences of the form y;, = z]kDP are dense
in Ly (M, t5(N?)). For such an element we find (using (4.1))

@Dy((Ule) ZZtT Dp Z]ku Lj kD ZZ¢ jkP (v5))k)

J

- Z¢<<<zjk>k,Pu<vj>>> - Z¢<<P<zjk>,u<vj>>>-

This means that P((z]k) ) is in the range of u and we find an element w; € M such that

Z¢ ((zik k), u(v;))) = Z(b(u(wj)*u(yj))
= Zgb (E(wiy;) = Ztr(Diw;‘ij%) .

Recall that only finitely many w;’s are non-zero and hence 9, has a unique extension as
a linear functional (see also [Junl, Proposition 2.15]). This shows that L,(N, Ey,€5) is
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the norm closure of finite sequences (w;D'/?") and the norm of such a sequence satisfies

1Cw; D¥IL (v, ) HZDP (Wiw)D¥ o = || DF(P(2), P(2)) D7 [0

J
1 . 1
< ZDP/ sz,kzj,kD” lp 2 = H(yj,’f)HLp,(M,ZQ(N%) :
j k

Thus we have identified the dual of L,(N, Eyy, £5) as the closure of finite sequences (ijpfl’)
in L, (N, Ep, 05) with respect to the antilinear duality given by the trace. Let 1 < p/ <
2 <pand (w;) C N be a finite sequence. We define

= Y DV Ey(wiw;)D¥
j=1

We may assume that tr(a?/?) = 1. Let 6 > 0 and define d = a + §D*?. Note that
1d||P))2 < 1+6. Since D*7 < §=1d, we find v € M such that D/7 = vd/2. Then, we

p'/2
define
d; = ijid*% = wjvdéfg7 = wjvd%.
Note that w;DY?" = d;d”/?*" and ||dV'/?"||" = |ydp’/2||§ﬁj§ < (14 9). On the other hand
we have

dzv* ZEM(w;‘-‘wj)vd% — DV Z EM(w;wj)Di <d.
J J
Since d has full support we deduce ) _; v*Ey(wjw;)v < 1 and hence

d%v*ZEM(w;wj)vd%’ <d
Therefore, we have
Z Id, |2 = Ztr (Bx(ddy)) = (S d5 o Ey(wiwy)vd%) < tr(d%) < 144
This yields

1w, D7) lexzaayzovy < (L4 67| ZDP En(wjw;)Dv

J

This means that on a dense subset of Ly (N, Ey, £5) we have

Gl = inf (ZIIMB) lallr < ()2, ov.2ares) -
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Following the arguments in [Pisl] it is easily checked that the space fo(Lo(M))L,(N)
equipped with this homogenous expression ||| ||| is indeed a normed space. By density we
obtain the contractive inclusion

LP'(Na EM7 55) - €2<L2<M))LT(N) :

For the converse we consider ¢; = d;d such that d € Ly, (N) and (d;) C ly(Lo(M)). Let
(x;) C Ly(N, Ep;05). Then, we deduce from the Cauchy-Schwarz inequality (see [Junl,
Propostion 2.15]) that

> ety = | tr(zdid)| = |tr(> Ey(z)d;d))|
i j i
* * 1 % 1
<D Ex@y)lleldle < 10 Ex(ia) 21,10 Eu(did;))? |]ldl
j j j
= @) |2, v Earseg) 1(d5)|ea(zaary [l - u

In the following we will keep the notation L,(N, Eps; £5) as the closure of finite elements
('ij%) with respect to the norm
1 1 * L1h1/2
| (weD?) 2,820 = 1| D D¥ Ena o) D¥ )5
J

for all 1 < p < oo. The row version L,(N, Ey; 03) is given by

[(@)ll,ov ey = 1@, E0se) -
We will also use the free probability notation L,(A) for elements in L,(A) with Ey(z) = 0.
In the following we assume that M C Ay C N are von Neumann subalgebras with a
conditional expectation E4, : N — A, satisfying EyyEa, = Ea,Ev = Ep.
Lemma 4.2. Let 1 < p < oo and X,(c) C L,(N, En, 05) the closure of finite sequences
(ka%) with x), € A. Then X,(c) is 2-complemented in L,(N, Ey, £5).

Proof. Let us consider a finite sequence (a:kD%) Then we deduce from Kadison inequality
that

1 * 1 1 * 1
1Y Dr Ex(Ea, (x)" Eay (1)) D? 2 < |1 D? Exi(Ea, (w41)) D [lpy2
k k

< 1Y Dy Ex(Ba (i) D7 lps2 = || ) D7 Ex(zizx) D7 |2 -
k k

This shows that the map F((yx)) = (Ea, (yx)) extends to a contraction on L, (M, Ey, £5).
The same argument shows that Fy((yx)) = (Eu(yx)) extends to a contraction. The
projection onto X, (c) is given by (id — E')F and has norm < 2. u
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Theorem 4.3. Let 1 < p < 2,2 <5 < o0 with ]lj = 3+ 1. Let (Ay) be o -invariant

algebras, faithfully independent over M. Let xy € L,(Ay). Then

1
— T < inf
QH; ka T mp = yk(Q)atbyg (r)+zi(d)
1 1
P 2
+ (Z ||$k(d)||§> + (Z ||17k(0)||§> [alls + 11blls (Z ||95k(7”)||§>
k k k
<Pl
k

where the infimum is taken over yp(c),yp(r) € La(Ay), a,b € Ly(M) and x4(d) € Ly(Ay).

(SIS

Proof. Let 1 < p < 2 and (z;,) € Ly(A;). By Lemma 1.1 and the fact that L,(N) has type
p, we have

1
n P
ISy < 2E) Y cualy < 2 (z uxkng) |
k k k=1

We denote by X,(d) C ¢,(L,) the subspace of sequences (z3) with z, € L,(A;). For
z, = 2 DY with Ep(2) = 0 and o = Y, 2,.DY?, we deduce from [Junl, section 2](see
also [JX1, section 7]) that

n n
1 1 1 1
Izl = a2z < [[Ex(z*2)lle = | Y DrEum(z;2)Dells= | > D»En(z;2) D7 |2
k,j=1 k=1

By density this implies that

1> @il < @)z, v.zaes) -
k

whenever (zx) € X,(c). We define X,,(r) = {(2}) : (zx) € X,(c)} with the canonical norm.
By convexity we find

1> anlly < inf Gz (@)l xp@) + [ @r(e)x @ + 1) x e -

zp=z(d)+zk(c)+xK(T)

According to (the very last and easy part) in the proof of Lemma 4.1, we obtain the first
estimate. For the converse we consider x = 3, z, € L,(N) such that x;, € L,(A;). We
define the functional ® : X,(d) N X,y (c) N X (r) — C by

D(yr) = Ztr(nyk)-
k
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The symbol N refers to the fact that the norm in this space is given by the maximum of
the three expressions. Theorem (1.2) implies that

| (yr)| = |Zt7“(y72$k)| = Iztr(yzxj)l
k ki
<Y @l 1D will < P 1D wll 1) lx, @nx, @, o) -
k 5 %

Here we used the orthogonality tr(y;z;) = tr(Fj(yiz;)) = tr(Em(yk)*z;) = 0. By the
Hahn-Banach theorem, we may extend ® to a functional ® on the space

Xp(d) Doo Xp(c) Doo Xp(T)

with the same norm. With the help of the complementation from Lemma 4.2 and Lemma
4.1, we deduce that X, (c)* = X,(c), Xy (r)* = X,(r) and X, (d)* = X,(d) holds with
constant 2. Therefore ® has three components (zx(c)) € X (c), (zx(r)) € Xy (r) (zx(d)) €
X,/ (d) such that

I @)lx,@ + @) lx e + I@)lxe < 2@ < 2091 Yl -

Moreover, since d extends ®, we know that

holds for all y; € L,(Ay). Since Ey(xy) = 0 we deduce for all y;, € L,(A) that

tr(wpye) = tr(zg(ye — Exi(yr)) + tr(op Ex(yr))
= tr(xp(ye — Env(yx)) + tr(En(zr) Ex(yr) = tr(vp(ye — En(ye))) -

Therefore (4.2) implies indeed xp = xx(d) + zx(c) + x(r). Finally, we have to apply the
second part of Lemma 4.3 and observe that we find zx(c) = yx(c)a where a” € L;(M) is
the density of a faithful state. Then we find yi(c)a = FE4, (2x(c)) = Ea, (yr(c))a and hence
yr(c) = Ea, (yr(c)). The same argument shows that 0 = Ey(zx(c)) = Enm(yx(c))a and
hence Ey(yx(c)) = 0. u

Remark 4.4. The mazimal inequality of section 3 also implies an improvement for the
lower estimate. Under the assumptions above, we have

inf r(d + ||(zx(c oy + || (zr(c e
oecoe o o @Ry + @Dy Brtg) + @D .0 )

< (@)= 1wl -
k
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Indeed, the modified spaces Xp/(d) C Ly(€s) given by sequences (x1,) with v € Ly(Ay)
1s complemented to due Doob’s inequality. Then the same Hahn-Banach argument and
Theorem 3.8 provide the decomposition.

Proof of Theorem 0.1 for 1 < p < 2. We can not formally apply Theorem (4.3). However,
we note that the right hand side of Corollary (1.5) defines space X,(c), X,(r), X,(d)
which are complemented in ¢,(L,(N, Ey;€5)), €,(Ly(N, Ear; £5)) and €,(N?; L,(N)) (re-
specting the correct switch of the indices). The Hahn-Banach theorem then provides the

corresponding decomposition in combination with Lemma 4.1. [ |

Due to the recent work of Pisier/Shlyahktenko and [Jun2, Jun4], it is clear conditional
expectations with respect states are very important for the theory of operators spaces and
closely connected to the classical Araki-Woods factors. Let us describe an application in
this direction. We consider the generators of the CAR algebra

ak:1®"'®1® €12 MR- ®1.
k-th position

Let (pg) € (0,1) and ¢, = (1 — px)ern + preoe. Here e;; € My are the standard matrix
units. Then the tensor product state ¢ = ®peng,, is a quasi-free state satisfying

S
Gulai, -~ aj a5, - @az) = Ons || it
for all increasing sequences i; < ... < i, and j; < ... < j,.. We denote by N (u) the von

Neumann algebra generated by the a;’s in the GNS contruction with respect to ¢,,.
Theorem 4.5. Let D,, be the density of ¢, in Li(N(n)). Let 1 < p < 2, N be a von
Neumann algebra and xy, € L,(N). Then
1 1
1) e ® D apDi ||y ~ap
k

1
v

inf (30— ) d el + 11— )

rr=cr+d
k=Cr+dg & &

Here the infimum is taken over all (cx), (diy) C Ly(N).

1 1
i drdy,)? ||p

Proof. We define ¢ = p’ > 2. The natural conditional expectation £ : N QN (u) - N ®1
given by E(z ® y) = ¢,(y)(z ® 1). We may assume that N is o-finite. We define the
algebras

Ak:1®"'®1® ]\42 IR -
~—~
k-th position
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and 4, = N ® A,. Tt is obvious that the A,’s are (faithfully) independent over N’ & 1.
For ¢ > 2, we deduce from Theorem 1.2 that

1
1 1 1 1 a
HZyZ@DﬁqaZDﬁqu < Cqmax{ <ZHy;§®DﬁqazDﬁqH3> :

H Zykyk®E(D2qakD2qD2q *DQq | ’lzykyk®E<D2q D2qD2qakD2q)H

SIS

f

By approximation we may assume that only a ﬁmte number of the y;’s is non-zero. Thus
we may consider D, = @7, ((1 — pg)enn + preaz) € S; = (S7)®m. This implies
1 1 1 1
1D ap D [l = (1 — pw)pw) > €anllg = (1 — pur)pur) >

It is also easy to calculate the conditional expectation

1

R : Lo

E(Dy" ap D" Dy ax D) = (1 — Mk) e D i E(ajar) D = (1 - pu) @ g Dy
Similarly, we obtain

E(DFaxDF D aiDi) = (1— )

1
Using (Zk B )q <> z,’;zk)l/2||q, we may split the ¢, term according to gy, > % and
11— > 5 and obtain

1
ZII )2y 9)

1 1 L, 1
<257 72 (1| (20— )7 i i) Ml + 1O = ) a1 wiwe) 2 ) -
k k

Therefore the Rosenthal inequality in this case simplifies to
1 1
1) i © Difap D
k

N
Py

L
< a0qmax {|(S°0 = )7 it ewt) Hllos 100 = )l i)l -
k k

Now, we observe that

e o Db Lib
tr(Dp” a;Dp® D ax D) = 0,3 (1 — pu) 2y, > dulagan) = 0w/ (1 — o) -
Given zy, € L,(N) we deduce

1 1 1 1
NN (1) ((Z y;f X Dﬁq a;qu)(Z T ® DﬁpakDﬁp)> '
J k

> (i) v/ (1= )
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1 1 1 1 1 1
< IS4 © DFa; DI, 1 Y5 © DFaDFl, < 4Cql Y v & DFauDF,
J i %
1oLt 1oL
max{[|(> (1 = ) » i) ? s 1O (0= )7 18 wigwe) g} -
k k

By duality this implies the decomposition. The converse inequality follows as in Theorem
4.3. [ ]

Remark 4.6. (1) According to [Jund4] this inequality also holds for p = 1. We conjec-
ture that there is is continuous passage for p — 1 improving the constant above.

(2) The same proof works for g-Araki Wood factors defined by Shlyahktenko for ¢ = 0
and for ¢ € (—1,1) by Hiai [Hia]. For ¢ = 1 we refer to [Jun4] for the appropriate
gaussian substitute.

(3) Using this Khintchine type inequality 4.5, we can deduce, as in [Jund], that every
quotient of R, & C, completely embeds into L,(R;rr,) the L,-spaces associated
to the hyperfinite III; factor. In particular, the operator space OH embeds into
L,(N) where N is a hyperfinite factor of type III,, 0 < A < 1. We refer to [Xu]
for more details.

Remark 4.7. There is also a version of the Rosenthal inequality for the non-faithful
case in the range 1 < p < 2. We assume that the algebras (Ay) are independent over
Ey : N — M, the support of F is e and ¢ is faithful on eNe. The main technical
difference is that we have to introduce two extra spaces

X,(se) = {Z sgrge - x € Ly(Ar)} and  X,(es) = {Z exys : wp € L,(Ag)}

It is easily shown that that X,(se) and X, (es) are complemented in
Xp = {Z:L‘k DXy € Lp(Ak)}
k

Thanks to Lemma 2.1, we are able to describe the (anti-linear) dual X,/ (se) of X, (se) as
an intersection of two terms, an £,-term and a column square function. Using the duality
argument from Theorem 4.3 this yields

1 skawell, < inf 10" Ear (i) skwn(e) 2l + (Z |skzi(d ||p>
k

sgrre=spxi(c)etspxr(d)e -

<OV sexeelly
k
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A similar result holds for X,(es) and Theorem 4.3 applies to the faithful part: Let z;, €
L,(Ay) and y, = 2 — Ep(z). First we have

1>~ el ~s
k
1
P
maX{H > Eula) . (Z ||8k90k3k:||§§) D evellp 1 swrnell, Zeﬂszskﬂp}-
k k k k k

According to Theorem (4.3) we have that

eunell ~or, inf
H; yeclly ~ep b

Ieyk()e)|pwv.mareg) + ey (r)e) |,y earep) + Nl (eyr(d)e)le, L) -

Here the infimum is taken over yx(c), yx(r), yr(d) € Ly(A;). This complicated expression
involving maximum and infimum is particulary interesting in the connection with inde-
pendent copies (as in [Jund]). In this case, the expressions are symmetric. This formula
can be used to prove that subsymmetric sequences in L,(N), 1 < p < 2 are symmetric
(see [JR] for more details).

5. SYMMETRIC SUBSPACES OF L,

In this section, we will prove a quantitative version of the Kadec-Pelczyniski alternative,
the noncommutative analogue of the corresponding result in [JMST]. It will be convenient
to state these result in the Banach space and operator space setting. We refer to [Pis2] for
a general background on operator spaces and completely bounded maps and to [JNRX]
for the operator space structure of noncommutative L, spaces. In this paper we focus on
subspaces X,Y of L,(N). In this situation the cb-norm of a linear map 7' : X — Y is
given by

1Tl = llidz, ey © T = Ly(B(£2): X) — Ly(B(ta): Y)]|.

Here L,(B(¢3); X) C L,(B({2) ® N) consist of the matrices with coefficients in X. In other
words, the cb-norm is calculated with matrix valued coefficients instead of scalar valued
coefficients. Note that martingale inequalities often automatically extend to the matrix
valued case.

Lemma 5.1. Let N be a hyperfinite type III factor where 0 < A < 1. Let 1 < p < o0,
then L,(N) has a completely unconditional finite dimensional decomposition (see below for
a definition).
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Proof. In the range 0 < A < 1, we may assume that N is an I'TPFI factor. In general
(including A = 0), we can always find a normal faithful state ¢, and an increasing sequence
of finite subalgebras N,, with ¢-invariant conditional expectation E,, : N — N,, see [JRX1].
We define the difference operators d,, = E,, — E,,_1 where Ey = 0. Note that the spaces
F, = d,(N) are finite dimensional and every element can be written uniquely as = =
> ndn(z). Thus L,(N) has a finite dimensional decomposition. Such a decomposition is
called completely unconditional if all the maps 7.(>, d,) = > end, with ¢, = £1 are
uniformly completely bounded. This means that the maps id,(p(,)) ® T are uniformly
bounded, i.e. there exists a constant ¢(p) such that

(5.1) 1D ealid ® dn) (@)l < e(p)l| Y (id @ dy) ()]l -

holds for all choices of signs (¢,) and € L,(B({3) ® N). Equation (5.1) is a direct
consequence of the Burkholder-Gundy inequalities [PX1, JX1]. u

Theorem 5.2. Let N be a hyperfinite von Neumann algebra. Let 2 < p < oo and (zy) C
L,(N) be a sequence of norm one vectors, which converges weakly to 0. Then there exist
constants 0 < ¢y, ¢ < 1, a subsequence (&) of (z,) such that

1
P
~ * 1 %\ L
1D an @ Eallp ~ew) (E H%Hi) +allOanan)?ll, + ellQ anas)? |y

holds for all finitely supported sequence (a,) C S,.

Proof. Using Remark 1.4 we may assume that N, is separable. We will first use a standard
trick in order to ensure that we may work with a factor. Indeed, let ¢ be a normal faithful
state. We consider the crossed product M = ®,en(N, ¢) X G between the infinite tensor
product ®,en(N, ¢) and the discrete group G of all finite permutations on N. Any finite
permutation acts on the infinite tensor product by shuffling the corresponding coordinates.
Clearly, we also have a conditional expectation Ey : M — N obtained by first projecting
onto the identity element e in G and then to the first component in the infinite tensor
product. According to [HW, Proof of Theorem 2.6] we know that M is a hyperfinite factor.
According to Connes’ characterization M is type III, for some 0 < A < 1 [Con]. According
to Lemma 5.1, we have a normal faithful state, conditional expectations Fj : N — Nj onto
finite dimensional subalgebras Ny. Now, the proof follows very closely its commutative
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model see [JMST, Theorem 1.14,p=50]. Using the gliding hump procedure, we may find
a perturbation of a subsequence (,) and a subsequence FEj, such that

T

x) = 0 for all & > n,

limy, B, (i13%) = yn and || B, (25d5) — Ynllz < e27 % for k > n,
limy, B, (i327) = 2, and || E, (&,2%) — zpllz < e27k for k > n.

Here € > 0 is arbitrary and will be chosen after knowing the y,’s. It follows immediately
from iii) that (y,) is a martingale, namely E,(ynt1) = yn. Since 1 < £, we deduce from
the Burkholder-Gundy inequalities [JX1] that (y,) is convergent to some y € L,(M).

Similarly, we obtain that (z,) is convergent to some z € L,(N). We define ¢; = ||y||;g
and cp = HzH;g Passing to another subsequence denoted by (Z,) (E,), we may assume

|1En(@r1@nen) —ylle < 270 ylle and || Ba(@nndyg) — 2l < 27z .

We apply Burkholder’s inequality [JX1] and find

1
1D an @ Eallp ~e) <Z lan @ fn”ﬁ)

~ 1 ~ -
1D ahan ® Bu(@@asn) 3 + 1) anan ® En(Funin)|
n n

[SSINIE

From perturbation we have 1 < [|Z,|| < 2. The triangle inequality implies
HZCL an@E n+1$n+1 Za an@g“” Z|’a;an|’”E~1n(f:z+1jn+l) _yH§
n
< Sy swp el < 5A1 S dsanls
n

Therefore, we get

il Zaiﬂnllg = |l Za;ian ®yllz

< HZa tn @ B (i1 Fn )| +\|Za tn @ Bo( 418011 Za an ®@ylz

< A il

The same argument applies to the last term and the assertion follows. [ |
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Let us recall some notation from the theory of operator spaces. The spaces C), and R,
are defined as subspaces of S, given by

C, = span{ey; : k€ N} and R, = span{ey; : k € N}.
As an application, we obtain an operator space version of the Kadec-Pelzsinski alternative.

Corollary 5.3. Let N be hyperfinite. Let 2 < p < oo and (x,) be a sequence which con-

/

") which is completely equivalent

verges to 0 weakly. Then (z,) contains a subsequence (x

to l,, R,, C, or R,NC,.

Proof. Let () the subsequence from Theorem 5.2. If ¢; = ¢o = 0, then (2],) is completely
equivalent to the unit vector basis of £,. If ¢; = 0 and ¢ > 0, then we find a copy of R,.
Similarly, if c; = 0 and ¢; > 0 it turns out to be C,. The case ¢; > 0 and ¢y > 0 yields
R,NC,. [ |

Remark 5.4. We deduce in particular that every infinite dimensional subspace X C
L,(N) contains a completely symmetric subspace, i.e. a basic sequence (xy) such that

(5.2) ||nga7r(k)®xk” < C'||z:@k®@k||
i K

holds for all a,, € L,(M), e, = £1 and permutations 7 of the integers. This problem (even
for scalar coefficients) is open for 1 < p < 2. The problem is also open for 2 < p < 0o
without assuming that N is hyperfinite. On the Banach space level we refer to [RX] and
[Ran] for different versions of the Kadec-Pelcziriski alternative.

We will now show that conversely the only symmetric subspaces of L,(N) are the one
found in (5.3). The next result is a our starting point.

Theorem 5.5. Let 2 < p < 0o, N a von Neumann algebra and z;; € L,(N). Then
1 1 1
n P 1 n D 1 n 2
(EH Z&%m(i)“ﬁ) ~ep (E Z H%g”i) + (E Z (x;kjwij + .TU.TZ)>
i=1 i,j=1 ij=1
p

Here the expectation is taken over all choices of sign ¢; = £1 and all permutation ™ on

{1,..,n}.

Proof. By approximation, we may assume that N is o-finite and 1) is normal faithful state.
We consider Q = {—1, 1}" x II,,, where II,, is the set of all permutations on {1,...,n}. The
Haar measure on this group is the product measure ;1 = ¢ ® v of the normalized counting
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measures € and v on {—1,1}", I, respectively. The underlying von Neumann algebra is
then given by N' = L (,2%, 1) ® N with respect to the state

_ / (a(w)) du(w)

In order to apply Burkholder’s inequality we have to use the right filtrations which we have
taken from [JMST]. For k = 1,...,n we consider the functions f : II,, — R, fx(7) = w(k).
The o-algebra Y2 is defined as the smallest o-algebra on II,, making fi, ..., fx measurable.
By 3i we denote the smallest o-algebra on {—1,1}" making ¢y, ..., &; measurable. Let %
be the o-algebra generated by X} x ¥2. We find the martingale filtration (N), where

We denote by Ej the conditional expectation on Lo (€2, 3k, ). Then & = Ey ®id is a
¢-invariant conditional expectation onto N. After these preliminaries we consider

= Zézxm(z) - LP(N> .
=1

We assume in addition zj; = 0 for & > 5. The upper estimate for general matrices (z;;)
then follows from the triangle inequality. We note that d = ey @i lies in N, and

Er1(ex®inry) = E(er)Er—1(Tprry) = 0.

Therefore, Burkholder’s inequality [JX1] implies

1

XMy < e (Z ||Izm<k>|!£> 1D Enm1 (@ ry Tty + L) Cinii) |
k=1

k=1

[MSINIES

Clearly, for all £ =1,..,n, we have

- . (-1
leszigolly = Y Prob(m(k) = Dl = D lawll} = ZH wislly -
j=1 '

J=1

n % 1 n %
S lzmwll ] = - D Mgl
k=1 kj=1

Let E? | be the conditional expectation onto Lu,(IT,, %2, ). We observe that

Hence, we get

Ee1(ThryThn() = (Bi_y @ id) (T ) Thn(h)) -

The atoms in X7 _; are indexed by a tuples (i1, ...,7,—1) such that the i;’s are mutually
different numbers in {1,..,n}. More precisely,

Afir i) = {mlm(1) =iy, ow(b = 1) = i}
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Clearly, the cardinality of A
(n— k+1)

is the cardinality of II,_(,—1), i.e. (n —Fk + 1)L

ik—1)

Therefore letting oy = , we get

(B ®@id)(Thpy Tra(r)) = Z 1Am AAAAA o (mag! / Tore(e) T (k) AV (T0) -

..... A(i1,~-qik71)

For fixed (1, ..,ix—1), we consider B = {4y, ..., 951 } and deduce for k <

1 2 <~
Oékl / xkﬂ'(k Tkr(k dl/( ) = n——]{j—f—lzxkj ki = Hzxk]xkj .
j=1

B
Al if_1) i¢

N3

Hence for all k¥ < 5 we have

(Ek 1 ® Zd)(xlm(k Lhr(k Z ‘rk]xk] ‘

Therefore zy; = 0 for k > 5 implies

- * 2 *
Z Er—1 ($k7r(k)1’k7r(k)) < n Z L Lkj
k=1 kj

for all 7. The same argument applies for xkﬁ(k)xzw(k). Therefore the upper estimate follows
from the triangle inequality. For the lower estimate we use £ > 1 and the orthogonality

of the Rademacher variables:

2
IX1; = EIX*X[z)r > [[E(X"X)[p = HZ/% V(i) |2 = IIZ xk]xkj”p'

le

The same calculation involving X X* yields the other square function estimate. Since
L,(N) has cotype p we trivially find the missing ¢,-estimate. u

Remark 5.6. The same argument applies for subgroups G = G x - -+ x G,,, C II,, where
G is the permutation group of an interval I; C {1,...,n} of cardinality n; . If the intervals
I; are disjoint, we obtain

(EH Z Eillin (i) HZ)
(Z Z kaal) + |l (Z ; Z xklxkl_"xklxltl)) Iy -

i=1 kle[ =1 k,lel; klel;

N|=
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A symmetric space is a Banach space X with a (finite or infinite) basis (ex) such that
for all (o) C C, all signs ¢ and all permutations 7

I Z€k047r(k)€k”X < C| ZakekHX .
2 i

Let us denote Sym(X) the infimum over all constant C' such that there exists a basis with
this property. The well-known space J,(a,b) is a weighted intersection of ¢, and (5.

2/l 7, @p) = max{al|z]|p, bl|z([2} -
We recall the Banach-Mazur distance

d(E, F) = inf [ealllianlp

T:E— Fisomorphism

Theorem 5.5 implies the noncommutative analogue of [JMST, Theorem 1.1]:

Corollary 5.7. Let 2 < p < 0o and X be an n dimensional subspace of L,(N). Then
there exists a,b such that

d(Jy(a,b),X) < ¢, Sym(X)?.

Proof. Let ey, ...,e, € L,(N) be a symmetric basis in X, then for all coefficients ay, ..., o,
we have

1

1 n n P n

EHZakeka < (]EHZEkakeﬂ(k)ll,’j) < O onenllx -
k=1 k=1 k=1

According to Theorem 5.5, we deduce

1 1
n n D n 2
D S R o R P S
k=1 k=1 k=1

P

where

1
2

1
1 & ’ 1 . .
a=afer, ., en) = (EZH%Hg) and b = b(ey,...en) = | <H (€k€k+€k€k)> Ip -
k=1

k=1

3

We can always assume ||eg||, = 1 for all £ and deduce 0 < a,b < 1. Taking the infimum
over all normalized symmetric bases, we may find a sequence (e1(j),...,e,(j))jen such
that the corresponding parameters a(j) and b(j) converge to a, b, respectively. Using
d(Jp(a,b), J,(a', b)) < max{%, L} max{%/, %/} we deduce the assertion. [

a’’ by
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Proof of Theorem 0.2. We define

1 n 2 1 n . . 1 n 1
0= (Znekng) o= G S ety and r = G S aed)?,
k=1 k=1 k=1
Then Theorem 5.5 implies (0.4). The second assertion is a standard reformulation from
the theory of operator spaces (see the following Remark (5.8) below). u

Remark 5.8. In the theory of operator space the analogue of the Banach Mazur distance
is defined as d (X, Y) = inf || T|| || T ||es (see [Pis2] for details). Therefore equation (0.4)
implies that

dep(spanfey, : 1 <k <n},aly NcCyNrRY) < cp*C?.

Corollary 5.9. Let 2 < p < oo and X C L,(N) an infinite dimensional subspace with a
symmetric basis, then X is isomorphic to £, or {y. If X has a completely symmetric basis,
i.e. (5.2) is satisfied for allm € N and ay, € L,(M,,), then X is completely isomorphic to
ly, R,, C, or R,NC,.

Proof. Let (ex) C X be a (completely) symmetric basis. For fixed n € N, we consider

1
1 (<& : 1 & ) 1 & )
a = (Z ||ek||z) e = G D ety and = G Y )
k=1 k=1 k=1
Note that sup,, a,, sup,, ¢, and sup,, r,, can be estimated by supy, ||ex||. Passing to a subse-
quence, we assume that the three sequences are converging to a, ¢ and r. We deduce that
for any finitely supported sequence (ay) we have

1
n v n n
1D ar @ exlly ~cz, @ (Z ||ak||§> + 0 agan)? [, +ell (D arai) 2l -

k k=1 k=1 k=1
In the Banach space case this only holds for scalar sequences and then X is isomorphic
to £, if ¢ = 0 = r and to ¢y if max{c,7} > 0. In the operator space case, we obtain a
complete isomorphism with ¢, if c = 0 = r. If r = 0, we obtain C,. If ¢ = 0, we get R,.
Finally R, N C, occurs if ¢ and 7 are both positive. n

Remark 5.10. In [JR] we will show that every subsymmetric basic sequence is symmetric.
A sequence (eg) is called subsymmetric if

1) evar @ ejllp ~o |1 ax @ ex
k k

holds for all increasing sequences (jx) of integers. Therefore Corollary 0.3 yields a charac-
terization of spaces with a subsymmetric basis.
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Corollary 5.11. Let 2 < p < oo and N be a finite von Neumann algebra. Then there is
no sequence (ex) C L,(N) such that

. 1
(5.3) 1Y " ar@ el ~c 10 arar)? |,
k k

holds for some constant C' and all m € N and (ay) C L,(My,). In particular, C, and R,
do not completely embed into L,(N).

Proof. Let us assume 7 is a normal faithful trace on N with 7(1) = 1. Let (ex) C L, (N, )
and C' > 0 such that (5.3) holds. Then we see that

Iai]lls, ~c |l Z aire1; @ exl| L, (B)en)
ik
holds for any matrix [a;;]. Note that for x = ), aix ®e1,®e; and z; = ), aei, Holder’s
inequality implies

23 = llza*lh = 1Y wiai s < 1) wiailly = Izl
7 %

This tells us that on the subspace Y = span{e; ; ® ex } the norm in L,N Ly and L, coincide.
Thus we have found an embedding of S, in L,(B(¢2)@N) N La(B(l2)®N). According to
[Jun3] the latter space embeds into L, (M) for a finite von Neumann algebra M. Thus we
obtain an embedding of S, into L,(M). This is absurd in view of the results in [Suk]. The
proof for R, is identically the same. [ |

6. UNITARY IDEALS EMBEDDING IN L,(N) FOR p > 2

In this section we will characterize those unitary ideals which can be embedded into
some noncommutative L, space for 2 < p < co. In a preliminary step we consider spaces
with a bisymmetric basis:

Proposition 6.1. Let 2 < p < oo and N and M be von Neumann algebras and n € N.
Let x;; € L,(N) and y;; € L,(M) be two n x n matrices. Then there exist constants
Ci,-..,Co depending on the matriz x;; such that

1

n P
(]EH Y i) © yij||§> ~ep

,j=1

1

n n 2
+c3 Z I (Z yijQ:j) H§
j=1 =1

1 1
P P

1 1
n P n n 2
1 <§ Hyz‘jHﬁ) + ¢y E 1 (E yZ}%) 8
j=1 =1

1,j=1
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1 1
P P

3 (z yy) " 3 (z yy) "
i=1 J=1 i= j=1

1

n 2 n
+ cq| (Z yE}?ﬁj) lp + el (Z yijy;}> I

i,j=1 4,j=1

I

n n
+esll Y i @ yigllLyanonm + coll D e @ vijllL, (raen -
i,j=1 4y=1

Here the expectation is taken over independent copies €;, €, of Rademacher variables and
independent independent of copies m and ©' of permutations.

Proof. We apply Theorem 5.5 and get

1
p
_1
(Ea/w’Ee,wH Zgigg‘l'rr(i)ﬂ'/(j) X yinp) ~ep nr <Ea’7r’ Z || Z $l7r’(j) & yz]”ﬁ)
ij al J

3=
]
3=

1 _1
2 ( | Z €1, @ Tin(j) & yij||§) +n <E5’7r’|| Zeil,l @ Tinr () @ yij”ﬁ)

Z7l7.7 i7l7j

We apply Theorem 5.5 for a second time to the first term and find

o (EE/W/Z\|ZIW<]~>@ymwz) ~ey (Z\lmll”) (Zmu)
il J

(6.1)

(41 (141
(52 <Z||Z€13k®l’lk®y”|’> +n Gt (ZHZ%M@xzk@ywH)

il ik il Jk

1

. . _2 »
Therefore, we have identified ¢; = n"» <sz HxlkH§> . We observe that e; j; and e ,®eq

are conjugated by unitaries. This implies

I Zel,jk ® 2k @ Yijllp = Zelk © i) @ (Y 9y
j
= |I( szkxzk )7 lp IIC Zyzgym )7l -
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Therefore, we find
11 Wl !
o = (SIS i)
1 k

1
The same calculation yields ¢y = n r 2 (Zl (2, )2 Hg) ". Applying Theorem 5.5
to the second and third term in (6.1) we may similarly identify the other constants ¢, up
to cg. They are always given by the same expression with the y;;’s replaced by the x;;’s
and an additional normalizing factor depending on n. [ ]

Remark 6.2. Let us say that (z;;) C L,(N) is a bi-symmetric basis if there exist a
constant C' > 0 such that

1 cigianpmirilly < CID_ asailly

holds for all scalar matrices (a;;) with finite entries, all &; = £1, €} = &1 and all permuta-
tion 7 and 7’. For scalar coefficients the terms corresponding to ¢, and ¢3 coincide. Also
they coincide for ¢4, c5, for cg, c7 and cg, ¢g. Therefore we find the building blocks

gP(NQ)v ép(&)? gp(€2)L7 Spv EQ(NQ)

and all possible intersections. Here - means that we interchange (i,7) to (ji). This yields
a lengthy but complete characterization of all Banach spaces with bi-symmetric basis
embedding into L,(N) for 2 < p < co. On the operator space level, we have 9 building
blocks

5, R,(N?) Cy(N?) Sy
! 4N A A !
0,(R,) 0,(C)" 0(R,)* 0,(Cy)
N N / /
6,(N)

Again one has to consider all possible intersection. Note that some of them simplify.
The flashes indicate complete contractions, e.g. S, C £,(R,) N £,(C,)* and R,(N?) C
lp(R,) N Ly(R,)*:. We leave the task to calculate the number of spaces obtained in that
way and further details to the interested reader.
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Let E be a Banach space with a symmetric, normalized basis (e;). The unitary ideal
Sk is defined to be the closure of finite rank matrices with respect to the norm

lalls, = 1 sk(a)exlle,
k

where (si(a)) = (Ax(|al)) is the sequence of singular numbers.

Corollary 6.3. Let 2 < p < oo and E a symmetric space. Then Sg is isomorphic to
L,(N) for some von Neumann algebra N if and only if E = ly, E = {,.

Proof. If Sg is isomorphic to a subspace L,(V), then this is also true for the subspace
spanned by the diagonal. According to Corollary 0.3 we have E = {5 or E = ¢,. In both
cases Sy, = S5, and Sy, = Sy are complemented subspaces of 5,. [ |

Remark 6.4. Let X be an rearrangement invariant space on (0, 00) and N be a semifinite
von Neumann algebra with a normal faithful trace. Then one can define Lx (N, 7) (see e.g.
[DDdP]). The same argument as above shows that if Lx(V, 7) is isomorphic to a subspace
Y C L,(M), then Lx(N,7) is isomorphic to L,(N, ), La(N,7) or L,(N,7)N Ly(N, 7). In
[Jun3] we show that indeed all these three spaces embed into L,(M) for a suitable choice
of M. Thus the above characterizations ‘extends’ to the continuous case.

We conclude this section with a characterization of unitary ideals which embed L,(N)
in the category of operator spaces. We need the following observation.

Lemma 6.5. Let 2 <p < oco. Let y,...,yn € L,(M). Then

1
! _1 e A1 a1
<EH§ uijyj%) ~eys max{n 2 (1) w5yi) 2 o 1D wiw7)? 1)} -
i=1 i i

Here the expectation is taken over the normalized Haar measure on the complex unitary
group.

Proof. According to [MP], we may replace (u;;)by 3% where g;; are complex gaussian.

In combination with the noncommutative Khintchine inequality (see [LPP], [Pis2]), this
yields

1 1
n j2 1 n P
E (H Zuijyng) ~c n 2K <|| > gy ® fffz'Hﬁ)
i=1

=1

1 o 1 o1
ey 2N Y5) 2l + 1 w597)2 1) =
J J
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Theorem 6.6. Let 2 < p < oo and (z;;) C L,(N) and C > 0 such that
1Y~ vy @ yilly, < CID - wi; @ il
ijkl ij
holds for all y;; € L,(M,,), m € N and all unitary matrices v and v. Then there are
constant cg, ..., co such that

1Y " 23 @ yigll Ly venn ~sey csll Y €iia @ Yigll Ly pomt ezl D €1 @ vijlly i, som)

ij ij=1 ni=l

n n
+ cs| Z €ji @ Yijll Ly(Mner) + Gl Z €ij @ Yijl| L, (Mu@ M) -
i,j=1 tj=1

Proof. Note that permutation matrices and the diagonal metrices with entries ¢4, ..., &, are
unitaries. This implies

1
P
<E” D ke © (O “ikyz’j%)Hp) ~er Y w5 © yiglly -
ij Kl ]

We first fix an integer n € N and integrate with respect to the Haar in ¢,¢’, m and 7.
According to Proposition 6.1 we obtain 9 terms. The terms corresponding to ¢g to ¢y are
invariant under unitary transformation from the right an the left. Let us consider the term
corresponding to ¢y. Using the unitary invariance of the column space and Lemma (6.5),
we get

(E Z | Z €k,1 & (Uz’kyijvlj)H§> p = (EZ I Z(Z Uiker,1) ® (Z yijvzj)|!£> p

=1 ijk ik

1
P

i

n % n
= (E S e @O viuy) Hi) = (Z EIY O e yij)ijﬁ)
=1 J =1 PR
~eo/b n <Z | Z ej1 ® el @ %j”ﬁ) +n2 (Z | Z e1; D e @ ?h’j”i)
= =1

irj i.j
=nr 7| D e @ yilly + ne | > e ®yilly -
ij ij
In the finite dimensional case, we find additional contributions ¢4 to ¢yg. In the infinite
dimensional case these terms converge to 0 for n — oco. Indeed, from the proof of Propo-
sition 6.1 we see that the constant ci, ..., ¢g are uniformly bounded provided the (x;;) are
uniformly bounded. The uniform bound follows by applying the assumption to scalar
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coefficients. Therefore, we may pass to a subsequence such that c¢i(n), ..., co(n) converge
to constant ¢y, ...,c9 such that ¢y = ¢y = -+ =¢5 = 0. [ |

Remark 6.7. The result shows that the building block for operator space unitary ideals
embedding in L,(N) for 2 < p < oo are

Spr S Co(N?), R, (N?)

Since there are no trivial inclusions this amounts to 16 spaces obtained by intersections.
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