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Let H be a Hilbert space and let A ∈ B(H). Let also {ei} and {fi} be two
orthonormal bases of H . Our first observation is:

∑

i

‖Aei‖
2

=
∑

i

‖Afi‖
2

=
∑

i

∑

j

|〈Aei, fj〉|
2

Proof.

∑

i

‖Aei‖
2

=
∑

i

∥
∥
∥
∥
∥
∥

∑

j

〈Aei, fj〉 fj

∥
∥
∥
∥
∥
∥

2

=
∑

i

〈
∑

j

〈Aei, fj〉 fj ,
∑

k

〈Aei, fk〉 fk

〉

=
∑

i

∑

j

〈〈Aei, fj〉 fj, 〈Aei, fj〉 fj〉 =
∑

i

∑

j

|〈Aei, fj〉|
2

Now, since 1 = 〈ei, ei〉 = 〈ei, fj〉 〈fj, ei〉 = |〈ei, fj〉|
2, we get

〈Aei, fj〉 = 〈ei, fj〉 〈Afj , 〈fj , ei〉 ei〉 = |〈ei, fj〉|
2 〈Afj , ei〉 = 〈Afj, ei〉

so
∑

i

∑

j |〈Aei, fj〉|
2

=
∑

j

∑

i |〈Afj, ei〉|
2

= ...(manipulations as above)... =
∑

j ‖Afj‖
2
.

�

Therefore the expression
∑

i ‖Aei‖
2

does not depend on the choice of a basis and
hence we can define:

‖A‖
2

=

(
∑

i

‖Aei‖
2

)1/2

and a new space of so called Hilbert - Schmidt operators:

S2(H) = {A ∈ B(H) | ‖A‖
2
<∞}

We still need to prove that ‖·‖2 is a norm on S2(H).

Proof.

(i) Assume ‖A‖
2

= 0. Then for all i ‖Aei‖ = 0, and since A is 0 on all basis
vectors, it is 0 itself.

(ii) Homogenity is clear.
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(iii)

‖A+B‖
2

2
=
∑

i

‖(A+B)ei‖
2

=
∑

i

‖Aei +Bei‖
2

≤
∑

i

(‖Aei‖ + ‖Bei‖)
2 =

∑

i

(

‖Aei‖
2

+ 2 ‖Aei‖ ‖Bei‖ + ‖Bei‖
2
)

=
∑

i

‖Aei‖
2
+ 2

∑

i

‖Aei‖ ‖Bei‖ +
∑

i

‖Bei‖
2

≤





(
∑

i

‖Aei‖
2

)1/2




2

+ 2

(
∑

i

‖Aei‖
2

)1/2(
∑

i

‖Bei‖
2

)1/2

+





(
∑

i

‖Bei‖
2

)1/2




2

=





(
∑

i

‖Aei‖
2

)1/2

+

(
∑

i

‖Bei‖
2

)1/2




2

hence ‖A+B‖
2
≤ ‖A‖

2
+ ‖B‖

2
.

�

Proposition 1. For A ∈ S2(H) holds ‖A‖ ≤ ‖A‖
2
.

Proof. ‖A‖2

2
=
∑

i 〈Aei, Aei〉 =
∑

i 〈A
∗Aei, ei〉 ≥ sup{〈A∗Ah, h〉 | ‖h‖ ≤ 1} =

‖A∗A‖ = ‖A‖
2

�

Proposition 2. If T ∈ B(H), A ∈ S2(H), then ‖TA‖
2
≤ ‖T ‖ ‖A‖

2

Proof. ‖TA‖
2

2
=
∑

i ‖TAei‖
2
≤
∑

i ‖T ‖
2
‖Aei‖

2
= ‖T ‖

2∑

i ‖Aei‖
2

�

Proposition 3. For A ∈ S2(H), ‖A∗‖
2

= ‖A‖
2
.

Proof.

‖A∗‖
2

2
=
∑

i

‖A∗ei‖
2

=
∑

i

∑

j

|〈A∗ei, fj〉|
2

=
∑

i

∑

j

|〈ei, Afj〉|
2

=
∑

j

∑

i

|〈Afj , ei〉|
2

=
∑

j

‖Afj‖
2

= ‖A‖
2

2

�

Proposition 4. If T ∈ B(H), A ∈ S2(H), then ‖AT ‖
2
≤ ‖T ‖ ‖A‖

2

Proof. ‖AT ‖
2

= ‖(AT )∗‖
2

= ‖T ∗A∗‖
2
≤ ‖T ∗‖ ‖A∗‖

2
= ‖T ‖ ‖A‖

2
. �

We can now conclude that S2(H) is a two-sided ideal ofB(H). Also, S2(H) contains
finite rank operators.(since the sum in the norm is finite...)

Proposition 5. A ∈ S2(H) ⇒ |A| := (A∗A)1/2 ∈ S2(H).
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Proof.

∑

i

∥
∥
∥(A∗A)1/2ei

∥
∥
∥

2

=
∑

i

〈

(A∗A)1/2ei, (A
∗A)1/2ei

〉

=
∑

i

〈

(A∗A)1/2(A∗A)1/2ei, ei

〉

=
∑

i

〈A∗Aei, ei〉

=
∑

i

〈Aei, Aei〉 =
∑

i

‖Aei‖
2

So ‖|A|‖2 = ‖A‖2. �

Proposition 6. S2(H) is contained in K(H) - compact operators on H .

Proof. Let {ei | i ∈ I} be ONB of H and let ε > 0. Consider T ∈ S2(H) then
∑

i ‖Tei‖
2
< ∞, so

∑

i

〈

|T |
2
ei, ei

〉

< ∞ and there exists a finite set J ⊂ I such

that
∑

i/∈J

〈

|T |2 ei, ei

〉

< ε. Let PJ be a projection onto a span{ei | i ∈ J}, PJ is

a finite-rank operator. Then:

‖|T | (1 − PJ)‖
2

2
=
∑

i

‖|T | (1 − PJ)ei‖
2

=
∑

i/∈J

‖|T | ei‖
2

=
∑

i/∈J

〈|T | ei, |T | ei〉 =
∑

i/∈J

〈

|T |2 ei, ei

〉

< ε

Since ε is arbitrary, |T | ∈ Bf (H)
‖·‖

, so |T | is compact. T = U |T |, so T is also
compact.

This also shows that finite rank operators are dense in S2(H) since

S2(H) ⊂ K(H) = Bf (H)
‖·‖

Another way to prove this proposition is to use the fact, that an operator T is
compact if and only if for any ONB {ei} holds ‖Tei‖ −−−→

i→0
0. If T ∈ S2(H), then

∑

i ‖Tei‖ <∞, so in particular ‖Tei‖ −−−→
i→0

0, hence T ∈ K(H). �

Definition 7. The trace-class operators S1(H) := {AB | A,B ∈ S2(H)}.

Proposition 8. A ∈ S1(H) if and only if |A| ∈ S1(H).

Proof. It follows from the fact that S2(H) is a two-sided ideal.

If |A| ∈ S2(H) then A = U |A| = UBC with U - partial isometry, B,C ∈ S2(H),
so UB ∈ S2(H) and A ∈ S1(H).

If A ∈ S2(H) then |A| = U∗A = U∗EF with U - partial isometry, E,F ∈ S2(H),
so U∗E ∈ S2(H) and |A| ∈ S1(H). �

Proposition 9.

(1) If A ∈ S1(H), {ei} is an o-n system of H , then
∑

i |〈Aei, ei〉| <∞.
(2) If A ∈ S1(H), {ei} and {fi} are o-n systems of H , then

∑

i |〈Aei, fi〉| <∞.

Proof.
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(1) So let A = BC with B,C ∈ S2(H).
∑

i

|〈Aei, ei〉| =
∑

i

|〈BCei, ei〉| =
∑

i

|〈Cei, B
∗ei〉|

≤
∑

i

‖Cei‖ ‖B
∗ei‖ ≤

(
∑

i

‖Cei‖
2

)1/2(
∑

i

‖B∗ei‖
2

)1/2

≤ ‖C‖
2
‖B‖

2
<∞

(2) So let A = BC with B,C ∈ S2(H).
∑

i

|〈Aei, fi〉| =
∑

i

|〈BCei, fi〉| =
∑

i

|〈Cei, B
∗fi〉|

≤
∑

i

‖Cei‖ ‖B
∗fi‖ ≤

(
∑

i

‖Cei‖
2

)1/2(
∑

i

‖B∗fi‖
2

)1/2

≤ ‖C‖
2
‖B‖

2
<∞

�

Definition 10. If {ei} is a basis of H , define the trace to be tr : S1(H) → C,
tr(A) =

∑

i 〈Aei, ei〉.

Example 11. A ∈Mn, A = [aij ]n×n, tr(A) =
n∑

i=1

aii

tr : S1(H) → C is a positive faithful linear functional:
A ≥ 0 ⇒ 〈Aei, ei〉 ≥ 0 for all i and hence tr(A) ≥ 0
A ≥ 0 and tr(A) = 0 ⇒ 〈Aei, ei〉 = 0 for all i, since {ei} is a basis we get 〈Ah, h〉 = 0
for all h ∈ H and A = 0.

Proposition 12. Let A ∈ B(H). Then tr(|A|) <∞ iff |A| ∈ S1(H).

Proof. (⇒)

∑

i

∥
∥
∥|A|

1/2
ei

∥
∥
∥

2

=
∑

i

〈

|A|1/2
ei, |A|

1/2
ei

〉

=
∑

i 〈|A| ei, ei〉 = tr(|A|) < ∞. So

|A|
1/2

∈ S2(H). Therefore |A| = |A|
1/2

|A|
1/2

∈ S1(H).

(⇐)

|A| ∈ S1(H), so |A| = DC with D,C ∈ S2(H) and

tr(|A|) =
∑

i

〈DCei, ei〉 =
∑

i

〈Cei, D
∗ei〉 ≤

∑

i

‖Cei‖ ‖D
∗ei‖

≤

(
∑

i

‖Cei‖
2

)1/2(
∑

i

‖D∗ei‖
2

)1/2

= ‖C‖
2
‖D∗‖

2
<∞

�

Proposition 13. For A ∈ S1(H) and T ∈ B(H) hold: AT ∈ S1(H), TA ∈ S1(H)
and tr(AT ) = tr(TA).
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Proof. A ∈ S1(H), so A = BC for B,C ∈ S2(H). Since S2(H) is an ideal, we get:
AT = BCT = B(CT ) ∈ S1(H), TA = TBC = (TB)C ∈ S1(H).

tr(AT ) =
∑

i

〈ATei, ei〉 =
∑

i

〈Tei, A
∗ei〉 =

∑

i

∑

j

〈Tei, ej〉 〈ej , A
∗ei〉

=
∑

j

∑

i

〈ei, T
∗ej〉 〈Aej , ei〉 =

∑

j

∑

i

〈Aej, ei〉 〈ei, T
∗ej〉

=
∑

j

〈Aej , T
∗ej〉 =

∑

j

〈TAej, ej〉 = tr(TA)

�

We conclude that S1(H) is a two-sided ideal in B(H) and it contains finite rank
operators.

Let U be a unitary operator in B(H), and let T ∈ S1(H). Then by proposition 13:

tr(UTU∗) = tr(U∗UT ) = tr(T )

Therefore the trace is independent of the choice of basis of H .

Proposition 14. S2(H) is a Hilbert space with the inner product

〈A,B〉tr := tr(B∗A)

Proof. check if it is inner product - easy.

Is ‖·‖
2

comming from 〈·, ·〉tr?

〈A,A〉tr = tr(A∗A) =
∑

i

〈A∗Aei, ei〉 =
∑

i

〈

|A|
2
ei, ei

〉

=
∑

i

〈|A| ei, |A| ei〉 =
∑

i

‖|A| ei‖ = ‖|A|‖2

2
= ‖A‖2

2

Hence ‖A‖
2

=
√
〈A,A〉tr indeed.

Completness: Recall that ‖A‖ ≤ ‖A‖
2
. So if {An} is a Cauchy sequence in S2(H),

it is also a Cauchy sequence in the operator norm, and since B(H) is complete,
there exists T ∈ B(H) such that ‖Tn − T ‖ → 0. Let P be a projection on a finite
dimensional subspace of H :

‖P (Tn − T )‖
2

2
= tr((Tn − T )∗P (Tn − T )) = tr(P (Tn − T )(Tn − T )∗P )

= lim
m
tr(P (Tn − Tm)(Tn − Tm)∗P ) = lim

m
tr((Tn − Tm)∗P (Tn − Tm))

≤ lim sup
m

tr((Tn − Tm)∗P (Tn − Tm)) = lim sup
m

‖Tm − Tn‖
2

2

Since P is arbitrary, ‖T − Tn‖2
≤ lim supm ‖Tm − Tn‖2

, so ‖T − Tn‖2
→ 0. Also,

‖T ‖
2
≤ ‖T − Tn‖2

+ ‖Tn‖2
<∞, hence T ∈ S2(H). �

Proposition 15. If T ∈ S1(H) and S ∈ B(H) then |tr(ST )| ≤ ‖S‖ tr(|T |).
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Proof. Write T = U |T |, hence |T | = U∗T , and |T |1/2 ∈ S2(H). Then SU |T |1/2 ∈

S2(H) and (SU |T |
1/2

)∗ ∈ S2(H).

|tr(ST )|
2

= |tr(SU |T |)|
2

=
∣
∣
∣tr(SU |T |

1/2
|T |

1/2
)
∣
∣
∣

2

=
∣
∣
∣

〈

(SU |T |1/2)∗, |T |1/2
〉

tr

∣
∣
∣

2

≤
∥
∥
∥(SU |T |1/2)∗

∥
∥
∥

2

2

∥
∥
∥|T |

1/2
∥
∥
∥

2

2

= tr(SU |T |
1/2

|T |
1/2

U∗S∗)tr(|T |) = tr(|T |)tr(U∗S∗SU |T |)

≤ tr(|T |)tr(‖U∗S∗SU‖ 1 |T |) = tr(|T |)2 ‖SU‖2 ≤ tr(|T |)2 ‖S‖2

then |tr(ST )| ≤ tr(|T |) ‖S‖. �

Definition 16. For A ∈ S1(H) define ‖A‖
1

:= tr(|A|), the trace norm.

We first need to show that trace norm is a norm on S1(H):

(i) ‖A‖
1

= 0 ⇐⇒
∑

i 〈|A| ei, ei〉
︸ ︷︷ ︸

≥0

= 0 ⇐⇒ (∀i) 〈|A| ei, ei〉 = 0 ⇐⇒ (∀h ∈ H)

〈|A|h, h〉 = 0 ⇐⇒ |A| = 0. Then since A = U |A|, where U is a nonzero
partial isometry, we get A = 0.

(ii) homogenity is clear
(iii) Consider S and T from S1(H). Let U be the partial isometry such that

S + T = U |S + T |. Then using proposition 15:

‖S + T ‖
1

= tr(U∗(S + T )) = tr(U∗S + U∗T )

= tr(U∗S) + tr(U∗T ) ≤ |tr(U∗S)| + |tr(U∗T )|

≤ ‖U∗‖ tr(|S|) + ‖U∗‖ tr(|T |) ≤ tr(|S|) + tr(|T |) = ‖S‖
1

+ ‖T ‖
1

Proposition 17. ‖T ‖ ≤ tr(|T |) = ‖T ‖1

Proof. If T is normal, then ‖T ‖ = sup{〈Tx, x〉 | ‖x‖ ≤ 1}. Assume T ≥ 0, then
‖T ‖ = sup{〈Tx, x〉 | ‖x‖ ≤ 1} ≤

∑

i 〈Tei, ei〉 = tr(T ). For any T we get
‖T ‖ = ‖T+ − T−‖ ≤ ‖T+‖ + ‖T−‖ ≤ tr(T+) + tr(T−) = tr(|T |) �

Proposition 18. If T ∈ S1(H) then ‖T ‖
1

= sup{|tr(CT )| | ‖C‖ ≤ 1, C ∈ K(H)}.

Proof. For any C ∈ K(H) |tr(CT )| ≤ ‖C‖ ‖T ‖
1
, so sup

‖C‖≤1

|tr(CT )| ≤ ‖T ‖
1

Since |T | = UT with ‖U‖ ≤ 1, we get ‖T ‖
1

= tr(|T |) = tr(UT ) ≤ sup
‖C‖≤1

|tr(CT )|

�

Proposition 19. If A ∈ S1(H) and T ∈ B(H), then:

(a) |tr(TA)| ≤ ‖T ‖ ‖A‖
1

(b) ‖A∗‖
1

= ‖A‖
1

(c) ‖TA‖
1
≤ ‖T ‖ ‖A‖

1

(d) ‖AT ‖
1
≤ ‖T ‖ ‖A‖

1

Proof.

(a) This is proposition 15.
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(b) ‖|A|‖
1

= tr(|A|) = ‖A‖
1

and ‖A‖
2

1
= ‖|A|‖

2

1
= ‖A∗A‖

1

‖A∗‖
2

1
= ‖|A∗|‖

2

1
= ‖AA∗‖

1
= tr(AA∗) = tr(A∗A) = ‖A∗A‖

1
= ‖A‖

2

1

(c)

‖TA‖
1

= sup
‖C‖≤1

|tr(CTA)| ≤ sup
‖C‖≤1

‖CT ‖ ‖A‖
1
≤ sup

‖C‖≤1

‖C‖ ‖T ‖ ‖A‖
1
≤ ‖T ‖ ‖A‖

1

(d) ‖AT ‖
1

= ‖T ∗A∗‖
1
≤ ‖T ∗‖ ‖A∗‖

1
= ‖T ‖ ‖A‖

1

�

Proposition 20. S1(H) ⊂ K(H)

Proof. If T ∈ S1(H), then T = AB with A,B ∈ S2(H) ⊂ K(H). Since K(H) is an
ideal itself, AB is compact, hence T ∈ K(H). �

Proposition 21. S1(H) ⊂ S2(H)

Proof. Observe that ‖T ‖
2

2
=
∑

i 〈Tei, T ei〉 =
∑

i 〈T
∗Tei, ei〉 = tr(T ∗T ). If T ∈

S1(H), then tr(|T |) <∞, so |T | ∈ S1(H), and also |T |
2
∈ S1(H) since S1(H) is an

ideal. Therefore ‖T ‖2

2
= tr(T ∗T ) = tr(|T |2) <∞, so T ∈ S2(H). �

Proposition 22. (S1(H), ‖·‖
1
) is a Banach space.

Proof. Let {Tn} be a ‖·‖1 - Cauchy sequence in S1(H). Since ‖·‖1 ≥ ‖·‖, ‖Tn − T ‖ →
0 for some T ∈ B(H). Let P be a finite rank projection and U the partial isometry
such that U∗(T − Tn) = |T − Tn|:

tr(PU∗(T − Tn)) = lim
m
tr(PU∗(Tm − Tn)) ≤ lim sup

m
‖PU∗‖ tr(|Tm − Tn|)

so tr(P |T − Tn|) = tr(PU∗(T − Tn)) ≤ lim supm ‖Tm − Tn‖1
.

P - arbitrary implies that ‖T − Tn‖1
≤ lim supm ‖Tm − Tn‖1

→ 0 and ‖T ‖
1
≤

‖T − Tn‖1
+ ‖Tn‖1

<∞, so T ∈ S1(H). �

Also ‖ST ‖
1

= tr(U∗ST ) ≤ ‖U∗S‖ tr(|T |) ≤ ‖S‖ tr(|T |) ≤ ‖S‖
1
‖T ‖

1
, so S1(H) is

a Banach algebra. And from previous proposition we also have ‖T ‖
1

= ‖T ∗‖
1

for
all T ∈ S1(H), hence S1(H) is a C∗-algebra.

Theorem 23. (K(H))∗ ∼= S1(H)

Proof. For every T ∈ S1(H) we can define a functional on K(H): LT : K(H) → C,
LT (S) = tr(ST ).

|LT (S)| = |tr(ST )| ≤ ‖S‖ ‖T ‖
1
<∞

so LT is bounded and ‖LT ‖ ≤ ‖T ‖
1
. Also

‖T ‖
1

= tr(|T |) = tr(U∗T ) = LT (U∗) ≤ ‖LT‖ ‖U
∗‖ ≤ ‖LT ‖

so ‖LT ‖ = ‖T ‖
1
. Therefore ψ : S1(H) → (K(H))∗, ψ(T ) = LT , is an isometry.

Clearly ψ is also linear, hence it is 1-1.

We will show that ψ is ”onto”.
If f ∈ (K(H))∗, let S ∈ S2(H), then

|f(S)| ≤ ‖f‖ ‖S‖ ≤ ‖f‖ ‖S‖2
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Since S2(H) is a Hilbert space, there exists unique element T ∗ in S2(H) such that:

f(S) = 〈S, T ∗〉tr = tr(TS) = tr(ST ) = LT (S)

for all S ∈ S2(H). We need to show that T is in S1(H).
Consider a finite rank projection P , then P |T | is a finite rank operator and P |T | ∈
S1(H) ⊂ S2(H).

|tr(P |T |)| = |tr(PU∗T )| = |f(PU∗)| ≤ ‖f‖ ‖PU∗‖

Since P is arbitrary, |T | is in S1(H) and tr(|T |) ≤ ‖f‖ so T ∈ S1(H) with ‖T ‖
1
≤

‖f‖. Therefore ψ is an isometric bijection between S1(H) and (K(H))∗. �

Theorem 24. (S1(H))∗ ∼= B(H)

Proof. If T ∈ B(H), then define LT : S1(H) → C, LT (A) = tr(TA).

|LT (A)| = |tr(TA)| ≤ ‖T ‖ ‖A‖
1

‖LT ‖ ≤ ‖T ‖, so LT ∈ (S1(H))∗.

For f ∈ (S1(H))∗ define a sesquilinear form on H ×H :

B(g, h) = f(g ⊗ h)

where g ⊗ h is rank-one operator on S1(H), g ⊗ h(a) = 〈h, a〉 g. Then

|B(g, h)| = |f(g ⊗ h)| ≤ ‖f‖ ‖g ⊗ h‖
1

= ‖f‖ tr(|g ⊗ h|)

Observe first few facts about g ⊗ h:

〈g ⊗ h(a), b〉 = 〈〈h, a〉 g, b〉 = 〈a, h〉 〈g, b〉 = 〈a, 〈g, b〉h〉 = 〈a, h⊗ g(b)〉

So (g ⊗ h)∗ = h⊗ g. It follows that

|g ⊗ h|2 (a) = (h⊗ g)(g ⊗ h)(a) = (h⊗ g) 〈h, a〉 g = 〈h, a〉 〈g, g〉h

= ‖g‖
2
(h⊗ h)(a) = ‖g‖

2
‖h‖

2

(
h

‖h‖
⊗

h

‖h‖

)

(a)

Let us check whether
(

h
‖h‖ ⊗ h

‖h‖

)

is idenpotent:

(
h

‖h‖
⊗

h

‖h‖

)(
h

‖h‖
⊗

h

‖h‖

)

(a) =

(
h

‖h‖
⊗

h

‖h‖

)〈
h

‖h‖
, a

〉
h

‖h‖

=

〈
h

‖h‖
, a

〉〈
h

‖h‖
,
h

‖h‖

〉
h

‖h‖

=

(
h

‖h‖
⊗

h

‖h‖

)

(a)

hence
(

h
‖h‖ ⊗ h

‖h‖

)2

= h
‖h‖ ⊗ h

‖h‖ and |g ⊗ h| = ‖g‖ ‖h‖
(

h
‖h‖ ⊗ h

‖h‖

)

.

tr(|g ⊗ h|) =
∑

i

〈

‖g‖ ‖h‖

(
h

‖h‖
⊗

h

‖h‖

)

ei, ei

〉

= ‖g‖ ‖h‖
∑

i

〈〈
h

‖h‖
, ei

〉
h

‖h‖
, ei

〉

= ‖g‖ ‖h‖
∑

i

〈
h

‖h‖
, ei

〉〈
h

‖h‖
, ei

〉

= ‖g‖ ‖h‖

〈
h

‖h‖
,
h

‖h‖

〉

= ‖g‖ ‖h‖
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Therefore |B(g, h)| ≤ ‖f‖ ‖g‖ ‖h‖ and B is bounded with ‖B‖ ≤ ‖f‖. Hence there
exists a unique operator S ∈ B(H) such that ‖S‖ ≤ ‖B‖ ≤ ‖f‖ and f(g ⊗ h) =
B(g, h) = 〈Sg, h〉. We need to show that f = LS.

Consider a self-adjoint operator T ∈ S1(H). Since T is also compact, it has a
diagonal form T =

∑

j λjej ⊗ej, where {ej} is ONB of H , {λj} are real eigenvalues
of T .

T ∗T (a) =




∑

j

λjej ⊗ ej








∑

j

λjej ⊗ ej



 (a) =




∑

j

λjej ⊗ ej




∑

k

λk 〈ek, a〉 ek

=
∑

k

λk 〈ek, a〉
∑

j

λj 〈ej , ek〉 ej =
∑

k

λk 〈ek, a〉λkek =
∑

k

λ2
k 〈ek, a〉 ek

=
∑

k

λ2
kek ⊗ ek(a)

So we are guessing that (T ∗T )1/2 =
∑

k |λk| ek ⊗ ek. Indeed,

(T ∗T )1/2(T ∗T )1/2(a) =
∑

k

|λk| ek ⊗ ek

∑

j

|λj | ej ⊗ ej(a)

=
∑

k

|λk| ek ⊗ ek

∑

j

|λj | 〈ej, a〉 ej

=
∑

k

|λk|
∑

j

|λj | 〈ej , a〉 〈ek, ej〉 ek

=
∑

k

|λk|
2
ek ⊗ ek(a)

Hence

‖T ‖
1

= tr(|T |) = tr(
∑

k

|λk| ek ⊗ ek) =
∑

i

〈
∑

k

|λk| ek ⊗ ek(ei), ei

〉

=
∑

i

〈
∑

k

|λk| 〈ek, ei〉 ek, ei

〉

=
∑

i

〈|λi| ei, ei〉 =
∑

i

|λi|

Then

f(T ) = f(
∑

k

λkek ⊗ ek) =
∑

k

λkf(ek ⊗ ek) =
∑

k

λk 〈Sek, ek〉

=
∑

k

〈Sλkek, ek〉 =
∑

k

〈STek, ek〉 = tr(ST )

We get f(T ) = tr(ST ) for T - s.a. If T is an arbitrary operator in S1(H), then

T = T+ − T−, where T+ = |T |+T
2

and T− = |T |−T
2

. Since S1(H) is self-adjoint,
T+ and T− are also in S1(H). Hence:

f(T ) = f(T+) − f(T−) = tr(ST+) − tr(ST−) = tr(S(T+ − T−)) = tr(ST )

and f = LS . Also from above: ‖LS‖ ≤ ‖S‖ and ‖LS‖ = ‖f‖ ≥ ‖S‖, so ‖LS‖ = ‖S‖,
and LS ↔ S is an isometric bijection between (S1(H))∗ and B(H). �

Consider the rank-one operator g ⊗ h for g, h ∈ H :

g ⊗ h(a) = 〈h, a〉 g
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We have shown that (g ⊗ h)∗ = h⊗ g. Observe that if α ∈ C, a, g, h ∈ H , then:
(αg) ⊗ h(a) = 〈h, a〉 (αg) = α 〈h, a〉 g = α(g ⊗ h)(a)
g ⊗ (αh)(a) = 〈αh, a〉 g = ᾱ 〈h, a〉 g = ᾱ(g ⊗ h)(a)
So to make both expressions equal we introduce the space H̄ with multiplication
α.h := ᾱh. Then for g, a ∈ H , h ∈ H̄ :
g ⊗ (α.h)(a) = 〈ᾱh, a〉 g = α(g ⊗ h)(a)
We denote this by g ⊗ h ∈ H ⊗ H̄ . For any g1, g2 ∈ H , any h1, h2 ∈ H̄ , any r ∈ C

hold:

(i) (g1 + g2) ⊗ h = g1 ⊗ h+ g2 ⊗ h

(ii) g ⊗ (h1 + h2) = g ⊗ h1 + g ⊗ h2

(iii) (rg) ⊗ h = g ⊗ (r.h) = r(g ⊗ h)

Elements in H ⊗ H̄ are of the form

n∑

i=1

ai ⊗ bi with ai ∈ H and bi ∈ H̄ . We know

that

‖g ⊗ h‖ = sup
‖a‖≤1

‖g ⊗ h(a)‖ = sup
‖a‖≤1

‖〈a, h〉 g‖ = sup
‖a‖≤1

|〈a, h〉| ‖g‖ = ‖h‖ ‖g‖

We want to have a norm on H ⊗ H̄ with the above property. Define:

‖u‖π = inf{

n∑

i=1

‖xi‖ ‖yi‖ | xi ∈ H, yi ∈ H̄, u =

n∑

i=1

xi ⊗ yi}

H ⊗ H̄ with this norm denote by H ⊗π H̄ .

Proposition 25. S1(H) ∼= H ⊗π H̄

Proof. If T ∈ S1(H), we need to show that T is in the closure of finite tensor
operators. Since S1(H) ⊂ K(H) we have:

|T | =

∞∑

n=1

λnen ⊗ en, λn ≥ 0, λn → 0, {en} is ONB of H and tr(|T |) =

∞∑

n=1

λn <∞

Define Tk =

k∑

n=1

λnen ⊗ en. Then:

‖|T | − Tk‖1 =

∥
∥
∥
∥
∥

∑

n>k

λnen ⊗ en

∥
∥
∥
∥
∥

1

= tr(
∑

n>k

λnen ⊗ en) =
∑

i

〈
∑

n>k

λnen ⊗ en(ei), ei

〉

=
∑

i

〈
∑

n>k

λnδi, nen, ei

〉

=
∑

n>k

〈λnen, en〉 =
∑

n>k

λn −−−−→
k→∞

0

so |T | is a limit of finite tensors, T = U |T |, therefore T is also in H ⊗π H̄. Hence
‖·‖π ≤ ‖·‖

1
.

On the other hand:
∥
∥
∥
∥
∥

n∑

i=1

xi ⊗ yi

∥
∥
∥
∥
∥

1

= sup
‖S‖≤1

∣
∣
∣
∣
∣
tr

(

S

(
n∑

i=1

xi ⊗ yi

))∣
∣
∣
∣
∣
≤ sup

‖S‖≤1

n∑

i=1

|tr(Sxi ⊗ yi)|

≤ sup
‖S‖≤1

n∑

i=1

‖Sxi‖ ‖yi‖ ≤

n∑

i=1

‖xi‖ ‖yi‖

Take infimum on both sides to get ‖·‖1 ≤ ‖·‖π. �
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Then we have:
S1(H) → H ⊗π H̄ → L1(ν)

where g⊗h 7→ g⊗h 7→ fg,h, such that for any a ∈ L∞(ν) and for π̃ : L∞(ν) → B(H)
holds 〈g, π̃(a)h〉 =

∫
afg,hdν.

Denote by ψ the composition of the above maps, i.e. ψ : S1(H) → L1(ν). It
is well-defined, since fg,h is unique as a Radon-Nikodyn derivative and we have:
fg1+g2,h = fg1,h + fg2,h

fg,h1+h2
= fg,h1

+ fg,h1

fαg,h = αfg,h = fg,α.h

The adjoint map ψ∗ : L1(ν)
∗ → (S1(H))∗ is actually ψ∗ : L∞(ν) → B(H) and

∫
afg,h dν = 〈g, π̃(a)h〉, so we have the assignement a 7→ π̃(a) ∈ B(H).

Claim. ψ∗ = π̃

Proof.

〈g, π̃(a)h〉 =

∫

afg,h dν = 〈a, fg,hν〉 = 〈a, ψ(g ⊗ h)〉 = 〈ψ∗(a), g ⊗ h〉

= tr((h ⊗ g)ψ∗(a)) = tr(ψ∗(a)(h⊗ g)) = tr((ψ∗(a)h) ⊗ g)

=
∑

i

〈(ψ∗(a)h) ⊗ g(ei), ei〉 =
∑

i

〈〈g, ei〉 (ψ∗(a)h), ei〉 = 〈g, ψ∗(a)h〉

�
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