7. Some aspects of topology

DEFINITION 7.1. A topological space is given by a tuple (X, O) where X is a set
O C P(X) is a collection of set such that
i) 0eO,
ii) If 01,05 € O, then O1 N Oy € O,
iii) If (0;); C O, then |, 0; € O.
A basis B of a topology is a collection of set such that O € O if and only if for every
x € O there are By, ..., B, € B such that

Bin---NB,e€0.
EXAMPLE 7.2. Let (X,d) be a metric space. Then
O ={0CX : O open}

defines a topology which is Hausdorff, i.e. for x # y we find O, and O, in O such
that

0 =0,Nn0,.
EXAMPLE 7.3. Let X = RU{oc}. Then

O ={0:0CROopen}U{K°U{cc} : K K compact }

defines a topology.
DEFINITION 7.4. A function f: (X,Ox) — (Y, Oy) is continuous if

f7(0) € Ox
for all O € Oy. A sequence (x,) converges to x if for every open set O € O
containing x there exists ng such that

x, € 0

holds for all n > ngy. The definition of compactness is the same as for metric spaces.

REMARK 7.5. There exists a Let S' = {z € C : |z| = 1}. The map ¢ : S* —
RU{oo} defined by ¢(e2™t) = 52 viclds a homeomorphism between S* and RUoo,

cos(mt)

i.e. ¢ is bijective and ¢p(O) open if and only if O is open.

EXAMPLE 7.6. Let X = {(z,) : x, € R}. Define

d((wn), (Yn)) = Zanm

1+|xn_yn|.
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Then O C X 1is open if and only if for every (x,) € O there exists ng and € > 0
such that if

|yn_mn| <e

holds for all n < ng, then (y,) € O.

Let X be a set. On the space FI(X,R) = R¥X of arbitrary functions, we define for
reXand O CR

BY = {g : g(x) € O}.

Let O be defined as the collection of sets such that O € O of and only if for every
f € O there exists zq, ..., x,, and Oq,...,0,, such that

feBn-- B CO.

PROPOSITION 7.7. Let f € F(X,R) and (f,) be a sequence if functions. Then
lim,, f, = f with respect to the topology above if and only of lim,, f,,(x) = f(x) holds
forallz € X.

PROOF. Let x € X. We define ¢, : F(X,R) — R by d,(f) = f(x). By definition

we see that ¢, is continuous. Thus f = lim,, f,, implies

f(:L’) = 0,(f) = lir?éw(fn) = hgnfn(x)

Conversely, we assume that lim,, f,(z) = f(z) for all z € R. Let O be an open set
such that f € O. By definition there are z1, ..., x,, € X and Oy, ..., O,, subsets of R
such that

feBdn---NnBI"CO.
Thus we may choose ng such that
fuls) € O;
for all = 1,...,m and n > ng. This implies
fneO

for all n > ny. [ |

THEOREM 7.8. (Tychonov) Let C C F(R) be a closed set. Then C' is compact if
and only if all the sets 6,(C') are compact.
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We need a little preparation. We say that a collection (F;) has the finite intersection
property (fip) if

0 # Nscr
holds for every finite subset S C I.

LEMMA 7.9. Let C C X be a set. Then C is compact if for every family (F;) of
closed sets such that (C'N F;) has fip, then

0#Cn()F.
Proor. Homework [ |

Theorem. Since J, is continuous, we see that for compact C' we must have
0.(C) compact. The converse is more involved. The shortest proof I know uses
ultrafilters. We skip it. [ |

DEFINITION 7.10. A set E C X of a topological space is called connected, if for all
open sets O1 and Oy

ECOiUOy and ENO;NOy = 0
mmplies E C Oy or E C Os.
LEMMA 7.11. A subset E in R is connected if and only if E is an interval.

PRrROOF. [ is called an interval if a < ¢ < b and a,b € I implies ¢ € I. If E is not
an interval we find a,b € I and a < ¢ < b such that ¢ ¢ I. We define Oy = (—o0, ¢)
and Oy = (¢,00). The condition for connectedness are then violated. Conversely,
we assume that I is an interval. Let O; and Os be open sets such that I C O, U O,
and O; NI # (0 and O, N T # (). We may assume that a < b and a € Oy, b € Os.
We define

¢ = sup{t :a <t <b, Vocs<ts € O1}.

If c =0, then O; N Oy # 0. If ¢ < b, then ¢ ¢ O because if it were we could use
the fact that O; is open and find § > 0 such that ¢ 4 J satisfies the conditions and
¢+ 6 < c¢. The same argument shows that ¢ # a. Thus ¢ € O;y. Since O is open we
known that there exists a 4 > 0 such that ¢ > s > ¢ — 0 implies s € Oy. However,
by the definition of the supremum we find s € Oy between ¢ — ¢ and c. This shows
that O1 N Oy is not empty. [ |
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The following lemma follows immediately from the definition.

LEMMA 7.12. Let f: X — Y be a continuous function and E C X a connected set.
Then f(F) is connected.

COROLLARY 7.13 (Mean-value theorem for continuous functions). Let I C R be an

interval and f : I — R be continuous. Then f(I) is an interval.

8. Picard-iteration

THEOREM 8.1. Let ) # X be a complete metric space and T : X — X Lipschitz

map with constant less than 1. Then T has a unique fizpoint.

PRrROOF. Since T : X — X has Lipschitz map with constant ¢ < 1 we known
that

d(T'(z), T(y)) < cd(z,y)

holds for all z,y € X. We define inductively 7° = id and 7" = T o T". Let
xo € X. We consider the sequence (z,),>0 defined by z,, = T"(x). Note that

d(Tny1,20) = d(T(2,), T(vp1) < cd(@p,x1) < -0 < d(21,do) -

Using the geometric series, we deduce

-1

m—1

E +k—1
d(mn—i-ma xn) S d(l‘n-l—/m Tptk— 1 < c" d l’l, IL‘())
1 k=1

3

B
Il

1
1—c

oo
< "d(z1, x0) E & = "d(xy, 1)
k=0

Thus (z,) is Cauchy. Since X is complete z = lim,, x,, exists. Then we note that

the continuity of d : X x X — R implies

d(T(z),z) = dlimT(z,),limz,1) = limd(z,1,2041) = 0.

n

We deduce T'(xz) = z. If 2 is another fixpoint we we have
d(z,2) = d(T(x),T(2")) < cd(z,2’)

Thus (1 — ¢)d(z,2") < 0 implies d(z,z') = 0 and hence z = 2. |

ExAMPLE 8.2. The function f(x) = 1 — x has a unique fizpoint. However, the

iterates x, = f"(z) only converge for x = %
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THEOREM 8.3. Let ¢ : R x R — R be a continuous and L > 0 such that
‘¢(37t) - ¢(37T)‘ < L‘t - 74| .

Let yo € R such that |¢(s — zo,y0)| < CeCl! for some constant C > 0. Then there
exists a differentiable function f : R — R such that

() = ¢z, f(z)) and f(zo) = Yo

PROOF. We will show the assertion for xy = 0. Let a > max(L,C). We define
X, to be the set of continuous functions such that sup,cg e | () — yo| < 00. We

define the distance function

d(f,g) = sup e M f(t) = g(t)] .

Note that if f € X, and d(f,g) < oo, then g € X,,. It is easily checked that X, is

a complete metric space (see section 3 for a similar argument). We define

T(F)(t) = yo + / o(s. F())ds .

Since ¢ and f are continuous the function g(s) = ¢(s, f(s)) is also continuous. In
particular, T'(f) is a continuous function. The key calculation here is the Lipschitz
constant of T: Let f and g be continuous functions such that d(f,g) < co. Then

we have
t

10 - T@)O] = | [ (605, 7(6) — 6ls.9())ds

< g(ealsl —1)d(f,g) < gea's'd(f,g)'

We define ¢ = L/a < 1 and deduce that

d(T(f), T(g)) < cd(f,g)-
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Now we consider fy(t) = yo. Then, we have

d(T(f), fo) < d(T(f),T(fo)) +d(T(fo), fo) < cd(f, fo)+d(T(fo), fo) -

We observe that o > C' implies

t

d(T(fo), fo) < Slzpe_altl /gb(s,yo)ds < C’:ﬂ;pe_e“t|
0

eCltl — 1
— <

Therefore T'(X,) C X,. By the contraction principle we find a unique f € X, such
that T'(f) = f. This means

f(t) = yo+/¢(8,f(8))ds.

In particular, f(0) = yo. The fundamental theorem of calculus implies f'(t) =

o(t, f(1)). u

We consider ¢(s,r) = r and yo = 1. Then the iterations are given by

2

2 t2 t3

S
1 —)ds =1 —+ =
(1+s+ 2)ds ttd o+ g

/
a1
f2<t>—1+0/<1+s>ds Lhtt
/

k=0
By our theorem we know that for every a > 1

limsupe “|f.(t) —€f| = 0.
no>0

This is not true for a = 1.

What happens if we want to solve
fit) = f()??

The function ¢(r) = r? is not Lipschitz on R. We have to use a local variant.
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THEOREM 8.4. Let I and J be compact intervals with midpoints xo and yo. Let

¢: I xJ— R bea continuous function such that
|¢(s,7) = @(s,1)| < Lr —t|
for some constant L. Then there exists a h > 0 such that
fx) = o, f(x) flzo) =wo
has a unique solution on (xg — h,xy + h).

PROOF. We assume again zo = 0, [ = [—a,a] and J = [yo — b,yo + b]. We
choose o > L. Let h > 0 such that [xg — h,xo + h] C I. We define the subset C' of
Xaolro — h,xo + h| as

C={f:rfa)cJ}.
Again T is defined as

T(f)(t) = yo+/¢(s,f(s))ds.
0
Let f € C'. Then we have

|ﬂﬁm—mh:/waﬂmw

t

/@@J@D—M&mﬁk+-/damws

IN

0

IN

[ 117 wlds| + il sup (s, 0)
0
< h(Lb+ sup (s, 4o)]) -

sel
Hence for h < — b we have T(C') C C. Since C is a closed subset of
Lb+sup,er [#(s,y0)
Xa[—h, h] we may apply the contraction principle. [ |

For the example f'(x) = f(z)* with f(0) = 1 we find



t
3

t
(1+s)%ds = 1+/(1+23+s2)ds — 1+t+t2+§

o

(1+52+s4+8—6+2s+252+25—3+-~-)ds
9 3

=1+t+2 4+ +

The solution is f(t) = Y t* = &. Of course this can not be extended to R and
k=0

uniform convergence only works on compact subsets of (—1,1).



