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Exercise 2.7. Let £ > 0 be given. Show that there exists § > 0 with the
following property. If A is a C*-algebra and if a is an element in A such
that |ja — a*|| € ¢ and |la® — a|| < 4, then there is a projection p in A with
lla — p|l € &. In other words, an element ¢ in A, which is almost a projection,
is close to a projection in A. [Hint: We need only consider the case where
£ < 1/2. Put b = (a+ a*)/2. Show that the spectrum of b is contained in
[—e,e] Ul —&,1+¢] if |b— ¥ < & — £, and put p = f(b) for a suitably
chosen continuous function f.] _

Show that for each £ > 0 there exists § > 0 with the following property.
If A is a C*-algebra, B is a sub-C*-algebra of A, and p is a projection in A
such that ||p - b]| € & for some b in B, then there is a projection ¢ in B with
lp—dall <e.

Exercise 2.8. Let ¢ > 0 be given. Show that there exists § > 0 with the
following property. If A is a unital C*-algebra and a is an element in A such
that |laa* — 14]] € § and ||a"a — 14]| < 4, then there is a unitary element u
in A with |la — u|| € . In other words, an element a in A, which is almost
unitary, is close to a unitary element in A. [Hint: Look at Proposition 2.1.8
and Paragraph 2.1.9.]

Show that for each £ > 0 there exists § > 0 with the following property.
If A is a unital C*-algebra, B is a sub-C*-algebra of A containing the unit of
A, and u is a unitary element in A such that ||u — b|| < é for some element b
in B, then there is a unitary element v in B with |Ju — v|| € &.

Exercise 2.9. Let Tr: M,(C) — C be the standard trace given by

Q] 2 - Qi
Q1 Cgz -+ Qg =
Tr . . i ; = Z ajj.
R : . : =
Qpl Qpa - Opp

Let p, ¢ be projections in M, (C). Show that the following are equivalent:
i) p~g
(i) Tr(p) = Tr{g),
(i) dim(p(C")) = dim(¢(C"))-
Use this to show that

D(C) ={0,1,2,...} =Z",
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when Z* is equipped with the usual addition.
Show finally that the implications

2 [13

“prug=pry g’ and prg=pond
hold for all projections p, ¢ in M,(C).

Exercise 2.10. Let p, ¢ be projections in B(H), where H is an infinite di-
mensional separable Hilbert space.

(i) Show that p ~ ¢ if and only if dim(p(H)) = dim(g(H)).

(ii) Show that p ~, ¢ if and only if
dim(p(H)) = dim(g(H)) and dim(p(H)*) = dim(¢(H)").
This result is in Example 3.3.3 used to show that
D(B(H)) = {0,1,2,...,00} = Z" U {00},

where addition on Z+ U {oo} is the usual addition on Z* and where co+n =
n+ co = oo for all n in Z* U {oo0}.

Exercise 2.11. Show that D(C@C) is isomorphic to the additive semigroup
AR YA

Exercise 2.12. Consider the short exact sequence

0—s Gy (R?) ~25 0 (D) —25 0(T) — 0,

where D = {z € C: |2| < 1}, where ¢ is the restriction mapping, and where
¢ is obtained by identifying D\ T with R?. (You may replace R? with D\ T
if you wish.) Let v in C(T) be given by v(z) = z forall zin T.

(i) Show that v is unitary.

(i) Show that v does not lift to a unitary in C(D), i.e., there is no unitary u
in C(D) such that ¢(u) = v. [Hint: Use Brouwer’s fixed point theorem
which says that each continuous function f: D — D has a fixed point.]

(ili) Conclude that v does not belong to Up(C(T)), and that there exist
unitaries vy, vz in C(T) such that v; ~p vp. Show that there is no
self-adjoint element h in C(T) for which v = exp(h).
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