Practice problems for the final

(1) In the following problem you use D = C[0,1] and X = L;[0, 1] the completion

of D with respect to the metric

1
di(f,g9) = [ |f —gldt.
/

Show that the function v : D — R given by

u(f) = / F(t)dt

has a unique extension on X. Let g € C[0, 1] such that
sup lg(s)] <a <1

Is there a fixpoint f in D for T'(f)(s) = g(s)f(s)? What happens if we use
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(Then T'(D) C Ly.)
Solution: We only have to show that u is uniformly continuous. For this it suffice
to show that u is Lipschitz. Indeed,

|u(f) —u(h)] = !/O [f(t) = h(D)]dt] < /O [f(t) = h(B)]dt = di(f,h).

Thus the unique extension principle yields the claim. Not we consider T': D — D

defined by T'(f) = fg. Note that

d(T(f), T(h)) < / GO () — h(B)]dt < suplg(t)ldu(f,h) < ady(f.h) .

Thus T is Lipschitz with constant < «. In particular, 7" admits an extension 7' :
Ly — L which is also Lipschitz with constant < «. By he contraction principle

there exists a unique fixpoint f for 7. This means

or equivalently f(¢)(1 —g(t)) = 0. Thus f(¢) = 0 is the only fixpoint-how boring.
The argument in the second case is similar, we find f € Ly such that T'(f) = f but
the fixpoint is unique and f(t) = 0 is a solution. So this is the only solution.
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(2) Consider the matrix

o O O =
o O = =
O = =
— = = =

Calculate e*4 and solve the system of equations

S = O =

Determine the JNF without finding a basis.
Solution: If we consider (A — 1) then it is east to see that dimker(4A — 1) = 1,
dimker(A —1)? = 2, dimker(A4 — 1)3 = 3 is dimker(A — 1)* = 4. Thus we have one

Jordan block of size 4. We consider

01 11
0011
B=(A-1) =
0001
0000
001 2 0001
0001 0000
Then B? = and and B3 = . This yields
0000 0000
0000 0000
ok 2 3
zA _ _x z"B Lt I‘_ 2 I_ 3
e —e(Z k!>—e(zd+xB+QB +3!B.
k=0
This means
x? 2 x
L o o+%5 o+2°+ %
0 1 o
e:rA:ex z .1'—|—2
0 0 1 x
00 0 1

For the system, we have ¢(t) = e*y(0)-Plug it in.

(3) In this problem we want to solve the differential equation

82
(0.1) axatF(:c,t) = F(x,t) , F(0,t)= f(t)
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for some continuous function f on [0, 1]. Recall that for any Banach space X and a

continuous linear map 1T : X — X. The solution to

() = T(y(x)) y(0) =yo

is given by y(z) = e yy. (We have used that for matrices). The trick here is to

_ jf(s)ds

(1) Show that g = T'(f) if and only if g(0) = 0 and ¢'(t) = f(¢).
(2) Show that T": C[0,1] — C0, 1] is continuous.
(3) Let f € C[0,1]. Let n € N. Differentiate the function

wit) = [ =97 bg)ds

introduce

(n—1)!
(4) Show that T"(f) = g if and only if ¢/ = f and
9(0) = g'(0) = -~ = g"Y(0) = 0.

(5) Show that

Flat) = f(t)+Z% tn__sl F(s)ds

d
is a solution of (B_lg) (Hint F is a such a solution iff £ F(z,t) = fot F(z,s)ds
and we have just found a solution to that, isn’t it.)

Solution: a) is just the fundamental theorem of calculus. b) We have

|T(HII = Sgp!/o f(s)ds| < Sgptsgplf(S)! < sgp\f(b‘)\-

This means ||T'|| < 1. (T is Lipschitz with constant 1.) c) is an application

of the chain rule (we assume n > 1)

G(t,r) = /0 %f{s)ds

tr P
% = 0 and % ( @ )2), f(s)ds. Now, we use

gn(t) = G(L,1)



and deduce the assertion. d) That is induction and we note from ¢) that g,

satisfies the requirements, thus 7"(f) = g,. ¢) We known that

y(z) = " (yo)

is the unique solution to

We put yo = f € C[0, 1] and deduce that

y(z) = e (/)

is a solution. We define F(z,t) = e (f)(t). Since point evaluation is

continuous we deduce

P t
%F(x,t) = T(F(z,t) = /o F(x,s)ds .

We differentiate another time with respect to t and get
82
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F(z,t) = F(x,t)ds .
There you go.
(4) Consider Y = {5 and F' : {5 X {5 — {5 given by

F((@), (4n)) = tn — 2200 — ni |

We consider the couple (z°,3°) = ((%), (0)).
(1) Calculate Dy F' and Do F'. It is easy to see that these maps are continuous
(try).
(2) Show that every linear map L : {o — {5 given by L(h,) = (a,h,) such

that C' = sup,, |a,|™! is finite satisfies
L7 < C.

(3) Show that DoF(2°,4°) is invertible.
(4) Show that there exists a § > 0 and function f : B(2°,§) — ¢5 such that

F(z, f(z)) =0
for all z € B(2,6). Calculate

f'(a%) € L(ts) .



Solution: We consider
F((@n+ n), U+ kn)) = F(@n,yn)n = kn = (@0 + 7o) (Yo + En) + 2340
=k — [(22 4+ 12 + 22,h,) (Yo + kn)] + 229,
= kn — [(@hyn + hiyn + 220ynhn) + (@5kn + hokn 4 220k k)] + 22y,
= ky — 220Ynhy — 22k, — (h2y, + B2k, + 22,0k,

Note that
2l < suplyal(37 Il < suplyal (3 )
Similarly,
[abali)lla < sup laal (3 k)5 < sup I3 [ )2(3 [ 1172

n n n

< sup [p ]| () |2 (Kn) |2

()5 + 11 () 113
: .

This is fine, too. The last term is similar. Thus F' is differentiable and

DiF((20)(yn)) (hn) = (=22nynhin)n

< sup |z, H
n

and
Do F((20)(yn)) (kn) = ((1— xi)kn)n .

is obvious the inverse map is given ) = (a_"h,) an
(2) is obvi he i is given by L(h,) = (a,'h,) and

(@ hn)ll2 < sup fag ]| (hn)l2 -

For (3) we note that a, =1 — % is bounded away from 0. Finally (4) is easy

@) () = (a3 (—20h,)) = 0.

n2

Thus f(2°) = 0.



