CHAPTER 1

Metric Spaces

1. Definition and examples

Metric spaces generalize and clarify the notion of distance in the real line. The
definitions will provide us with a useful tool for more general applications of the

notion of distance:

DEFINITION 1.1. A metric space is given by a set X and a distance function d :
X X X — R such that
i) (Positivity) For all x,y € X

0 <d(z,y) .

ii) (Non-degenerated) For all z,y € X

0 =dz,y) & z=y.
iii) (Symmetry) For all x,y € X

d(z,y) = d(y,z)

iv) (Triangle inequality) For all z,y,z € X

d(z,y) < d(z,z)+d(z,y) .

Examples:

ii) X=R?>=RxR, z= (21,22), ¥y = (Y1, Y2)

di(z,y) = |v1 —y1| + |22 — Yol -

i) X =R z = (21,22), y = (11, %2)

N

do(z,y) = (lz1 — yi” + |22 — o)
iv) Let X = {p1,p2,p3} and

d(phpz) = d(p27p1) =1,

d(p17p3) = d(p?npl) = 2a
1
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d(p2,p3) = d(ps,p2) = 3.
Can you find a triangle (pq, p2, p3) in the plane with these distances?
v) Let X = {p1,ps, ps} and
d(p1,p2) = d(pa,p1) = 1,
d(p1,p3) = d(ps,p1) = 2,
d(p2.ps) = d(ps,p2) = 4.

Can you find a triangle (pq, p2, p3) in the plane with these distances?
vi) The French railway metric (Chicago suburb metric) on X = R? is defined
as follows: Let xy = (0,0) be the origin, then

(

dy(x,y) if there exists a t € R such that x; = ty;

and z9 = tyo
dsncer(z,y) = <

Kal2(yc, x9) + do(zo,y) else

Exercise: Show that the railroad metric satisfies the triangle inequality.

It is by no means trivial to show that d, satisfies the triangle inequality. In the

following we write 0 = (0, ...,0) for the origin in R".

LEMMA 1.2. Let x,y € R", then

‘ Z ziy| < (Z ’331‘2) (Z ’%"2)
i=1 i=1

i=1

LEMMA 1.3. On R"™ the metric

do(z,y) = (Z\iﬂz _yi|2>
=1

satisfies the triangle inequality.

CS
PROOF. Let x,y,z € R". Then we deduce from Lemma h_2

dz,y)* = > |wi—wl> = Y |(@i—2z)— (g — )
=1 =1

= Z (s — 2)* = 22(1’% —2i)(Yi — zi) + Z ly; — 2
i=1 1=1 1=1

< d(z,2)* + 2d(z,y)d(y, z) + d(y, z)
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= (d(z,2)+d(y,2))*.
Hence,
d(z,y) < d(z,z)+d(y,2)

and the assertion is proved. [ |

More examples:
(1) Let n be a prime number. On Z we define

dd,(z,y) = n~mextmeN:m divides x-y}

The n-adic metric satisfies a stronger triangle inequality
dd,(x,y) < max{dd,(z,z),dd,(z,y)} .

(2) Let 1 <p < oco. Then

-
i=1

defines a metric n R"”.
(3) For p =00
doo('ray) = 'I_IlaX |x2 - fl/z’

Ly

also defines a metric on R™.

Project 1: Let 1 < p,q < oo such that 1/p+1/q = 1. Show Minkowski’s inequality.

p q
(1.1) l’yS%er—

q
holds for all z,y > 0. Hint: the function f(z) = —Inz is convex on (0, c0).

PROOF OF THE TRIANGLE INEQUALITY FOR d,. The triangle inequality for p =
1 is obvious. We will fist show

1 1

n n P n q

(1.2) DI (va’) (leiq)
i=1 =1 =1

whenever 713 + % = 1. Let ¢t > 0. We first observe that

n n

Sl = Sl < S St 4 Lt
p q
=1

=1 i=1

< R
== lwlP+— lul"
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What is best choice of t? Make
Y el = Yl
i=1 i=1

i.e.

NgE

|y;|?
1

tp+q _ i

'M3

@
I
—

|2 [P

This yields

p

()™
|szyz| <th’l‘ |p - Z:—P2|xl|p

pa =1
5 il
n % n 17%
_ (zw) (z |xz-|p)
=1 =1

Now, we proof the triangle inequality. Let z = (x;), (y;) and z = (z;) in R%. Then

ink?2
we apply (i?ri

d d
dp(x,y)p=Z!xi—y¢|p < Z|xi_yilp_1<|xi_zi|+‘zi_yi’)

i=1 =1

d d
<Y =yl e =zl Y =yl e — il
i=1 =1

d i d v d 0
< (Z(m —yi|p_1)q> (Z|Zi —l’i|p> + <Z|Zi —yz"p>
=1 =1 =1

However, 1 = 1/p+ 1/q implies p — 1 = p/q and thus ¢(p — 1) = p. Hence we get
dyp(2,y)" < dy(a,y)" " (dy(7,2) + dp(2,9)) -

If z # y we may divide and deduce the assertion. [ |
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2. Closed and Compact Sets

Let (X, d) be a metric space. We will say that a subset A C X is closed if X \ A is

open.

PROPOSITION 2.1. Let (X,d) be a complete metric space and C C X a subset. C

1s closed iff every Cauchy sequence in C converges to an element in C.

Proof: Let us assume C'is closed and that (z,,) is a Cauchy sequence with elements

in C. Let x = lim, x, be te limit and assume z ¢ C. Since X \ C' is open
B(z,e) Cc X\ C

for some € > 0. Then there exists an ng such that d(x,,z) < € for n > ng. In

particular,
Tno+1 S B([E, 8)

and thus z,,+1 ¢ C, a contradiction.

Now, we assume that every Cauchy sequence with values in C' converges to an
element in C. If X \ C is not open, then there exists an = ¢ C' and no € > 0 such
that

B(z,e) Cc X\ C.
L.e. for every n € N, we can find z,, € C such that
1
d n) < —.
(5,0) < -
Hence, limz,, = z € C but « ¢ C, contradiction. [ ]

The most important notion in this class is the notion of compact sets. We will say

that a subset C' C X is compact if For every collection (O;) of open sets such that

CclJoi = {xeX|Ticze0}

There exists n € N and 44, ..., 7,, such that

CCO,U---UO

In other words

Every open cover of C' has a finite subcover .
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DEFINITION 2.2. Let X C |JO; be an open cover. Then we say that (V;) is an open

subcover if
xclJy
J
all the V; are open and for every j there exists an i such that

V; CO;.

It is impossible to explain the importance of ‘compactness’ right away. But we can
say that there would be no discipline ‘Analysis’ without compactness. The most

clarifying idea is contained in the following example.
PROPOSITION 2.3. The set [0,1] C R is compact.

Proof: Let [0,1] C |J; O;. For every x € [0, 1] there exists an ¢ € I such that
x € O;.

Since O; is open, we can find € > 0 such that

xr € B(x,e) CO;.
Using the axiom of choice, we fine a function €, and i, such that

xr € B(z,e,) CO,, .

Let us define the relation x < y if x < y and

y—r < eptey,.
The crucial point here is to define

SZ{IL'E[O,l]lHQTl,...,xn: jxljj$nj{lf}

DN | —

We claim a) supS € S and b) sup S = 1.
Ad a): Let y =sup S € [0,1]. Then there exists an = € S with

y—eg,<xr<y.

Then obviously x < y. Since x € S, we can find
%jxlj---jxnjwjy-

Thus y € S.

Ad b): Assume y =supS < 1. Let 0 < = min(e,, 1 —y). Then

y+5_y = 5 S €y+5y+5'
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By a), we find
S22, Ry=y+o

and thus y 4+ 0 € S. Contradiction to the definition of the supremum.

Assertion a) and b) are proved.

Therefore we conclude 1 € S and thus find x4, ..., z,, such that

%jxlj---jxnjl.

Let z¢ = % and x, .1 = 1, then by definition of <, we have

[, 2j41] C B(xj;€a,) U B(xj41,0,1,) C Oi%‘ Vo

bt

for j = 0,..,n. Thus, we deduce

n n+1
1
5,1 ¢ Ul 2] < J 0., -
=0 j=0
Doing the same trick with [0, 3], we find
m+1 n+1

[0, 1] C U Oiz/‘ U U Oix]-
=0 7 j=0

and we have found our finite subcover.

PROPOSITION 2.4. Let B C X be closed set and C' C X be a compact set, then
BNnC

18 compact

Proof: Let BN C C |JO; be an open cover. then

Cc(x\BulJo

is an open cover for C, hence we can find a finite subcover
CCc(X\B)UO;, U---UO;, .

Thus
BNnC CcO;;U---UO

in

is a finite subcover.
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LEMMA 2.5. Let (X,d) be a metric space and D C X be a countable dense set in

X, then for every subset C C X and every open cover
ccljo

we can find a countable subcover of balls.

Proof: Let us enumerate D as D = {d,|n € N}. Let € C and find i € I and
€ > 0 such that

xr € B(x,e) CO;.
Let £ > g By density, we can find an n € N such that

1
dz.d) < — .
(@, dn) < 5

Then

1 1
B — Bz, — B -
x € B(dp, 21{;) C Bz, k) C B(z,e) C O

Let us define

1

Then M C N? is countable and hence there exists a map ¢ : N — M which is

surjective (=onto). Hence for V,,, = B(dg,(m), m), ¢1, ¢2 the 2 components of
¢ we have

cclJva
and (V},) is a countable subcover of balls of the original cover (O;). |

THEOREM 2.6. Let (X,d) be a metric space and D subset X be countable dense
subset. Let C' C X be a subset. Then the following are equivalent

i) a) Every Cauchy sequence of elements in C' converges to a limit in C.

b) For every € > 0 there exists points 1, ..., x, € X such that
C C B(z1,e)U---U B(z,¢) .

ii) Every sequence in C' has a convergent subsequence.

iii) C' is compact.

Proof: i) = ii). Let (z,) be a sequence. Inductively, we will construct infinite

subset A1 D Ay D Asz--- and y1, ¥s, ¥3,... in X such that

vleAj : d(xl,yj) <2771
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Put Ag = N. Let us assume A; D Ay D --- A, and v, ..., y, have been constructed.
We put ¢ = 2772 and apply condition 7)b) to find zy, ..., z,, such that

C C B(z,e)U---UB(zm,¢) .
We claim that there must be a 1 < k < m such that
An(k) = {l € A, |z, € Bz, )}
has infinitely many elements. Indeed, we have
A,(H)U---UA,(m) = A, .

If they were all finite, then a finite union of finite sets would have finitely many
elements. However A, is infinite. Contradiction! Thus, we can find a k with A, (k)
infinite and put A,+1 = A, (k) and y,,+1 = 2x. So the inductive procedure is finished.
Now, we can find an increasing sequence (n;) such that n; € A; and deduce
1 . 1 . P

A2, Tn,,,) < (@, y;) + d(y), Tn,,,) < 52 I+ 52 b =27
because n; € Aj and nj;, € Aj; C Aj. Thus (z,;) is Cauchy. Indeed, be induction,
we deduce for j < m that

d(Inj ) xnm> < d(mn] ) xﬂj«}»l) + d(l‘njﬂ ) xnj+2) T d(wnmfl7mn7n)
m—1
< 27y 27F =2l
k=0

This easily implies the Cauchy sequence condition. By a) it converges to some
x € C'. We got our convergent subsequence.

i1) = iii): By Lemma 5.%, we can assume that
cclJox
k
and Oy’s open. If we can find an n such that

CCcOU---Uo,

the assertion is proved. Assume that is not the case and choose for every n € N
an r, € C'\ Oy U---UQO,. According to the assumption, we have a convergent
subsequence, i.e. limyx, = x € C. Then x € O,, for some n, and there exists a
€ > 0 such that

B(z,e) C Oy, .
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By convergence, we find a ky such that d(z,x,,) < € for all & > ky. In particular,
we find a k > kg such that n;, > ng. Thus

Ty, € B(x,6) € Opy CO1U---UO,, .

Contradicting the choice of the (z,)’s. We are done.
iii) = 1)b) Let € > 0 and then

¢ c|JBl.e).

zeC

thus a finite subcover yields b).
iii) = i)a) Let (x,) be a Cauchy sequence. Assume it is not converging to some

element z € C'. This means
(2.1) Vo € C3e(x) > 0Vnoan > ng d(z,,z) > €.

Then
CcC U B(z, ?) :

Let
(1)

e(y1)
5 )

be a finite subcover (compactness). Then there exists at least one 1 < k < m such
that

C C B(yl;

)U---UB(yl,

Ay = {n e NJ|d(x,,yr) < @}

is infinite. Fix that k and apply the Cauchy criterion to find ng such that

d(zp, ) < 6(2Lk)

CCCC
for all n,n’ > ngy. By (hl ), we can find an n > ng such that

d(zn, yx) > €(Yx) -

Since A is infinite, we can find an n’ > ng in A, thus

elye) < dlxw,yp) < d(@n, ww) + d(@w, yr)

<
2 2

A contradiction. Thus the Cauchy sequence has to converge to some point in C. H

COROLLARY 2.7. Every intervall [a,b] C R with a < b € R is compact
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closed

Proof: It is easy to see that X \ [a,b] is open. Hence, by Proposition 2.1 [a, b] is

complete, i.e. i)a) is satisfied. Given e > 0, we can find k > 1. For m > k(b—a) we

derive
J
b B = e).
[a, b] Con (a+2¢)
Thus the Theorem E?Glnapplies. [ |
LEMMA 2.8. Let r > 0 and n € N, the set C,. = [—r,r]|"™ is compact.

Proof: Let x ¢ C,, then there exists an index j € {1,..,n} such that |z;| > r. Let
e = |z;| —r and y € R" such that

max |z; —y| <e€,

=1,..,
then
il = lyj —x + a5 = oyl =y — 5] > |og] —e = 7.
. . . rncom
thus y ¢ C,.. Hence, C, is closed and according to Proposition 77 we deduce that
C, is complete.
For n =1 and € > 0, we have seen above that for k > % and m > %’"

m

=rrlc UB(r+ %,5) .
7=0
Therefore ‘ _
J1 JIn
- " C BOO - Ty T 7. ) .
[—r, 7] | uo (( Tt T+k)€)
J1y--Jn=U,...Mm ain

Thus i)a) and i)b) are satisfies and the Theorem B% implies the assertion (The
separable dense subset is Q™.) [ ]

THEOREM 2.9. Let C' C R" be a subset. The following are equivalent

1) C is compact.

2) C 1is closed and there exists an v such that
C C B(0,R) .
(That is C' is bounded.)
Proof: 2) = 1) Let
C CB(0,R) C [-R,R]"
b
be a closed set. Since [—R, R]™ is compact, we deduce from Proposition }‘ZS%IZI That C

is compact as well.
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ain
1) = 2) Let C subset R™ be a compact set. According to Theorem E.B 1)b), we find
C C B(xy, ) U---UB(zp,1)
thus for r = max;—y,_,,(d(z;,0) + 1) we have
C c B(0,r).
i 1 d
Moreover, by Theorem E?BH})a) and Proposition E. 3 ,S(xe?ve deduce that C'is closed. ®
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Proof: ii) : Let x € X and 0 < ¢ < 1, then there exists a £; > 0 such that
3

dz,y) <e;r = d(f(z), fly) < 30+ 9@ <1,
and g, > 0 such that
dz,y) <g, = dlg(x),g(y) < m <1

Let y € X such that d(y,z) < min{es,e,,1} = 6. Then we deduce form ¢ < 1

[fo(z) — fa(y)l < [f(@)llg(x) —g(y)| + |f(z)g(y) — f(v)g(y)]
< |f@)llg(x) = g)| + [ f(z) = fFllg@)| + | f(z) = f)llg(x) — g(y)]

€—|—€+62 < €
3 3 9 ’

A\



