CHAPTER 1

Topological vector spaces

1. Vector spaces

In the following F' is a field.

DEFINITION 1.1. A wector space V' over F is given by a commutative group (V,+,0)
and a map m : F'xV — V such that

m\x+y) = m(\x)+m(\y).

DEFINITION 1.2. Let V' be a wvector space. A system S C V is said to be linear
independent, if for every finite family (A\s) of scalars

Z)\SS =0

seS
implies As = 0 for all s € S.
ExamMpLE 1.3. C0,1] is a vector space. The polynomials {pr : k > 0} are inde-
pendent (p(t) = t*).
EXAMPLE 1.4. The space F(R) = R is a vector space over R.

EXAMPLE 1.5. Let I be an index set. Then F' = {f : 1 — F : ffunction} is a

vector space over F.
EXAMPLE 1.6. R is a vector space over Q.

DEFINITION 1.7. A subspace W of V is a subset W C V such that x,y € W and
A € F implies
r+AyeWw.

EXAMPLE 1.8. Let I be an index set. Consider F(I) C F defined by

F(I) = {f: 1= F : g finitelt ¢ S = f(i) = 0)} .
F(I) is called the free vector space over I.

PROPOSITION 1.9. Let W C V be a subspace. Define x ~ vy by x —y € W. Then

~ is an equivalence relation and V/ ~ is a vector space. This space is denoted by

V/W.
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ProOOF. Obviously, ~ is an equivalence relation. We define the operations
[z] + Aly] = [+ Xy] .

lfex—2'eWandy—y € W, then z — 2’ + ANy —y') € W. Thus V/ ~ is a vector

space. |

DEFINITION 1.10. Let V' and W be vector spaces. The direct sum V @& W is the

vector space V- x W with the operation
(z,y) + A", y) = (z+ Ay + Ny) .
DEFINITION 1.11. 1) Let S C V. Then the span of S is defined as

span(S) = {Z Ass © A € F, S C S finite} .
ses’

2) B CV is called a basis if B is linear independent and span(B) = V.

THEOREM 1.12. Every vector space has a basis.

ProoOF. Consider the collection L of linear independent subsets of V. We say
that S; < Sy of S; C Sy. Let (S;)ier be a chain, i.e. for every i and j € I there
exists & € I such that S; C S and S; C S,. We claim that S = bigcup;S; is linear
independent. For let (As)ses be finite family such that

Z)\ss =0.

For every s € S” we find i(s) such that s € Sj(,). Since S’ is finite we may find k € I
such that S;) C S for all s € S'. Hence, {s : S’} C Sj. By linear independence,
we deduce A\, = 0 for all s € S’. By Zorn’s Lemma, we find a maximal element B
in L. This means for no z € V- BU{z} € L. We claim that V = span(B). Let us
show that = ¢ span(B) implies that B U {z} is linear independent. Indeed, let A,
and (As)ses, S C B finite such that

A+ Aes = 0.

If A\, =0, we deduce 0 = Y A,s and hence A\; =0 for all s € S. If A\, # 0 we find
T = Z—)\s/)\xs.

Since z ¢ span(B) we deduce A\, = 0 and the assertion follows. |
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ExampLE 1.13. {1, \/5} 15 linear independent over Q. Let B be a basis for R over

Q. Then we find an injective map
*:R—- |J @
s'cB finite

Since Q%" is countable and for an infinite B set the collection of all finite subsets of

B has the same cardinality as B, we deduce that B has the same cardinality as R.

2. Linear transformations

DEFINITION 2.1. Let V' and W wvector spaces over F. A map T : V — W 1is called
linear, if

T(z+ \y) = T(z) + AT(y)
holds for all x,y € V. A linear map T is called an isomorphism if T is bijective.

REMARK 2.2. 1) If T(V) is a subspace of W.
2)If T :V — W is bijective, then T is linear.
3)IfT:V —WandS: W — Z are linear maps, then the composition ST : V — Z

18 linear.

EXAMPLE 2.3. Let ¢ : [ — J be a map. Then
Ty F(J) = F(I),T(f) = fo¢

is a linear map. If ¢ is bijective, then T, is an isomorphism.

THEOREM 2.4. Every vector space is isomorphic to a free vector space.

PROOF. Let B be a basis. We define T': F'(B) — V by
T(f) = [
beB

Note that T'(f) is well-defined because only finitely many coordinates are non-zero.

It is easily checked that T is an isomorphism. [ |

PROPOSITION 2.5. Let V' be a vector space and W be a subspace. Then V' isomorphic
to Wea V/W.

PROOF. Let B be a basis of V/W. Let f : B — V such that f(b) € b holds for
all b € B. Let us show that {f(b) : b € B} is linearly independent. Indeed, if we

assume

0 =) Af(b)
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then 0 = [0] = >, M[f(b)] = >, \wb. Hence ay, = 0. Therefore, we may define

Ty : V/W — V by
0> Mb) = D Nf(b).
b b
Then we define T: W & V/W — V by
T(w,z) = w+ Th(x).

Obviously, T is linear. Let us show that T is injective. This is to show T'(w,z) =0
implies w = 0 and z = 0. Let x = >, \yf(b). 0 = T(w,z) implies Ty(x) € W.

Hence
0= > MO =D b =z,

Thus z = 0, T3(z) = 0 and w = 0. Let y € V. We write [y] = >, \yb. Then we

have

=Y NfO)] = [y =D MO = ] -> b =0.

b
Thus y ~ >, A f(b). We get

T(y—> Mfb),ly) = y.
b
Hence T' is bijective. u

DEFINITION 2.6. Let T : V — W. We define the kernel
ker(T) ={zx €V : T'(x) =0}

and rg(V) = T(V) the range.
PROPOSITION 2.7. Let V. — W be a linear map and q : V' — V ker(T') be the quotient

map q(z) = [x]. There exists a unique injective linear map T : V/ker(T) — W such
that qT =T.

PROOF. We have to show that T([z]) = T(x) is well-defined. However z — 2’ €
ker(T) implies T'(z) — T(z') = T(x —2') = 0. Now, we assume T([z1]) = T([z3]).
Then T'(z1) = T'(x2). This implies T'(z1 — z2) = 0. In particular, z; ~ z,. |

DEFINITION 2.8. We define dim(V') to be the smallest cardinal number given by a

basis. It is easy to show that

dim(Ve W) = dim(V) + dim(W) .
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COROLLARY 2.9. Let T : V — W. Then
dim(ker(7")) + dim(rg(7")) = dim(V).
PROOF. Since T : V/ker(T) — rg(T) is an isomorphism, we see that
V = ker(T) & V/ker(T) 2 ker(T) ® rg(T) .

The formula for the dimensions follows. [ ]

COROLLARY 2.10. Let V' be a finite dimensional vector space andT : V — V. Then
T is injective if and only if T is surjective.

PRrROOF. T is injective iff dim(ker(7")) = 0 iff dim(rg(7")) = n. |
COROLLARY 2.11. Let Wy and W5 be finite dimensional subspaces of a vector space
V. Then

dim(Wy) + dim(Ws) = dim(W; + Wy) + dim(W; N W) .

Proor. W.l.o.g. we may assume V = W; + Ws. Let us first assume that
Wy N Wy = {0}. Then the map ¢ : Wy — V/W; is bijective and hence

(2.1)  dim(W, + W) = dim(V/W;) + dim(W,) = dim(Ws) + dim (W) .

Now, we consider the general case. Since W7 N W, is a subspace of V', Wy and W,

we have
dim(W; + Wa) = dim(W; + Wy /Wi N W) + dim (W, N Wa)
dim(Wy) = dim(W, /Wy N Wa) + dim(W, N Ws)
dim(W3) = dim(Wy /W7 N Wa) + dim(W; N W) .
The assertion follows from
dim(Wy + Wy /Wy N Ws) = dim(Wy /Wi N Wa) + dim (W /Wy N Ws)
which is particular of our preliminary observation because Wy /Wi NWy N Wy /WiN

WQ = {O} [ |

DEFINITION 2.12. Let B be a basis for V and S C V. Then we find scalars Ny

such that
s =Y Aub.

beB
The matriz mg g = [Asplsespen s called transition matriz.
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LEMMA 2.13. Let B and S be a basis for V with transition matrices mp.s and mgp.
Then

id = mgpmps and id = mpgmgp .

PRrROOF. Let b € B. Then we have

b = Z/Lb,ss = Zﬂb,s Z /\s,b’b,

seS seS b'eB
= Z(Z ,Ub’,s)\s,b>b/ + (Z ,Ub,s)\s,bﬂ)
b'#b s s

By linear independence, we get

E My sAsp = Oy -
S

This shows mg pmp s = id. Starting with elements in s yields the first assertion. M

Let T': V — W be a linear map and C' a basis for V and B be a basis for W. We

may write

T(c) = > Aeab.

beB

Then mf p = [My] is the matrix associated to T (with respect to C' and B).

LEMMA 2.14. Let B and S be a matrixz for V and C, D be a basis for W. Then

T T
Mmp,s = Mp,cMgcpMB,s -

PRrROOF. Assume D = C first. Then

T(e) = ) Acb = D Aep D fnss

beB beB s€S
This yields

mgs = mgmeB%q.
The equation

mg,B = mD,CmgB

is proved similarly. [ ]

COROLLARY 2.15. Let T : V — V a linear map. Let B and S be a basis. Then

T _ T 1.7
Mgg = Mg,BMp gMB,s = MpgMp RMB,S -
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3. Determinant and adjacent matrix

We recall that on the space of n x n matrices over F' the determinant is given by

n

det(A) = > (=)™ ] aire) -

TESn i=1
Here S, is the space of all permutation of the set {1,...,n} and
I(m) = #{i<j : =) >7(j)}

is the number of inversions. It is easily checked that det is multi-linear, antisym-
metric and satisfies det(/) = 1. Using the Gauss-elimination method one can then
show that det(A) # 0 if and only if A is invertible. We will use a different approach.

DEFINITION 3.1. Given a matriv A = (a;;) we denote by B;; the matriz obtained by
deleting the i and j-th column. We define

bij = (=1)™ det(X};)

Then B = adj(A) is called the adjacent matriz to A
LEMMA 3.2. Aadj(A) = det(A)I.

PRrOOF. Consider C' = Aadj(A). Then we deduce from the well-known deter-

minant expansion

For i # k we get

e = Y ay(—1)" det(Xyy) = det(Ay)

i=1

Here A repeats the i-th column in the k-column. Thus det(A;) = 0 by anti-
symmetry. |

COROLLARY 3.3. If det(A) # 0, then A™' = det(A) ' adj(A).

LEMMA 3.4. Let F' be R or C and A; be m x m matrices such that

iAk)\’“ =0
k=0

forall N € F. Then A=A, =---=A,=0.
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PROOF. Proof by induction n = 0. By assumption 4, = 0.
n+1
We assume the assertion is true n. Let > AgA, = 0. Inserting A = 0 we get Ag =0
k=0
and hence

A ANy = 0.
k=0
This for A # 0 we must have
Z Ak_}rlAk = 0
k=0

By continuity this also holds for A = 0 and the induction hypothesis implies A; =
Ay =---=A4,.1=0. [ |

For a polynomial p(\) = > apAF and a matrix A we define
k=0

p(A) = ZakAk.
k=0
THEOREM 3.5. Let A be an m X m matriz and
pa(A) = det(A — A)
the characteristic polynomial. Then
Proor. We know that
(A — A)adj(Al — A) = det(M — AT = pa(M)I .
We write )
adj(Al — A) = > Bp\F
k=0
Let us write .
pa(A) = Zak)\k.
k=0

Here a,, = 1. This gives
> @M =pa(N)I = (A — A)adj(\ — A)
k=0

n—1

= (M —A)) B\

k=0

= —ABy+ Y (Bi_1 — ABp)AF

k=1
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Comparing coefficients we get B,_1 = I, —ABy = a¢ and
By_1—ABy = ail
for k =1,....,n — 2. Multiplying with A¥*~! we deduce

14k13k_1 —-/4k+113k = ak/4k.

Therefore
n n—1
> At = A" — ABy+ Y (A'Bi — AFBy) = AN — A" = 0. -
k=0 k=0

DEFINITION 3.6. Let us consider the ideal
Iy = {peC[X] : p(A) =0}

of polynomials. Since the integral domain of polynomials admits a factorization
algorithm there exists a polynomial m 4 with minimal degree and leading coefficients
1 such that

IA = CW)(MHA.

In particular, the minimal polynomial divides the characteristic polynomial py.

4. Eigenvalues and eigenvectors

DEFINITION 4.1. Let T : V. — V be a linear map. A number A\ € F is is called an

eigenvalue if there exists v # 0 such that

In this case v is called eigenvector. The space Ky of eigenvectors is given by
Ey\ = ker(T — Xid) .

EXAMPLE 4.2. On FY we define

Then T'(f) = Af implies
Af(n) = f(n+1)
Therefore every eigenvector for T'(f) = Af is given by f(n) = A\ f(0) with f(0) #

0. Note that for A # 0 the function fy(n) = A™ does not belong to the free vector
space FI(N). For A = 0 we must have 0 = f(2) = f(3) = ---. Hence on f given
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by f(1) =1 and 0 else is an eigenvector for 7. We may also consider the subspace
¢y C RY given by
by = {f: N>R : > |f(n)] <oo}.
Then fy € {y if and only if || < 1.
LEMMA 4.3. Let F € {C,R}, A € M,(F) and X an eigenvalue. Then ma(\) = 0.

PROOF. Let v # 0 such that A(v) = Av. Then Ay = M*v implies

Thus m(\) = 0. |

PROPOSITION 4.4. Let V' be a complex finite dimensional vector space of positive

dimension. Let T : V — V be a a linear map. Then T has an eigenvalue.

PROOF. After fixing a basis, we may associate with 7" a matrix A. Then p4(A) =
det(\ — A) is a polynomial with leading coefficient A¥™(V), Thus dim(V) > 0
implies with the fundamental theorem that there exists A with ps(\) = 0. This
implies det(Al — A) = 0 and hence there exists 0 # v € ker(A\] — A). Using the

transition matrix, we deduce that 7" has an eigenvector. [ |

REMARK 4.5. The eigenvalues are exactly the roots of the characteristic polynomial.
Indeed, X is an eigenvalue iff ker(A — A) # 0 iff det(A\ — A) = 0.

5. Jordan normal form

DEFINITION 5.1. We say that A is similar to B if there exists an invertible map S
such that A= S™'BS.

THEOREM 5.2. Let A € M,(C) a complex matriz with

pa(r) = (x—=A)" (2= Ap)"
and
ma(z) = (x—XA\)% - (x—\,)" .
Then A is similar to a block matrix B with blocks

A1 0 0---
0o XN 1 0---
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Here not more than s; blocks occur.

DEFINITION 5.3. Let T : V — V be a linear map. We define
p(T)={NeC : (M —T)" exists }

and the spectrum o(T) = Cp(T).
REMARK 5.4. A € M,(C). The A € a(A) iff pa(X) =0 if ma(X) = 0.
LEMMA 5.5. Let A € M,(C). Let A\ € o(A). Then the seqeunce of subspaces
Consider
M7 = ker(A — \)’

is ordered by inclusion. Moreover, the exists a minimal k such that M* = M*+1,

PRrROOF. Consider d; = dim(M?). Then d; are integers and (d;) is bounded by
n. Thus d = lim; d; converges. Using € = %

have d; = d. Hence, we define k = min{j : d; = d}. |

we see that for some k > ky we must

DEFINITION 5.6. For two subspace V and W of C™ we write VW =C" if V4+W =
C" and VN W = {0}.

LEMMA 5.7. M* @rg(A — N\)* = C" and rg(A — \)/ =rg(A — \)¥ for all j > k.
PrOOF. Note that
n = dim(ker(A — A)) + dim(rg(A — A)?)) .

Moreover, the sequence W; = rg((A—\)?) is decreasing. Thus d; = dj for all j > k
implies dim(rg(A — A)7)) = dim(rg(\ — A)¥)) for all j > k. Thus W; = W.

Now, let v € C". Define w = (A — \)*v. Note that (A — \)(Wy) = (A — \)*(A4 -
A (C") € Wy. Moreover, dim(A — \)(Wy) = dim Wy, = dim Wy implies that
M — A is injective on W),. Hence (A — \)¥ is injective and surjective when restricted
to Wy. Therefore we find vy € W, such that (A — \)¥(vy) = w. Equivalently
vg — v € ker((A — \)¥). Hence

v =v—uy+vyE M +W,.

This implies
C* = M*+ W,

Using the dimension formula we must have dim(M* N W}) = 0. |
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In the following we use (A) = {1, ..., Ay}
M; = [ Jker((A= X)) , Wi = [\ra((A= ).
! !
dec
We denote by k; the smallest integer from Lemma h
LEMMA 5.8. i # j implies M; C W;.

PROOF. Let us show that (A — \;) leaves M; invariant. Indeed, let z € M;.
Then

(A= X)) = Oy = A)(a) + (4~ A)(a) € M.
Recall that for x € ker((A — \)¥) we know that
(A= NENT — Az = A\ — A)(A=N)F@) = 0.
Thus we get (A\; — A)(M;) C M,. Now, we want to show
ker(\; —A)NM; = {0} .
Indeed, let = € ker((A\; — A)) N M;. Then we have

(A = 2) (@) = (A=) = (A= X)) ()

k-1
k _
— (A= 2@+X (§) CUA- AT A=A ) = 0.
=1
Therefore (A — ),;) is an isomorphism when restricted to M;. Thus for every z € M,
we may find y € M; such that
v = (A=X)"y) eW;.

The assertion is proved. [ |

LEMMA 5.9. C" = My ® My ® --- & M,,.

Proor. We have
Cn == M1 EB W1

Every element z € W; can be written in a unique way ¢ = 2z + vy, 2 € Ws, y € M,.

Since y € My, we get z € Wo N W7
Wl = WlﬁWQEBMg.

Hence

C" =M &MWL NW,.
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Since M3 C Wi N W5, we continue and get
Ct=Me- oMW iNn---NW,.
Let W =), W;. Note that
(A=X)Wi) C (A — A)Wi + (A= N)(Wi) C W5

Therefore (A — A\;) maps W into W for all j = 1,...,p. In particular A(W) C W.
Let us denote the induced linear map on W by T'. If A is an eigenvalue for 7', then
A is an eigenvalue for A. Thus o(T') C {1, ..., A\, }. However, for every A = \; every
eigenvector x is contained in ker((A — \;)*). This yields z € M;NW C M;NW =

{0}. Therefore we have shown that 7" has no eigenvalues. According to Proposition
exeigen

we must have dim(W) = 0. |

LEMMA 5.10. The dimensions k; = dim(M;) coincide with degree s; corresponding

to A\; in the minimal polynomial.
PROOF. Let us recall that M; = ker((A — \;)¥) and hence
(A=X)(M;) = 0.
Since C" is a direct sum of the M;’s and the (A — )\;)*’s commute we get
(A=) (A=) (C") = {0}.

This implies that the minimal polynomial m,4 divides ¢(z) = [[’_;(A\; — z). Thus
s; < k; for all i = 1,..., p. Suppose there exists i such that s; < k;. Then there exists
an 0 # x € M, such that (A — \;)%(xz) # 0. We have shown in Lemma %1181 that
that for every j # ¢ the map (A — \;) maps M; to M, and is injective. Therefore
[1;(A—X;)% is injective on M;. We get

ma(A) (@) = [[J(A = 3)7](A = X)"a #0.
J#i
Thus ma(A) # 0 and this contradiction concludes the proof. |

The next result concludes our proof of the existence of the Jordan normal form.
PROPOSITION 5.11. Let \; € o(A) and for j =1,.....k = s; we define
A; = dim(ker(A — )\;)7) — dim(ker(A — \;)7™ 1)

and O, = Ay, and
8]' - Aj - Aj+1 .
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Then the restriction of A to M; is similar to a direct sum of 0; Jordan blocks of

length 7.

PROOF. In the following A = )\; and k = s;. We consider M = ker((A — \)¥)).

We decompose
M = ker((A— N @ker((A—N)F)/ker((A— Nk —1)

Let [b1], ..., [b;m] be a basis for the quotient space. Note that m = Ay = k. Let us
show that

S = {(A—Ni(b) : 0<j<k1<i<m)

is a system of linear independent vectors. Indeed, assume

S as(A=\ib) = 0

]
Since (A — A\)*1(A—X)? =0 for j > 1, we get
> ai(A—=N1b) = 0.
i=1

This implies >, a;ob; € ker((A — \)*~1. By linear independence of the [by], ..., [by]

we deduce a;9 = 0 for ¢ = 1, ..., m. Similarly, we assume

m k—1
DY a(A= A (b) =0
i=1 j=1
and deduce a1, ...., a1 = 0. Inductively, we find a;; = 0. For a fixed 1 <7 < m we
consider
= (A= (b;).
Note that

A(J)J) = (A — )\)(JTJ) + )\ZL’j = Tj41 + /\:L'j

for j = 0,...,k — 1 but (A — N (2x_1) = (A—=N¥®) = 0. Hence zj_; is an

eigenvector. We see that A leaves

F; = span{xq,....,xp_1}
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invariant. In this basis we finally find the Jordan block

1
0 X 1
A

12

F;
1
0 A

Using the reversed order v(_1);,+; = Tx—; we obtain (finally) a Jordan block and a
basis (v;)1<;j<mk for m blocks of length k. Now, we proceed inductively and consider
ker((A — \)*1)/ker((A — A\)¥=1). Then vectors cy, ..., ¢, = [(A — X)(b;)] are already
linearly independent. Thus we may complete this system with linearly independent

vectors [By], ...., [B] where
| = Ap1 — Ay = 0Ok

The descendants of the B; form [ Jordan normal blocks of size k — 1. In general, we

have
0j = Aj = (O + -+ 0j11)
many Jordan blocks of size j. For example, we have
Ok +0k—1 = A+ D51 — Ak = Ap_q .
By induction, we get
O+ + 041 = Ajir.

Our claim is proved. [ |

REMARK 5.12. The JNF is uniquely determined by the dimensions 0;. It is unique
up to permutation of the blocks.

COROLLARY 5.13. Ay <A forj=1,....k and
k; = min{j : dim(ker(A — X\;)?) = dim(ker(A — \;)’") .

PROOF. In fact we have seen that for by, ..., b, such that [b;] = ker((A—\)*)/ker((A—
A)*=1) are linearly independent we have (A — \)%77(b;) are linearly independent.
This yields Ay < Ag. Since Ay > 1 by definition, we deduce d;;; > d; for all
=1,k —1. n
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Let us consider an example

We have 4(x) = det(A — z)?

(A—2)* =

o o O O
o O O o
o O O o

0

O O O O N

oS O O N

1
0
2
0
0

(2 — x)5. Thus the eigen value 2. Consider

The minimal polynomial is m(z)

span{ey, es — e3,e4 — e5}. Thus A is similar to

In fact I constructed A as

where

o O o O

1 0 1
—1 00
1 00
0 00
0]]L0 o0
= (2 —2)%
100 0]
200 0
0210
0020
000 2|
= S7'BS

1 1 1 1]
1111
01 11
0011
000 1]

o O o O

1 1 1
0 -1 -1

0 1 1|=0
0 0 0

0 0 0,

The kernel of (A — 2) is the



