CHAPTER 1

Metric Spaces

1. Definition and examples

Metric spaces generalize and clarify the notion of distance in the real line. The

definitions will provide us with a useful tool for more general applications of the
notion of distance:

DEFINITION 1.1. A metric space is given by a set X and a distance function d :
X x X — R such that

i) (Positivity) For all z,y € X
0 <d(z,y) .

ii) (Non-degenerated) For all x,y € X

0 =dz,y) & z=uy.
iii) (Symmetry) For all x,y € X

d(z,y) = d(y, )

iv) (Triangle inequality) For all x,y,z € X

d(z,y) < d(z,z)+d(z,y) .

Examples:
i) X =R? = RxR, 2 = (z1,22), y = (y1,2)

di(z,y) = |z1 — |+ w2 — yol .

i) X =R% o= (21,22), y = (y1.2)

=

do(z,y) = (lz1 — i + |22 — 1)
iv) Let X = {p1,p2,ps} and

d(phpz) = d(p27p1) =1,

d(p17p3) = d(p?npl) = 2a
1
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d(p2,p3) = d(ps,p2) = 3.
Can you find a triangle (p1, p2, p3) in the plane with these distances?
v) Let X = {p1,p2, p3} and
d(p1,p2) = d(p2,p1) =1,
d(pi,ps) = d(ps,;) = 2,
d(p2,p3) = d(ps,p2) = 4.

Can you find a triangle (p1, p2, p3) in the plane with these distances?
vi) The French railway metric (Chicago suburb metric) on X = R? is defined
as follows: Let zq = (0,0) be the origin, then

(

dy(z,y) if there exists a t € R such that x; = ty;

and zo = tys
dsner(z,y) =

\dg(fﬁ,.ﬁﬂo) + d2(x07y) else

Exercise: Show that the railroad metric satisfies the triangle inequality:.

It is by no means trivial to show that d, satisfies the triangle inequality. In the
following we write 0 = (0, ..., 0) for the origin in R™.

LEMMA 1.2. Let x,y € R", then

sziyil < (ZW%‘\Q) (Z ’%‘\2)
=1 i—1

=1

LEMMA 1.3. On R"™ the metric

do(z,y) = (Z |z — yi|2>
i=1

satisfies the triangle inequality.

CS
PRrROOF. Let x,y,2 € R". Then we deduce from Lemma h_2

dz,y)* = > |wi—wl> = Y |(@i—2z)— (5 — )
=1 =1

= Z (s — 2)* = 22(1’% —2i) (Y — zi) + Z ly; — 2z
i=1 =1 1=1

< d(z,2)* + 2d(z,y)d(y, z) + d(y, z)
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= (d(z,2)+d(y,2))*.
Hence,
d(z,y) < d(z,z)+d(y,z)

and the assertion is proved. [ |

More examples:
(1) Let n be a prime number. On Z we define

dd (I y) — n" max{meN:n™ divides x-y}
n ) N

The n-adic metric satisfies a stronger triangle inequality
dd,(x,y) < max{dd,(z,z),dd,(z,y)} .

(2) Let 1 <p < oo. Then

-
i=1

defines a metric n R".
(3) For p =00
doo('ray) = 'I_IlaX |x2 - fl/z’

— Ly

also defines a metric on R™.

Project 1: Let 1 < p,q < oo such that 1/p+1/q = 1. Show Minkowski’s inequality.

p q
(1.1) l’yS%er—

q
holds for all z,y > 0. Hint: the function f(z) = —Inz is convex on (0, c0).

PROOF OF THE TRIANGLE INEQUALITY FOR d,. The triangle inequality for p =
1 is obvious. We will fist show

1 1

n n P n q

(1.2) DI (va’) (Zw)
i=1 =1 =1

whenever 713 + % = 1. Let ¢t > 0. We first observe that

n n

S wal = Sl < S St 4 Lt
p q
=1

=1 =1

< R
== lmlP = lul"
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What is best choice of t? Make
Yl = Yl
i=1 i=1

i.e.

NgE

|y;|?
1

tp+q _ i

'M3

@
I
—

|2 [P

This yields

p

(Zwr)™
|szyz| <th’l‘ |p - Z:—P2|xl|p

pta =1
5" il
n % n 17%
_ (zw) (z |xz-|p)
=1 =1

Now, we proof the triangle inequality. Let z = (x;), (y;) and z = (z;) in R%. Then

ink?2
we apply (i?ri

d d
dp(x,y)p=Z!xi—y¢|p < Z|xi_yilp_1<|xi_zi|+‘zi_yi’)

i=1 =1

d d
e e L o e S Eo RV L ER T
i=1 =1

d i d v d 0
< (Z(m —yi|p_1)q> (Z|Zi —l’i|p> + <Z|Zi —yz"p>
=1 =1 =1

However, 1 = 1/p+ 1/q implies p — 1 = p/q and thus ¢(p — 1) = p. Hence we get
dyp(2,y)" < dp(a,y)" " (dy(7,2) + dp(2,y)) -

If z # y we may divide and deduce the assertion. [ |
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2. Excursion: Convex functions

DEFINITION 2.1. Let I be an interval. A function f: I — R is called convex if

fOz+ (1 =Ny) < AMf(2)+(1-Nf(y)
holds for all x,y € I, 0 < A < 1.
LEMMA 2.2. Let f : [a,b] — R be continuous, differnetiable on (a,b) such that f' is

increasing. Then f is convex.

PROOF. Let z € [a,b]. We will show that
+z)—
o) = fly+2)— 1)

z
is monotone increasing on (0, b—xz). Indeed, by the fundamental theorem and change

of variables we deduce for z; < z9 and A = z—; (s = At, ds = Adt
roods ] At [ dt
o= [ 1o = [ronst = [rons
Z1 Z1 z9
0 0 0

< [r0F = o).

Now, wefixy <z andu=XAx+(1-Ny=y+Azx—vy), z1 = ANx—vy), 22 =2 —v.

Then, we get
fly+2)—fly) _ fl2) - fly)

Az —y) T (r—y)

This implies
Oz + (1= Ny) < fly) + A(f(2) = f(y) = Mf(x) + (1= f(y) - u

Mink
ProoF oF T.1. Let z,y > 0. Since — Inz is convex we have
1 1 1 1
—In(=2? + —y?) < —(—In2?)+ —(—1Iny?).
( 7= tg ) p( ) .
This shows by the monotonicity of exp that

1 1
_xp_i__yq > 6lna[:-&-lny = zy.

Minkowski’s inequality is proved. |
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3. Continuous functions between metric spaces

Continuous functions ‘preserve’ properties of metric spaces and allow to describe
deformation of one metric space into another. There are three different (but equiv-
alent) ways of defining continuity, the e-d-criterion, the sequence criterion and the

topological criterion. Each of them is interesting in its own right.

DEFINITION 3.1. Let (X,d) and (Y,d') be metric spaces. A map f: X — Y is called

continuous if for every x € X and € > 0 there exists a 6 > 0 such that

(3.1) dlay) <6 —  d(f(), f(y) <<

Let us use the notation
B(2,0) = {y : d(.y) < 3} .
For a subset A C X, we also use the notation

f(A) = {f(z) - z € A}
Similarly, for B C Y

f'(B) = {re X : f(x) € B}.
edelt
Then (3.1) means

f(B(x,9)) < B(f(x),¢) -

Or in a very non-formal way
f maps small balls into small balls .

Our aim is to prove a criterion for continuity in terms of so called open sets. This
criterion illustrates simultaneously the role of open sets and its interaction with

continuity and has a genuinely geometric flavor.
DEFINITION 3.2. A subset O of a metric space is called open if
VYreO :30 >0 :B(z,) CO.
Examples:
O=(-1,1),0=R,0 = (-1,1) x (-2,2)
are open in R, (R?, d,) respectively.
REMARK 3.3. The sets B(x,¢), x € X, € > 0 are open.

PROPOSITION 3.4. Let (X,d), (Y,d') be metric spaces and f : X — Y be a map. f
is contivous iff f~1(O) is open for all open subsets O CY .
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PROOF. =: We assume that f is continuous and O is open. Let x € f~1(0),
i.e. f(z) € O. Since O is open, there exists an € > 0 such that B(f(z),e) C O. By

continuity, there exists a § > 0 such that
f(B(x,8)) C B(f(x),e) C O
Therefore
B(z,8) C f710) .

Since x € f71(O) was arbitrary, we deduce that f~!(O) is open.
«<: Let x € X and € > 0. Let us show that

B(f(x),¢)

is a on open subset of (Y,d'). Indeed, let y € B(f(z),¢) define ¢’ = ¢ — d'(y, f(x)).
Let z € Y such that

/

d(z,y) <e

then
d(f(z),2z) < d(f(z),y) +d(y,z) < d(f(z),y) +e—d(y, f(z)) = ¢.
Thus
B(y,e —d(f(z),y)) C B(f(x).¢).
By the assumption, we see that f~1(B(f(x),¢)) is an open set. Sincex € f~1(B(f(x),¢)),
we can find a § > 0 such that
B(z,8) C fH(B(f(z),e)) -

Hence, for all  with d(z,Z) < 6, we have

d(f(z), f(Z)) <e.

The assertion is proved. [ |

Examples:
(1) Let (X,d) be a metric space and xy € X be a point , then f(z) = d(z, x¢)

is continuous. Indeed, the triangle inequality implies
d(d(z, o), d(d(y,0)) = |d(z,z0) — d(y,zo)| < d(z,y)

This easily implies the assertion.
(2) On R™ with the standard euclidean metric d = dy, the function f : R* — R"
defined by f(z) = d(z,0)x is continuous.
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(3) (Exercise) The function f : R* — R3, f(z) = (cos(zy),sin(zs), cos(zy)) is
continuous.
DEFINITION 3.5. Let (X,d), (Y,d') be a metric space. The space C(X,Y) is the set

of all continuous functions from X toY. Let xg € X be a point. Then

Co(X,Y) = {f: X =Y : [ is continuous and supd'(f(x), f(z0)) < oo}

zeX

is the subset of bounded continuous functions.

PROPOSITION 3.6. Let (X, d), (Y,d') be metric spaces and xo € X. Then Cyp(X,Y)
equipped with
d(f,9) = supd(f(x),g(x))

zeX
1S a metric space.

Problem: Show that d is not well-defined on C(R,R).

Proof: d(f,g) = 0 if and only if f(z) = g(z) for all x € X. This means f = g. Let
us show that d is well-defined. Indeed, if f,g € Cp(X,Y). Then

sup d'(f(z),g(x)) < Sup d'(f(x), f(x0)) +d'(f(20), 9(x0)) + d'(9(x0), 9())

< sup d'(f(x), f(xo)) +d'(f(x0), g(z0)) + sup d(g(wo), g(x))

is finite. Let A be a third function and z € X. Than

d(f(x),g(x)) < d'(f(x),h(z)) +d(h(x),g(x)) < d(f h)+d(h,g).
Taking the supremum yields the assertion. [ |

PROPOSITION 3.7. Let (X,d) be a metric space. Then C(X,R) is closed under
(pointwise-) sums, products and multiplication with real numbers. (C(X,R) is an

algebra over R).

REMARK 3.8. Let X =N and d(z,y) =1 of v # y and d(x,y) = 0 for x = y. (This

is called the discrete metric). Then C(X,R) is an infinite dimensional vector space.

al
PROOF OF H Let f,g € C(X,R) be continuous and z € X. Consider 2’ € X.
Then

fo(x) = fa(y) = f(x)g(x) — f(y)g(y) = (f(z) — f(y))g(x) + f(y)(g(z) — g(y))
= (f(x) = f(y)g(@) + f(x)(g(x) — g(y)) + (f(y) — f(x))(g(z) — g(y)) -
Let £ > 0 and € = min{e, 1}. We may choose §; > 0 such that

AU (), F) (1 + lg(@)]) < 5
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holds for all d(z,y) < d;. Similarly, we may choose d2 > 0 such that
d(g(x), 9(y))(1 + [f(2)]) <

Let 6 = min(dq,02) and d(z,y) < d. Then we deduce that

W | oy

g &
-+ —<e < ¢.

A(folw), Fol)) = Fa(x) — foly) < 5+ 5+
|

Thus fg is again continuous. The other assertions are easier.

COROLLARY 3.9. The polynomials on R are continuous.
LEMMA 3.10. Let 1 < p < o0 and x,y € R", then
i; dp(xay> S dOO(I7y) S dp(x7y> .
ne
PRroOF. The last inequality is obvious. For the first one, we consider x,y € R"
and 1 < p < oo, then by estimating every element in the sum against the maximum

dp(r,y)P = Y | —yil’ < nmax{|z; -y}
i=1
Taking the p-th root, we deduce the assertion. [ |

COROLLARY 3.11. Let 1 < p,q < oo, then the identity map id : (R",d,) — (R™,d,)

18 continuous.
Proor. We have for all z € R* and € > 0
de(l', %) - qu(l‘76) .

This easily implies the assertion.

COROLLARY 3.12. The metrics d,, define the same open sets on R™.
DEFINITION 3.13. Let (X,d) be a metric space. We say that a sequence (z,,) con-

verges to x if for all € > 0 there exists ng such that for n > ng we have

d(zp, z0) < €.

In this case we write
limz, = x
n

or more explicitly
d—limz, = x.

A sequence (x,,) is convergent, if there exists v € X with lim, z,, = x.
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Examples: dy — limn% = 0, dd3 — lim, 3" = 0. (What axioms of the natural
numbers are involved?).

PROPOSITION 3.14. Let (X, d), (Y,d") be metric spaces and f : X — Y be a map.

Then f is continuous if for every convergent sequence (x,) in X

lim f(x,) = f(limz,) .

Proof: =: Let x = lim,, x,, and € > 0, then there exists a 6 > 0 such that

d(y,x) <6 =d(f(y), f(x)) <e.

Let ng € N be such that
d(zp,z) <6
for all n > ng, then
d'(f(zn), f(z)) <e
for all n > ng. Hence
lim f(2,) = f(x).

< Let x € X and assume in the contrary that
Je>0V5 > 03y :d(y,xz) < dand d'(f(x), f(y)) > €.

Applying these successively for all § = %, we find a sequence (xy) such that

1
dlaa) < ¢ and (), f(@) 2 <
and thus
h;na:k = x.

By assumption, we have
lim f(a) = f(2).

Hence, there exists a kg such that for all k£ > kg

d(f(zr), f(2)) <e.

a contradiction. ]
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4. Complete metric spaces and completion

Complete metric space are crucial in understanding existence of solutions to many
equations. Complete spaces are also important in understanding spaces of inte-
grable functions. We will review basic properties here and show the existence of a
completion.

We will say that a sequence in a metric space is a Cauchy sequence of for every

€ > 0 there exists ng € N such that
d(xp, xm) < €

for all n, m > ny.

DEFINITION 4.1. A metric space (X, d) is called complete, if every Cauchy sequence
converges.

PROPOSITION 4.2. The space (R?,d,) is complete.

Proof: Let z, be a Cauchy sequence in (R? d;). Then x, = (z,(1),2,(2)) is a
sequence of pairs.

Claim: The sequences (z,(1))nen and (z,(2)),en are Cauchy sequences.

Indeed, let € > 0, then there exists an ng such that
di(xp, xm) < €
for all n, m > ng. In particular, we have
20 (1) = 2m(D)] < |2n(1) = 2 (D] + [20(2) = 2m(2)] < di(@n, 2m) <€
for all n,m > ng and
20 (2) = 2m(2)] < |2n(1) = 2m(D)| + |2n(2) = 2m(2)] < di(zn, 2m) <e.

Therefore, (z,(1)) and (z,(2)) are Cauchy.
Since R is complete, we can find x(1) and z(2) such that

lignxn(l) = z(1) and liTanxn(Q) = 2(2).

Claim: lim,, z, = (z(1),x(2)).
Indeed, Let € > 0 and choose n; such that

€
fea(1) — 2()] < 5
for all n > n;. Choose ny such that

[74(2) —2(2)] < 5
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for all n > ny. Set ng = max{ni,ns}, then for every n > ngy, we have

dy(zn, (2(1),2(2)) = |oa(1) —2(1)] + |2n(2) —2(2)] < €
Thus
lirrlnxn =z
and the assertion is proved. [ |
Examples:

(1) Let X =R\ {0} and d(z,y) = |z — y|, them (X, d) is not complete. The
sequences (%) is Cauchy and does not converge.
(2) Let p be a prime number. On the set of integers, we define
dd,(z,w) = p™",
where n = max{n : p" divides (z—w) }. This satisfies the triangle inequal-
ity. The sequence (z,) given by z,, = p+ p* +--- + p" is a non convergent
Cauchy sequence.

THEOREM 4.3. Let n € N. The space (R",dy) is a complete metric space.

o . " E%ie_l . .
PROOF. Similar as in Proposition 4.2 using the following Lemma . [ |

LEMMA 4.4. Let x,y € R", then

n

do(z,y) < Y |wi—uil -

i=1
PrOOF. We proof this by induction on n € N. The case n = 1 is obvious.
Assume the assertion is true for n and let z,y € R"*'. We define the element

2= (Z1,...; Tp,Yns1), then we deduce from the triangle inequality

dg(l‘,y) S d?(l‘?’z) +d2(2’,y)
n+1 % n+1 %
= (Z | — Zi\2> + <Z |2 — yf)
=1 1=1

= |Tot1 = Y| + (Z |z — ?Jz’|2>

i=1

[

To apply the induction hypothesis, we define & = (z1,...,x,) and § = (y1, .., Yn)-
Then the induction hypothesis yields

(Z |$i—yi|2> = d(2,9) < Z|$z—yz|

i=1 =1
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Hence,
1
n 2
da(2,y) < |Tnt1 — Yosa| + (Z |z — yi‘2>
i=1
< T — Yol + Z |z — yil
i=1
n+1
= Z T
i=1
The assertion is proved. [ |

DEFINITION 4.5. A subset C' C X s called closed if X \ C' is open.

PROPOSITION 4.6. Let C' be closed subset of a complete metric space (X, d), then
(C,d|cxc) is complete.

PROOF. Let (x,) C C be Cauchy sequence. Since X is complete, there exists
x € X such that

r = limz, .
We have to show € C. Assume z ¢ C. Then there exists a 6 > 0 such that
B(z,d) C X \ C. By definition of the limit there exists ng such that d(z,,z) < 0

for all n > ng. Set n = ng + 1. Then d(z,,z) < § implies z, € X \ C and z,, € C
by definition. This contradiction finished the proof. [ |

THEOREM 4.7. Let (Y,d') be complete metric space. Let h € C(X,Y) and
Ch(X,Y) = {f e C(X,Y) : supd(f(x),h(z)) < oo}
zeX
Then Cy(X,Y) is complete with respect to
d(f.g) = supd'(f(x),g(v)).
zeX
PRrROOF. Let (f,) C Cr(X,Y) be Cauchy sequence. This means that for every

€ > 0 there exists an ng such that

(4.1) sup d'(fn(), fm(7)) <

zeX

DO |

In particular, for fixed x € X, f,(x) is Cauchy. Therefore f(z) := lim,, f,,(z) is a
well-defined element in Y. We fix n > ny and consider m > ng such that
£

d(fm(2), f(2)) < 3.
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This implies

(@) £@) < AUalo) fla)) + A (o). S(@) < 2
for all z € X. In particular,
(12) sup sup d'(f,(¢), f(2)) < <
n>ng r€X

Let us show that f is continuous. Let z € X and € > 0. Choose ng according to (ﬁgfl)
Choose n = ng + 1. Let 6 > 0 such that d(z,y) < § implies d'(f,(z), fu(y)) < e.

Then, we have

d(f(x), f(y)) < d(f(x), fu(@)) + d'(fa(2), oY) + d (fuly), f(y)) < 3c.

eqq2
Since € > 0 is arbitrary, we see that f is continuous. Moreover, (hﬁi implies that
eqq2
fn converges to f. Finally, (hgi for e = 1 implies that

supd(f(z), h(r)) < Sgpd(f(fﬁ),fn(fﬂ)) +s1ipd(fn(x),h(a;)) < o0

T

implies that f € Cp,(X,Y). |

DEFINITION 4.8. Let (X,d) be a metric space and C C X. O C X 1is called sense if
for ever x € C and e > 0 B(x,e) N O # (.

DEFINITION 4.9. Let O C X be a subset. Then

0 = mOCC,CclosedC

1s called the closure.
LEMMA 4.10. O is dense in O and O is closed.
PROOF. Let x € O. Assume B(z,6)NO = (. Then C = X \ B(z,¢) contains
O. Thus
OccC.
This implies that ¢ O, a contradiction. Now, we show that O is closed. Indeed,

let y ¢ O. Then there has to be a closed set C such that O C C but y ¢ C. This
means y € X \ C which is open. Hence there exists § > 0 such that

B(y,0) c X\ C

By definition every element z € B(y, §) does not belong to O. This means B(y,d) C
X\ O. ]
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THEOREM 4.11. Let (X, d) be a non-empty metric space. For every x € X we define

foly) = d(z,y) .
Let vg € X. The map f: X — Cy, (X, R) satisfies the following properties.
i) d(f(x),d(f(y)) = d(z,y),

(1) The closure C' = f(X) is complete,

(2) f(X) is dense in the closure C = f(X).
PROOF. Let z,y € X and z € X. Then the ‘converse triangle’ ineqquality
implies
|fo(2) = fy(2)| = [d(z,2) = d(y,2)| < d(z,y).
Moreover,
[fo(2) = fe(y)| = ld(z,2) —d(z,y)| < d(z,y).
Therefore f, € Cy, (X,R) for every z € X and

d(fe, fy) < d(z,y).
However,
d(fo: fy) = |falz) = fy(x)] = [0—d(y, z)| = d(y, ).

completel compl
This shows ). According to Proposition h.B and Theorem h.?, we see that C' is
d
complete. According to Lemma ﬁg, we deduce that f(X) is dense in C. |

Project: On C(]0,1]) we define

0(f.9) = / () — g(s)|ds

Show that (C([0,1]),d;) is not complete.
Project: In the literature you can find another description of the completion of a

metric space. Find it and describe it.

5. Unique extension of densely defined uniformly continuous functions

In this section we will show that the completion C' constructed in Theorem .11 is
unique (in some sense). This is based on a simple observation-the unique extension.

This principle is very often used in analysis.

DEFINITION 5.1. Let (X,d), (Y,d') be metric spaces. A function f : X — Y is

called uniform continuous if for every e > 0 there exists a 6 > 0 such that

d(z,y) <6 = d(f(x),f(y)) <e.
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PROPOSITION 5.2. Let O C C' be a dense set and f : O — Y be uniformly contin-
wous function with values in a complete metric space. Then there exists a unique
continuous function f: C —Y such that f(x) = f(z) for allx € O.

PROOF. Let z € X. Since B(z,+)NO is not empty, we may find (z,,) C O such
that lim,, z,, = x. We try to define

Fx) = lm f(z,)

Let us show that this is well-defined. So we consider another Cauchy sequence (z,)
such that lim,, 2/, = x. Let € > 0. Then there exists 0 > 0 such that

d(f(z',y)) <e

holds for d(z,y) < 6. We may find ny such that

J
d(xp, ) < 2
and
, J
d(z),x) < 2

holds for all n,n’ > ng. Thus

d'(f(ay,), f(aa)) <e.

This argument also shows that (f(z,)) is Cauchy and hence f(z) is well-defined. If
z € O, we may choose for (z,,) the constant sequence x,, = x and hence f(z) = f(z).
Now, we want to show that f is uniformly continuous. Indeed, let € > 0, then there

exists 0 > 0 such that d(2/,y") < § implies

£

A, FW)) < 5

Given z,y € C with d(z,y) < 0, we may find (x,) converging to x and (y,) con-
verging to y such that

Thus for all n € N we have
d(Tn, yn) < d(x,y) + d(2n, ) + d(Yn,y) <0 .

This implies
d(f(x), f(y)) = limd(f(zn), f(yn)) <

DO ™
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This shows that f is uniformly continuous. If ¢ is another continuous function such
that g(z) = f(x) holds for elements x € O, then we may choose a Cauchy sequence

(x,) converging to x and get
g(z) =limg(z,) = lim f(z,) = f(z). u

Example If f : (0,1] — R is uniformly continuous, then f is bounded (why).

f(z) = 1/x is not uniformly continuous.

THEOREM 5.3. The completion of a metric space is unique. More precisely, let C' be
comp2

the set constructed in Theorem [].1 7 Let C' be a complete metric space and ' : X —

C" be uniformly continuous with uniformly continuous inverse '~ : 1(X) — X such

that J'(X) is dense. Then there is a bijective, bicontinuous map u : C — C" such

that u(u(x)) = (x).

1

PROOF. The map /' : «(X) — C" is uniformly continuous and hence admits

a unique continuous extension u : ¢ — C’. Also «/~" : /(X) — C admits a
unique extension v : ¢/ — C. Note that vu : C — C is an extension of the map
vu(e(x)) = ¢(x). Thus there is only one extension, namely the identity. This show

vu = id. Similarly uv = id. Thus v = u~! and u is bijective and bi-continuous. M

Project: Find the completion of (Z, d3).

6. A famous example

In this section we want to identify the completion of C([0, 1]) with respect to

1

d(f,g) = /!f(t)—g(t)|dt.

0

We will also use the function

defined by the Riemann integral.

LEMMA 6.1. I s uniformly continuous.

PRroor. It suffices to show that

1(f) < / F(8)dt
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(This implies that I is 1-Lipschitz, i.e.
1(H) — I(g)] < di(f.9) )
We define f+ = max{f,0} and f~ = max{—f,0}. Then we have
1) = 1) = 107) < 16D +1067) = 10f) = [ 15wt
Similarly, we may show that
1) = 1) = 10) = ~1G") = 1) = ~1f) = = [ I7(0lat.
The assertion follows.

The characteristic function is given by

1 ifzeA

1A($) = ) .
0 ifxgA

LEMMA 6.2. I(1jay) = b—a.

ProOOF. We only consider [a, b] = [0,b]. For 2/n < b we define

nt ift<i
falt) = 41 ifl<t=0pp-1
n(b—t)
Then we deduce that for m > n we have
1 1
11 ’ 11 1 1 1
dl(fn,fm)ZQ/mtdt—l-——E— ntdt:2<%+ﬁ_a_%):ﬁ_
0 0
Thus (f,) is Cauchy and
1
hrn/fn hmb——:b.
n

For general a we simply shift.

In the following we denote the length of an interval by

lla,b]] = b—a.
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chy| LEMMA 6.3. Let f be a continuous positive function on [0,1], A > 0 and € > 0.

Then there exists intervals Jy, ...., J,, such that
{t : ft) >AyC J1U---Jg

and

1
;uk\ < A_25/f(t>dt.

PROOF. Let € < % Since f is uniformly continuous, we may find n € N such
that |z — y| < 1/n implies
[f(x) = fly)l <e.

We define 2, = k/n. Let S = {k: f(xy) > A—¢c}. Let t € [0,1] such that f(t) > A.
We consider k = [tn]. Then 2, —t < 1 and hence

flag) > f(t) —e>A—c¢.

Therefore

{t: f(t) > A} € Jlww, 2rsa] -

kes
However, f(xr) > A —¢ implies f(t) > A —2¢ for all ¢ € [z, xx41]. By the definition

of the lower sums we deduce

/f(t)dt > S (= 26) il

kes
Since A — 2 > 0, we deduce the assertion. [ |
DEFINITION 6.4. i) A subset A C [0,1] is said to have measure 0 if for every

e > 0 there exists a sequence (Jy) of intervals such that

Ac|Jd and D |l <e.
k k

i) A sequence (f,) converges almost everywhere (a.e.) to a function f if there

exists a set A of measure 0 such that
liTan fu(t) = f(t)

for allt € A°=10,1] \ A.
PROPOSITION 6.5. Let (f,) be a di-Cauchy sequence. Then there exists a subse-

quence (ny) and a function f such that f,, converges to [ a.e.
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PROOF. We may choose (ny) such that

dl(fnkafnk+1> < 6_k.

h _ _
Let us denote g, = f,,. We apply Lemma Hto A=2"%and ¢ = 2 kg?’ * and find

intervals J¥, ..., Jj%(k) such that

6—k
Jl < ——— =97k
z;' i< 2-k — 2

and
{t €[0,1] : gr(t) = gra(t)] > 27"} C U he
l
We define
Ak — U U‘]ln
n>k 1
and

A:ﬂAk.
k

Then, we see that A C A, and

YDPDILIIED R

n>k 1l n>k
Thus shows that A has measure 0. For ¢t ¢ A, we may find k such that for all n > k
we have ¢ ¢ | J; J/*. This implies

9n(t) = gna(t)] < 277

for all n > k. In particular, (gx(t)) is Cauchy for all t € A°. We may define

0 else

Then (gx) converges to f almost everywhere. [ |

This leads us to define the set of possible limits.
L ={f:]0,1] =R : 3(f,) C C[0,1], f,, converges to f a.e.}

on L we define the equivalence relation f ~ ¢ if there exists a set A of measure 0
such that flc = g1 4c.
Exercise: Show that ~ is an equivalence relation.
We define
L =1L/~
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For a function f € £ we define the equivalence class [f] = {g : ¢ ~ f}. In the
following we denote by X the completion of C[0, 1] with respect to the d;-metric.

Our main theorem is the following.

THEOREM 6.6. There is an injective map v : X — L such that

holds whenever (f,) is a Cauchy sequence converging to x (with respect to dy) and

converging to f. a.e. Moreover, I can be extended to 1(X).

Problem: Give a description of ¢(X;). This is done in the real analysis course
(441=540).
We need some more preparation.

LEMMA 6.7. Let A =J, Ji the union of intervals.
i) Let f € C[0,1], then fla € X, flae € X and

di(fla,914) < di(f,9)
and
di(flac,glac) < di(f,9g).

ii) There is are continuous maps my : X — X, mac : X — X such that
ma(f) = fla and mac(f) = flac for f € C[0,1].

iii) There is a Lipschitz map add : X x X — X such that add(f,g9) = f +g.

iv) add(ma(z),mac(z)) = x for allz € X.

V) di(flac,0) < sup,eqe |f(2)]-

ProoF. We will start with 1) for A = [a, b]. We use the functions Let f,, defined
for [0,b — a] and define ¢,(t) = f.(t —a). Then we see that for every f € C|0, 1]

we have

dy(f fus f fm) =/|f(t)(fn(t)—fm(t))|dt < Sgp|f(t)|d(fn7fm)

1
m

S|

< sup[f(B)ldi(fu, fm) < sup[F(H)] ( ) -

Thus (ff,) is Cauchy. We denote the limit by flj,4. (Moreover, ff, converges
pointwise to f1j,.) Now, we observe that |f,,(¢)] < 1 and hence

1
4 FUas 9ian) =l (£ o gf) = T [ £,(005(0) = g(0))
0
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1

< / F(8) — g(t)ldt = di(f.q) .

0
u-ext
By Proposition %.2 we find a map u : X — X such that uu(f) = f1la and

di(ua(z),ua(y)) < di(z,y) .
Now, we will prove iii). The metric on X x X is given by
d((ﬂ?, y)a (xla ?/)) = dl(xa iL'/) + dl(yv y/) .

Now, we consider add : C[0,1] x C[0,1] — C[0,1] and want to show that add is

uniformly continuous. Indeed, elementary properties of the integral imply

4, (add(f,g), add(f",g')) = / (F +9)— (f +o)ldt

1 1
< [|f=flldt+ [ |g—4dldt = d((f,q9),(f.9).
fir=rie ]

o %—Zex_t : L .
Thus Proposition b.2 implies the assertion iii). In the nest step we prove i) for
A= J,U---UJ, The key observation here is that we can find new intervals

Ji,....,J}, such that the J] only overlap in one point and
A=]JJ.
!
Therefore, we may define

ua(z) = ZlJ{x = add(1yx,add(1yx, - -add(1; @, 15 x)--).
=1

Being a composition of continuous function that is continuous. Moreover, for every
[ we may consider the sequence of function f! constructed for the interval J;. The

function .
Falt) = fLt)
=1

is positive, continuous and vanishes in the overlapping endpoints. Hence 0 < f,,(t) <

1 and the argument from above shows

dl(fnf7 fng) S dl(fag) :
This yields
di(fla,g9la) = h]{lfldl(ffmgfn) < di(f,9) -
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Then we define

flac = f—fla = limadd(f,—ff,) = lim f(1— f).

Since 0 <1 — f, <1 we also prove as above that

di(flac,g1lac) < di(f,9g).

Therefore i) is proved for A being a finite union of intervals. Let us show iv) for this

particular case. Indeed,

We need an additional estimate for showing the general case:
(6.1 4(F14,0) < sup | FO] 31l
€ k

Indeed, inductively we may choose the non-overlapping J; in groups Ji,...,J;,

/
Jl 115 Jiy,s - such

Iyt

ST < L.

I=lk_1+1
Then, we have

1 1
d(710,0) =t [ 11,50l < sup|(0) i [ £
0 0

=sup| ()] Y| < sup |[F()] D 1l -
teA ! teA &

Now, we consider the general case A = |J, Jy. We define A4, = ngn Jp. We

want to show that f1,, is Cauchy. For this we choose non-overlapping intervals
, , 8-cont

i 1155 Ji, C Jr. Then, we deduce from (%l ) that for n <m

m lg m
62)  di(flaSla) < swlfO Y Y 1< swliol Y 1.

k=n+11l=l_1+1 k=n-+1

Thus we may define fl14 = lim,, f14,. Again, we have

di(fla,gla) = hTandl(flAmglAn) < di(f,9).

By the unique extension principle, we find a Lipschitz map u4 : X — X such that
ua(f) = fla. We use the unique extension principle to define —x and the define
uae(x) = add(z, —ua(zx)). For f,g € C[0,1] we have

di(uac(f),uac(g)) = 1irflﬂd1(f1AfL791Ag) < di(f,9) .
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Thus by unique extension this also holds for z,y € X. Finally, we note that for
feco]

add(fla, flac) = add(fla,add(f,—f14)) = limadd(fla,,add(f,—f1a,) = f.

Indeed, the equality holds for every n € N. Now, we will prove v). We may assume

that
A= J
k
such that the J,’s are non-overlapping. We define

A, = UJk.

k<n

Let € > 0 and 6 > 0 such that

€
=l <d = 1B~ Fe) <.
Now, we consider = € A such that
cy — o >
dz, A7) = infle—y| > 6

This means that
B(x,6) = | JJiN B(x,9) .
k
This implies
lim |B(z,0) NAS| = 0

Moreover, we can find a maximal family x1, ..., z,, of such points such that d(x, A) >

d implies d(z, z;) < 0 for some j. Then, we may choose n large enough such that

n

Sttlplf(t)| > Bz, 0) NAY < -

=1

[\]

Now, we define D = {J; B(z;,8). Since AS N D¢ is again a collection of intervals we
see that

di(f1laz,0) < di(flazap,0) +di(flaznpe,0)

= o
Ssgplf(t)\Z!B(ij@)ﬂAiH sup [ f(£)[ .

teAgnDe
Now, we consider ¢ € AS N D°. If d(t, B) > 4, then d(t,z;) < £ hence t € D. Thus

we may assume d(t, B) < 2. Then we find s € B such that |t — s| < § and thus

f(t)] < sup|f(s)] +e.

seB
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This implies

3
di(flag,0) < 5 +e+sup|f(s).
n 2 seB

for n > ng. The assertion is proved. [ |

REMARK 6.8. For J = [a,b] we have
1(F L) / F(t)dpl

LEMMA 6.9. Let (A,,) be a sequence such that
- U Jr
k

and

lim > "' = 0

"

Then

limd;(xz14,,,0) = 0
holds for every x € X.

PROOF. Let (f,) be Cauchy sequence converging to z. Let ¢ > 0. Then, we

may choose n such that
dl(fvm 1:) <

Since u4,, is Lipschitz, we deduce

DN ™

di(fala,,ua,, (7)) <

8_
for all m € N. According to (% [} e find

dl(fn]-AmaO) < Sup|fn Z

k

DO ™

By assumption, we may find mq such that

dl(fnlAmv 0) <

DN ™

holds for all m > mgy. This implies

d1<uAm($),O) < dl(uAm<x)7fn1Am) +d1(fn1Am70) <e

for all m > my. [ |
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inj
PROOF OF THEOREM %_é Let (f,), (gn) be Cauchy such that d; —lim,, f, =z
and d; — lim, g, = y and f, converges to f and g, converges to g a.e. We consider

h!, = fn— gn and z = add(z,—y). We want to show
dl(ZE, 0) =0.

Clearly, h!, converges to 0 almost everywhere. Passing to subsequence (hy) we may
. C . Limiti1
assume that dy(hg, hry1) < 6™ According to the proof of Proposition % [, we find

Ay, =, JI such that
D Gl < 2t
!

such that
() = hnia ()] < 27"
for all ¢t ¢ Ay. By the definition of a.e. we find By, =, JF such that
Gl < 2t
!
and
li{n hn(t) = 0
holds for all £ ¢ By. Thus we define
¢, = JJulJ L
I !
Then
DoAY < 22
! l
and for all ¢ ¢ C}, we have
()] = [lim Ay, (t) — b (t)] < Lmsup [, (t) — hp(8)] < 2877
According to Lemma (ta.ﬁr) e find a ko such that
di(uc, (2),0) < ¢
for all £ > ky. For all n > k£ we deduce from Lemma %H.l% %uﬁeaequt
di(lee fn,0) < 2077,

Therefore
dl(ucg(z),()) = 1iy{nd1(uc,g(fn),0) = 0.

Since r = add(uce (), uce (v)), we deduce

di(z,0) = dy(add(uc, (2), ucg(z)), add(uc, (0), u(;g(O)))



6. A FAMOUS EXAMPLE

< di(uc,(2),0) + di(uce(2),0) <.

Finally, we observe that
dl(l.a y) = dl (add(w, _y)> O)

holds by unique extension. Thus z = y.

27
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7. Closed and Compact Sets

Let (X, d) be a metric space. We will say that a subset A C X is closed if X \ A is

open.

PROPOSITION 7.1. Let (X,d) be a complete metric space and C C X a subset. C
15 closed iff every Cauchy sequence in C' converges to an element in C.

Proof: Let us assume C'is closed and that (z,,) is a Cauchy sequence with elements

in C. Let x = lim, x, be te limit and assume x ¢ C. Since X \ C' is open
B(z,e) c X\ C

for some € > 0. Then there exists an ng such that d(x,,z) < € for n > ng. In

particular,
Tno+1 S B(.T, €)

and thus z,,.1 ¢ C, a contradiction.

Now, we assume that every Cauchy sequence with values in C' converges to an
element in C. If X \ C is not open, then there exists an x ¢ C and no € > 0 such
that

B(z,e) c X\ C.
Le. for every n € N, we can find x,, € C such that
1
d(z,z,) < —.
(r,20) <
Hence, limz,, = z € C but z ¢ C, contradiction. [ |

The most important notion in this class is the notion of compact sets. We will say

that a subset C' C X is compact if For every collection (O;) of open sets such that

CCUOZ = {ZE€X|E|7;E[£L'EOZ‘}

There exists n € N and 74, ..., ¢, such that
CCOhU"'UOin.

In other words

Every open cover of C' has a finite subcover .
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DEFINITION 7.2. Let X C |JO; be an open cover. Then we say that (V;) is an open

subcover if
xclJy
J
all the V; are open and for every j there exists an i such that
V; CO,.

It is impossible to explain the importance of ‘compactness’ right away. But we can
say that there would be no discipline ‘Analysis’ without compactness. The most

clarifying idea is contained in the following example.
PROPOSITION 7.3. The set [0,1] C R is compact.

Proof: Let [0,1] C |J; O;. For every x € [0, 1] there exists an ¢ € I such that
x € O;.
Since O; is open, we can find € > 0 such that
x € B(x,e) CO; .
Using the axiom of choice, we fine a function €, and i, such that
xr € B(x,e,) C O, .
Let us define the relation <y if x < y and
y—x < eptey,.
The crucial point here is to define
S ={zel0,1]|Tx1,....;z :

=x; =<z, ).

We claim a) sup S € S and b) sup S = 1.
Ad a): Let y =sup S € [0,1]. Then there exists an x € S with

y—eg,<xr<y.

Then obviously x < y. Since x € S, we can find
%jmjmjxnjxjy.

Thus y € S.

Ad b): Assume y =sup S < 1. Let 0 < § = min(e,, 1 —y). Then

y+5_y = 5 S €y+5y+5'
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By a), we find
Sr 2 Rr, Ry 2y+d

and thus y + 0 € S. Contradiction to the definition of the supremum.

Assertion a) and b) are proved.

Therefore we conclude 1 € S and thus find x4, ..., x,, such that

1

§ﬁl’1ﬁ"'j$nﬁ1-

Let x¢g = % and x, .1 = 1, then by definition of <, we have

[, 4] C B(%‘a%) U B(xjﬂvgz]‘ﬂ) = Oi%‘ Vo

bzt
for 7 =0,..,n. Thus, we deduce

n n+1
1

51 C Ulzs, 2zl c J 0,
=0

=0
Doing the same trick with [0, 5], we find

m+1 n+1

[0, 1] C U Oizl. U U Oizj
=0 7 j=0
and we have found our finite subcover.
PROPOSITION 7.4. Let B C X be closed set and C' C X be a compact set, then

BNnC

18 compact

Proof: Let BN C C |JO; be an open cover. then

Cc(x\BulJo

is an open cover for C', hence we can find a finite subcover
C C (X\B)UO“UUOZTL .

Thus
BNnC CcO;;U---UO

in

is a finite subcover.
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LEMMA 7.5. Let (X,d) be a metric space and D C X be a countable dense set in

X, then for every subset C C X and every open cover
ccljo

we can find a countable subcover of balls.

Proof: Let us enumerate D as D = {d,|n € N}. Let z € C and find i € I and
¢ > 0 such that

x € B(x,e) CO; .
Let £ > g By density, we can find an n € N such that

1

Then

1 1
B — B(x, - B i -
x € B(d,, 2]{;) C B(x, k) C B(x,e) C O,

Let us define

1
M = {(n.k) | Bier Bldns 5p)

Then M C N? is countable and hence there exists a map ¢ : N — M which is

C O;}.

surjective (=onto). Hence for V,,, = B(dg,(m), m), ¢1, ¢2 the 2 components of

¢ we have
cclJva
and (V},,) is a countable subcover of balls of the original cover (O;). u

THEOREM 7.6. Let (X,d) be a metric space. Let C' C X be a subset. Then the

following are equivalent

i) a) Every Cauchy sequence of elements in C' converges to a limit in C.

b) For every € > 0 there exists points 1, ..., x, € X such that
C C B(zy,e)U---U B(z,¢) .

ii) Every sequence in C' has a convergent subsequence.
iii) C' is compact.
Proof: i) = ii). Let (z,,) be a sequence. Inductively, we will construct infinite

subset A1 D Ay D Asz--- and y1, Y, ¥3,... in X such that

vleAj : d(xl,yj) <2771
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Put Ag = N. Let us assume A; D Ay D --- A, and v, ..., y, have been constructed.
We put ¢ = 2772 and apply condition 7)b) to find zy, ..., z,, such that

C C B(z1,e)U---UB(zp,€) .
We claim that there must be a 1 < k < m such that
Ap(k) = {l € A, |z, € B(z,¢)}
has infinitely many elements. Indeed, we have
A,(MHU---UA,(m) = A,.

If they were all finite, then a finite union of finite sets would have finitely many
elements. However A, is infinite. Contradiction! Thus, we can find a k with A, (k)
infinite and put A, = A, (k) and y,+1 = 2. So the inductive procedure is finished.

Now, we can find an increasing sequence (n;) such that n; € A; and deduce

1 . 1 . .
d<xnj’ x"j-&-l) < d(xnﬁyj) + d(yj7 xnj+1) < 52_] + 52_] = 277

because n; € A; and nj1 € Aj 1 C Aj. Thus (z,,;) is Cauchy. Indeed, be induction,
we deduce for 7 < m that

d(wnjv :Unm) < d<$n] ) xanrl) + d(xanrl’ xnj+2) T d(xnm—l7$nm)

m—1
< 29y 27 =9l
k=0

This easily implies the Cauchy sequence condition. By a) it converges to some
x € C'. We got our convergent subsequence.

i1) = 1ii): We will first show i) = ¢)b). Indeed, let € > 0 and assume for all n € N,
Y1, - Yn € C' we may find

z(n,y1, -, Yn) € C\ (B(y1,€) U+~ B(yn,€)) -

Then we define z; € C and find 2, € C'\ B(z1,¢). Then we find z3 € C'\ B(z1,¢) U
B(z9,¢). Thus inductively we find z,, € C' such that

d(xnv $k) Z €

forall 1 < k < n. It is easily seen that (z,) has no convergent subsequence. Thus 7)b)

is showed (with points in C'). For every g, = % we find these points y¥, ..., yffl(k) eC
such that
1 1
C CByf, ) U UBW™Y, 2) .
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Then, we see that D = {yf ck e N1 <j<m(k)} is dense in C. Therefore, we
may work with the closure X = D and show that C'is compact in X. (It will then

CCC
be automatically compact in X'). By Lemma bﬁ, we may assume that
cclJo
k
and Oy’s open. If we can find an n such that

CcOU---uo,

the assertion is proved. Assume that is not the case and choose for every n € N
an x, € C'\ Oy U---UQO,. According to the assumption, we have a convergent
subsequence, i.e. limyz, = x € C. Then z € O,, for some ny and there exists a
€ > (0 such that

B(z,e) C Oy, .

By convergence, we find a ko such that d(z,x,,) < € for all & > ky. In particular,

we find a k > kg such that n, > ng. Thus
Ty, € B(z,e) € Opy COLU---UO,, .

Contradicting the choice of the (z,)’s. We are done.
iii) = 1)b) Let € > 0 and then

C C U B(x,e) .
zeC
thus a finite subcover yields b).

i1i) = i)a) Let (z,) be a Cauchy sequence. Assume it is not converging to some

element z € C. This means

(7.1) Vo e Cde(x) > 0VnoIn > ng d(x,,z) > €.
Then
CcUB@%%.
zelC
Let
5 £
¢ By, Wy U u By, S8

2
be a finite subcover (compactness). Then there exists at least one 1 < k < m such

that

A = €N d(r,p) < )
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is infinite. Fix that k& and apply the Cauchy criterion to find ngy such that

d(xp, xp) < @

CCCC
for all n,n’ > ng. By (7.1), we can find an n > ng such that

d(xn, yr) > (yx) -

Since A, is infinite, we can find an n’ > ng in A, thus

elye) < dlrw,yp) < d(@n, ww) + d(@w,; yr)

A contradiction. Thus the Cauchy sequence has to converge to some point in C. B
COROLLARY 7.7. Every intervall [a,b] C R with a < b € R is compact

. . . closed . .
Proof: It is easy to see that X \ [a,b] is open. Hence, by Proposition 7.1 [a, b] is

complete, i.e. i)a) is satisfied. Given & > 0, we can find k > 1. For m > k(b—a) we

derive
J
,b)C | | B =€),
ol e Ut .0
Thus the Theorem ;éBlnapplies. [ |
LEMMA 7.8. Letr > 0 and n € N, the set C, = [—r,r]|" is compact.

Proof: Let x ¢ C,, then there exists an index j € {1,..,n} such that |z;| > r. Let
e = |z;| —r and y € R™ such that

max |z; —y| <e,

then
il = ly; — @+ x| = oyl =y — 5] > gl —e = 7.
. . o rncom
thus y ¢ C,. Hence, C, is closed and according to Proposition h.B, we deduce that
C, is complete.
For n =1 and ¢ > 0, we have seen above that for k > % and m > 2%
" J
—r,r] C B(—r+=,¢).
rrl e UB(r+ L9
7=0
Therefore

Frte U Bal(or s o))
J1---Jn=0,...m ain
Thus i)a) and i)b) are satisfies and the Theorem 7 implies the assertion (The

separable dense subset is Q™.) [ |
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THEOREM 7.9. Let C' C R™ be a subset. The following are equivalent

1) C is compact.

2) C is closed and there exists an r such that
C C B(0,R) .

(That is C' is bounded.)
Proof: 2) = 1) Let
C C B(0,R) C [-R,R]"

subcom
be a closed set. Since [—R, R]™ is compact, we deduce from Proposition [7.4 that C

is compact as well.

1) = 2) Let C subset R™ be a compact set. According to Theorem F?%%)b), we find
C C B(xy,1)U---UB(zp,1)
thus for r = max;—y,__,,(d(z;,0) + 1) we have
C C B(0,r) .

i losed
Moreover, by Theorem ;?6111)51) and Proposition (5 ,sszve deduce that C is closed. ®

We will now discuss one of the most important applications.

THEOREM 7.10. Let (X, d) be a compact metric space and f : X — R be a continuous
function. The there exists xo € X such that

f(zo) = sup{f(x):z € X}.
PROOF. Let us first assume
A={f(z):z € X}

is bounded and s = sup A. For every n € N, we know that s — % is no upper bound.
Hence there z,, € X such that

1
s> flay) >s——.
n
Let (ng) be such that limy x,, =2 € X. Then we deduce from continuity that

1
f(z) = lim f(z,,) > lims — — = s.
k nk
By definition of s we find f(x) = s. Now, we show that A is bounded. Indeed, if

note we find z,, € X such that f(z,) > n. Again we find a convergent subsequence
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(@n, ). Since f(xy,) is convergent it is bounded. We assume (f,, ) is bounded above

by m € nz. Choosing k > m + 1 we get
m > f(Tn,) > Nk > Ny, > M.

This contradiction shows that A is bounded and hence the first argument applies. B
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8. C(K)

For a metric space X, we denote by C(X) the space of continuous functions with

values in the real numbers.

LEMMA 8.1. Let (X,d) be a metric space and f,g € C(X) and t € R, then

i) f+tg defined by f+tg(x) = f(z) +tg(x), x € X, is in C(X).
ii) fg defined by fg(x) = f(x)g(x), x € X, is in C(X).
iii) Let h : R — R be a continuous function, then ho [ defined by ho f(x) =
h(f(x)) is continuous.
iv) Let (f,) be a sequence of continuous functions such that for every eps > 0

there exists ng such that for all n,m > ng

sup |fn(l‘) - fm(x)| < ¢ )
zeX

Then there is a continuous function f: X — R such that

fx) = lim f(x).

Proof: iii) Let us assume that (f,) is a sequence as above. Clearly for all z € X,

we see that
flx) = lign fulz)

exists. We have to show that f is continuous. For let x € X and € > 0. Let ng be

chosen according such that for n,m > nyg

sup | fn(z) — fm(z)| <

<
zeX 3 .
In particular, for all y € X and for n = ng + 1, we deduce

(8.1) ) = Fu)] = 1| fuly) ~ 20)] < 5 -

Since, f, is continuous (at z), we can find 6 > 0 such that d(x,y) < J implies

Fule) = )] < 3.

Thus we get for those y

[f(@) = fW)l < (@) = fal@)| + [fal@) = fuly)] + | fuly) = f(2)]

€+€+€_€
3 3 3

Hence f is continuous and the assertion is proved. [ |
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THEOREM 8.2. Let K be a compact metric space and f : K — R be a continuous

function. Then there exists an xq € K such that

f(xo) = sup{f(z) |z € K}.

Proof: Note that in the proof of the main Theorem the existence of a countable
dense subset has only been used to prove ii) = iii). Thus, we still have that every
sequence in a compact space has a convergent subsequence. If sup{f(z) : = €

K} = oo, we can find a sequence (x,,) such that

flzn) >n

for all n € N. Let us consider this case first. Let (z,,) be a convergent subsequence
with

T = lilgn Ty, € K.
Then we can find an € > 0 such that

d(z,y) <e = |flx)=fy)l <1

Then there exists an kg such that d(x,, ,x) < ¢ for k > ko. Let k; be such that
k1 > |f(x)| + 2, then we deduce for some ky > max{k;, ko}

[F@)+1 < ky < flow,) < f@) +|f(2) = flow)] < |[f@)]+1.

a contradiction. Thus sup{f(z) : * € K} < co. For every € > 0, there exists an
z(e) € K such that

f(z(e)) >sup{f(z) : x € K}.
Call the supremum sup. We get a sequence (z,,) such that
1

flen) < sup < fla)+ -

Let (z,,) be a convergent subsequence with
r = limz,, € K.
k

By continuity of f, we deduce

f(x) = lilgnf(a:nk) = sup.

The assertion is proved. [ |
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COROLLARY 8.3. Let K be a compact set and f : K — R be a continuous function,
then
sup{f(z) :z € K}
18 finite.

COROLLARY 8.4. The space C(K) equipped with

d(f,g) = sup|f(z) — g(x)|

zeK
18 a complete metric space.

Proof: Let us fist observe that for f,g € C(K) the map |f — g| is continuous and
thus

d(f,9)

is a real number. Clearly, d is symmetric and f = g, i.e. f(x) = g(z) for all z € K
iff d(f,g) = 0. The triangle inequality is obvious. Indeed, let f,g,h € C(K). Then

sup |f(z) —g(z)] < sup[f(z) — h(z) + h(x) — g(2)]

< i‘g}zﬂf@) — h(z)] + [h(z) — g(z)|)
< sup |f(x) — h(x)] + sup |h(x) — g()]

d(f,h) +d(h,g) .

Given a Cauchy sequence (f,,), we apply Lemma R.T to obtain a continuous limit
imit

function f. According to (81), we see that
Hence, f, converges to f. (Details: Exercise.) [ |

Motivated by this result, we will say that a sequence of functions (f,) converges
uniformly to f (on X) if

Ve > 03angVn > noVa € X|fo(z) — f(x)] < €.
This opposed to the pointwise convergence
Vo e XVe > 03angVn > nolfu(z) — f(2)] < €.

Example: The functions f,(x) = 2™ converge pointwise to f(x) =0 on [0,1)
However, the following remarkable result allows us to show that under suitable

circumstances the weaker pointwise convergence implies uniform convergence.



40 1. METRIC SPACES

THEOREM 8.5. Let K be a compact space. (f,) a sequence of continuous functions
on K converging pointwise to the continuous function f on K such that for allx € K

the sequence f,(x) is increasing. Then (f,) converges uniformly to f.

Proof: Let € > 0. Then, we can find for every x € K an n(x) such that

fl@) < fala) + 5

Since f, fu(z) are continuous, we can find §(x) > 0 such that

S(ey) <o) = (@) - @I <5 & lfunle) = fan @) <3

Then we have an open over

xc|/J B(x,@)

by compactness can find a finite subcover
X C B(x1,6(x1))U---UB(zp, 6(xm)) .

Let n(e) = max{n(x1),....,n(z,)}. Let y € K and find an 1 < ¢ < m such that
d(x;,y) < 0(x;). Then, we have for x = z;

fly) < f(@*‘% < fn(x)"i_%
< fl0)+ T < fly)be.

By montonicity, we deduce for all m > n

fy) < fuly) +e < fly) +e.

The assertion is proved. [ |

Let us state a further important application of compactness.
THEOREM 8.6. Let K C (X,d) be a compact subset and f : K — (Y,d) be a
continuous function. Then for every e > 0 there exists an 6 > 0 such that for all
r,y€e K

d(z,y) <o = d(f(z),f(y) < e.

Proof: For every x € K, we can find §(z) such that

da.y) <0 = d(f@).fW) < 5.

Then the open
6(x)
X B
c U B, =)

zeX



has a finite subcover

d(z1) M)
2 2

Let 6 = minizl,.,,m{‘s(gi) and consider x,y € K such that d(x,y) < 6. Then there

exists 1 <4 < m such that d(z,z;) < @. Hence,

X C B(ay, YU U B(x,

dy,z;) < d(y,x)+d(x,z;) < 6(x;)

and thus

A(f@), f(y) < dif(@) f@) +d(f@), fy) < 5+5 = <.

The assertion is proved. [ |

DEFINITION 8.7. A function satisfies the assertion of the previous theorem is called

uniformly continuous.
If time remains, we will show:

THEOREM 8.8. The closure of the polynomials are dense in C([a,b]).
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Proof: ii) : Let x € X and 0 < ¢ < 1, then there exists a £; > 0 such that
3

dz,y) <er = d(f(z), fly) < 30+ 9@ <1,
and g, > 0 such that
dz,y) <g, = dlg(x),g(y) < m <1

Let y € X such that d(y,z) < min{es,e,,1} = 6. Then we deduce form ¢ < 1

[fo(z) — fa(y)l < [f(@)llg(x) — g(y)| + |f(z)g(y) — f(v)g(y)]
< |f@)llg(x) = g)| + [ f(z) = fFllg@)| + | f(z) = f)llg(x) — g(y)]

€—|—€+62 < €
3 3 9 ’

A\
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9. Some aspects of topology

DEFINITION 9.1. A topological space is given by a tuple (X, O) where X is a set
O C P(X) is a collection of set such that

i) 0e0,
11) ]f 01,02 S O, then O1 N O, € O,

A basis B of a topology is a collection of set such that O € O if and only if for every
x € O there are By, ..., B, € B such that

Bin---NB, 0.
EXAMPLE 9.2. Let (X,d) be a metric space. Then
O ={0C X : O open}

defines a topology which is Hausdorff, i.e. for x # y we find O, and O, in O such
that
0 =0,N0,.

EXAMPLE 9.3. Let X = RU{occ}. Then
O ={0: OCR O open} U{K°U{ox} : K K compact }

defines a topology.
DEFINITION 9.4. A function f: (X,Ox) — (Y, Oy) is continuous if

f71(0) € Ox

for all O € Oy. A sequence (x,) converges to x if for every open set O € O

containing x there exists ng such that
x, € O

holds for all n > ng. The definition of compactness is the same as for metric spaces.

REMARK 9.5. There exists a Let S' = {z € C : |z| = 1}. The map ¢ : S —
RU{oo} defined by ¢(e*™) = % yields a homeomorphism between S* and RUoo,
i.e. ¢ is bijective and ¢p(O) open if and only if O is open.
EXAMPLE 9.6. Let X = {(z,) : x, € R}. Define
-n |£Un — yn|
d((20): (yn)) = Y 2"

1+|xn_yn|.
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Then O C X 1is open if and only if for every (x,) € O there exists ng and € > 0
such that if

|yn — xn| < &

holds for all n < ng, then (y,) € O.

Let X be a set. On the space FI(X,R) = RX of arbitrary functions, we define for
reXand OCR

BY = {g : g(x) €O}.

Let O be defined as the collection of sets such that O € O of and only if for every
f € O there exists zq, ..., x,, and Oq,...,0,, such that

feB?n-- B CO.

ProposITION 9.7. Let f € F(X,R) and (f,) be a sequence if functions. Then
lim,, f,, = f with respect to the topology above if and only of lim,, f,(x) = f(x) holds
forallx € X.

PROOF. Let x € X. We define 4, : F(X,R) — R by d,(f) = f(x). By definition

we see that ¢, is continuous. Thus f = lim,, f,, implies

f($) = 6x<f) = liinfsx(fn) = llglfn(l’)

Conversely, we assume that lim, f,(z) = f(z) for all z € R. Let O be an open set
such that f € O. By definition there are z1,...,x,, € X and Oy, ..., O,, subsets of R
such that

feBn---NnBICoO.
Thus we may choose ng such that
fo(zs) € O
forall i =1,...,m and n > ny. This implies
fneO

for all n > ny. [ |

THEOREM 9.8. (Tychonov) Let C C F(R) be a closed set. Then C is compact if
and only if all the sets 6,(C') are compact.
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We need a little preparation. We say that a collection (F;) has the finite intersection
property (fip) if

0 # NscrFi
holds for every finite subset S C I.

LEMMA 9.9. Let C C X be a set. Then C is compact if for every family (F;) of
closed sets such that (C'N F;) has fip, then

0£Cn()F.

Proor. Homework [ |

tych
Easy part of proof of Theorem b.g. Since ¢, is continuous, we see that for
compact C' we must have 6,(C') compact. The converse is more involved. The

shortest proof I know uses ultrafilters. We skip it. [ |

DEFINITION 9.10. A set E C X of a topological space is called connected, if for all
open sets Oy and Oy

ECcO,UOy and ENO;NOy = 0

mmplies E C O1 or E C Os.

LEMMA 9.11. A subset E in R is connected if and only if E is an interval.

PRrROOF. [ is called an interval if a < ¢ < b and a,b € I implies ¢ € I. If E is not
an interval we find a,b € I and a < ¢ < b such that ¢ ¢ I. We define Oy = (—o0, ¢)
and Oy = (¢,00). The condition for connectedness are then violated. Conversely,
we assume that I is an interval. Let O; and Os be open sets such that I C O; U O,
and O; NI # (0 and O, N T # (). We may assume that a < b and a € Oy, b € Os.
We define

¢ = sup{t :a <t <b, Vocsys € O1}.

If ¢ =0, then O; N Oy # 0. If ¢ < b, then ¢ ¢ O because if it were we could use
the fact that O is open and find § > 0 such that ¢ + § satisfies the conditions and
¢+ 6 < c. The same argument shows that ¢ # a. Thus ¢ € Oy. Since O is open we
known that there exists a 6 > 0 such that ¢ > s > ¢ — § implies s € O,. However,
by the definition of the supremum we find s € O; between ¢ — § and ¢. This shows
that O; N Oy is not empty. [ |

The following lemma follows immediately from the definition.
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LEMMA 9.12. Let f: X — Y be a continuous function and E C X a connected set.
Then f(F) is connected.

COROLLARY 9.13 (Mean-value theorem for continuous functions). Let I C R be an

interval and f : I — R be continuous. Then f(I) is an interval.

10. Picard-iteration

THEOREM 10.1. Let ) # X be a complete metric space and T : X — X Lipschitz

map with constant less than 1. Then T has a unique fixpoint.

PRrROOF. Since T : X — X has Lipschitz map with constant ¢ < 1 we known
that

d(T(x), T(y)) < cd(z,y)

holds for all z,y € X. We define inductively T° = id and 7" = T o T". Let
xog € X. We consider the sequence (z,),>o defined by z,, = T"(z). Note that

d(xn+1,$n) = d(T<xn)7T(xnfl) S Cd<xn7x1> S S Cnd(x17d0> .

Using the geometric series, we deduce

m—1 m—1
n+k—1
$n+m7$n E d$n+k;$n+k—1) < ¢ d(xlal‘())
k=1 k=1
oo
& 1
< d(xy, o) g c $1,:1:0)1_
k=0

Thus (z,) is Cauchy. Since X is complete x = lim,, x,, exists. Then we note that

the continuity of d : X x X — R implies
d(T(z),z) = d(lirrln T(xy), liin Tpy1) = li£n d(Tpi1,Tpy1) = 0.
We deduce T'(x) = x. If 2 is another fixpoint we we have
d(z,2") = d(T(z),T(z")) < ecd(z,z)

Thus (1 — ¢)d(z,2") < 0 implies d(z,z') = 0 and hence z = 2. |
EXAMPLE 10.2. The function f(x) = 1 — x has a unique fizpoint. However, the
iterates x,, = f™(x) only converge for x = %

THEOREM 10.3. Let ¢ : R x R — R be a continuous and L > 0 such that

|6(s,8) = ¢(s,r)| < Lt —7].
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Let yo € R such that |¢(s — o, y0)| < CeCl¥l for some constant C > 0. Then there
exists a differentiable function f : R — R such that
fl(@) = oz, f(z)) and f(zo) = yo-

ProOOF. We will show the assertion for xy = 0. Let a > max(L,C). We define
X, to be the set of continuous functions such that sup,.p e | f(t) — yo| < 00. We

define the distance function

d(f.9) = sup e M f(t) = g(1)] .

Note that if f € X, and d(f,g) < oo, then g € X,,. It is easily checked that X, is

a complete metric space (see section 3 for a similar argument). We define

T(H) = yo+/¢(s,f(s))ds.

Since ¢ and f are continuous the function g(s) = ¢(s, f(s)) is also continuous. In
particular, T'(f) is a continuous function. The key calculation here is the Lipschitz
constant of T: Let f and g be continuous functions such that d(f,g) < co. Then

we have
t

T(f)(t) - T(g)(t)]| = / (65, £(5)) — (s, 9(s)))ds

0

We define ¢ = L/a < 1 and deduce that

d(T(f),T(g)) < cd(f.9) .

Now we consider fy(t) = yo. Then, we have

d(T(f), fo) < d(T(f),T(fo)) +d(T(fo), fo) < cd(f, fo)+d(T(fo), fo) -
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We observe that a > C' implies

t

d(T'(fo), fo) < Slipefaltl /fb(sa’yo)ds < ngpeﬂ‘t
0

|ec|t‘ -1

<1
C =

Therefore T'(X,) C X,. By the contraction principle we find a unique f € X, such
that T'(f) = f. This means

f(t) = y0+/¢(s,f(s))ds.

In particular, f(0) = yo. The fundamental theorem of calculus implies f'(t) =

o(t, f(t))- m

REMARK 10.4. Let us discuss the condition ¢(s,ys) < Ce“*l. We can restrict our
attention to the interval [—2,2]. Since ¢ is continuous we may find C' such that
|6(s,y0)|] < C and are in business. The solution is differentiable in (—1,1). For
the uniqueness in the space continuously differentiable functions extending to [—2, 2]
we may assume that g satisfies g(z) = ¢(z, g(z)). Then we determine C' such that
lg(z)] < C and repeat the proof for some « large enough. Since then g € X,[—2, 2]
it has to coincide with the solution provided by the Theorem. Finally, how do we
show existence and uniqueness on R? We find a unique solution on [—2,2]. Then
we repeat the process on [—1, 3] with the value y; = f(1) found by the first solution.
Our starting function fy is defined by fo(t) = f(t) for —1 <t <1 and fo(t) = f(2)
for t ge2. We find a unique solution on [—1, 3] coinciding with the original on [—1, 2].
Then we continue and have a solution on (—2,00). Since the solution are locally
unique, they are unique as solution on R. The example ¢(s,t) = e*’2s with solution
f(x) =yo + e shows that we can not always assume that the solution is in some
X

We consider ¢(s,r) =7 and yo = 1. Then the iterations are given by

2

fz(t)=1+/(1+s)ds = 1+t+%
0
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t
s° 2t
f3(t):1+/(1+8+?)d8 = 1+t+5+§
0

We obtain the Taylor series

By our theorem we know that for every a > 1

limsupe *|f.(t) — €| = 0.
no¢>0

This is not true for a = 1.

What happens if we want to solve

fit) = f(1??
The function ¢(r) = r? is not Lipschitz on R. We have to use a local variant.

THEOREM 10.5. Let I and J be compact intervals with midpoints xo and yo. Let

¢: 1 xJ— R be a continuous function such that
|0(s,7) = ¢(s,t)] < Lr—1|
for some constant L. Then there exists a h > 0 such that
f@) = oz, f(x) ,  flzo) =wo
has a unique solution on (xg — h,xy + h).

PROOF. We assume again zo = 0, [ = [—a,a] and J = [yo — b,yo + b]. We
choose o > L. Let h > 0 such that [xg — h,xo + h] C I. We define the subset C' of
Xaolro — h,xo + h| as

C =A{f:fI)cJ}.
Again T is defined as

nmw:%+/wawm@.
0
Let f € C'. Then we have

Iﬂﬁ@—mh=/waﬂwﬁ

IN
=
»
~
—
2
|
=
w
<
<
=
)
+
o \
=
W
<
S
~—
.
)
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t

< / LIS (s) = yolds| + [t]sup |6 (s, yo)|
4 sel

< h(Lb+sup |o(s,yo)]) -

sel
Hence for h < — b we have T(C') C C. Since C is a closed subset of
Lb+supser [¢(s:y0)]
Xo[—h, h] we may apply the contraction principle. [ |

For the example f'(z) = f(z)* with f(0) = 1 we find
fo(t) =1,

t

fl(t):1+/ds = 1+t

t t
3

t
fg(t):1+/(1+s)2ds = 1+/(1+28+s2)ds — 1+t+t2+§

6 3
:1—1—/(1—1—32—1—34—1—%—1—23—1—282—1—2%+-~-)d3
0
=1+t++7+-
The solution is f(t) = Y t* = . Of course this can not be extended to R and
k=0

uniform convergence only works on compact subsets of (—1,1).
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11. Linear differential equations

In the vector-valued situation, Picard’s iteration works equally well.

PROPOSITION 11.1. Let I be an interval and X be a Banach space. Let xo € I and
Yo € X and 6 > 0. Let ¢ : I x B(yo,0) — X be a continuous function such that

lo(t, ) — ot )| < Lijz -yl
Then there exists an h such that
') = ot f(t)) flzo) = wo
has a unique solution among continuous functions f : (ro — h,xo + h) — B(yo,9).

PROOF. Define t
T(F)(t) = vo+ / o(s, f(s))ds

Let a« > L and h > 0. We consider the Banach space
Y = {f:[xo—h,x0+h] — X : f continuous }
with the norm
£l = sup e | f(zo + s)| -
|s|<h
We consider the closed subset C' defined by
C = {f . f([.l’o — h,$0 + h]) C B(yo,d)} .

With the appropriate choice of h we find T(C) C C. The Banach contraction
principle yields a fixpoint T'(f) = f which satisfies

F'(t) = ot (1)

For any solution ¢'(t) = ¢(t, g(t)) with g(x¢) = yo we have

Yo + /t o(s,9(s))ds = yo + /t g(s)ds = g(t) .

o

Thus we have uniqueness for continuous g with values in B(yo, ). [ |

Let us recall the usual trick for transforming DE with linear coefficients into systems:

We are given the differential equation
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with conditions y(z¢) = vo, ¥'(20) = y1,.....y" Y (29) = yn_1. Then we introduce

the new variables
Yo =Y.y =Y, Y1 =Y
This leads to the matrix valued equation

y = A(g) ) @7(1’0) - <y07'-'-7yn71>

where
0--
0 1 0
A= :
o o0 - 0 1
ay ay -+ QAp—9 Ap_1

PROPOSITION 11.2. Let X be a Banach space and A : X — X be linear map. The

differential equation

has the (unique) solution
ft) = ey
Proor. We consider the power series
g(t) = kZHA
=0

with values in L(X, X). By Lemma F;.QFO, we deduce

7 = 3 Gyt = Adlh).

k=1

Therefore the chain rule implies that

satisfies
() = ep(d () = gy = Alg(t)yo) = A(f(?)) -

The condition f(0) = yo is obvious. (Note that uniqueness follows from the Picard

iteration method.) n
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LEMMA 11.3. Let A be a complex n x n matrix and U invertible such that A =

UBUL. Then for every power series f(t) = > aptt converging on R we have
3

f(4) = URBU.

PROOF. Since power series are uniformly converging it suffice to show the asser-

tion for polynomials. By linearity we only have to consider f(t) = t*. However,

AF — [UBU)* =UBU"'UB---U"'UBU" = UB*U™". m

k-terms

LEMMA 11.4. Let B an n x n-Jordan block for the eigenvalue A. Then

tB tA
e =€ ja] E €jj+k+1

k=0 = j=1,.n—1—k

where e;; are the matriz units.

Proor. We may write B = Al + C' where

n—1
C = ¢jn
j=1
is a sum of matrices with only one entry. Note that e;,.e;; = d,5€;. Then we get

n—1
C™ = (> )"
j=1

n—1
= : : 6j11j1+1 to ejM7jm+1
jl,---7jm:1
m
= § : €. +165+15+2 " Ejtm,j+mt1

]:17771—17]4'7713"—1

m

= E . Cigemit

7j=1,...,n—1—-m

In particular, C™ = 0. This yields

= Il E €ji+k+1 -

k=0 = j=1,..n—1—k

A+B _

Finally we note that that for commuting matrices e e“eP follows from the

properties of the binomial coefficients (as for scalars). [ |
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An example will illustrate the procedure

010
C = 0 01
0 00
Then, we have
0 01
C? = 0
Since C® = 0, we get
0ot L
e“ =100 t
00 O

Thus the monomials Z—k, ‘move’ in the shifted diagonal.



CHAPTER 2

Topological vector spaces

1. Vector spaces

In the following F' is a field.

DEFINITION 1.1. A wector space V' over F is given by a commutative group (V,+,0)
and a map m : F'xV — V such that

m\x+y) = m(\x)+m(\y).

DEFINITION 1.2. Let V' be a wvector space. A system S C V is said to be linear
independent, if for every finite family (A\s) of scalars

Z)\SS =0

seS
implies As = 0 for all s € S.
ExamMpLE 1.3. C0,1] is a vector space. The polynomials {pr : k > 0} are inde-
pendent (p(t) = t*).
EXAMPLE 1.4. The space F(R) = R is a vector space over R.

EXAMPLE 1.5. Let I be an index set. Then F' = {f : 1 — F : ffunction} is a

vector space over F.
EXAMPLE 1.6. R is a vector space over Q.

DEFINITION 1.7. A subspace W of V is a subset W C V such that x,y € W and
A € F implies
r+AyeWw.

EXAMPLE 1.8. Let I be an index set. Consider F(I) C F defined by

F(I) = {f: 1= F : g finitelt ¢ S = f(i) = 0)} .
F(I) is called the free vector space over I.

PROPOSITION 1.9. Let W C V be a subspace. Define x ~ vy by x —y € W. Then

~ is an equivalence relation and V/ ~ is a vector space. This space is denoted by
V/W.

55
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ProOOF. Obviously, ~ is an equivalence relation. We define the operations
[z] + Aly] = [+ Xy] .

lfex—2'eWandy—y € W, then z — 2’ + ANy —y') € W. Thus V/ ~ is a vector

space. |

DEFINITION 1.10. Let V' and W be vector spaces. The direct sum V @& W is the

vector space V- x W with the operation
(z,y) + A", y) = (z+ Ay + Ny) .
DEFINITION 1.11. 1) Let S C V. Then the span of S is defined as

span(S) = {Z Ass © A € F, S C S finite} .
ses’

2) B CV is called a basis if B is linear independent and span(B) = V.

THEOREM 1.12. Every vector space has a basis.

ProoOF. Consider the collection L of linear independent subsets of V. We say
that S; < Sy of S; C Sy. Let (S;)ier be a chain, i.e. for every i and j € I there
exists & € I such that S; C S and S; C S,. We claim that S = bigcup;S; is linear
independent. For let (As)ses be finite family such that

Z)\ss =0.

For every s € S” we find i(s) such that s € Sj(,). Since S’ is finite we may find k € I
such that S;) C S for all s € S'. Hence, {s : S’} C Sj. By linear independence,
we deduce A\, = 0 for all s € S’. By Zorn’s Lemma, we find a maximal element B
in L. This means for no z € V- BU{z} € L. We claim that V = span(B). Let us
show that = ¢ span(B) implies that B U {z} is linear independent. Indeed, let A,
and (As)ses, S C B finite such that

A+ Aes = 0.

If A\, =0, we deduce 0 = Y A,s and hence A\; =0 for all s € S. If A\, # 0 we find
T = Z—)\s/)\xs.

Since z ¢ span(B) we deduce A\, = 0 and the assertion follows. |



2. LINEAR TRANSFORMATIONS 57

ExampLE 1.13. {1, \/5} 15 linear independent over Q. Let B be a basis for R over

Q. Then we find an injective map
*:R—- |J @
s'cB finite

Since Q%" is countable and for an infinite B set the collection of all finite subsets of

B has the same cardinality as B, we deduce that B has the same cardinality as R.

2. Linear transformations

DEFINITION 2.1. Let V' and W wvector spaces over F. A map T : V — W 1is called
linear, if

T(z+ \y) = T(z) + AT(y)
holds for all x,y € V. A linear map T is called an isomorphism if T is bijective.
REMARK 2.2. 1) If T(V) is a subspace of W.
2)If T :V — W is bijective, then T is linear.
3)IfT:V —WandS: W — Z are linear maps, then the composition ST : V — Z

18 linear.

EXAMPLE 2.3. Let ¢ : [ — J be a map. Then
Ty F(J) = F(I),T(f) = fo¢

is a linear map. If ¢ is bijective, then T, is an isomorphism.

THEOREM 2.4. Every vector space is isomorphic to a free vector space.

PROOF. Let B be a basis. We define T': F'(B) — V by
T(f) = [
beB

Note that T'(f) is well-defined because only finitely many coordinates are non-zero.

It is easily checked that T is an isomorphism. [ |

PROPOSITION 2.5. Let V' be a vector space and W be a subspace. Then V' isomorphic
to Wea V/W.

PROOF. Let B be a basis of V/W. Let f : B — V such that f(b) € b holds for
all b € B. Let us show that {f(b) : b € B} is linearly independent. Indeed, if we

assume

0 =) Af(b)
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then 0 = [0] = >, M[f(b)] = >, \wb. Hence ay, = 0. Therefore, we may define
Ty : V/W — V by

0> Mb) = D Nf(b).
b b
Then we define T: W & V/W — V by
T(w,z) = w+ Th(x).

Obviously, T is linear. Let us show that T is injective. This is to show T'(w,z) =0
implies w = 0 and z = 0. Let x = >, \yf(b). 0 = T(w,z) implies Ty(x) € W.

Hence
0= > MO =D b =z,

Thus z = 0, T3(z) = 0 and w = 0. Let y € V. We write [y] = >, \yb. Then we

have

=Y NfO)] = [y =D MO = ] -> b =0.

b
Thus y ~ >, A f(b). We get

T(y—> Mfb),ly) = y.
b
Hence T' is bijective. u

DEFINITION 2.6. Let T : V — W. We define the kernel
ker(T) ={zx €V : T'(x) =0}

and rg(V) = T(V) the range.
PROPOSITION 2.7. Let V. — W be a linear map and q : V' — V ker(T') be the quotient

map q(z) = [x]. There exists a unique injective linear map T : V/ker(T) — W such
that qT =T.

PROOF. We have to show that T([z]) = T(x) is well-defined. However z — 2’ €
ker(T) implies T'(z) — T(z') = T(x —2') = 0. Now, we assume T([z1]) = T([z3]).
Then T'(z1) = T'(x2). This implies T'(z1 — z2) = 0. In particular, z; ~ z,. |

DEFINITION 2.8. We define dim(V') to be the smallest cardinal number given by a

basis. It is easy to show that

dim(Ve W) = dim(V) + dim(W) .
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COROLLARY 2.9. Let T : V — W. Then
dim(ker(7")) + dim(rg(7")) = dim(V).
PROOF. Since T : V/ker(T) — rg(T) is an isomorphism, we see that
V = ker(T) & V/ker(T) 2 ker(T) ® rg(T) .

The formula for the dimensions follows. [ ]

COROLLARY 2.10. Let V' be a finite dimensional vector space andT : V — V. Then
T is injective if and only if T is surjective.

PRrROOF. T is injective iff dim(ker(7")) = 0 iff dim(rg(7")) = n. |
COROLLARY 2.11. Let Wy and W5 be finite dimensional subspaces of a vector space
V. Then

dim(Wy) + dim(Ws) = dim(W; + Wy) + dim(W; N W) .

Proor. W.l.o.g. we may assume V = W; + Ws. Let us first assume that
Wy N Wy = {0}. Then the map ¢ : Wy — V/W; is bijective and hence

(2.1)  dim(W, + W) = dim(V/W;) + dim(W,) = dim(Ws) + dim (W) .

Now, we consider the general case. Since W7 N W, is a subspace of V', Wy and W,

we have
dim(W; + Wa) = dim(W; + Wy /Wi N W) + dim (W, N Wa)
dim(Wy) = dim(W, /Wy N Wa) + dim(W, N Ws)
dim(W3) = dim(Wy /W7 N Wa) + dim(W; N W) .
The assertion follows from
dim(Wy + Wy /Wy N Ws) = dim(Wy /Wi N Wa) + dim (W /Wy N Ws)
which is particular of our preliminary observation because Wy /Wi NWy N Wy /WiN

WQ = {O} [ |

DEFINITION 2.12. Let B be a basis for V and S C V. Then we find scalars Ny

such that
s =Y Aub.

beB
The matriz mg g = [Asplsespen s called transition matriz.
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LEMMA 2.13. Let B and S be a basis for V with transition matrices mp.s and mgp.
Then

id = mgpmps and id = mpgmgp .

PRrROOF. Let b € B. Then we have

b = Z/Lb,ss = Zﬂb,s Z /\s,b’b,

seS seS b'eB
= Z(Z ,Ub’,s)\s,b>b/ + (Z ,Ub,s)\s,bﬂ)
b'#b s s

By linear independence, we get

E My sAsp = Oy -
S

This shows mg pmp s = id. Starting with elements in s yields the first assertion. M

Let T': V — W be a linear map and C' a basis for V and B be a basis for W. We

may write

T(c) = > Aeab.

beB

Then mf p = [My] is the matrix associated to T (with respect to C' and B).

LEMMA 2.14. Let B and S be a matrixz for V and C, D be a basis for W. Then

T T
Mmp,s = Mp,cMgcpMB,s -

PRrROOF. Assume D = C first. Then

T(e) = ) Acb = D Aep D fnss

beB beB s€S
This yields

mgs = mgmeB%q.
The equation

mg,B = mD,CmgB

is proved similarly. [ ]

COROLLARY 2.15. Let T : V — V a linear map. Let B and S be a basis. Then

T _ T 1.7
Mgg = Mg,BMp gMB,s = MpgMp RMB,S -
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3. Determinant and adjacent matrix

We recall that on the space of n x n matrices over F' the determinant is given by

n

det(A) = > (=)™ ] aire) -

TESn i=1
Here S, is the space of all permutation of the set {1,...,n} and
I(m) = #{i<j : =) >7(j)}

is the number of inversions. It is easily checked that det is multi-linear, antisym-
metric and satisfies det(/) = 1. Using the Gauss-elimination method one can then
show that det(A) # 0 if and only if A is invertible. We will use a different approach.

DEFINITION 3.1. Given a matriv A = (a;;) we denote by B;; the matriz obtained by
deleting the i and j-th column. We define

bij = (=1)™ det(X};)

Then B = adj(A) is called the adjacent matriz to A
LEMMA 3.2. Aadj(A) = det(A)I.

PRrOOF. Consider C' = Aadj(A). Then we deduce from the well-known deter-

minant expansion

For i # k we get

e = Y ay(—1)" det(Xyy) = det(Ay)

i=1

Here A repeats the i-th column in the k-column. Thus det(A;) = 0 by anti-
symmetry. |

COROLLARY 3.3. If det(A) # 0, then A™' = det(A) ' adj(A).

LEMMA 3.4. Let F' be R or C and A; be m x m matrices such that

iAk)\’“ =0
k=0

forall N € F. Then A=A, =---=A,=0.
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PROOF. Proof by induction n = 0. By assumption 4, = 0.
n+1
We assume the assertion is true n. Let > AgA, = 0. Inserting A = 0 we get Ag =0
k=0
and hence

A ANy = 0.
k=0
This for A # 0 we must have
Z Ak_}rlAk = 0
k=0

By continuity this also holds for A = 0 and the induction hypothesis implies A; =
Ay =---=A4,.1=0. [ |

For a polynomial p(\) = > apAF and a matrix A we define
k=0

p(A) = ZakAk.
k=0
THEOREM 3.5. Let A be an m X m matriz and
pa(A) = det(A — A)
the characteristic polynomial. Then
Proor. We know that
(A — A)adj(Al — A) = det(M — AT = pa(M)I .
We write )
adj(Al — A) = > Bp\F
k=0
Let us write .
pa(A) = Zak)\k.
k=0

Here a,, = 1. This gives
> @M =pa(N)I = (A — A)adj(\ — A)
k=0

n—1

= (M —A)) B\

k=0

= —ABy+ Y (Bi_1 — ABp)AF

k=1
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Comparing coefficients we get B,_1 = I, —ABy = a¢ and
By_1—ABy = ail
for k =1,....,n — 2. Multiplying with A¥*~! we deduce

14k13k_1 —-/4k+113k = ak/4k.

Therefore
n n—1
> At = A" — ABy+ Y (A'Bi — AFBy) = AN — A" = 0. -
k=0 k=0

DEFINITION 3.6. Let us consider the ideal
Iy = {peC[X] : p(A) =0}

of polynomials. Since the integral domain of polynomials admits a factorization
algorithm there exists a polynomial m 4 with minimal degree and leading coefficients
1 such that

IA = CW)(MHA.

In particular, the minimal polynomial divides the characteristic polynomial py.

4. Eigenvalues and eigenvectors

DEFINITION 4.1. Let T : V. — V be a linear map. A number A\ € F is is called an

eigenvalue if there exists v # 0 such that

In this case v is called eigenvector. The space Ky of eigenvectors is given by
Ey\ = ker(T — Xid) .

EXAMPLE 4.2. On FY we define

Then T'(f) = Af implies
Af(n) = f(n+1)
Therefore every eigenvector for T'(f) = Af is given by f(n) = A\ f(0) with f(0) #

0. Note that for A # 0 the function fy(n) = A™ does not belong to the free vector
space FI(N). For A = 0 we must have 0 = f(2) = f(3) = ---. Hence on f given
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by f(1) =1 and 0 else is an eigenvector for 7. We may also consider the subspace
¢y C RY given by
by = {f: N>R : > |f(n)] <oo}.
Then fy € {y if and only if || < 1.
LEMMA 4.3. Let F € {C,R}, A € M,(F) and X an eigenvalue. Then ma(\) = 0.

PROOF. Let v # 0 such that A(v) = Av. Then Ay = M*v implies

Thus m(\) = 0. |

PROPOSITION 4.4. Let V' be a complex finite dimensional vector space of positive

dimension. Let T : V — V be a a linear map. Then T has an eigenvalue.

PROOF. After fixing a basis, we may associate with 7" a matrix A. Then p4(A) =
det(\ — A) is a polynomial with leading coefficient A¥™(V), Thus dim(V) > 0
implies with the fundamental theorem that there exists A with ps(\) = 0. This
implies det(Al — A) = 0 and hence there exists 0 # v € ker(A\] — A). Using the

transition matrix, we deduce that 7" has an eigenvector. [ |

REMARK 4.5. The eigenvalues are exactly the roots of the characteristic polynomial.
Indeed, X is an eigenvalue iff ker(A — A) # 0 iff det(A\ — A) = 0.

5. Jordan normal form

DEFINITION 5.1. We say that A is similar to B if there exists an invertible map S
such that A= S™'BS.

THEOREM 5.2. Let A € M,(C) a complex matriz with
pa(z) = (@ =A)" (= Ap)"
and
ma(z) = (2= M) (2 = M)
Then A is similar to a block matriz B with blocks

A1 0 0---
0o XN 1 0---
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Here not more than s; blocks occur.

DEFINITION 5.3. Let T : V — V be a linear map. We define
p(T)={NeC : (M —T)" exists }

and the spectrum o(T) = Cp(T).
REMARK 5.4. A € M,(C). The A € a(A) iff pa(X) =0 if ma(X) = 0.
LEMMA 5.5. Let A € M,(C). Let A\ € o(A). Then the seqeunce of subspaces
Consider
M7 = ker(A — \)’

is ordered by inclusion. Moreover, the exists a minimal k such that M* = M*+1,

PRrROOF. Consider d; = dim(M?). Then d; are integers and (d;) is bounded by
n. Thus d = lim; d; converges. Using € = %

have d; = d. Hence, we define k = min{j : d; = d}. |

we see that for some k > ky we must

DEFINITION 5.6. For two subspace V and W of C™ we write VW =C" if V4+W =
C" and VN W = {0}.

LEMMA 5.7. M* @rg(A — N\)* = C" and rg(A — \)/ =rg(A — \)¥ for all j > k.
PrOOF. Note that
n = dim(ker(A — A)) + dim(rg(A — A)?)) .

Moreover, the sequence W; = rg((A—\)?) is decreasing. Thus d; = dj for all j > k
implies dim(rg(A — A)7)) = dim(rg(\ — A)¥)) for all j > k. Thus W; = W.

Now, let v € C". Define w = (A — \)*v. Note that (A — \)(Wy) = (A — \)*(A4 -
A (C") € Wy. Moreover, dim(A — \)(Wy) = dim Wy, = dim Wy implies that
M — A is injective on W),. Hence (A — \)¥ is injective and surjective when restricted
to Wy. Therefore we find vy € W, such that (A — \)¥(vy) = w. Equivalently
vg — v € ker((A — \)¥). Hence

v =v—uy+vyE M +W,.

This implies
C* = M*+ W,

Using the dimension formula we must have dim(M* N W}) = 0. |
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In the following we use (A) = {1, ..., Ay}
M; = Jker((A= N , W = (re((A=N)").
! l
dec
We denote by k; the smallest integer from Lemma }b_7
LEMMA 5.8. i # j implies M; C Wj.

PROOF. Let us show that (A — \;) leaves M; invariant. Indeed, let z € M;.
Then

(A= X)) = Oy = X)) + (4= A)(a) € M.
Recall that for x € ker((A — \)¥) we know that
(A= XF NI — Az = AN — A)(A - X)) = 0.
Thus we get (A\; — A)(M;) C M;. Now, we want to show
ker(\; —A)NM; = {0}.
Indeed, let = € ker((A\; — A)) N M;. Then we have

(A = A)*(2) = (A= X) = (A= 3)"(2)

= (=00 + X () (A = 2P HA - 1)) = 0.

1=1
Therefore (A — )\;) is an isomorphism when restricted to M;. Thus for every x € M,
we may find y € M; such that

z = (A=X\)fy) ew;.

The assertion is proved. u

LEMMA 5.9. C" = My & My @ --- © M,,.

Proor. We have
Cn - M1 EB W1

Every element x € W) can be written in a unique way © =z + vy, z € Wy, y € M.
Since y € My, we get z € Wo N W7

Wy = WinW,@ M, .

Hence

C" =M MWL NW,.
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Since M3 C Wi N W5, we continue and get
Ct=Me- oMW iNn---NW,.
Let W =), W;. Note that
(A=X)Wi) C (A — A)Wi + (A= N)(Wi) C W5

Therefore (A — A\;) maps W into W for all j = 1,...,p. In particular A(W) C W.
Let us denote the induced linear map on W by T'. If A is an eigenvalue for 7', then
A is an eigenvalue for A. Thus o(T') C {1, ..., A\, }. However, for every A = \; every
eigenvector x is contained in ker((A — \;)*). This yields z € M;NW C M;NW =

{0}. Therefore we have shown that 7" has no eigenvalues. According to Proposition
exeigen

we must have dim(W) = 0. |

LEMMA 5.10. The dimensions k; = dim(M;) coincide with degree s; corresponding

to A\; in the minimal polynomial.
PROOF. Let us recall that M; = ker((A — \;)¥) and hence
(A=X)(M;) = 0.
Since C" is a direct sum of the M;’s and the (A — )\;)*’s commute we get
(A=) (A=) (C") = {0}.

This implies that the minimal polynomial m,4 divides ¢(z) = [[’_;(A\; — z). Thus
s; < k; for all i = 1,..., p. Suppose there exists i such that s; < k;. Then there exists
an 0 # x € M, such that (A — \;)%(xz) # 0. We have shown in Lemma %1181 that
that for every j # ¢ the map (A — \;) maps M; to M, and is injective. Therefore
[1;(A—X;)% is injective on M;. We get

ma(A) (@) = [[J(A = 3)7](A = X)"a #0.
J#i
Thus ma(A) # 0 and this contradiction concludes the proof. |

The next result concludes our proof of the existence of the Jordan normal form.
PROPOSITION 5.11. Let \; € o(A) and for j =1,.....k = s; we define
A; = dim(ker(A — )\;)7) — dim(ker(A — \;)7™ 1)

and O, = Ay, and
8]' - Aj - Aj+1 .
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Then the restriction of A to M; is similar to a direct sum of 0; Jordan blocks of

length 7.

PROOF. In the following A = )\; and k = s;. We consider M = ker((A — \)¥)).

We decompose
M = ker((A— N @ker((A—N)F)/ker((A— Nk —1)

Let [b1], ..., [b;m] be a basis for the quotient space. Note that m = Ay = k. Let us
show that

S = {(A—Ni(b) : 0<j<k1<i<m)

is a system of linear independent vectors. Indeed, assume

S as(A=\ib) = 0

]
Since (A — A\)*1(A—X)? =0 for j > 1, we get
> ai(A—=N1b) = 0.
i=1

This implies >, a;ob; € ker((A — \)*~1. By linear independence of the [by], ..., [by]

we deduce a;9 = 0 for ¢ = 1, ..., m. Similarly, we assume

m k—1
DY a(A= A (b) =0
i=1 j=1
and deduce a1, ...., a1 = 0. Inductively, we find a;; = 0. For a fixed 1 <7 < m we
consider
= (A= (b;).
Note that

A(J)J) = (A — )\)(JTJ) + )\ZL’j = Tj41 + /\:L'j

for j = 0,...,k — 1 but (A — N (2x_1) = (A—=N¥®) = 0. Hence zj_; is an

eigenvector. We see that A leaves

F; = span{xq,....,xp_1}
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invariant. In this basis we finally find the Jordan block

1
0 X 1
A

12

F;
1
0 A

Using the reversed order v(_1);,+; = Tx—; we obtain (finally) a Jordan block and a
basis (v;)1<;j<mk for m blocks of length k. Now, we proceed inductively and consider
ker((A — \)*1)/ker((A — A\)¥=1). Then vectors cy, ..., ¢, = [(A — X)(b;)] are already
linearly independent. Thus we may complete this system with linearly independent

vectors [By], ...., [B] where
| = Ap1 — Ay = 0Ok

The descendants of the B; form [ Jordan normal blocks of size k — 1. In general, we

have
0j = Aj = (O + -+ 0j11)
many Jordan blocks of size j. For example, we have
Ok +0k—1 = A+ D51 — Ak = Ap_q .
By induction, we get
O+ + 041 = Ajir.

Our claim is proved. [ |

REMARK 5.12. The JNF is uniquely determined by the dimensions 0;. It is unique
up to permutation of the blocks.

COROLLARY 5.13. Ay <A forj=1,....k and
k; = min{j : dim(ker(A — X\;)?) = dim(ker(A — \;)’") .

PROOF. In fact we have seen that for by, ..., b, such that [b;] = ker((A—\)*)/ker((A—
A)*=1) are linearly independent we have (A — \)%77(b;) are linearly independent.
This yields Ay < Ag. Since Ay > 1 by definition, we deduce d;;; > d; for all
=1,k —1. n
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Let us consider an example

We have 4(x) = det(A — z)?

(A—2)* =

o o O O

0

o O O o

o O O o

O O O O N

oS O O N

1
0
2
0
0

2. TOPOLOGICAL VECTOR SPACES

(2 — x)5. Thus the eigen value 2. Consider

The minimal polynomial is m(z)

span{ey, es — e3,e4 — e5}. Thus A is similar to

In fact I constructed A as

where

o O o O

1 0 1
—1 00
1 00
0 00
0]]L0 o0
= (2 —2)%
100 0]
200 0
0210
0020
000 2|
= S7'BS

1 1 1 1]
1111
01 11
0011
000 1]

o O o O

1 1 1
0 -1 -1

0 1 1|=0
0 0 0

0 0 0,

The kernel of (A — 2) is the
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6. Topology and vector spaces

DEFINITION 6.1. A topological group is a group G with a topology T such that - :
GxG—G, (g,h)=ghand I:G — G, I(g) = g~ is continuous.

Loafg#Fn
EXAMPLE 6.2. (1) Let G be group and d(g,h) = . This induces

0 else
the discrete metric. In the induced topology every set is open and hence G

18 a topological group.
(2) Let us consider R® with the topology of pointwise convergence. Then (RE, +)

18 a commutative topological group.

DEFINITION 6.3. A topological vector space is a vector space over K € {R,C} with
a topology on V' such that (V,+) is a topological group and - : K x V. — V s

continuous.
Why topology? For differentiation. We need even more.

DEFINITION 6.4. V' be vector spaces with a metric. Let Q0 C 'V be an open set and
f:Q—R be amap. f is called differentiable at xo € € if there exists a continuous

linear map T : V' — R such that

|f(z) = f(z0) +T(x — 20)|

=0.
d(zo,z)—0 d(fL‘, l‘o)

REMARK 6.5. Let V' = R(N) equipped with the pointwise topology. Then a linear
map T : V. — R is continuous if and only if Y, |T(ex)] < oo. Indeed, C' =
{(e1,€9y.cecnen) + € €{=1,0,1}} NV is compact. Thus

> |T(ex)| = sup |T(x)| .

© zeC

Differentiation is usually done in normed vector spaces.
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DEFINITION 6.6. (V|| ||) is called a normed vector space if V' is a vector space and
|| : V —[0,00) satisfies.

i) ||z =0 2 =0,
i) [|Az]] = [A[ll]],
i) [lz +yll < [lz]l + llyll,
for all x,y € V, A € K. The associated metric on (V)| ||) is defined by

dy(z,y) = [lz—yl.

REMARK 6.7. For a normed vector space (V,+) is a topological group.
LEMMA 6.8. A normed vector space (V. || ||) is complete if and only if every absolutely

convergent series is convergent.

PROOF. Let us assume that V' is complete and that

D lzall < oo
n

Using the Cauchy criterion in R, we find for every € > 0 an natural number ny such
that for m > n > ng

m
> lmll<e.

k=n+1

n
This shows that y, = > x; satisfies
k=1

m m
lym = wnll = 11 D @l < D sl <e.
k=n+1 k=n+1

Thus (y,) is Cauchy. Since V' is complete we find a limit y = lim, y,. For the
converse we assume that (y,) is Cauchy. Passing to a subsequence (if necessary) we

may assume ||Y,+1—Ynl = d(Yni1,yn) < 27". Then the series zo = Yo, T, = Yn—Yn—1

S el < o0
n

By assumption, the partial sums

satisfies

Zn = T+ X1 — T+ X2 — X1+ Ty —Tpo1 = Tp

converge. Thus (z,) is convergent. |
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DEFINITION 6.9. V and W be normed vector spaces. Let 2 C'V be an open set and

f:Q— W beamap. f is called differentiable at xo € ) if there exists a linear map

T such that
oo 5@+ 0) = flag) + TE)]

=0.
[v]|—0 o]l

REMARK 6.10. If f is differentiable at xq, then f is continuous at xy.

Funny, the derivative is a linear map! In order to understand what it means to be

continuously differentiable we need a norm on L(X,Y).

PROPOSITION 6.11. Let X be a normed space and 'Y be a Banach space. We define
L(X,Y) as the space of map T : X — Y which are linear, i.e.
T(x+Ay) = T(x)+ \T'(y) .

and continuous. The norm on L(X,Y) is given by

[T]lop = sup | T(z)] -

llz]|<1

Then L(X,Y) is a Banach space.

PROOF. Let us first show that a linear map T': X — Y is continuous iff |T|| <
oo. Indeed, if ||T°|| is finite, then

IT(z) =T = 1T =yl < [Tllopllz =yl

holds for all x,y € V. Thus T is Lipschitz and thus continuous. For the converse,
we assume that 7' is continuous. Then T~*(B(0, 1)) is open and henceforth contains
B(0,¢) for some € > 0. Now let ||z]] <1 and 0 < § < e. Then ||(c — d)z| < e and

hence
IT@)| = (e =) T(e =) @) < (e =0)7".
This shows that ||T,, < (¢ — )~ for every § > 0 and thus ||T|,, < e~ !. Now, we

observe that || ||, is @ norm. We only check the triangle inequality. Indeed,

1T+ Sllop = sup [(T'+ S)(@)|| = sup [[T(z) +S(x)| < sup [T(x)] +[|S ()]

[[=]I<1 llz]|<1 [lz]|<1

< 1 7Wop + [151lop -

Finally we have to show that L(X,Y") is complete. Let (7,,) be a Cauchy sequence

of linear maps. For fixed x € X, we have

1T (z) = Tn(2) | < T = Tonllll]] -
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Thus (T, (x)) is Cauchy and we may define
T(x) = lign T.(z) .
Then we have
T(x+\y) = hrrln To(x+Xy) = h£n To(z) + aT,(y) = T(x)+ \T(y) .
Thus T is linear. Let us show that
(6.1) li7rln||T—Tn||op =0.
Indeed, let x € X with ||x|| < 1. Then we have
IT(2) = Tu(@)| = [t T (@) = Tu(e)]| < limsup [To(x) — T (o)

m>n

< sup [T = Tullll=ll < Sup [T = Toll -

In particular ||T||op < [|T° = T1lop + || T1]0p is finite and 7" is continuous. Moreover,
lim, d(7T,T,) = 0 implies that lim,, T,, = T [ |

PROPOSITION 6.12. (Chain rule) Q C V open, Q C W open. f:Q—W, g:Q —
Z, x9 €w, yo = f(z0) € Q. If f is differentiable at o and g is differentiable at yo,
then g o f is differentiable and

(go f)/(xo) = gl(f@o))f/(xo) .

PRrOOF. Let us introduce the error functions

er(v) = flxo+v) = flzo) = T(v)

and
gg(@) = g(yo +w) — g(yo) — S(w) .
Note that
v w
o ||6|J|f£“)|| =0 i ||8|T£vll)|’ '

For v € V' we introduce w = f(xg +v) — f(zo) = T(v) + £¢(v). Then we have

9(f(xo +v)) = g(f(x0)) — R(v) = g(f(20) +w) — g(f(20)) — R(v)
S(w) + gg(w) = R(v) = S(ep(v)) +g4(w) -

Since S is continuous, we have

i 1CE g @l

i—o vl - [v]|
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Moreover, for every £ > 0 there exists a v > 0 such that ||w| < v implies

wl| .

9
€ < —
ley()l < 75y

Since f is continuous, there exists a 0 > 0 such that ||[v|| < ¢ implies || f(zo + v) —

f(zo)]| <. Moreover, by making J smaller we can also assume

les ()l < vl
Then, we get
[w]] = [[f(xo +v) = flzo)ll = [T(v) +e()I < [[T[[l[vll + vl -
Thus we get
€
leg(w)l| < —=rllwll < eljvll.
! 1+ 7]
for all ||v|| < 0. |

EXAMPLE 6.13. Let u be continuously differentiable function in two variables. We

are looking for the derivative of

~+

Solution: We define g(¢,r) = [u(r,s)ds. The derivative is given by the gradient
0

ﬂ%wzvﬂmﬂ(x>
)

— gi( )z +g—r(t Ty = u(r,t)x+(/0 %U(T‘»S)dé‘)y

We define f(t) = (t,t). The derivative is f'(t) = < 11 ) Hence, we get

R'(t) = F'(t,t)f (t) = u(t,t) / —ut s)

REMARK 6.14. Let T : V — W be a linear map. Then T'(z) =T for allx € V.
EXAMPLE 6.15. Consider det : M,(R) — R. Then

(det)’( Z det(A Bley), ..., Aley)) .
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Here B(e;) is the j-th column and for k = 1,..,m we replace the k’th column of B
by the k-th column of A. Moreover, the derivative of the function

g(t) = det(1+tA)

s given by

9'(0) = tr(A) = Zaii-

Indeed, we note

n

det(A+ B) = Z (o) H (A+ B)iow

=1

_Z Haldl)+b10(l)

1=1

= det(A) + Y (o Zbko [T o0

i#k
+ higher monomials in the coefficient b;; .

3

This yields the first assertion. For the second that if a;; = d;; only the term o = id

survives and we get

det(1 +tA) = 1+ ttr(A)+ higher monomials in ¢ .

7. Taylor formula
We will first consider the Taylor formula for functions with values in R. Recall the
scalar Taylor formula

THEOREM 7.1. (Taylor formula with integral remainder) Let f : I — R a (n+ 1)-

times continuously differentiable. Then

f(xo +1) Zf tk+Rn(x0,t)

where .
1
R, (xo,t) = | / FOD (2 4 8)(t — 5)"ds .
+Jo

LEMMA 7.2. Let f : QQ — R be n times differentiable in Q. Letv € V such that
[zo, 20 +v] = {xg+tv : 0 <t <wv} CQ. Define h(t) = xo+ tv. Then the scalar
function g(t) = f(xo+ tv) satisfies

gt = f™ (o4 tv, ..., z0 + tv) .
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PrOOF. n = 1: By the chain rule we know that

g(t) = fao+tv)(v).
Now, we consider f’: ) — L(V,R) and an the function F': Q — R defined by

We apply the chain rule again and get

g (t) = %F(xo—i—tv) = F'(zo+tv)(v) .

In order to calculate this derivative we write F'(x) = e,(f'(z)), were e, : L(V,R) —

R is given by e,(T") = T'(v). Since e, is linear, we deduce from the chain rule

F'(z)(w) = e,o0 f'(2) = f"(2)(0)(w).

The general case is proved by induction following the same arguments. [ |

COROLLARY 7.3. Let Q C V' be an open set and f : Q@ — R be (n + 1)-times
continuously differentiable. Let xy € Q and v € V' such [xo, zo +v] C Q. Then

n f(k)(fﬂo)
flzo+v) = (v, ,v) + Ry(xg,v)
0 ; k! —— 0

k times

where

1 t
R, (xg,v) = 5/ FO) (2 + 50, ... g + V) ( — 5)"ds .
*Jo

Now, we want to consider function f : I — X where X is a Banach space.

LEMMA 7.4. Let f : [a,b] — X be continuous function. For a partition 1 = {a =

X0y ey Ty = b} and &, ..., &, with & € [x;_1, x;] the Riemann sum is given by
S(r6) = 3T —wi)
i=1
Then
[ s = dm sing)

exists. Moreover,

F(t) = /f(s)ds
satisfies F'(t) = f(t).
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PROOF. Since f is uniformly continuous, we can find for ¢ > 0 a 9 > 0 such that

|t — s| < ¢ implies
LF(t) = Fls)l <e.

We consider two partitions such that m; and 7o with mesh(m;) < 6 and mesh(my) < 0.
Let m = m Umy. Let us assume that m; has n + 1 points and £ = (&1, ....,&,) is an
intermediate vector (i.e. such that & € (z;_;,z})). We assume that 7 has m + 1
points n is an intermediate vector for w. Let us agree to use the &;’s for every interval

of = which is contained in [x;_;, z;]. Then, we get

15(m1,€) = S(m,n)|| = !\Z[f(ﬂfi)(%—%fl) - > F0i)(y; =yl

[Yj—1,Y5]Clzi—1,2:4]

<> > (&) = F)li(y; — yj—1) < e(b—a).

=1 [y;_1,y;]Clas—1,2:]
Thus we get
||S(7Tlv§) - S(ﬂ-27 é)” S 26(6 - CL) :

This proves the first assertion. Let us also note the immediate consequences

I /abf(smsu < /abe(s)HdS
/ab(f(S)Jrg(S))ds = /abf(s)der/abg(s)dS_

For the prove of the second assertion, we observe that

b+t b+t
[ sas— [ stopas = st =1 [ 6 - o)

/w bllds .

Given € > 0 we may find § > 0 such that |s| < § implies || f(s) — f(b)|| < e. This

and

yields
b+t
sl =11 56 %—/f s — FO)] < elt]

The assertion follows. [ ]

LEMMA 7.5. Let [a,b] C U,cuy B(,02) be an open cover for |a,b]. Then there
exists a partition m = {a =ty < t; < --- < t,, = b} such that for everyi=1,....m

we find x; € [t;, tiy1] and max{|x; — t;|, [tiv1 — xi|} < O,
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PROOF. Let us denote by S the set of all points s € [a, b] such that there are

th=a <t < -+ <t with z; € [ti_l,ti], maX{|xi — ti’,|ti+1 — Iz|} < (512 and
Tm+1 € [tm,y] such that

Max{|Tm+1 — tm|, |[¥ — Ty |} < 5zm+1 .

Note that S is not empty because a € S. Let s = sup.S. We claim that s € S.
Indeed, let we may find y € S such that y > s—d,. Then we findtg =a < ---t,, <y
and t,, < 01 < y. We may define t,,.1 = y and z,,.0 = s. Also, we must
have s = b. Indeed, assume s < b. s € S implies that s — 2,41 < d,,,,,. Let
p < 0z,.1 —(S—Zmy1) such that also s+p < b. Then s+p € S yields a contradiction.

Thus s = b and the assertion is proved. [ |

LEMMA 7.6. Let f : [a,b] — X be continuously differentiable. Then

b
/f@wzf@—mm

PROOF. By continuity it suffices to assume that f is differentiable on an open
subset of [a,b]. Let € > 0 and 6 > 0. For every x € [a,b] we may find J, < J such
that

|t — x| <20, = |[f(t) = f(z) = f'(2)(t —2)|| < elt —zf.

Then we have [a, b] C B(x,d,). By compactness, we may find a finite subset i, ...., &,
such that

0.t < B %)

Inductively we rename the sequence such that such that a € B(&,d¢, ) and define
21 = & 4 30,. Then we find & # & such that z; € B(&,d,). Continuing
in this way we find a partition xy = a, x1,....,2, and § € [z;_1,2;] such that
xi, Tip1 € B(&, 6¢,). This yields

17(b) = fla) = S(m )l = | Z f@iga) = f@:) = /(&) (i1 — =)

< Z If(ziv1) = f(&) — f/(&)(miﬂ 3l
+F(E) = f(&m1) = f1(E)(E — 2]
< ZE(’(%H =9+ —xi)]) < elb—a).

i=1
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Thus for ¢ small enough we find

b
156) ~ 1@) ~ [ 7)ish < 150) ~ 1@) = Sr. 0 + 1 [ 6)is 57,9
<elb—a)+e.
Since € > 0 is arbitrary, we deduce the assertion. [ |

COROLLARY 7.7. Let X be a Banach space and f : (a,b) — X be (n+ 1) times

continuously differentiable. Then

(®)(
f(xo + 1) Z f R, (z0,1)

where .
1
Ry(wo,t) = — / £ (g + 5) (¢ — 5)"ds .
n!
ProoFr. We use induction on n. For n = 1 we deduce from Lemma [7. at

flzo+1) — /f:z:o—irs

For n = 2 we consider
F(t) = f'(zo+t)t.
Then we have
F'(t) = f"(zo+t)t+ f'(xo+1).
This yields

o+ 1) — /f 2o+ s)ds — /(F’(s)—f”(xo+s)s)ds

=F(t)— F(0) — /o f (o4 s)sds = f'(zo +t)t — /0 I (zo + s)sds

— [ £ @t o)t = s)ds.

0

For general n it is best to use integration by parts (justified as above):
1 e k
—1
W/O' f ($0+8)(t—8) ds

< [ B o + )t — ) m/ FED (g 1 8)(t — 5)ds

(k)
% k'/ FED (20 + 5)(t — s)*ds
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Iterating yields assertion. [ |

COROLLARY 7.8. Let V' be a normed space and X be a Banach space. Let 2 C V
be open, f:Q — X be (n+ 1)-times (continuously) differentiable. Let xo € Q such
that B(xg,6) C Q. Then

f(xo + U) = Z %f(k)<x0)(1), e U) + Rn(x(J?U)
k=0

such that
[ Rp (o, v)|| <

sup || F7H () ||l
(n+1)! y€B(z0,0)

holds for all ||v]| < 6.

PROOF. Since 2 is open we may 6 > 0 such that B(zo,d) C Q. Let ||v| <9
and consider the function g(t) = f(xo+ tv). Then g is (n + 1) times continuously

differentiable and we get

9(1) =
As in Corollary %i‘ag—lwe find
) = f® (o +tv)(v, ..., v) .
Therefore, we get
1
IRa0.D] = 5 [ g 0(s)(1 = o)

1 1
=l [ 1 ok ) (1= s)as|
+JO
1

1
<o s e[ s
0

N yeB(zo0,5)

1
=——— sup [[f"T(y)||v]".
(n 4+ 1)! yeB(wo,0)

This is exactly the estimate for the remainder claimed in the assertion. [ |

A power series with values in a Banach space X is given by

F&) = > wilt —to)
k=0
where x;, € X. We will focus on ty = 0. The radius of convergence is given by

R = (limsup [z *)".
k
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REMARK 7.9. Let 0 <r <u < R. Then for n > ng

k>n

(&)
>l < g

Thus f is a convergent sum of continuous functions and hence continuous.

LEMMA 7.10. On (=R, R) f is infinitely often differentiable and

fr) =

Sl A

k!
Eixk(t——to)
k=

PROOF. We assume typ = 0. Let 0 <7 < R and [t| < 7. Let |s| < r. Let r < u.
Then we find ng such that ||z < u=*. First we observe that for k > 2

8% — % — kth(

| / gy

—]/ / w"2dwdv| < k(k kQ//dwdv

— 1) k=2 2
SR —t
s
Then we get for all n > ng

1Y sfae =) thay = >t k(s — 1)

k>n k>n

=1 "

k>n

<Z|s

k>n

§Z|tk—sk

k>n

<y Y

k>n

k>n

— k" (s — 1))

— kt* (s — 0)] ||

— kt*N = s)ju”

k 2| |2u—k

< |s—225|2 Z k(k —1)(~

k>ng

Note that the sum on the right hand side is convergent. This yields

Oty = > 5 k.

k>n

Differentiating the polynomial p(t) =

k>n

Sone o tFay is no threat and the assertion fol-

lows for n = 1. Induction yields the assertion in full generality. [ |



