1. Topology and vector spaces

DEFINITION 1.1. A topological group is a group G with a topology T such that - :
GxG—G, (g,h)=ghand I:G — G, I(g) = g~ is continuous.

1 ifg#h
EXAMPLE 1.2. (1) Let G be group and d(g,h) = . This induces

0 else
the discrete metric. In the induced topology every set is open and hence G

18 a topological group.
(2) Let us consider R® with the topology of pointwise convergence. Then (R¥, +)

15 a commutative topological group.

DEFINITION 1.3. A topological vector space is a vector space over K € {R,C} with
a topology on V' such that (V,+) is a topological group and - : K x V. — V s

continuous.

Why topology? For differentiation. We need even more.

DEFINITION 1.4. V' be vector spaces with a metric. Let Q2 C V' be an open set and
f:Q =R be amap. f is called differentiable at xo € ) if there exists a continuous

linear map T :'V — R such that

: |f(@) = f(wo) + T(x —x0)|
d(x%jl,rxl)lao d(x, xo) -

REMARK 1.5. Let V' = R(N) equipped with the pointwise topology. Then a linear
map T : V. — R is continuous if and only if Y, |T(ex)] < oco. Indeed, C' =
{(e1,€9y cccnen) : €€ {=1,0,1}} NV is compact. Thus

zeC

> |T(er)| = sup |T(x)| .

Differentiation is usually done in normed vector spaces.
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DEFINITION 1.6. (V|| ||) is called a normed vector space if V' is a vector space and
|| : V —[0,00) satisfies.

i)zl =0 2z=0,
i) [[Az]| = [A[ll]],
iii) [l +yll < llzl + [yl
for all x,y € V, A € K. The associated metric on (V,| ||) is defined by

dyy(z,y) = llz -yl -
REMARK 1.7. For a normed vector space (V,+) is a topological group.

LEMMA 1.8. A normed vector space (V. || ||) is complete if and only if every absolutely

convergent series is convergent.

PROOF. Let us assume that V' is complete and that

S ol < o0
n

Using the Cauchy criterion in R, we find for every £ > 0 an natural number ng such
that for m > n > ng

m
> ) <=

k=n-+1

n
This shows that vy, = Y x; satisfies
k=1

m m
lym =l = 1 D @l < > Nl <e.
k=n+1 k=n+1

Thus (y,) is Cauchy. Since V' is complete we find a limit y = lim, y,. For the
converse we assume that (y,,) is Cauchy. Passing to a subsequence (if necessary) we

may assume ||Y,+1—Ynl| = d(Yni1,yn) < 27" Then the series ro = Yo, T, = Yn—Yn_1

>l < 0o
n

By assumption, the partial sums

satisfies

Zpn = To+ X1 —To+ T =21+ Ty —Tp-1 = Tp

converge. Thus (x,,) is convergent. |
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DEFINITION 1.9. V and W be normed vector spaces. Let 2 C'V be an open set and

f:Q— W beamap. f is called differentiable at xo € ) if there exists a linear map

T such that

i @0+ ) = flao) + T _
ofi—0 [ v]]

REMARK 1.10. If f is differentiable at xq, then f is continuous at x.

Funny, the derivative is a linear map! In order to understand what it means to be

continuously differentiable we need a norm on L(X,Y).

PROPOSITION 1.11. Let X be a normed space and Y be a Banach space. We define
L(X,Y) as the space of map T : X — Y which are linear, i.e.

T(x+Ay) = T(x)+ \T'(y) .
and continuous. The norm on L(X,Y) is given by

T llep = sup ([T -

[EZ1S

Then L(X,Y) is a Banach space.

PROOF. Let us first show that a linear map T': X — Y is continuous iff ||T|| <
oo. Indeed, if ||T°|| is finite, then

IT(x) =TI = 1T =yl < |Tlopllz -yl

holds for all x,y € V. Thus T is Lipschitz and thus continuous. For the converse,
we assume that 7' is continuous. Then T~*(B(0,1)) is open and henceforth contains
B(0,¢) for some € > 0. Now let ||z]| <1 and 0 < § < e. Then ||(e¢ — d)z|| < € and

hence
IT@)I| = (e =08) " IT(e =) (@) < (=)
This shows that ||T,, < (¢ — )~ for every § > 0 and thus ||T|,, < e~ !. Now, we

observe that || ||, is @ norm. We only check the triangle inequality. Indeed,

1T+ Sllop = sup [(T'+ S)(@)]| = sup [[T(z) +S(x)| < sup [T(x)] +[IS ()]

[[=]I<1 [lz]|<1 [lz]|<1

< Tlop +115lop -

Finally we have to show that L(X,Y’) is complete. Let (7},) be a Cauchy sequence

of linear maps. For fixed z € X, we have

1T () = Tn(2) | < T = Tonllll]] -
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Thus (7},(x)) is Cauchy and we may define
T(x) = lign T.(z) .
Then we have
T(z+ \y) = liTan To(z+ \y) = lirrln To(z) +aT,(y) = T(x)+ \T'(y) .
Thus T is linear. Let us show that
(1.1) li£n||T—Tn||op =0.
Indeed, let x € X with ||z|| < 1. Then we have

1T (x) = To(@)[| = [ Mim T (2) = T ()| < limsup [| T, (z) = To ()|

m>n

< sup | Ty — Tullllzll < sup [T — Tl -
m>n m>n

In particular ||T'|,, < ||T°— T1l|op + ||71]op is finite and 7" is continuous. Moreover,
lim, d(T,T,) = 0 implies that lim, T,, = T [ |

PROPOSITION 1.12. (Chain rule) Q C V' open, QC W open. f:Q—-W,qg:Q—
Z, xg € w, yo = flxo) € Q. If f is differentiable at xo and g is differentiable at yo,
then g o f is differentiable and

(go f)(xo) = g'(f(w0))f (o) -
PROOF. Let us introduce the error functions

ef(v) = flwo+v) — f(xo) —T(v)
and
gg(@) = g(yo +w) — g(yo) — S(w) .

Note that
N 71 C0) IR 0%
loli=o [|vl] lwli—o [|w]
For v € V we introduce w = f(zo+v) — f(z0) = T'(v) +£4(v). Moreover, R = SoT.

Then we have

9(f (w0 +v)) = g(f(x0)) — R(v)

(f (o) +w) — g(f(x0)) — R(v)
= S(w) +e5(w) = R(v) = S(ef(v)) + gg(w) -

Since S is continuous, we have

i ISEODI _ o /0]

i—o vl - [v]|
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Now, we use the standard cancellation trick

leg ()l _ lleg(w)]] [lw]]
o] [l ol
_ Neg)l[ [ (o +v) = f(zo)]ll
] o]
_ Neg@) [ [IT(v) + &4 (v) 1
[[]] o] '
Note that for ||w| = 0 we have ¢,(w) = 0 and thus we may assume here that

|wl|| # 0. Since f is continuous we have

HhHmOHwII uhum |f(xo +v) — f(zo)]| = 0.
Therefore it suffices to show that
|T(v) +ef(v)]l]]
{ ||U||f : ||U|| < 51}

is bounded for §; small enough. However, we know that there exists a d; > 0 such
that

s/ _ |
ol

holds for ||v|| < ;. Thus we get
|17 (v) + ;@)

< IT[loll + llol < (N7 + D)ol

o]
for ||v]| < §;. This implies
lea ()]
lel—o [|v]
This clearly implies (g o f)'(z0) = R = SoT and the assertion is proved. |

EXAMPLE 1.13. Let u be continuously differentiable function in two variables. We

are looking for the deriwative of

h(t) = / ult, s)ds .

t
Solution: We define g(¢t,7) = [wu(r,s)ds. The derivative is given by the gradient
0

T(x,y) =Vg(t,r ( >
+

5 (t r)w B (t ry = u(r, t)x+(/ g—zu(r s)ds)y
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We define f(t) = (t,t). The derivative is f'(t) = < 11 ) Hence, we get

R'(t) = F'(t,t)f'(t) = u(t,t)+/0 %u(t,s)ds.

REMARK 1.14. Let T : V. — W be a linear map. Then T'(z) =T for allx € V.

ExXAMPLE 1.15. Consider det : M, (R) — R. Then
(det)'(A)(B) = > det(A(er), ... Blex), ..., Alen)) .

Here B(e;) is the j-th column and for k = 1,..,m we replace the k’th column of B
by the k-th column of A. Moreover, the derivative of the function

g(t) = det(1+tA)

s given by

Indeed, we note

det(A+B):Z HAJer(i)
o =1
:Z H azgz)—i-bzg(l
o =1
:det(A)+Zé? Zbka(k Hazaz

i#k

+ higher monomials in the coefficient b;; .

This yields the first assertion. For the second that if a;; = d;; only the term o = id

survives and we get

det(1 +tA) = 1+ ttr(A)+ higher monomials in ¢ .

2. Taylor formula

We will first consider the Taylor formula for functions with values in R. Recall the

scalar Taylor formula
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THEOREM 2.1. (Taylor formula with integral remainder) Let f : I — R a (n+ 1)-

times continuously differentiable. Then

where

1 t
R, (xo,t) = o / FOHD (2 4 5)(t — s)"ds .
- Jo

LEMMA 2.2. Let f : Q@ — R be n times differentiable in Q. Letv € V such that
[zo, 20 +v] = {xg+tv : 0 <t < v} CQ. Define h(t) = xo+ tv. Then the scalar
function g(t) = f(zo+ tv) satisfies

gt = f™ (g4 tu, ..., z0 + tv) .
PrROOF. n = 1: By the chain rule we know that
g(t) = flao+tv)(v).
Now, we consider f’: ) — L(V,R) and an the function F': Q2 — R defined by

We apply the chain rule again and get

g (t) = %F(w0+tv) = F'(zo+tv)(v) .

In order to calculate this derivative we write F\(x) = e,(f'(z)), were e, : L(V,R) —

R is given by e,(T") = T'(v). Since e, is linear, we deduce from the chain rule

F'(z)(w) = e o f (x) = f"(x)(v)(w).

The general case is proved by induction following the same arguments. [ |

COROLLARY 2.3. Let  C V be an open set and f : @ — R be (n + 1)-times
continuously differentiable. Let xy € Q and v € V' such [xg, o + v] C Q. Then

[z +v) Zf ,0) + Ry (20, v)
k times
where
1 t
Ry(wo,v) = — FY (2 + s0, ..., o + 50)(t — 5)"ds .
n! Jo

Now, we want to consider function f : I — X where X is a Banach space.
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LEMMA 2.4. Let f : [a,b] — X be continuous function. For a partition 1 = {a =

Ty ey Ty = b} and &4, ..., &, with & € [x;_q, ;] the Riemann sum is given by

S(m, &) = Zf(f)(xz‘—%—l)‘
Then

/f(s)ds = lim S(7¢)

mesh(m)—0

exists. Moreover,

F(t) = /f(s)ds
satisfies F'(t) = f(t).

PROOF. Since f is uniformly continuous, we can find for ¢ > 0 a § > 0 such that
|t — s| < 6 implies
1F(&) = f(s)l <e.
We consider two partitions such that 7 and me with mesh(m) < ¢ and mesh(my) < 4.

Let m = m U . Let us assume that 7 has n + 1 points and £ = (&1, ....,&,) is an

intermediate vector (i.e. such that & € (z}_;,z})). We assume that 7 has m + 1

points 7 is an intermediate vector for 7. Let us agree to use the &;’s for every interval

of m which is contained in [x; 1, z;]. Then, we get

15(m1, &) = S(m,n)|l = HZ[f(a:i)(a:i—xi_l) - > Fi)(y; =yl

[y —1,95]Clwi—1,2)
<> > (&) — fFmill(y; — yj—1) < e(b—a).
=1 [y;_1,y;]C[wi—1,24]
Thus we get
||S(7Tlv£) - S(ﬂ-Za é)” S 26(() - Cl) .

This proves the first assertion. Let us also note the immediate consequences

[ st < [ ireas

and

/ab(f(S) +9(s))ds = /abf(s)ds + /abg(s)ds '
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For the prove of the second assertion, we observe that

b+t b+t
[ sas = [ stonas = st =1 [ 56 - s

/w ®)llds -

Given € > 0 we may find § > 0 such that |s| < ¢ implies || f(s) — f(b)|| < e. This
yields

b+t
le@®Il = || f(s ds—/ f(s)ds = f(O)t]| < elt].

The assertion follows. [ |

LEMMA 2.5. Let [a,0] C U,euy B(,02) be an open cover for [a,b]. Then there
exists a partition m = {a =ty <t < --- < t,, = b} such that for everyi=1,....m
we find z; € [t;, tiy1] and max{|x; — t;|, [tiv1 — xi|} < O, -

PROOF. Let us denote by S the set of all points s € [a,b] such that there are
to=a <t < - <ty with z; € [tifl,ti], max{]a:i — ti’,‘ti+1 — sz‘} < (51«2 and
Tm+1 € [tm,y] such that

max{ |1 — tual [y~ T} < ey

Note that S is not empty because a € S. Let s = supS. We claim that s € S.
Indeed, let we may find y € S such that y > s—d,. Then we findtg =a < ---t,, <y
and t,, < 11 < y. We may define t,,.1 = y and z,,.0 = s. Also, we must
Let
p < 6z,.1 —(S—Tm+1) such that also s+p < b. Then s+p € S yields a contradiction.

have s = b. Indeed, assume s < b. s € S implies that s — z,,11 < 04,4, -

Thus s = b and the assertion is proved. [ |

LEMMA 2.6. Let f : [a,b] — X be continuously differentiable. Then

/f@@:f@—mw

PROOF. By continuity it suffices to assume that f is differentiable on an open
subset of [a,b]. Let € > 0 and 6 > 0. For every x € [a,b] we may find J, < J such
that

|t — x| <20, = |[f(t) = f(z) = f(2)(t —2)|| < elt —xf.
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Then we have [a, b] C B(z,d,). By compactness, we may find a finite subset &, ...., &,
such that

[a,0] € | JB(&.0,) -
i=1
We apply Lemma (bcogt and find a partition 7 = {a =ty < t; < --- < t,, = b} such
that for every i = 1,...,m we find & € [t;,t;41] and max{|& — t;], [ti1 — &} < Og,.

This yields

1F(0) = fla) = S(m, &) = |l Zf(wm) — f@:) = f1(&) (in — )|

< Z [ f(wie1) = f(&) = f(&) (@i = )|
+£(€) = f(&m1) = f1(E)(E — 2l
<Z (i1 =+ —2ia)]) < elb—a).

Thus for ¢ small enough we find

b
17(b) / f'(s)ds|| < [1f(b) = f(a) - S(W,ﬁ)HJrH/ f'(s)ds = S(m, )
<elb—a)+e.
Since € > 0 is arbitrary, we deduce the assertion. [ |

COROLLARY 2.7. Let X be a Banach space and f : (a,b) — X be (n + 1) times

continuously differentiable. Then

flzo +1) Z f R,(xo,1)

where

Rn(l‘o, t)

n!

1 t
— / FOD (2 4 5)(t — s)"ds .
0
. . fund2
Proor. We use induction on n. For n = 1 we deduce from Lemma b.G that

f(zo+1) / f(xo + 5)
For n = 2 we consider
F(t) = f/(l’o + t)t .
Then we have
F'(t) = f"(wo+t)t + f(wo+ 1) .
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This yields
flxo+1) — / f(xo+ s)ds = / (F'(s) — f" (w0 + s)s)ds

_ F(t) - F(0) — /0 (o + 8)sds = (o + 1)t — /0 £ (o + s)sds

= /f”(xo + s)(t — s)ds .

0

For general n it is best to use integration by parts (justified as above):
1 - k—1
m/ f( )(.TO“‘S)(t—S) “ds
+Jo
<[- 0 ®) (20 + 5)(t — 5)]} k'/ FED (20 + 5)(t — s)"ds .

:Wﬂ;/ FE (20 1 5) (¢ — s)Fds

[terating yields assertion. [ |

COROLLARY 2.8. Let V' be a normed space and X be a Banach space. Let Q C 'V
be open, f:Q — X be (n+ 1)-times (continuously) differentiable. Let xy € Q0 such
that B(xo,6) C Q2. Then

f(zo + ) Zk,f (20) (v, s v) + Ra(20,0)

such that

[ (0, v) || < sup || £ () [ o

(n+ D! yeBao,)
holds for all ||v|| < 6.

PROOF. Since (2 is open we may § > 0 such that B(xg,d) C Q. Let |jv]| < o
and consider the function g(t) = f(zo+ tv). Then g is (n + 1) times continuously

differentiable and we get

*®)(0
g
g(l) = E (©) + R,(0,1).
1
As in Corollary E?g we find

g () = B (o +tv)(v, ..., v) .
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Therefore, we get
1
M@Wﬂh/mWX—WM
_ / f n+1 .fE + SU)( ’U)(l — S)ndSH

IN

1
7swuwwwwmzuﬂw$

n: yE€B(x0,9)

1

= sup [LF"HD ()l
(n + 1) yEB(xO

This is exactly the estimate for the remainder claimed in the assertion. [ |

A power series with values in a Banach space X is given by

o0
= > a(t—to)"
k=0
where z; € X. We will focus on ¢y = 0. The radius of convergence is given by
R = (limsup || *)
k

REMARK 2.9. Let 0 <r <u < R. Then forn > nyg

k (&)
>l < g

k>n

Thus f is a convergent sum of continuous functions and hence continuous.

pow| LEMMA 2.10. On (=R, R) f is infinitely often differentiable and
k!

7O = 30 Tl — )t

k=n
PROOF. We assume ty = 0. Let 0 <7 < R and [t| < 7. Let |s| < r. Let r < u.
Then we find ng such that ||z < u=*. First we observe that for k > 2

s — 7 — kth1( |/ 1t D]

|/ / 2dwdv| < k(k / / dwdv

)k:2| |2

2
Then we get for all n > ny

1Y shae =Y thay = >t k(s — 1)

k>n k>n k>n
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= 1D (" =t = kT (s — )

k>n

< It =t ks — )l

k>n
e R e AR (RO T

k>n

k(k—1) ,_ _
SZ—z R s — tPu"

k>n

b _2“2 S k=)

k>ng

Note that the sum on the right hand side is convergent. This yields

(Z thk), = Ztk_lkxk .
k>n k>n
Differentiating the polynomial p(t) = Y, t*z) is no threat and the assertion fol-

lows for n = 1. Induction yields the assertion in full generality. [ |



