1. The implicit and inverse function theorem

In the inverse function theorem we want to solve the equation
(1.1) Fla,y) = 2

for a function F' : B(xg,0) x B(yo,n) — Z such that F(zo,y9) = 2. The proof
will show that a unique solutions exists (under suitable assumptions) but only in
a small neighborhood of (zg,yy). Global solutions may not exists for geometrical
reasons. For convenience we shall assume z = 0. The whole point of the proof is in
transforming (HEF% in fixpoint problem.

REMARK 1.1. Let F': B(xg,9) X B(yo,n) — Z be differentiable at (xo,y0). Then the
linear map F' : X XY — Z has two components F' = (D1 F(xo,y0), DaF (z0,Y0))
such that
| F(z,y) — F(z0,y0) — D1 F(z0,0)(x — 20) + D2 F' (0, %0)(y — %0)||
lle—zol1+[ly—yol|—0 |z — 2ol + |ly — yoll
=0.

In the following we will assume that Ly = DoF' (0, y0) — Z is a continuous linear
map with continuous inverse Ly' : Z — Y. (For finite dimension this means some
matrix has full rank). Then, we deduce that 0 = F(x,y) holds iff

0 = Ly'F(z,y)
ift
y=y— Ly Flz,y).
Thus we are looking for a function y = f(z) which is the fixpoint for G(z,y).

LEMMA 1.2. Let Y be a Banach space, D C X and C CY be a closed bounded,
non-empty set. Let G : D x C'— C be a function such that

1G(z,y) = Gz, y)|| < ally—y|
holds for some a < 1. Then there exists a continuous function f: D — C' such that
Gz, f(z)) = f(z)

holds for all x € D.



PROOF. We apply the contraction principle for Z = C'(D,Y’) and the complete
metric space B = {f: D — C } C Z with the distance

d(f,g) = sup||f(z) —g(=)] .

zeD

Then, we define
T(f)(z) = Gz, f(z)) .
Note that

d(T(f),T(g)) = sup|G(x, f()) = G2, g(@)|| < asup|f(x)=g(z)] = ad(fg).

Thus the contraction principle yields a unique continuous f € B such that T'(f) =

f. n

COROLLARY 1.3. Let Y be a Banach space X be a normed space, C C X with
Yo € D. Let g € C such that DoF is continuous and Lo = Dy F (g, yo) is invertible.
Let a > 0. Then there exits an > 0 and v > 0 such that G(z,y) =y — Ly ' F(x,y)

satisfies
|G (z,y1) = Gz, p) || < aflyr — v2l

for all |x — xo|| <, [lyr — woll < and ||y — y2|| < .

ProoOF. We use the fundamental theorem and get
1
|G (2, y1) — Gz, )| = | / DyG(z,y2 +t(y1 — y2) (1 — y2)dt||
0

< / 1DsG 2, 4 + £ — 92) (1 — )|t

< sup |[DoG(z,y2 +t(yr — v)lllly — w2l -
y=y2+t(y1—y2)

Now, we calculate the derivative of G and find
DQG = Id— LalDF2<£L',y) = Lal(DgF(x'O,yo) — FQ(QZ’,y)) .

By continuity we find ~, n such that ||z — zo|| < v and ||y — yo|| < n implies

(%

| DaF' (20, 90) — DoF'(2,y)|| £ —— -
Lo |

This yields the Lipschitz estimate. However, we also have to check that for C' = =
{y : lly—wo| < n} wehave G : D xC — C for a suitable D = B(x¢,7’). Indeed, we
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may find 0 < 7/ < 7 such that ||x—z|| <+ implies [|G(z, yo) —G(x0, v0)|| < n(1—a).
Then we deduce from ||y — yo|| < 1 that

|G (z,y) = yoll < [|G(z,y) — G(z,90)|| + |G (x,y0) — G(x0, o)l
<aly—wl +(1—-ayy < 7.

For later use note that G : D x B(yo,n) C B(Yo,7). |

Thus assuming continuity of Do F' and Do F' (9, yo) we can find a continuous function
f: B(zo,7) — B(yo,n) such that

f(x) = Gz, f(x))
and hence
0 = F(z, f(z)) .
If we can show that f is also differentiable we deduce from the chain rule
0 = DiF(z, f(x)) + D2F(x, f(x)) ()
This yields
(1.2) fl(x) = —(DoF(x, f())) DiF(, f(2)) .
The next Lemma ensures invertibility of Do F(x, f(z)).

LEMMA 1.4. Let Y be Banach space. The set of (left) invertible map in L(Y, Z) is

open.

PROOF. Let Ly be invertible and assume

«

1L = Loll < 77—
[ Zoll

We consider T'= Ly 'L and the series
R=)>) 1"
which satisfies >, [T < 3, " = = Then we get
R1-T)=> T"=->T"=T" = Id.

n>0

This yields R = (1 —T)"' and RL;'L = 1. |
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dori
The proof of (l?Zrli Vgoes backwords (meaning we have a candidate for f’ and have to

show it works). This is a little tricky. We will use an extra assumption
F is differenentiable in neighborhood of (zg, o) .

We may now assume that v and 7 are chosen such we end up in this neighborhood
and that DyF(x1, ;) is invertible whenever ||z; — xo|| < v and |ly1 — yo|| < 1. Let
us now fix y; = f(1) with this property. Let € be the error function such that
el
le=z1l+ly=yll |z — 21|l + ly — w1

and for K = D1F(x1,y;) and L = DyF(x1,y;) we have

Flz,y) = Flr,y)+K(@—z)+Lly—y)+e(r,y) = K(z—)+Ly—y)+e(z,y) .
For y = f(x) we deduce an additional formula for f(x)
(1.3) 0= LY0) = LT'K(x —21) + f(z) — f(z1) + L e(z, f(2)) .
Since f is continuous, we may choose p > 0 such that || — z1]| < p implies
le(z, fDIl < QILTHDT (e — 2l + 11£ (@) = f@)l]) -

Combining this two estimates we obtain

1f (@) = fl)l < IZTHIE e = @l + (127 lle(z, f())]

< NL I e = 2]+ Gl — 2l + 517) — F)
This yields (this is the ingenious trick)
1f (@) = f)ll < QILTHIEN + Dz — 2]

for .
Now, we use (T.3) again and get

f@) = fl@) + LT K (2 — 1) = =L 'e(w, f(2))

and
iy = Le(@ f@))]
le—a:1[—0 |2 — 24]]
_ |z — o]l + [|f (@) = flz)ll || = L7 "e(z, f(2))]]
le—1]]—0 |2 — 4] |2 — x| + [ f(z) = fz1)]]
le(z, )]l

< QLYK+ DL
< CHLTIEN+ DI i Te =2l = Ty =l

=0.
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THEOREM 1.5. (Implicit function theorem) Let F : B(xg,0¢) X B(yo,01) — Z such
that F is differentiable, DoF is continuously differentiable and DoF(xo,y0) has an
wnverse. Then there exists v > 0 and n > 0 such that

Flz,y) = F(xo, o)

has a unique solution y = f(z) in B(xo,v) x B(yo,n). Moreover,

(14) A f2)) + If(2) =oll <np = {(z,9) + llw—zoll <0 [ly — ol <}

This unique solution is continuously differentiable and satisfies
f'(x) = =DyF(x, f(x))"' D F(x, f(x)) .

COROLLARY 1.6. Let X, Y be Banach spaces, Q0 C'Y open and f : Q) — X contin-
uwously differentiable. In addition, assume that f'(yo) : Y — X is invertible. Then
three exists an open neighborhood W of yo and such that f(W) is an open neighbor-
hood of f(yo) and a differentiable function g : f(V) — V such that gf(y) =y for
ally eV and

g (o)) = (f'(wo)™".

PROOF. We consider F(z,y) = —z + f(y). Then DyF = f" and invertible by
assumption. We find a function g such that
0 = F(z,g(x)) = —x+ fg(x))
e
defined an a small neighborhood B(y,0) of o = f(yo). We deduce from (h’qzi') that

{(z.g(x)) : |lz— ol <0,llg(x) —yoll <n}
= {(x7y) T = f(y)7 ||l‘ - xOH < 57 Hy - yOH < 77} :
This implies that
W = fﬁl(B(xOJ 6)) N B(yo; 77) = g(B(‘T07 5)) N B(y07?7)
is an open subset of B(yo,n). Moreover, we have
J) = —f' W 'DiF = fiy).
Note that f(g(z)) = x implies that g is injective on B(xg,d). Then the restriction

of f to W = g(V) is also injective. We also have V = f(W) = g~ *(B(yo,n)) is open
neighborhood of xy and g : V' — W is bijective with inverse f. [ |



