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Let H be a Hilbert space and let A € B(H). Let also {e;} and {f;} be two
orthonormal bases of H. Our first observation is:

Dol Aeil® =D AL =D 0D KAei £3)?
i i i

Proof.
2

Z | Aes]|* = Z > (e, £5) 15

J

_Z<Z (Ae;, fi) fJ,Z<A€i,fk>fk>

k

—ZZ Aeuf] fJa<AeufJ fJ ZZ| Aelvfj

Now, since 1 = (e;, e;) = (es, f5) {fj,ei) = |<ei,fj>| , we get
(Aei, f5) = (ei, £3) (AL, (fiei) i) = [lew )17 (Afj,ei) = (Afj, e)
s0Y ;> [(Aes, fJ>| =22 |<Afj,ei)|2 = ...(manipulations as above)... = > ||AfjH2.
[l

Therefore the expression ), || Ae;||* does not depend on the choice of a basis and

hence we can define:
1/2
[Ally = <Z ||A€i||2>

and a new space of so called Hilbert - Schmidt operators:
S2(H) ={A e B(H) | [|All, < oo}
We still need to prove that ||-||, is a norm on So(H).
Proof.
(i) Assume ||A||, = 0. Then for all ¢ ||Ae;|| = 0, and since A is 0 on all basis

vectors, it is 0 itself.
(ii) Homogenity is clear.
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(iii)
IA+ Bl = ZII (A+ Bei|? leAeHrBezll

<Z | Aesl] + || Beill)? Z(nAez—n +2 |l Aei]| | Besll + | Besl?)
Z el +2 3 e 1Bel + 3 1 Bedl

()] (1) () ()]
_ <Z IIAeZ-HZ) o <Z ||Bei”2> 1/2]

hence ||A+ B, < [|Ally + || Bl,-

2

IN

Proposition 1. For A € Sy(H) holds ||A|| < || 4]|,.

Proof. ||Aly = 32; {Aes, Aei) = 33, (A" Aeseq) > sup{(A*Ah,h) | Bl < 1} =
1A= Al = || A 0

Proposition 2. If T'e€ B(H), A € Sa(H), then | TAll, < ||T|| [|All5

Proof. |T Al =32, T Aeil|* < 32, ITI* | Aes|® = I T1* 32, || Ae* .

Proposition 3. For A € Sy(H), ||A*||, = ||All,.

Proof.

415 =D IA%ei? ZD “es, fi) I
=3 e AP =0T AS e = DT 1AL = 1Al
g J % J

Proposition 4. If T' € B(H), A € So(H), then |[AT|, < ||T|| || A,
Proof. [|ATl, = [[(AT)*[l = 1T A%l < [IT*[[[A* ]l = [T |All,- O

We can now conclude that S2(H) is a two-sided ideal of B(H). Also, So(H) contains
finite rank operators.(since the sum in the norm is finite...)

Proposition 5. A € So(H) = |A| := (A*A)/2 € Sy(H).
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Proof.
3 H(A*A)l/%in =3 (A7) 2e;, (A7 4) 2y )
Z — Z (A2 ) e er) = 3 (A" Ay, e)
i (Ae;, Ae;) ZHAelH l
So [[[A[lly = [IAll,- Z O

Proposition 6. S3(H) is contained in K(H) - compact operators on H.

Proof. Let {e; | i € I} be ONB of H and let ¢ > 0. Consider T € So(H) then
Do | Tes]|?> < oo, so o <|T|2 ei,ei> < oo and there exists a finite set J C I such

that >, <|T|2 ei,ei> < . Let Py be a projection onto a span{e; | i € J}, Py is

a finite-rank operator. Then:

T (1= Py)3 = Z T (1= Preil)” = S NIT il
g J
=Y (Tles ITles) = 3 (1T esei) <
i¢J i¢J

Since ¢ is arbitrary, |T| € Bf(H)H ”

compact.

, 8o |T| is compact. T = U |T|, so T is also

This also shows that finite rank operators are dense in Ss(H) since

So(H) € K(H) = By(H)

Another way to prove this proposition is to use the fact, that an operator T is
compact if and only if for any ONB {e;} holds ||Te;|| — 0. If T' € Sy(H), then
i—

> ITes|| < o0, so in particular ||Te;| — 0, hence T € K(H). O

Definition 7. The trace-class operators S (H) := {AB | A,B € So(H)}.
Proposition 8. A € S1(H) if and only if | 4| € S1(H).

Proof. Tt follows from the fact that So(H) is a two-sided ideal.

If |A| € So(H) then A = U |A| = UBC with U - partial isometry, B,C € Sa(H),
soUB € Sy(H) and A € S1(H).

If A€ Sy(H) then |A| = U*A = U*EF with U - partial isometry, E, F € S3(H),
so UE € So(H) and |A| € Sy (H). 0

Proposition 9.
(1) If A€ Si(H), {e;} is an o-n system of H, then )", [(Ae;, ;)] < oo.
(2) If A€ Si(H), {e;} and {f;} are o-n systems of H, then ), |(Ae;, f;)| < oo.

Proof.
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(1) Solet A= BC with B,C € Sy(H).
> [(Aeisei)| =Y [(BCeiei)] =Y [(Ces, B'es)|

K2

1/2 1/2
<D [ Cel B eil| < (Z |C€i||2> (Z ||B*€i|2> <ICly 1Bll; < o0
(2) Solet A= BC with B,C € Sy(H).
> HAes, fi)l =Y [(BCe, fi)] = |(Cei, B*f3)|

K3

1/2 1/2
<Y lICeill ||B* fil| < (Z ||06i||2> <Z IIB*fi|2> <ICll By < o0

d

Definition 10. If {¢;} is a basis of H, define the trace to be tr : S;(H) — C,
tr(A) =3, (Ae;, €;).

Example 11. A € My, A = [aijlnxn, tr(A) = aii
=1

tr: S1(H) — C is a positive faithful linear functional:

A>0= (Ae;,e;) >0 for all ¢ and hence tr(A) >0

A>0andtr(A) = 0= (Ae;,e;) = 0for all 4, since {e;} is a basis we get (Ah, h) =0
forall h € H and A =0.

Proposition 12. Let A € B(H). Then tr(|A]) < oo iff |A| € S1(H).

Proof. (=)
2
1A e = S (1Al en 1412 e) = S llAleen) = tr(l4]) < oo So
|A"? € Sy(H). Therefore |A] = |A|"*|A]Y? € Sy (H).
(<)
|A|l € S1(H), so |A| = DC with D,C € Sy(H) and

tr(|Al) =Y _(DCei,e;) = Y _(Cei, D*ei) < Y ||Ceil |D*ei|

i A

1/2 1/2
< (Z ||06i|2> <Z IID*6i|2> =[Cl, 1D*l; < o0

O

Proposition 13. For A € S1(H) and T € B(H) hold: AT € S1(H), TA € S1(H)
and tr(AT) = tr(TA).
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Proof. A€ S1(H), so A= BC for B,C € Sy(H). Since S3(H) is an ideal, we get:
AT = BCT = B(CT) € S1(H), TA=TBC = (TB)C € Sy (H).

tr(AT) = Z (ATe; e;) = Z Te;, A e;) ZZ Te;, e;) (ej, A%e;)
—ZZ ei, T7e;) (Aej,e;) = ZZ Aej,ei (ei, T"e;)
jod
= Z (Ae;, T ej) = Z (TAej,e;) =tr(TA)
J J

O

We conclude that S;(H) is a two-sided ideal in B(H) and it contains finite rank
operators.

Let U be a unitary operator in B(H), and let T € Sy (H). Then by proposition 13:
tr(UTU*) =tr(U*UT) = tr(T)
Therefore the trace is independent of the choice of basis of H.
Proposition 14. Sy(H) is a Hilbert space with the inner product
(A,B),, :=1tr(B*A)

Proof. check if it is inner product - easy.

Is ||'||2 comming from (-, .>tr?

(4, 4),, = tr(4"4) = 3 (A" Aci i) = > (AP i er)
= > (AlenlAle) = D llAlell = 1415 = 14113

Hence [|All, = \/(4, A),, indeed.

Completness: Recall that || A]| < ||Al|,. So if {A,} is a Cauchy sequence in So(H),
it is also a Cauchy sequence in the operator norm, and since B(H) is complete,
there exists T' € B(H) such that ||T;, — T'|| — 0. Let P be a projection on a finite
dimensional subspace of H:

IP(T,, = T)|l3 = tr((Ty = T)*P(Ty, = T)) = tr(P(Ty, = T)(T,, = T)"P)
= limtr(P(Ty = Ton)(Tn = Tn)"P) = kimtr(To = Ton) " P(To = Ton))

<limsuptr((T, — Trn)" P(Ty, — Trn)) = limsup | T, — Tan

Since P is arbitrary, | T — Ty, |y < limsup,, || T — Thl|y, so || T — Ty, — 0. Also,
ITlly < IT = Tally + [[Tnlly < 00, hence T' € S2(H). 0

Proposition 15. If T' € S1(H) and S € B(H) then |[tr(ST)| < ||S] tr(|T]).
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Proof. Write T = U |T), hence |T| = U*T, and |T'|"/? € So(H). Then SU |T|"* €
Sy(H) and (SU |T[V?)* € Sy(H).

tr(SU TV |T?)

2 2 2
[tr(ST)I* = ltr(SU T|)|* = |

_ 1/2v% m(1/2 2 1/2||?

= (s me), 2l

= tr(SU|T|"* 7|2 U*S*)tr(|T|) = tr(|T|)tr(U*S*SU |T))

< tr(|T)er(|U*S*SU|1|T]) = tr(|T))* |SU|* < tr(|T])* ||S]*

then [tr(ST)| < tr(|T]) IS]. -

2 < H(SU|T|1/2)*

Definition 16. For A € Si(H) define ||A||, := tr(JA]), the trace norm.

We first need to show that trace norm is a norm on S;(H):

i) 1Al =0 <= >, (|A|ei,e5) = 0 <= (Vi) (|A|es,e) =0 <= (Vh € H)
—_———
>0
(|Alh,h) = 0 < |A| = 0. Then since A = U |A|, where U is a nonzero
partial isometry, we get A = 0.
(ii) homogenity is clear
(iii) Consider S and T from S;(H). Let U be the partial isometry such that
S+ T =U|S+T|. Then using proposition 15:
|S+T|, =tr(U(S+T)) =tr(US+U"T)
=tr(U*S) +tr(U'T) < |tr(U*S)| + |[tr(U*T)|
< U1 er(1S) + U7 [ ar(1T]) < tr(1S]) + tr(IT]) = 1S1ly + 1Ty

Proposition 17. ||T| < tr(|T|) = ||T|,

Proof. If T is normal, then |T|| = sup{(Tz,z) | ||z| < 1}. Assume T > 0, then
IT|| = sup{(Tz,x) | ||| <1} <>, (Tei, e) =tr(T). For any T we get
1T =T* =T < TN+ 1T || < tr(TF) + tr(T7) = tr(|T1) O

Proposition 18. If T' € Sy (H) then ||T||, = sup{|tr(CT)| | [|C|| < 1,C € K(H)}.

Proof. For any C € K(H) [tr(CT)| < ||C|/||T|;, so sup [tr(CT)| < [T,
Icln<t

Since |T'| = UT with ||U|| < 1, we get ||T||, = tr(|T|) = tr(UT) < sup |tr(CT)|
cl<t

Proposition 19. If A € S;(H) and T € B(H), then:

(a) [tr(TA)| < [T 1Al
(b) A, = [|All,

(©) [ITAll, < | Al
(d) AT, < TN 1Al

Proof.
(a) This is proposition 15.
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(b) (1Al = tr(|A]) = | All; and [|A]F = [[|A[l} = [|A*A],
1A*[1F = 14711 = [[AA7|l, = tr(AA") = tr(A"A) = A" All, = |All}

()

ITAll, = Sup, tr(CTA)| < Sup ICTI Al < Sup ICIITIHIAL, < ITIAll,

@) AT, = [ITA%[l, < IT*[ 1A, = IT] Al

Proposition 20. S;(H) C K(H)

Proof. If T € S1(H), then T = AB with A, B € So(H) C K(H). Since K(H) is an
ideal itself, AB is compact, hence T € K (H). O

Proposition 21. S;(H) C S3(H)

Proof. Observe that ||T||§ = > . (Tej,Te;) = >, (T*Tej,e;) = tr(T*T). If T €
S1(H), then tr(|T|) < oo, so |T| € Sy(H), and also |T|* € Sy (H) since Sy (H) is an
ideal. Therefore ||T||5 = tr(T*T) = tr(|T|*) < 0o, so T € Sy(H). O

Proposition 22. (Si(H),|-||;) is a Banach space.

Proof. Let {T},} be a ||-||; - Cauchy sequence in S;(H). Since ||-||; > |-, |T0 — T|| —
0 for some T € B(H). Let P be a finite rank projection and U the partial isometry
such that U*(T — Ty,) = |T — Ty|:

tr(PU*(T — Ty,)) = lim tr(PU* (Tyn — Ty)) < limsup [|PU*|| tr(| T — Tal)

so tr(P|T —T,|) = tr(PU*(T — Tp,)) < limsup,, || Tn — Tnl|;-
P - arbitrary implies that [T —T,||, < limsup,, |Tm —Tn|; — 0 and [|T]]; <

T = Tpll, + | Tall, < o0, so T € Sy (H). O

Also ST, = tr(U*ST) < US| tr(IT]) < [IS|tr(IT]) < ISl 1Ty, so Si(H) is
a Banach algebra. And from previous proposition we also have ||T'||; = ||T*||; for
all T € S1(H), hence S1(H) is a C*-algebra.

Theorem 23. (K(H))* = S1(H)

Proof. For every T € S1(H) we can define a functional on K(H): Ly : K(H) — C,
Ly (S) = tr(ST).
[Lr(S)| = [tr(ST)[ < [ISIIT']l; < oo

so L is bounded and | Lr|| < ||T],. Also

1Ty = tr(|T)) = tr(U™T) = Le(U™) < [[Lr| |U*] < || L]
so |Lr|| = ||T||;. Therefore ¢ : Si(H) — (K(H))*, ¥(T') = Lr, is an isometry.
Clearly 1 is also linear, hence it is 1-1.
We will show that v is ”onto”.
If fe (K(H))*, let S € Sa(H), then

ST <IANST < LFIHIST
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Since S2(H) is a Hilbert space, there exists unique element 7% in S3(H) such that:
f(S)=(S,T"),, =tr(TS) =tr(ST) = L1 (S)

for all S € Sa(H). We need to show that T is in S;(H).
Consider a finite rank projection P, then P |T| is a finite rank operator and P |T'| €
Sl(H) C SQ(H)

tr(P|T)| = [tr(PUT)| = |f(PU)| < || [ | PU7|

Since P is arbitrary, |T'| is in S1(H) and tr(|T|) < ||f|| so T € S1(H) with ||T||; <
[I/Il. Therefore 1 is an isometric bijection between Sy (H) and (K (H))*. O

Theorem 24. (S1(H))* = B(H)

Proof. f T € B(H), then define Ly : S1(H) — C, Ly(A) = tr(TA).
|Lr(A)| = [tr(TA)| < [T I Ally
Lzl < T, so Ly € (S1(H))*.
For f € (S1(H))* define a sesquilinear form on H x H:
B(g,h) = f(g@h)

where g ® h is rank-one operator on S1(H), g ® h(a) = (h,a) g. Then

|B(g, M)l = [flg@h)| <[Ifllllg® Ally = [l tr(lg @ hl)
Observe first few facts about g ® h:

(9 ® h(a),b) = ((h,a) g,b) = (a, h) (g,b) = (a,(g,b) h) = (a,h & g(b))
So (g® h)* =h®g. It follows that
l9 @ hl* (a) = (h® g)(g ® h)(a) = (h @ g) (h,a) g = (h,a) (g,9)

= lgI* (h@n)(a) = llgll* |n]® (% ® ﬁ) (@)

Let us check whether (II_ZH ® ﬁ) is idenpotent:

(e ) (=) © = (e )
h

3

h h h h
=119 h <_7ei <—,€i>: g h <—7—>: g h
gl ||; T o gl 1Al BRI gl 1Al

ol @ ) =3 (ol 0l (i @ i ) eves) = ol ) (o) i)
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Therefore |B(g, h)| < |[fIlllg]l k|| and B is bounded with || B]|| < | f||. Hence there
exists a unique operator S € B(H) such that ||[S|| < ||B|| < ||f|l and f(g ® h) =
B(g,h) = (Sg, h). We need to show that f = Lg

Consider a self-adjoint operator T' € S1(H). Since T is also compact, it has a
diagonal form T = >, Aje; ®e;, where {e;} is ONB of H, {);} are real eigenvalues
of T.

T*T(a)

Z)\jej@)@j Z)\jej@)ej (a) = Z)\jej@)ej Z)\k (eg,a)eg
Zx\k €k, Q Z)\ ej,ek ej Z)\k €k, )\kek—Z/\k €k, Q
= Z/\kek(g)ek a

k

So we are guessing that (T*T)l/2 =>4 | k| er ® ep. Indeed,
(T*T)">(T*T)?(a Z|)\k|ek ®ekz I\ e; @ ej(a

=Z|Ak|€k®€k2|)\j| €j,a) €
_Z|)‘k|2|)‘| €j,a 6k,€_7> €k
=Z|)\k| er Qe a)

k

Hence

HT||1 =1tr |T| Z|)\k|€k®ek Z<Z|)‘klek®ek(€z) Z>
=> <Z | Akl (ex, €i) ek7€i> = (il eiyes) = Zp\ |
i k 4

Then

— f(z Aper ® ey) = Z)\kf(ek ®ey) = Z)\k (Sex, ex)
k & -
=" (Sheewer) = Y (STer, ex) = tr(ST)
k k

We get f(T) = tr(ST) for T - s.a. If T is an arbitrary operator in Sy (H), then
T =T%—T7, where T+ = ‘THT and T~ = ITI T=T - Since S)(H) is self-adjoint,
T+ and T~ are also in Sy (H). Hence

F(T)=f(TT) = f(T7)=tr(STT) —tr(ST™) = tr(S(Tt —T7)) = tr(ST)
and f = Lg. Also from above: ||Lg| < ||S]l and ||Ls|| = I£]l = IS, so || Ls| = |IS]],
and Lg < S is an isometric bijection between (S1(H))* and B(H). O
Consider the rank-one operator g ® h for g,h € H:

g® h(a) = (h,a)g
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We have shown that (¢ ® h)* = h ® g. Observe that if &« € C, a,g,h € H, then:
(ag) ® h(a) = (h,a) (ag) = a(h,a) g = a(g ® h)(a)

g @ (ah)(a) = (ah,a) g = a(h,a) g = a(g ® h)(a) .

So to make both expressions equal we introduce the space H with multiplication
a.h := ah. Then for g,a € H, h € H:

9 @ (a-h)(a) = (ah, a>g—a(9®h)()
We denote this by g ® h € H ® H. For any g1,92 € H, any hy,hy € H, any r € C
hold:

(i) (1 +92)®h=g®h+g®@h
(ii)) g (h1 +h2) =g® h1 + g he
(iii) (rg) @h =g (r.h) =r(g®h)

Elements in H ® H are of the form Z a; @ b; with a; € H and b; € H. We know
i=1
that

lg @ hll = sup [g@h(a)l = sup |(a,h)gll = sup [{a, )| ]lgll = lIAll gl

lall<1 llall<1 llall<1
We want to have a norm on H ® H with the above property. Define:
n n
lull, = > il lyall | 20 € Hyys € Hyu=)_ 2 @ys}
i=1 i=1
H ® H with this norm denote by H ®, H.
Proposition 25. S;(H) = H ®, H

Proof. If T € S1(H), we need to show that T is in the closure of finite tensor
operators Since S1(H) C K(H) we have:

|T| = Z/\ en®e€n, Ap >0, A, — 0, {e,} is ONB of H and tr(|T|) = Z/\ < oo

n=1
k
Define T}, = Z Anén ® e,. Then:
n=1
713 = | 3 hw | =13 M o) —Z<Z/\ 0 @ ene), >
n>k n>k 7 n>k
— ; <nz>k Andi, ney, ei> = 72 (Anen,en) = n>k)\n - 0

so |T| is a limit of finite tensors, T = U |T|, therefore T is also in H ®, H. Hence

1, < 1,

On the other hand:
n n
< sup Y [ISza il < Ml flwill
si<i;= P

in ® y; < sup Z [tr(Sz; ® y;)|
i=1
Take infimum on both sides to get ||-|l; < ||]|..- O

1S1<15=

= sup
lsl<t

1
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Then we have:

Si1(H) — H®, H— Li(v)
where g®h — g®h — f4 5, such that for any a € L*°(v) and for 7 : L>°(v) — B(H)
holds (g, 7(a)h) = [ afyndv.
Denote by v the composition of the above maps, i.e. ¢ : S1(H) — Li(v). It
is well-defined, since f, is unique as a Radon-Nikodyn derivative and we have:
Jorta2.n = for.h + foon
Jonitha = fony + fgm
fag,h = afg,h = fg,a.h
The adjoint map ©* : Li(v)* — (S1(H))* is actually ¢* : L*>®(v)
[ afgndv = {g,7(a)h), so we have the assignement a — 7(a) € B(H

Claim. v* =7

— B(H) and
).

Proof.
(9.7@) = [ afyndy = (@ fy) = 0,009 © W) = (0" (@),g = h)
— tr((h ® 9)6"(a)) = tr(* (@) (h @ g)) = tr((¥* (@h) © g)
= S (@ @) @ glen)sed = 3 Ugvea (67 @h), ) = g, 0 @h)

K2

O
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